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1. Benchmark model

In this section we analyze the maximization problem for a stand-in household with civilians
and draftees. Total output in the model is the sum of nonmilitary output and military
compensation. Nonmilitary output is produced with civilian hours, private capital, and
public capital that does not include military equipment or structures. Private and public
capital used to produce nonmilitary output are assumed to be perfect substitutes. Here,
we do not distinguish the two margins for adjusting the labor input: hours per worker and

the fraction employed. Later we will.

1.1. Household problem

The representative household has two types of family members, civilians and draftees.
In period t, fraction 1 — a are civilians and fraction a are drafted (i.e., in the “army”).
Civilians can choose their level of hours but draftees cannot. The problem the household

solves is given by

max lct}E Zﬂt {(1 —ay)U(Cet, let) + arU(cqr, [)} (1+ gp)t

{Cctacdtaipt7 =0

subject to (1 — a¢)cer + arcar + i = (L — T rikpr + (1 — 700 ) (1 — ap)wiler + Tt Okpe + 1Tt
kpt+1 = [(1 = 0)kpe +ipe] /(1 + gp)
tpe > 0 in all states
Cet < Cmaz 1N SOme states
Cat < Cmax 1N some states
let <ljmaz 1N some states

with processes for a;, r;, we, Tke, T1¢, and Ty given. Quantities are in per-capita terms and

1



the population grows at rate g,. For now, we assume that civilians choose the total labor

input. Later, we will consider choices of both hours per week and employment.

From here on, we will assume that U(c,l) = log(c) + V(1 — ) so that the marginal
utilities of civilians and draftees are equated. The Lagrangian for the optimization problem

in this case is:

L=pY § {(1 — ap)10g(eer) + V(1 — ler)] + arlog(éar)

+ % [min(%pt, 0)% + (1 — ay) min(lypaz(s¢) — let, 0)°
+ (1 — az) min(cpmaz (5¢) — et 0) 4 ap Min(cmaz(5:) — Ear, 0)3}
+ Mt{(l - Tk:t)Ttl%pt + (1 —7) (1 — ap)Wiler + Tktdl%pt + Tt

- (1 - a't)éct — a4Cqr — %pt}

(1= 0+ i = (130 9 } |

where § = (1+g,)B. Variables that grow over time are detrended and denoted with a hat
(e.g., Cet = cet/(1+ g.)t). Note that we have added penalty functions to account for our

inequality constraints when computing equilibria.

The first-order conditions are thus:

1/éct — Cmin(cmaz(st) — Cet 0)2 = Mt

1/éq — ¢min(cmaz(s:) — éar,0)% = puy

V(1 —let) + ¢ min(lmaz(5:) = leg, 002 = pg (1 — 1311y

Cmin(ip, 0)2 + Ay = g

(1+gp) 1+ g2) A = BE; M1 (1 = ) + pres1{ (1 = Trps1)7e41 + 70 }] -
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and equilibrium equations for computation can be summarized as follows:
pe = 1/¢p — Cmin(cpmaxn(St) — Cpts 0)2
pe — ¢min(ip, 0)? = BE, [Mt+1{(1 — Tht41) (re1 — 6) + 1} — (1 = 6)¢ min(ipeq1, 0)2]
V(1 = 1) 4+ Cmin(lpmaz (5¢) — let)? = pe(1 — 7340y

where B = (3/(1+4g.). Notice that ¢.; = ¢q¢ in equilibrium. We let é,; represent both later.

1.2. Firms

The firm’s problem in t is:

{KI:?’E[L,};} F(Kt, ZtLpt) — ’r’th — thpt

where L, is the total labor input (and equal to the fraction of civilians in the population

(1 — a) times the ratio of total civilian hours to total civilians (I.) times the population
(14 gp)").

In equilibrium, the rental price and the wage rate are given by:

Ty = Fl(Kt,ZtLpt)
wy = Fo(Ky, Zy Lyt ) Zy

Suppose F(K, L) = K%L~ Then,

re = 0K Y (Z, L)' 0 = 057 (24lee (1 — ar)) ' —°

we=(1-0)K}Z 7L} = (1+g.)'(1 - 0)k? (z4lot (1 — ay))

1.3. The Government
The government’s period ¢t budget constraint is given by:
Cgt + Igt + (1 + gp)tTt = Tkt(Tt — 5)Kpt + Tltthpt + Ttth
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where we are assuming that wage payments to soldiers are included in transfers to draftees.
Spending is therefore:
Gt = Cgt + Igt + (1 + gp)tatwtz

which when detrended for technological growth is
gt = Cgt + %gt + agiyl.

Government capital (which is privately operated) is assumed to have the same rate of

depreciation as private capital:
th+1 = (1 - 5)th + Igt-
When normalized this equation becomes

(1+gp)(1+ gz)]%gt—l—l =(1- 5)]%9,5 + %gt.

1.4. Aggregates

Total private consumption, total private hours (which includes nonmilitary government

hours), total private investment, and total private capital are given by:

Cpt = (1+ gp)'[(1 — ag)cer + arca] = (14 gp) e
1+gp t(l _aft) ct

( )
( )
(1+ gp)"ipt
( )

1 + gp tkpt
The resource constraint for this economy is:
Cpt + Ipt + Cyp + 1gy = F(Ky, Zy L)

or

épt + %pt + égt + %gt = F(]%ta Ztlpt)~



1.5. Exogenous stochastic processes

The exogenous stochastic processes in this economy are {a, ¢, ig, Tk, T, 2. Let s index the
state, where s is determined by a nth-order Markov chain. We assume that at time ¢t if the
state is s, then a; = a(s), ¢gr = Cy(8), igr = ig(s), The = Te(8), 7t = Ti(s), and 2z, = 2(s).
The process for s is intended to capture different stages of war and/or peace and different

levels of technology.

1.6. Steady State Equations

We will use the following functional forms for disutility and production:

V(1=1)=9[(1 -0 —1]/¢ (L.1)
F(K,L)=K’L'7?. (1.2)

In this case, the steady state solves

r=[1+g.)/8-1/(1—7)+0
kg =1g/[(1+ gp)(1+g.) — 1+ 6]
]%p = %p/[(l + gp)(l + gz) -1+ 5]

~

§=(kp + ]%g)9<z(1 - a)ZC)l_e
0

Y= (1-m)1-0)(1~1)*9/[e(1 — a)l]

~ ~

which is 7 equations in 7 unknowns (r, kg, kp, U, Cp, 0, ¥) with ¢g, ig, a, T, 71, 2, 9p, Gz,

9, B, &, ip, and [, given.



1.7. Algorithm for Computing the Consumption Function

When writing the codes, we use x for total capital, 7 as the index for today’s exogenous
state, j as the index for tomorrow’s exogenous state, I as total number of exogenous states,
and 7;; as probability of transiting from 7 to j. Here, we describe out we compute the
decision function ¢, (z, i), which is represented as a weighted sum of known basis functions,

nnodes

Cp = Z O‘iNk(w)

k=1
where the Ni is a “tent” function that takes on nonzero values in 2 elements on the grid

over x surrounding node k, that is

LT—Tag—1
o Ta-1 ST ST
Ni(z) = Tat1—T
(z) Lot g, <3< Tapr
0 elsewhere

We apply a finite element method. This means that we find unknown coefficients ay,
k = 1,...nnodes that satisfy the following equations: [ R(z,i;a)Ny(z)dz = 0 for all i

and k& where

R(z,i;0) = p — ¢ min(ip, 0)% + B(1—6)¢ Z i min(%;, 0)?
—BZ%J‘ p A =7, 2() (1 = a(h))le) — 0] + 1}

— 1 1 I /
and o = [a17 s Xnodesy O‘{nnodes:l

—1
W= (Z a};Nk(ar)> — (min(cpaq (i Z ot Ni.(z
k

. The multipliers y and u' are

—1
o= (Z af{Nk(w')> — ¢min(¢maz(J Z achk
k
since ¢, = ai Ni(x). The private investments i, and i/ satisfy resource constraints:
P k 'k P D Yy

%p F(z,2(i)(1 — a(i Zaka — Cq(1) _%g(@

i = F(z',2(5)(1 - a(j ZaiNk — &5() — 14 (j).
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The next period capital stock is given by:
2’ = (1= 8)a + (i +1g(1))/[(1 + gp) (1 + g2)]
The labor inputs . and I/, solve:
V'(1 1) + ¢min(lnaa (i) = le, 0)* = p(1 = 1(i)) Fa(z, 2(i)(1 — a(i))le)2(0)
V(1= 1g) + Cmin(lnaa(f) — 1, 0)* = 1/ (1 = 1)) Fa(a’, 2(7) (1 = a(5))le)2(4).

Derivatives of the residual equation are as follows:

LR(IB’.@';O{): a'u—2Cmi1r1(% O)d—%p d—é.p
Oag, ¢, e, | ool

+55 mes (1= DR S0 ol — 8+ 1) S 5

- Bzﬂi,j i (1= 71(4))

dx’
dozi

<F11(93/7 2(7)(1 = a(4)I)

+ Fua(a!, =) (1 - aG))=() (1 - a(7)) j;)

~

R o ay
A0 - 5)gmin(¢p,0)£
k
and for j #£ i
T. 1o A dé’
&’j’) = By {1 = ()1 (2), 2(5) (1 — a(4)le) — 6] + 1} dp'dé),—
Oay, day,
2 / . / . . / . . dl,C
= O i (= m(7) Fra(a’, 2(7)(1 = al5))le)2()(1 = a(7) 5
Qg

R L d
+ B(1 — §)¢ min(i,, 0) 2
do,
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The partial derivative of u is

dp 1 .
dép 012, + 2¢ min(¢paz (7) — ép, 0)

For the partial derivatives of [. and [/, totally differentiate the static first order condition
for the consumer to get:
— [V"(1 —1.) + 2¢ min(lnae(7) — ¢, 0)] dl,
=du(l — 1) Foz + p(1 — ) [Fredx + Fooz(1 — a)dl.] 2(1 — a)
where the arguments of F' are (z, z(1 — a)l.). For the current period ., dx = 0 since x is

a given state variable. For [, dz’ is given by:
dz' = d%p/[(l + gp) (1 + g2)]

= (Fa(, 2(1 = a)le)z(1 — a)dle — dép)/[(1 4 gp) (1 + g2)]
Therefore, we have
dle (1 —m7)Fzz d,u
déy, V" +20min(lygae (i) — le, 0) + p(1 — 77) Fae22(1 — a)? dé,
where the argument of V' is 1 — [, and the arguments of F' are (z, 2(i)(1 — a(i))l.), and in

the next period we have

g~ V'8, = (1= n()) Fraz(f)(1 — a(j)) do’
¢ Ve, + (1 —7(j) Faez()%(1 — a(j))?
where the argument of V' is 1 —1/, and the arguments of I are (z/, z(j)(1 —a(j))l.). Finally
we need
de i ONg(2') \ da’
P _ j
ol (Z N dotl,
!
d"/
CI; _ Nk(x/)
dov,
dx’ 1 dl dc
dai  (1+gp)(1+g.) < (@ (1~ a)le)=l a)d% d%)
1 dl de
= F 5 ]- - lC 1 - Ac - 1 p
o5 (st = sl - 2 1) 2
- L <F (2, 2(1 — a)l)2(1 — a) e _ 1) Nio(z)
T (Itgrg) U C éy '

~/

di, = Fi(2', 2(7)(1 — a())le) da’ + Fa(a', 2(5)(1 — a(j)1e)2(5) (1 — a(y)) dI;, — dé&,
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2. A Version of the Model with Capacity Utilization

In this section, we consider the extension of the benchmark model considered by Braun

and McGrattan (1993) in their Appendix B.

2.1. Household Problem

The maximization problem of the stand-in household is now:

max E Zﬁt (1= a¢){niflogcre + V(1 — hy)]
=0

{c1t,cot,cat ipt,me,he }

+ (1= n¢)llog cor + V(1) = p(n4)}

+ at[logcqr + V(1 = h)]) (1 + gp)*

subject to (1 — a¢){nic1y + (L — ne)cor} + accar + ipt
= (1 — Tkt)Ttkpt -+ (1 — Tlt)(l — at)wt(ht)nt

+ Tt Okpe + T3

kpt1 = [(1 = 6)kpe + ipe] /(1 + gp)
ipt > 0 in all states

c1t < Cmaz 1IN some states

cot < Cmarz 1N some states

Cat < Cmax 1N some states

Nt < Nynaz 1N some states
with processes for as, 7pt, wi(he), Tie, T, and T; given. Quantities are in per-capita
terms. The household chooses consumption of those employed c1;, consumption of those
not employed ¢y, the consumption of the draftees ¢4, the number (or fraction) of those
employed ny, the length of the workweek h;, and investment i,;.! Each term in the budget

constraint is in per-capita terms. For example, the first term (1 — a;)n;cyy is

number of civilians  number of civilian workers  consumption of civilian workers

total population number of civilians number of civilian workers

I Note that we could assume that cg; is determined by the government as Braun and McGrattan (1993)
do. Since we work with log preferences, whether it is given or not will not affect our results.
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The function p(n) represents costs—in utility terms—of increasing employment or
changing its level. If p(n) = 0 then the equilibrium workweek is constant. (See Braun and
McGrattan (1993).) The disutility of employment captured by p(n;) ensures that both the
intensive margin and the extensive margin are used. The disutility of employment term
was motivated by Braun and McGrattan (1993) as follows. They assume that individual

preferences are given by
E Zﬁt[U(Ct, 1= ht) = nX{n,>0}]
t=0

where 7 measures the disutility of entering the work force and y is an indicator function.
If the utility costs of entering the workforce vary, then 7 will have a nondegenerate distri-
bution. If civilians are aligned with points on the interval [0,1-a), then we can construct
a cost function. For example, suppose that individuals are aligned so that costs are linear

and increasing. Then, in the aggregate the costs of increasing employment are given by
~1-0) [ (Gt 20a)de = ~(1 - a)(Gon -+ an)
with ¢; > 0.
The Lagrangian for the optimization problem in this case is:
L= EZBt {(1 —ag){niflog(¢é1r) + V(1 — hy)] + (1 — ny)[log éor + V(1)]}
t

- Q¢ lOg(édt) — (1 — at)p(nt)

+ g [min(%pt, 0)% + (1 — az) min(nmaez(s¢) — n¢, 0)?

+ (1 — a)ny min(cpmaz (s¢) — é14,0)3
+ (1 — a)(1 — ng) min(cmaz(s¢) — éot, 0)°
+ a¢s min(¢pmaz(St) — Cat, 0)3]
+ Mt{<1 - Tkt)Ttl%pt + (1 = 71¢)(1 = ag)e (he)ne + T’ftdl%l’t + Tt

- (1 - at){ntélt - (1 - nt)COt} — a¢Cqp — %pt}

+ At{<1 - 5)]%1715 + %pt - (1 + gp)<1 + gZ)I%t—H}}
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where 3 = (14 gp)B. As before, variables that grow over time are detrended and denoted

with a hat (e.g., éet = cet/(1+ g2)%).
The first-order conditions are thus:
1/é14 — ¢min(Cmax(se) — ¢1¢,0)% =

1/éor — ¢ min(cmae(s¢) — éor, 0)% = gy

1/éar — ¢ min(cmax(se) — éa,0)* = 1y

V(1= hy) = pe(1 = 70 )y (Ry)

0 =logéy + V(1 —hy) —logéor — V(1) = p'(ny) — ¢min(nmas(se) — ne, 0)?
=+ Cmin(Cmam<St) - élta 0)2 - Cmin<cmam(5t) - éOta 0)2
+ e [(1 — 7 )i (he) — E1¢ + Cod)

Cmin(%pt, 0)2 + >\t = Ut

(14 gp)(L+ g:)A\e = BE; M1 (1 = 6) + presr { (1 = Thes1)reqs + 76 }] -

and equilibrium equations for computation can be summarized as follows:

e = 1/éps — Cmin(Cmaz(5¢) — épt, 0)?

| I

pue — Cmin(ip, 0)* = BE; [Mt+1{(1 — Thi41) (reg1 — 0) + 1} — (1 = 6)¢min(ip41,0)>

V,(l — ht) = /Lt(l — Tlt)wé(ht) (21)
V(I—h)=V(A)+ 1 =0)V'(1 = h)h/d = (ng) + ¢ min(npmaez(s) —ne, 002 (2.2)

where B =06/(1+g.) and ¢,y = ¢é1¢ = ot = Car-

2.2. Firms

Let’s turn next to the production technologies. There are different technologies each de-

fined by length of the workweek, h,
Vi = Z}OKINI RS = 2170k (ny (1 — ay)) R, (2.3)
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A firm of type h solves the following maximization problem

max Y;g — T‘th — wt(ht)Nt
K, Ny

subject to (2.3). The rental rate and wage rate is therefore given by

ry =0ZOKITINORY
wi(he) = (1 - 0)ZF " K{N7Oh

The total capital stock K; and workforce N; is

K= (1+g,)"(1+ g:)'ke
Ny = (1+gp)'ne(l —ar).

Thus, when we normalize rental rates and wage rates, we have

re = 0k (zine (1 — ar)) ~0h7
we(he) = (1= 0)k{ 27 (na(1 = @) ~hf = wi(he) (1 + g2)"
g (he) = ¢k{ 2} 0 (ni(1 = ar))~Oh{ ™
= ¢y (he) /(1 — 0)he]

From the perspective of the household, w; is a function of both h; which they are choosing

and r; which they are not. To see this, note that
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2.3. The Government

The government’s period ¢t budget constraint is given by:
Cgt + Igt + (1 + gp)tTt = Tkt(rt - 5)Kpt + Tltwt(ht)Nt + Ttth

where we are assuming that wage payments to soldiers are included in transfers to draftees.

Spending is therefore:

Gy = Cg¢ + 14 + military compensation.

2.4. Aggregates

Total private consumption, total private labor input (which includes nonmilitary govern-

ment), total private investment, and total private capital are given by:

Cpt = (1+ gp)'[(1 — ag) (ngere + (1 — ny)cor) + arcar
Iy = (1 + gp)tipt
Ky = (1+ gp)tkpt

The resource constraint for this economy is:
Cpt + Ipt + Cgt + Igt = Ztl_eKteNtl_ehf
or

Cpt + %pt + Cgt + %gt = ]%f(ztnt<1 - Clt))l_ghz5

2.5. Steady State Equations

We will use the same functional form for V' and F' as before (see (1.1) and (1.2)), and we

will try various functional forms for p(n). At the start, we assume

p(n) =n[n” —1]/p.
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The steady state for this problem is

r=[149.)/8-1]/(1—7)+36
kg = ig/[(1+ gp) (1 + g.) — 1+ ]
]%p = %p/[(l +9p)(1 "‘QZ) -1+ 5]

~

= (kp + kg)? (2(1 — a)n)*~71n?

W= (1-0)y/(n(l—a))
Y= (1-n)p(l —h)' " d/[eph]
n= (1= h)* = 1)/ + (1 —n)i/ey) /™!

~ A A

which is 9 equations in 9 unknowns (r, kg, kp, ¥, ¢p, 6, W, ¥, n) with &4, i, a, 7%, 71, 2,

9p; 9z, 57 ﬁ? ¢7 57 P ip, h, and n given.

2.6. Algorithm for Computing the Consumption Function

As before, we are computing c,(x,%), which is represented as a weighted sum of known

basis functions,

nnodes
Cp = Z Ny ()

k=1
with known basis functions. The residual in this case is given by:
R(z,i;0) = p — ¢ min(z,, 0)2 + B(1 — 6)¢ Zm’j min(%;,, 0)?
J

- Bzm,j p {1 = (GO T (=) (A = a(i)n) = (R)? — o] + 1}

14



1 ! ! ]’. The multipliers x and p’ are

and @ = [0, -, 0 odess - - - Ynnodes

-1
(Z aka ) — (min(cpaq (i Z aka

(Za )1cmm (narls) = 3oL

. ~ _ Z . . . ./ . . .
since ¢, = ), a; Ny (z). The private investments i, and i, satisfy resource constraints:

~

ip = 2”(2(i)(1 — a(i))n)' ~"h® — Z%Nk () = &(i) — 14(3)

~

i, = (&) (2() (1 = a(5))n")' = (h)° Zof,iNk — ¢9(5) —1g(5)-
The next period capital stock is given by:

= (1= 8)x + (1 +14(0)))/[(1 + gp) (1 + g2)]

If we have u, x, and the exogenous variables, then we can solve the following two equations

for the two unknowns, hours of work A and the employment level n:

V(1= h) = p(l = n(0)e(1 = 0)(x/n)’2() ~°(1 = a(i))~h*~"
0=V(1—h)+V'(1-h)h/¢—p'(n) - (min(nme(i) —n,0)%
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Derivatives of the residual equation are given as follows:

OR(z,i;0) = (6—’“ —2¢ min(%pao)%> dc.p

7 A A 7
Oay, ¢, dc, | o,

+ BZm,j {(@ = 7())OE)" " (2() (1 = a(i))n') 0 (R)? - 6] + 1}
— ﬁzﬁu p' (1 —7,(5))0

<(9 — 1)(a) 2 (2(5) (1 - a(j))v”t’)l_e(h’)‘z’d—acT

1
doy,

+ (1= 0)()' (=) (1 - a<j>>>1—9<n'>—9<h'>¢d—".')

dy' dc,
dél, da

doy,
3(1 — )¢ min(iy, 0 i
+ A1 = ) minGi. 0 72
and for j #£ i
. R d"/
ORWE50) _ e {(1 = i[OG (=) (1 — ai)n )0 (0)® — 6] + 1} dy'del, 2
Oay, day,

— Bmig i (1= m(7)0(L = 0)(2)* " ((5)(L — a())) " (n) ()

ol

— B i (1= 73(5)00(2") 1 (2(5) (1 — a(f))n) ' 0 (h) T
Qe

. o di
+ B(1 — )¢ min(iy, 0) 2
dar),

The partial derivative of u is

du 1 . . A
d—ap — _% + 2¢ min(caz (i) — ¢, 0)
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For the partial derivatives of n, n’, h, and h’, totally differentiate the static consumer’s

first order conditions (2.1) and (2.2) to get:
—V"(1—=h)dh =V'(1 = h)(dp/p+ 0dx/x — 0dn/n + (¢ — 1)dh/h)
V(1= R)dh + (1 — O)V'(1 — h)/¢dh — (1 — theta)V" (1 — h)h/édh
= p(n)dn — 2¢ min(n4. (i) — n,0)dn

where k = (1 — 77)¢2'~%(1 — a)~?. For the current period, dz = 0 since z is a given state

variable. For the next period, dz’ is given by:

dx' = diy/[(1+ gp) (1 + g2)]
= (2(2(1 = a)n)' ~°h?)((1 = O)dn/n + ddh/h) — dé,)/[(1 + gp) (1 + g2)]

Finally we need

dé! ONg(2") | do’
p j
da}; N (Z % ox’ da};

l

A/
dcp

- = Ny(2')
do,

dz’ 1 . e [(1—0) dn dh] dé )
_ = 1— pe |2 - 7 P
iy = Ty (e - n dof " hday|  daj

dif, = (') (2(5)(1 = a(j))n") 0 (1')? [0da’ /2’ + (1 — O)dn/ /0’ + ¢db/ /1] — dé,.

17



