Bellman equation:

V (k) = max u(c)+ AV (k)
st. c+k'—(1-8)k < f(k)

c.k'>0.



Value function iteration:

T(V)(k) =max u(c)+ gV (k')
st. Crk'—(1-0)k < f(k)

c.k'>0.
Start with a simple guess for V, for example, V, such that

V,(k)=0 forall k e K.

LetV, =T(V,) and continue to iterate V., =T (V). We will prove that
the sequence V,,V,,V,,... converges to a function V such thatV =T (V).
Consequently, V satisfies the Bellman equation.



Let K be the space of possible capital stocks, and let C(K) be the space
of continuous, bonded functions defined on K.

For V,W € C(K), let

d(V.W) =V ~W|=sup, M (k) =W (K)].

With this definition of a metric, C(K) is a Banach space, a complete
normed vector space.



Let
T:C(K)—> C(K).

Suppose that for any V,W € C(K),
[T -TwW) <7V -W|

for some fixed y, 1>y >0.

Then we call T a contraction mapping with modulus .



We want to show that mapping T defined by

T(V)(k) =max u(c)+ BV (k')
s.t. c+k'-(1-0)k < f(k)
c,k'>0

maps continuous bounded functions into continuous bounded functions,
that 1s,

T:C(K)— C(K)

and that T 1s a contraction mapping with modulus £.



Then

”Vn+2 _Vn+1H — HT (Vn+1) -T (Vn)H < ﬂ ’Vn+1 _Vn H
”Vn+2 _Vn+1 < ﬂnﬂ ”Vl _VO‘ '




