Optimal growth problem:

c,,k, solves

max Zioﬁt logc,
s.t. ¢, +k,, <Ok", t=0,1,...
k, <k,
c.k >0.
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Sequential markets equilibrium:

Sequences of rental rates ﬁok ,flk ,..., Interest rates ﬁob ,flb ..., Wages
w,,W,,..., consumption levels ¢,,c,,..., capital stocks lgo,l%,. .., and bond
holdings Z;O,ISI,..., such that

b Ak Ak Ab ~b n n A A
e Given 7,7 ,..., ¥y, ,..., and w,,w,,..., the consumer chooses ¢,,c,,...

N e

, ky,k,,...,and ISO,bl,... to solve
maxZio,Bt logc,

st. ¢ +k, +b Sv?/[+z§"kt+(l+z§”)bt,t:O,l,...

t+1 t+1

ky=k,, b,=0
b,z2-B, ¢,k =0.
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= a0k, 1=0,1,...
W =(1-a)0k”, t=0,1,....






Proposition: The allocation/production plan in a sequential markets
equilibrium is Pareto efficient.
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Proof: Suppose that 7, 7", W ,¢ .k, b, is an equilibrium. Then
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and there exist Lagrange multipliers p, =20, #=0,1,..., such that

IBl

=

—p. =0,1=0,1,...

—p. +p.abkt=0,1=0,1,...
=0.
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The necessary and sufficient conditions for ¢, ., to be a Pareto efficient
allocation/production plan are

and that there exist some Lagrange multipliers z, 20, 1 =0, 1,..., such
that

B =0, i=01,..
Ct

—7T, + 7T abk® =0,t=0.1,...

t+1 t+1
=0.
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Given that " 7", w,,c,,k,,b, 1s an equilibrium, we can set ¢, =c,, k, =k,,

and 7, = p, and thus construct an allocation that satisfies the necessary
and sufficient conditions for Pareto efficiency.



Dynamic programming:
The Bellman equation i1s

V(k)=max logc+ pV (k")
s.t. c+k'<Ok”
c,k'>0.

Guessing that V' (k) has the form a, +a,logk, we can solve for ¢ and k"

U gk = P g
1+ fBa, 1+ fBa,
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We can plug these solutions back into the Bellman equation to obtain

a,+a logk :log(lJrfBa Qk“]
1

+,B{a0 +a, log(lflcg Qk“ﬂ
a,

Collecting all the terms on the right-hand side that involve log k, we can
solve for a;:

a, =a+afa,
o

1-af

Cllz
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which implies that

k' = afOk"
¢ =(1—af)0k".

We can also solve for a,:

_ 1 6 pa,b
a, = l—ﬂ{log(lJr,Bal}Lﬁal log(—lJrIBa1 ﬂ

! {10g((1—a,8)6’)+1a'8 log(aﬂﬁ)}.

d, =

k'=g(k)=apf0k is called the policy function.



To calculate the sequential markets equilibrium, we just run the first
order difference equation

kt-l—l = aﬂ gkta

forward, starting at k, =k,. We set

c, =(1-af)0k’
b =0
I/;k — aekta—l
r’=alfki —1

w =(1-a)0k".
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Notice that this problem actually has an analytical solution:

tl at

k, = apokt, = apo(apok’,) =(apo)=—" k; (aﬂ@)

l‘

Convergence to the steady state:
1
= g(k) = afpbk” = (af0)"

~ 1-a'
k=lim, , (aff)ra kS (aﬂ&)
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