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ANSWERS TO MIDTERM EXAMINATION

1. (a) With an Arrow-Debreu markets structure futures markets for goods are open in
period 0. Consumers trade futures contracts among themselves.

An Arrow-Debreu equilibrium is sequence of prices f,, p,, P,,... and consumption

levels ¢,¢,C),...; 6,6 ,C,...; €,6,6, ... such that
e Given p,,p,, p,,..., consumer i, i =1,2,3, chooses ¢, ,C;,...to solve

max Y " f'logc
O A L |
st Bei<Y T Pw
¢ >0.
o C+C+C =W +W+w,t=0,1,....

(b) With sequential market markets structure, there are markets for goods and bonds open
every period. Consumers trade goods and bonds among themselves.

A sequential markets equilibrium is sequences of interest rates f,,f,,f,,...,
consumption levels ¢,,¢/,C,,...; €2,67,65,...; €,¢,C5, ..., and asset holdings

NSNS CR2 K2 K2 LR3 K3 K3
b,b,,b;,...; b7,b,,b;,...;07,b;,b;,... such that
e Given f,f,,F,..., the consumer i chooses €,,¢,C,,...;b/,b),b;,... to solve

maxZ:Oﬁ't logc
s.t. ¢y +b <w,
<w +(1+£)b, t=12,...
b >-B
¢ >0.

c +b

+1

Here b >—B, where B >0 is chosen large enough, rules out Ponzi schemes but does not
otherwise bind in equilibrium.

o G+C+C =W +W +wW,t=0,1,...

e b+b*+b’=0,t=0,1,...
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(c) Proposition 1: Suppose that f,, p,, ,,...; €,,C

A A

an Arrow-Debreu equilibrium. Then f,f,,f, e ¢, 60,6 6,6, 6

A A e e e e ,
b',b),b;,...; b,bZ,b7,...; bl,b),b],... is a sequential markets equilibrium where

e
[
b =w,-¢
b, =w +(1+6)b —€, t=12,

Proposition 2: Suppose that f,f,,F,,...; ¢,¢,C,...; ¢,6,6,...; 6,6 ,6,...;

AL Ay rs P g ) ) o
b.,b,,b;,...; b7,by,by,...; b,b7,b;,... isa sequential markets equilibrium. Then

A oA A Al al al AD A2 A2 A3 A3 a3 . eqeq .
o> Bys> Pys---3 656,65, .5 6,C L6y, .05 6,6 LG5, ... 1s an Arrow-Debreu equilibrium

where

t 1
D, = ,t=12,....
pt Hs—l(l_l_fs)

(d) We can multiply the three consumers’ first order conditions

t
L~ ip.

C

by ¢, divide by A, and sum across consumers to obtain
1 1 1
s (F+?+?j =P+ +¢)

1t 1.1 1 1 1
NPV IAD S Y
‘ ¢ +c¢’+c 4

Normalizing p, =1, we obtain

p=p,t=012,..

Consequently, for each consumer i, i=1,2,3,

6y 6,E1,60, L5 €,60,C5, .
. Al A . . .
beues €0,6,60,...5 65,606, .5 6,606, ..
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The budget constraint of consumer i is

C(i)z:io P = Ztio ptWti
i zzo ptWti

Co w
tho Py

Notice that, for consumer 3,

o o P 1
Zt:o ptWt3 = tho P = Zt:o ﬂt = ﬁ s

which implies that

For consumer 1,

[e] 0 0 + 2
1 _ tho ptth — 22‘4t=0'82t+2t=0'82t 1 — 1_/82 1_/82

CO 0 0 t 1
Zt:o Py Zt=0ﬂ ﬁ
C =C = 2+5
1+ 4
Similarly, for consumer 2,
1 24

* 2 ® oot ® i+l
C2:thoptwt:Zt:0'B +2Zt:0ﬁ :1_,32 l_ﬁz

0 © 0 1
Zt:o Py Zt:oﬁt W
¢ == 20 +1 _
1+/4

To calculate the sequential markets equilibrium, we just use the formulas from
proposition 1 in part c. For example,



Notice that,in t =0,

| = _—

144 148

pro__ B
Y148

.. . .
That is, in even periods, consumer 1 lends . p ; to consumer 2, who pays back in
+

odd periods. Consumer 3 does not borrow or lend.

(e) A sequential markets equilibrium is sequences of rental rates on capital

fok, ﬁk, fzk,...; wages W,,W,,W,,...; interest rates on bonds fob, ﬁb, fzb,..., consumption
levels €,6,¢L,...; 62,62,62,...; €,62,63,...; capital holdings k!,k!,K!,...; k2,k?,k2,...;
k3,k?,k2,...; bond holdings b!,b!,b!,...; b2,b2,b2,...; b2,b%,b2,...;and production plans
(99:Kos L) (9,:K52,), (55K, £,),... such that

e Given fok,flk,fzk,..., Wy, W, , W, ..., Aob,flb,fzb,..., consumer i, i=1,2,3, chooses
¢.¢Lel, . kLK LK., bi.b

>
>

>0, 0;,... to solve

S}

max ) " f3'logc,
s.t.cl k', +b <W +(1+EC —Sk! +(1+EDR, t=0,1,...
¢ >0,k >0b'>-B
ki =k, b =0.

. Ak ok pk A A A AL NG L
e Given f, 0, F,..., W,,W,,W,,..., firms choose (¥,,K,,?,),(¥,,K,¢,),(¥,,K,,7,),... to

~

minimize costs, and fok, ﬁk, fzk yeres Wy, W, W,,... are such that firms earn 0 profits:
= alke
W, = (1—-a)ok 1"
o 4+ +k,, —(1-8)k =9, =0k I, t=0,1,...
o k'+kI+k'=k,t=0,1,...
o U+ 0+0=7,,t=0,1,...

e b +B2+b’=0,t=0,1,...



2. (a) With an Arrow-Debreu markets structure futures markets for goods are open in
period 1. Consumers trade futures contracts among themselves.

An Arrow-Debreu equilibrium is a sequence of prices p,, p,,... and an allocation
¢, (€!,6)),(€2,¢), ... such that

e Given p,, consumer 0 chooses €, to solve

max logc/
st P’ < pw,+m
¢ >0.

e Given P, p,,,,consumert, t=1,2,..., chooses (¢,C;,,) to solve

t t
max ¢C, +logc,,,
At A t A A
s.t. PG+ PeyCiiy < PW, + Py W,

t At
C»Ci,y 20.

o G'4C=w,+w,t=1,2,....

(b) With sequential market markets structure, there are markets for goods and assets
open every period. The consumers in generations t—1 and t trade goods and assets
among themselves.

A sequential markets equilibrium is a sequence of interest rates f,,f;,..., an allocation

¢, (¢,6),(€,67),..., and asset holdings §),$:,... such that
e Consumer 0 chooses €/ to solve

max logc,
s.t ) <W,+m
¢ >0.

e Given f,,,consumert, t=1,2,..., chooses (,C;,,) and §,, to solve

t t
max C, +logc,,,

s.t. ¢ +s;,, <W,

t+1 —

t o t
Ct+1 < W2 + (1 + rt+1)st+l

t At
¢.,C,, >0.

o Gl'HC=w,+w,t=12,....



A A t A
¢ S;:m’ stt+1:|:HT=2(1+rr):|mat:233""'

(c) Since there is no fiat money, there is only one good per period, there is only one
consumer type in each generation, and consumers live for only two periods, the
equilibrium allocation is autarky:

¢ =w,

(éttﬁtt :(W19W2)

+1

The first order conditions from the consumers’ problems in the Arrow-Debreu
equilibrium imply that

A

P
Ct+l oA .
pt+l

Normalizing p, =1, we obtain p, =w, ‘. Similarly, the first order conditions from the

consumers’ problems in the sequential markets equilibrium, imply that
-3 t
I+, =C =W,

or i =w, —1. Since the equilibrium allocation is autarky, § , =0.

(d) An allocation ¢/, (¢],¢)),(€5,C}),... is feasible if
Tl HE <w +w, t=1, 2, ...

An allocation is Pareto efficient if it is feasible and there exists no other allocation
t’.(c',T,),(C;,C;),... thatis also feasible and satisfies

logT > log €’
C' +logtT, >¢ +log€,,, t=1,2,..,

t+1 — t+1°

with at least one inequality strict.
If w, >1, the equilibrium allocation is Pareto efficient. Suppose not. Then there exists a
feasible allocation that is Pareto superior. If
G +logT, > +logCy,.

then

A —t A =t A A

ptCt + pt+lct+1 > ptWI + ptHWZ :
Otherwise, (€;,¢;,,) would not solve the maximization problem of generation t.
Similarly, logT’ >log¢ implies p,c’ > p,w,.

Suppose that



T +logCT, >¢ +logt;,,

but that
ﬁtqt + ﬁtHEItJrl < ﬁtwl + ptHW
Then let
at :Ett + ptW + pt+1 ptC + pt+1 t+l >Ett
Py

and C., =C.,. Then

C, +logT;, > ¢ +log,,
but

A =t A =t A A
PG + PGy = PW, + P W

At At

Once again, this would imply that (C;,C,,,) would not solve the maximization problem of

generation t, which is impossible. Consequently,
A —t A =t A A
ptCt + pt+1Ct+l 2 ptWI + pt+1W2

Similarly, logT,’ >log¢ implies PG’ > p,w
Therefore

PC = PW,
Aot oA =t
PC; + Pl 2 ptwl + mez ,1=12,..,

with at least one inequality strict. Adding these inequalities up, we obtain
® A=t | =t ® A
Do BETHTH> D (W +w,).
It is here that p, =W, plays its role in ensuring that these series converge.
W, + W,

D B W) =" Wi (w, +W)_

2

Multiplying the feasibility condition in period t by p, >0 and adding up yields
Zil bt(qH +6tt) < Z; P (W, +W,) <00,
which is a contradiction.

(e) An Arrow-Debreu equilibrium is a sequence of prices p,, f),,... and an allocation
AIO (All ’\11) ("21 A2l) (AIZ AIZ) (A22 ’\22) N Such that

e Given f,, consumer i0 chooses ¢°, i=1,2, to solve



max U,,(c")
st pe’<pw +m
¢’>0.

e Given p,, p,,,, consumer it, i=1,2, t=1,2,..., chooses (¢',¢",) to solve

max ui(Ct“,Ct"+1
Aot oA At P
st PG + PriCiy < PW, + Py Wy
it it
et >0,

o UG HG A =W W W W, T2,

3. (a) With an Arrow-Debreu markets structure futures markets for goods are open in
period 1. Consumers trade futures contracts among themselves.

An Arrow-Debreu equilibrium is a sequence of prices p,, p,,... and an allocation
A0 Al aly ;A2 A2
¢, ,(C,C,),(C;,C5), ... such that

e Given p,, consumer 0 chooses €, to solve

max logc/
st pc’ < pw, +m
¢ >0.

e Given P, p,,,,consumert, t=1,2,..., chooses (¢,¢;,,) to solve
max logc, +logc,,,
At N t A A
s.t. PG + PGy = PW, + By W,

t At
C.,C,, =0.

o C'HC=w,+w,t=12,....
(b) With sequential market markets structure, there are markets for goods and assets
open every period. The consumers in generations t—1 and t trade goods and assets

among themselves.

A sequential markets equilibrium is a sequence of interest rates f,,f;,..., an allocation

¢, (¢,6),(6,67), ..., and asset holdings §},$;,... such that



e Consumer 0 chooses €/ to solve

max logc/
s.t € <W,+m
¢ >0.

. A At at A
e Given f,,, consumert, t=1,2,..., chooses (,¢;,,) and §, to solve

max logc, +logc,,,

t

t
s.t. C +5;,

<w,

t o t
CI+1 = W2 + (1 + r:(+1)st+1

t At
C,Ci, 0.

(c) Since there is no fiat money, there is only one good per period, there is only one
consumer type in each generation, and consumers live for only two periods, the
equilibrium allocation is autarky:

¢ =w,

(étt’éttﬂ) = (WI’WZ)

The first order conditions from the consumers’ problems in the Arrow-Debreu
equilibrium imply that

-

Pea _ G :ﬂ
(o Ci W,

Normalizing f, =1, we obtain P, = (W, /w,)"". Similarly, the first order conditions from
the consumers’ problems in the sequential markets equilibrium, imply that

1+1

t+1 Ct+1 W2

or f, =(w,/w,)—1. Since the equilibrium allocation is autarky, §,, =0.



(d) An allocation ¢/,(¢],¢)),(€7,C?),... is feasible if
e <w +w, t=1,2, ...

An allocation is Pareto efficient if it is feasible and there exists no other allocation
¢’,(T',T),(C;,T),... thatis also feasible and satisfies

logT’ >log €/
logT, +logC,, >log¢ +logC,,, t=12,..,

with at least one inequality strict.

If w, > w,, the equilibrium allocation is Pareto efficient. Suppose not. Then using the
same logic as in the proof of proposition 3 in question 1, we have

pc’ > pw,
ptC + pt+lct+1 = pIW + pt+1 29 t_l 2’

with at least one inequality strict. Adding these inequalities up, we obtain
© At | =t LA
Do BETHTH> D (W +w,).

It is here that P, = (W, /w,)"" plays its role in ensuring that these series converge.

Multiplying the feasibility condition in period t by p, >0 and adding up yields

D BT TS Bw W),

which is a contradiction.

A

(e) A sequential markets equilibrium is a sequence of interest rates f,,f,,..., an
allocation ¢, (¢/,69),(¢,¢€},6),(¢5,€6;,67), ..., and asset holdings $7,(S), 8, ) (A2 §),...
such that

e Consumer —1 chooses ¢ to solve

max logc;"
st ¢ <w+m’
c,'>0.
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e Given f,, consumer 0 chooses (¢/,€)) and $ to solve

max logc/ +logcy
st. ¢ +sy<w,+m’
¢y <w, +(1+1,)s}
c’,cy>0.

e Given f,,F_,,consumert, t=1,2,..., chooses (¢, ,C.,) and (§,,,5,,) to solve
max logc, +logc;,, +logc;,,
s.t. €+, <W,

t t ~ t
Ct+l + St+2 < WZ + (1 + r-t+1)st+l

t

o t
Ct+2 = W3 + (1 + rt+2)st+2

t At t
Ct ’Ct+lﬂct+2 2 O
Aat=2 , at-1 | At _
e C “+C +C=w,+w,+w,t=1L2,....

e §+8=m"+m’

S =[H;2(1+f,)J(m-l +m), t=2.3,....
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