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ANSWERS TO MIDTERM EXAMINATION

1. (a) With an Arrow-Debreu markets structure futures markets for goods are open in
period 0. Consumers trade futures contracts among themselves.

An Arrow-Debreu equilibrium is sequence of prices p,, p,, p,,... and consumption

Al Al Al A2 A2 A2
levels ¢,,¢,,¢,,...5 ¢y,C; ,C5, ... such that
e Given p,, p,,P,,-.., consumer i, i =1,2, chooses ¢&,¢,¢é, ... to solve
max Zt_oﬂ’ logc!
0 A [< © A i
s.t. Zz:Opf t _Zz=0pfwf
c >0.
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o ¢ +¢ =w +w ,t=0,1....

(b) With sequential market markets structure, there are markets for goods and bonds open
every period. Consumers trade goods and bonds among themselves.

A sequential markets equilibrium is sequences of interest rates 7,7,,7,...,
consumption levels ¢,,¢é',é!,...; é2,é2,¢2, ..., and bond holdings B!,6!,5!,...;

0sC1
b2,b2,b2,... such that

e Given #,7,#,..., the consumer i, i =1,2, chooses ¢,,¢,,C,,...; by,b/,b;,... tosolve

maxz;ﬂ’ logc,
<w +(1+7)b, t=0,1,...
¢ >0,b >-B

by =0.

st.c +b!

t+1

Here b' > —B, where B >0 is chosen large enough, rules out Ponzi schemes but does not
otherwise bind in equilibrium.
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e ¢ +c =w+w ,t=0,L...

o b+5h*=0,1=0,1,...



(c) Proposition 1: Suppose that p,, P, Py»...; CosCr>Chs... CoyCryés,

Debreu equilibrium. Then 7,7,7,...; ¢,
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R i
b ,b7,b;,... is a sequential markets equilibrium where
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b,,=w+1+7)b —¢,t=0,1,....
Proposition 2: Suppose that 7,7,,7%,...; Cp,Cl,Chr..r CorCiyCas ..
by ,b.,b;,... is a sequential markets equilibrium. Then p,, p,, P,
AD A2 A2
é,88,63, ...

is an Arrow-Debreu equilibrium where
P =1
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(d) Using the two consumers’ first order conditions

we can write

In even periods,

Similarly, in odd periods,

A

Ly

A+ A2

Normalizing p, =1, we can use the first order condition to write
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B iftiseven

P = i )
%,6” if ¢ is odd

which implies that
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which implies that
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if ¢ is even

if ¢ 1s odd

if ¢ is even

(We can even work out A' and A%, although the question does not require this and it
would be a waste of precious time to do so during the exam.
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(e) To calculate the sequential markets equilibrium, we just use the formulas from
proposition 1 in part c:

i—1 if ¢ is odd
3B

=P ;
P ——1 iftiseven
4
b, =w +(1+7)b —¢

8438 5P
A1+ 40+p)

L1 oAl
b =w,—¢,=2
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In even periods, consumer 1 lends to consumer 2. Consumer 2 pays back

to consumer 1 in odd periods.

5
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(f) A sequential markets equilibrium is sequences of rental rates on capital

Ak Ak A

Ty o1 ,rzk,...; wages Ww,, W, W,,...; interest rates on bonds fob,ﬁb,fzb,..., consumption

levels &,¢/,63,...5 ¢,61,¢65,...; capital holdings k,,k,k,,...; ki .k, k5 ,...; bond
holdings b,,b/,b,,...; b;,b’,b;,...; and production plans

Fookor L0)s (1K £, (P Ky o 1), .. such that

. Ak Ak Ak A A A Ab Ab Ab P
o Given 7y i ,7y .oy Wy, W), Wyseuwy By o1 o1y ..., consumer i, i =1,2, chooses

CorCloCynn ki k! K., BY,BYLBS,... 1O SOlVE
*® t i
maxztzo B logc,
st +kl +b <WE +(A+7 =0k +(1+7")b, t=0,1,...
¢ >0,k >0b>-B



ki =k, b =0.

. Ak Ak Ak A A A A 77 A 17 A 7
e Given 7,17 ,..., Wy, W, W,,..., firms choose (y,,k,,¢,),(V,,k,¢,),(¥,,k,,1,),... tO
e Ak Ak A A A A
minimize costs, and 7 ,rlk,rzk yeees Wy, W, W,,... are such that firms earn 0 profits:
~k a—171-
r=abk

W, =(—a)0ke 1"
* étl+é[2+k’\t+l_(l_5)k,\[:.j}tZHkA[a%][_a7t:()?]‘)"’
o k'+k’=k,t=0,1,..
o I'+7P=7,t=0,1,..

o b+bh*=0,1=0,1,...

2. (a) With an Arrow-Debreu markets structure futures markets for goods are open in
period 1. Consumers trade futures contracts among themselves.

An Arrow-Debreu equilibrium is a sequence of prices p,, p,,... and an allocation

A0 Al Al A2 A2
¢ ,(¢,¢,),(¢5,65), ... such that
e Given p,, consumer 0 chooses ¢/ to solve

max 2logc’
st pe < pw,+m

¢ >0.

e Given p,, p,,,, consumer ¢, t =1,2,..., chooses (¢,,¢,,,) to solve

max logc! +2logc;

t+1
At A t A A
St DG+ DiiCy S DWW F P,
t t
c,,c,, =20.

t+1
o Myl =w+w,t=12,....
(b) With sequential market markets structure, there are markets for goods and assets

open every period. The consumers in generations ¢z —1 and ¢ trade goods and assets
among themselves.



A sequential markets equilibrium is a sequence of interest rates 7,,7,..., an allocation

¢, (el,6),(65,63), ..., and asset holdings l;é,lsf,...such that
e Consumer 0 chooses ¢/ to solve

max 2logc,
st ¢ <w,+m

¢ >0.

e Given r to solve

t+12

consumer z, t =1,2,..., chooses (¢/,c',,) and b

t> t+l t+1

max logc, +2logc;

t+1

s.t. ¢ +b

t+1 —
z+1 < Wz +(1+ z+1)
>0.

t+1

t+1

° éf*1+5f=w2+wl,t:1,2,.,,,
o B=m b, =T 0+i)|m, =23,

(c) Since there is no fiat money, there is only one good per period, there is only one
consumer type in each generation, and consumers live for only two periods, the
equilibrium allocation is autarky:

610 =W,
(Atl’ Az[+1) (m,w,)

The first order conditions from the consumers’ problems in the Arrow-Debreu
equilibrium imply that
At

ct+l _ Zpt

At A °
ct pt+1

Normalizing p, =1, we obtain p, = (2w, /w,)"" =2'"". Similarly, the first order

conditions from the consumers’ problems in the sequential markets equilibrium, imply
that

At
1+ﬁ _ Ct+1 _ W2 _l
t+1 T A At -

2¢, 2w, 2

t

or 7 =w,/(2w;)—1=~-1/2. Since the equilibrium allocation is autarky, b, =0.

t+1

(d) An allocation ¢/,(¢},é)),(¢5,6;), ... is feasible if



At—=1 | At _
¢, +c <wtw,t=12, ...

An allocation is Pareto efficient if it is feasible and there exists no other allocation
¢',(c,c),(c;,c;),... thatis also feasible and satisfies

2loge, > 2logé)

logc +2logc, t=12,...,

' > logél +2logé;

t+1 9

with at least one inequality strict.

If w, =w, = w, the equilibrium allocation is not Pareto efficient. To see this, we consider
the alternative allocation

e
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3
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Notice that, since

At—1 At
¢, +c =2w=w,+w, t=12, ...,

this alternative allocation is feasible. Since

—0 4w A0
C =——>w=w, =¢,
3

2loge” > 2logé! .

Notice that

2w\ (4w 32w
loge' +2loge’ =log| — || — | =lo
v, a2 2] v

while

t
t+1

logé! +2logc!,, =log(w)(w)’ =logw’.

Consequently,

logc' +logc,,, >logé +logc,,, .

t+1



(e) A sequential markets equilibrium is a sequence of interest rates 7,,7,..., an

allocation ¢/, (¢,,é)),(¢5,63), ..., asset holdings b),b;,..., and storage holdings X}, %:,...

such that

e Consumer 0 chooses & to solve

max 2logc’
st ¢ <w,+m+6x’

¢ >0.

Here X, are the initial storage holdings brought into period 1 of generation 0.

e Given 7, consumer ¢, t=1,2,..., chooses (¢/,¢!,,) and b, to solve

+1

max logc, +2logc;

t+1

s.t. ¢ +b),, +x

t+1 t+1 < Wl

t n t t
<w,+(1+7,))b,,, +6x

t+1 — t+1
t it t
CsCrisXin >0.

A=l A ~ At—1
o A+, =wHw+0xT, t=12,....

o bl=m, b, =[H;2(l+ﬁ)}m, 1=2,3,....

(f) Suppose that m =0, then 1+ =1/2. Then, if & >1/2, storage will be used in
equilibrium.

A good answer would also explain what happens if m>0. If m<w/3 and 1>26>1/2,
then storage will be used in equilibrium after 1+, falls below 6. If m=w/3 and

1> 6 >0, then storage is not used in equilibrium. If & > 1, there is no equilibrium where
m>0.

3. (a) With Arrow-Debreu markets, there are futures markets of goods, capital, labor
services, capital services open in period 0. Consumers sell labor services to firms. They
buy goods from firms. Who makes the capital accumulation decision can be modeled
different ways. We could have consumers buy and sell future claims to capital and sell
claims to capital services to firms, or we could have consumers sell their initial capital to
firms and have firms buy and sell future claims to capital and sell claims to capital
services to other firms.



An Arrow-Debreu equilibrium is sequences of prices of goods p,, p,, P,,..., wages

Wy, W,,..., rental rates 7,,7,7,,..., consumption levels ¢,,¢,,..., and capital stocks

lgo,lgl,... such that

o Given py, P> Pyse--» Wy, W;,..., and 7, the consumer chooses ¢,,¢,,... to solve

max ZZO p'loge,

s.t. Z,:o pec, < Z[ZO w, + 1k,
¢, 20.

(Here we have the consumers sell their initial capital to firms and have firms make capital
accumulation decisions. If we have consumers make capital accumulation decisions,

then consumers choose 120 , IQI ,... and the budget constraint is
Db +k )<Y (W +7k))

A

=pafdk’, t=0,1,...

g ,
W = p(l-a)fk®, 1=0,1,...

Foa—p,<0,=0ifk, >0, t=0,1,..

t+1

(A good answer would explain that these are the profit maximization conditions for
constant returns. Notice that, if we have consumers make capital accumulation decisions,
then the zero profit condition on accumulating capital is a first order condition for utility
maximization and does not need to be included as a separate equilibrium condition.)

(b) With sequential market markets structure, there are markets for goods, labor services,
capital services, and bonds open every period. Consumers sell labor services and rent
capital to the firm. They buy goods from the firm, some of which they consume and some
of which they save as capital. They trade bonds among themselves.

A sequential markets equilibrium is sequences of rental rates 7 ,7",..., interest rates
7R ,..., wages W,,W,,..., consumption levels ¢,,¢,,..., capital stocks k,,k,,..., and

bond holdings Z;O,l;l,... , such that

. N Ab  Ab A A A A ~
e Given 7,7 ,..., Ty ,h ,..., and Wy, W,,..., the consumer chooses ¢,,¢,,..., ky,k,...,

and 150,31,... to solve



max ZZO p'loge,
st ¢+ Ky by W+ 7k + (147 )b, £=0,1,...
k,=k,, b, =0
b>-B, ¢,k >0.

t 1277t

o M=afk*, t=0,1,...
W =(-a)fk®, t=0,1,....
o Gk, =0k, 1=0,1,

(c) Proposition 1: Suppose that py, p,, Dyses Wy Wisen 5Ty FsFysen 5 CosCryenn s kg k

0 1
. eqep ® Ak Ak . Ab Ab L~ ~ A A A .
is an Arrow-Debreu equilibrium. Then 75,7 ,...;7),7 ... Wy, W),...5Co5Cseen s Koo kpsens

by,b,,... 1s a sequential markets equilibrium where

-
b=0,t=0,1,....

A A

oy ~k Ak ~Ab Ab A A A A n r
Proposition 2: Suppose that 7, 7" ,...; 7,1 ... Wy, Wys.ui5Co»Croens kg kyyens By,by,...
is a sequential markets equilibrium. Then p, P, Pys.e s Wy Wisen o3 Tys iy Fygeens CosCioeens

ky.k,,... 1s an Arrow-Debreu equilibrium where

(Notice that, according to the way in which we have done things, we need to use separate
symbols for the Arrow-Debreu wage, the price of labor services in period ¢ in terms of
period 0 goods, and the sequential markets wage, of labor services in period ¢ in terms of
period ¢ goods.)
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(d) A Pareto efficient allocation/production plan is sequences ¢,,¢,,.. .,l€0 , 121 ,... that are
feasible,

&4k, =0k, 1=0,1, ...

ky <k,

and such that there exists no alternative allocation &k, that is also feasible and such that
Z,:o p'logé, > Z,:o ' logé, .

In other words, the allocation ¢,, 12, solves

max ZZO,B’ logc,
st. ¢ +k, <OK*, t=0,1,...

+1 —
ky <k,
¢,k >0.

[

Proposition: The allocation/production plan in a sequential markets equilibrium is
Pareto efficient.

A

Proof: Suppose that 7*,7",W,,¢,,k,,b

127t

>

is an equilibrium. Then

A

+k, =0

t+1

A (04
C, S,t=0,1,...
ky,

A

kq

N =5

and there exist Lagrange multipliers p, 20, 1 =0,1,..., such that

ﬂt

C

-p,=0,t=0,1,...

t
-P, +pt+1a€l€,‘:' =0,r=0,1,...
=0.

A

liml‘%w pl‘k

t+1

The necessary and sufficient conditions for ¢,k to be a Pareto efficient
allocation/production plan are



and that there exist some Lagrange multipliers 7, >0, =0, 1,..., such that

t
@—72’, =0,t=0,1,...
ct
—m, 47,00k =0, 1=0,1,...

hmt%oo ﬂtkH—l = 0 :

A A

. Ak Ab A A . ~ A T .
Given that 7" ,7",w,,¢,,k,,b, is an equilibrium, we can set ¢, =¢,, k, =k,,and 7, = p,

and thus construct an allocation that satisfies the necessary and sufficient conditions for
Pareto efficiency.

(e) Bellman’s equation is

V(k)=max logc+ gV (k")
st. c+k'<Ok”
c,k'>0.
Guessing that V' (k) has the form a, +q, logk, we can solve for ¢ and k'

c

- gk k=LY e
1+ Ba, 1+ Ba,

We can plug these solutions back into Bellman’s equation to obtain

Hk“}+ ﬁ{ao +a, 1og(ﬂek“ﬂ .

1+ Ba,

a

a,+a,logk =log(l+1

Collecting all the terms on the right-hand side that involve logk , we can solve for g, :

a, =a+afa,
a

l-ap

Cll=

b

which implies that
c=1-ap)ok®, k'=apok®.

[We can also solve for a,:

12



1 12 pad
a, = 1—ﬂ|:10g[1+ﬂalj+ﬂal 10g(1+,8a1 ﬂ

[log((l—aﬂ)@)+1 aﬁﬂ log(aﬁﬁ)},

a():

but this is tedious, and, besides, the question does not ask us to do it.]

(f) To calculate the sequential markets equilibrium, we just run the first order difference
equation

kt+1 = aﬂekta
forward, starting at k, = k,. We set
¢, = (1-ap)ok!
b,=0
rtk — agktafl
1’ =alki™ -1
w,=(1-a)fk .

Notice that this problem actually has an analytical solution:

_ 1-a'

k, = ook’ = appd(apoks,) = (aﬂ@)z/:"a ke =(apo)r«

—
kO
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