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1. Introduction

In this appendix, I derive first-order conditions necessary to compute equilibria for the baseline
model (without financial frictions) and the extended model (with financial frictions) in Federal
Reserve Bank of Minneapolis Staff Report 545. Standard techniques are used to compute log-
linear approximations; these techniques rely on log-linearizing the equations derived here around
the steady state. All codes and data needed to replicate the results of the paper are available at
my website (http://users.econ.umn.edu/~erm/data/sr545).

2. Baseline Model

I’ll start with the household’s problem followed by the firm’s. I'll also show that the first order
conditions are the same for a related problem with the household and firm combined. Here, as in
the codes, I allow for stochastic variation in fiscal policy variables. In the main text, I only discuss

results for time-varying TFPs.

2.1. Household Problem

Households choose consumption C; and leisure L; to maximize expected utility:

max Bo > 0{ [(Co/No) (L/N) | Ty, (2.1)
t=0

t

with the population equal to Ny = Ny(1 + g,)". The maximization is subject to the following

per-period budget constraint:
(L4 7ee) 225 BjeClhe < (1= 7he) 205 WyeHje + 325 [(1 = 7a) Dje + Vie) Sje — Sjean] + ¥ (2.2)

where the subscript j indexes the sector of production, C}; is consumption of goods made by firms
in sector j which are purchased at price P;;, Hj; is labor supplied to sector j which is paid W}y,
and Dj; are dividends paid to the owners of firms in sector j who have Sj; outstanding shares
that sell at price Vj;. Taxes are paid on consumption purchases (7. ), labor earnings (74:+) and
dividend earnings (74:). Any revenues in excess of government purchases of goods and services are

lump-sum rebated to the household in the amount ;.

The composite consumption and leisure that enter the utility function are given by
1771
Cr = [ZJ ijjtp ] (2.3)
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Notice that here, I assume CES for consumption and linear for hours. This can be extended if I

want to assume that labor is not perfectly substitutable across sectors.

The Lagrangian for the household problem is given by

A—a)p

£ = By S {8 (5,0 (€T ) T
t=0

(1-5, mm)" ™ ja -,

+ e (U= 70e) 22 WieHje + 325 (1 = 7ae) Dje + Vi) Sje — Sjiga]
+ 0 — (1 +7e) 35 Pthjt}}-

Taking derivatives with respect to Cj;, Hj;, and Sj¢41 yields:

)(1 a)p/(p—1)—1

e (14 7) Py = By (05 (G /N 7 (1=, te/m) " (o

= B (Cy/N) ™ (Lo /NP w; (Cj/Cr) (2.5)

o1 (lp—_uel)p Pp(l—a)—

pe (1= The) Wy = 59 (Zj wj (Cjt/Nt)T) <1 -2 Hjt/Nt) 1
= B4 (Co/Ne) ™ (L /Ny) 71 (2.6)
peVie = Erppr (1 — Tag+1) Djerr + Vier) (2.7)

where g is the multiplier for the budget constraint. Taking ratios of prices using the equations in
(2.5) yields

Pj; = PktC'k%t/wk <ijjtTI> . (2.8)
I can use this condition and the definition of the aggregate price index P, which is given by

Po= (5, ) (2.9)

to solve for the sectoral consumptions, Cj;. More specifically, I raise both sides of (2.8) by 1 — p,

weight terms by wf , and sum:

=1 I=p
Z _7pP]t <Pktokt/wk?> Wy < JC )
<Pkt0k:t/wj

) 'z
<Pkt0kt /wk> . (2.10)

Using the fact that the left-hand side of (2.10) is

p=1

P!7” 1 can easily show that:
Pj,
= 2.11
=0 <w3 Pt) ( )
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Note that, in equilibrium, P,C; = Zj P;,Cjy.
Combining first-order conditions (2.5) and (2.6) for consumption and leisure yields the follow-
ing intratemporal condition:

el
Ly

(1 —71ne) W _ (1 — 1) W
(1+Tct)Pj (1+Tct)Pt'

= w; (Cjt/Cy) 7 (2.12)

Since (2.12) holds for all sectors j, the wage must be the same across sectors, and I can replace

W by W;. The final set of equations is the household’s dynamic Euler equations:

Uet Uct 11
ity = PE 1— D. , .
V]t Pt (1 + Tct) 5 tPt_i,-l (1 + Tct—‘,—l) (( Tdt-‘rl) Jt+1 + V7t+1) ( 3)

where U,; is short-hand for the marginal utility function evaluated at Cy/N; and L;/Ny.

2.2. Firm Problem

Firms maximize the present value of after-tax dividends on behalf of their owners, that is, the

households:

max Ej i BUet (1 — 7at) Dji/ [P (1 + 7et)] (2.14)
t=0
where
Djy = PpYj + QjuXrje — WieHju — (1 + 7ae) 32 PuXryje — 32 PuMije — 32 QuXnije
— Tpt{ PjtYje + Q1 X1je — WieHje — (01 + The) P K

— > PuMije — >0, QuXije} — Tt Pje Krj (2.15)
Vo = (K40) " (Ko (T0 (M) ) (28 H) 077 (2.16)
Xijo = (K" (K™ (I (M2) ) (Z302) "% (2.17)
Krjesr = (1= 07) Krje + [T, X3, (2.18)
Kijip1 = (1—0r) Ko + [T, X1, (2.19)
Myje = M, + M, (2.20)

The Lagrangian in this case is:

= j . Vij —0.—bi—nys
cr = EOZ/\t{(l - Tpt) Pji (Kil“jt)GJ (KIjt)¢J <H <Mlljt) l ) (Z}tH;t)l K
t=0

0; ; i 1-0—d;—;
+ (1=7p) Qje (Krje — Kje)” (K1ji)® (H (Mljt—Mlljt) ) (5, (Hj—Hjy)) A
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— (L =) W
— (1 + 7ut) Zl Py X4

— (1= 7pt) 22y PuMij

— (1= 7pt) 22 QuXrije

o+ [1yt (O + Tia) = 7ha] Py Ky}

o.]
+ Eo Y xe{ (1 = 07) Krje + [T, X5, — Krjiga}
t=0

+ Eo Y pid (1= 60) Kije + 1 X703, — Kjua )

where Ay = B'Uxt(1 — 7ar) /[Pe(1 + Tet)]-

Taking derivatives with respect to Krji41, Krji41, KTJt, Hj:, H;

L, My, M},

1t Xletv and

Xiijt, I get:

Xjt = Eexjee1 (1= 07) + Eedier [(Tpe1 (07 + Tre1) — Thit1) Pjes]
+ Ediyr (1= 7o) 05Qj0 11 X 1041 /K7 jiga (2.21)

it = Erprjepr (1= 01) + Eedgr (1 — Tpeg1) 05 Qo1 Xrjer1/ Krjeyr }

+ Bty (1= Tpey1) 05 Pjer1Yjerr/Krjer (2.22)
At (1 - Tpt) jtht/Kilet =M\ (1 - Tpt) thXIjt/K%jt (2-23)
A (L= 1) Wie = A (1= 1) (1 = 05 — &5 — ;) Qe X1je/ Hjy (2.24)
At (1 - Tpt) jt}/}‘t/Hlt =N\ (1 - Tpt) thXIjt/szt (2-25)
At (1= 7pt) W’IJQthIJt/Mlgt At (1 —7pt) Pry (2.26)
A (1— Tpt) V5 'tht/Mljt =M\ (1 - Tpt)%ijtXIjt/Mft (2.27)
At (1 + 7o) Py = X5eC Xjie / X (2.28)
A (1= 7pt) Que = e Xrje/ X1uje (2.29)

where Xrj, = [T, X3¢, and Xpje = [T, X772,
Simplifying the equations in (2.21)-(2.22), I get:

Xjt = EiXjer1 (1= 07) + Exdgr [(Tpr41 (07 + Thrt1) — Thet1) Pjoga]

+ Ehig1 (1= Tpig1) 0;Qe41 X i1/ K Fjy i1 (2.30)
pit = Eyprjerr (1 —01) + Exdegr (1 — peg1) 6 Qje+1 X141/ Krjisa (2.31)
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+ Edip1 (1 — Tpeg1) @5 Pjes1 Yier1 / Krjesa

PjiYje/Kpj = Qi X1jit/ K7, (2.32)
Wje = (1 =05 — b; — v;) Qe Xrje/ H3, (2.33)
Py Y /Hj, = QuX1jt/H, (2.34)
Y15 Qe X 11/ My, = Py (2.35)
PjiYj /M, = thXIjt/Mﬁjt (2.36)
At (14 Tot) Pt = x5eCj X/ Xruje (2.37)
A (1= 7pt) Que = pjev1; Xrje/ X1ije (2.38)

Using the first-order conditions for the investments, I can rewrite the multipliers x;; and p;; in

terms of \; as follows:

it =X (L4 700) TT [P/ Gy ] = Ao (L4 ) 70 (2.39)
fge =Mt (1= 70) [T, [Que /5] = X (1 — 7pt) . (2.40)
Using the first-order conditions for the intermediate goods, I can derive an intermediate goods
price:
it = T [P/
Y15/
=% 11 [Pjtht/Mlljt}

=7 P [, [1/Ml1jt

=7, P;:Yj¢ /M, (2.41)

} Y3 /i

and similarly for w% = fijthIjt/Mth.
Substituting the multipliers and prices into the original equations, I have a simplified set of
first-order conditions for the firms in sector j:
(1 + th) (]. — Tdt) Uctﬂ.;'[;/ [Pt (1 + Tct)]
= BE: (1 — Tat41) Uct1 Pjesr/ [Peg1 (1 4 Ter41)]
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A1+ (U= 7040) (0, Yt 1 /K prs1 — 07 — They1)

+ (7)1 /Pjrr (L + Tog1) — 1) (1= 07) } (2.42)

(1= 7pe) (1 = 7at) Ueersy ) [Pe (1 + 7er)]
= BE; (1 — Tpi1) (1 — Targ1) Uct+1Qj41/ [Pry1 (1 4 Tor41)]

A0 (Qjrr1X1je1 + Pirr1Yier1)/ (Qjes1 Krjear) + iy / Qe (1 — 67)§2.43)

Wie = (1= 0; — ¢; — ;) Qse X150/ Hs (2.44)

1 1 1
PuY;  Kpy  Hj Mg,

- 2 - 2 2
thXIjt KTjt Hjt Mljt

(2.45)

Using the first-order conditions, I can derive simple formulas for the income and cost shares

in the model’s input-output table:

i = PulM, _ P M (2.46)
T PuYn  QuXij
Ml M2
;= Ty My _ Tt M (2.47)
T PuYy QX
Py X7y
¢ = AT 2.48
J WﬁXTJt ( )
X .
v = 72’; X”ﬁ, (2.49)
gyt

where recall that 77, = [],[Pi/C;] (ptvec in the codes), Xpj =[], Xfpll]ﬁ (prodxt in the codes),
7wl = [1,[Pu /v (pivec in the codes), and Xpj; =[], XI”ZLJth (prodxi in the codes). These formulas
will be useful when matching up the model parameters with the benchmark BEA input-output

table.

2.3. Steady State

I can use the first-order conditions to compute the steady state variables of the detrended

system (with lower case letters indicating that the variable is stationary):
(L+7) 7] [pj = B{1+ (1= 7) (595 /k1; — 60 — ) + (7] /p; (1 +72) = 1) (1 = b7)}

w1 Ja; = B{e; (qjzr; + pv;) [ (aikrs) + 7} Ja; (1 —61)}
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w;j = (1—=0; — ¢; — ;) g5z /1

1 1
piy; Ry by omyy

o 2 2
4;T1j ij hj my;

0. ) Vi 1—0;—¢; —v;
¢+ Ywr+ Xy (mly+m ) = y; = (khy)" (ki) T1 (i) (z10) 70

Yij (22h2) 1—9j _d)j_'Yj
277

YT =T = (k%j)ej (kfj)¢j I <mz2g)

(14 gn) (1 +g2) =1+ 6] kr; =], ngfljj

Vg

[(1 +gn) (1 +gz) -1+ (51] kfj = Hl Trij

—1/p (1—Th)’wj (1—Th)wj

A+7)p;  (A47)p’

Pe

- =wile/e)

To solve these equations, I make an initial guess of 3.J variables: pc, {p;} (with p; normalized),

{¢;}, and {h;}. Given these variables, I can use definitions to construct {c;}, {W]T}, {77]1}, {71']]\/[}

A more efficient algorithm starts with the assumption that I know aggregate ¢, the price vector
with element p; (and p; = 1), the ratio of hours by sector with element h%/h}, and the vector of

hours by sector with element h;. Then, in the order listed, I make the following computations:

o =5 IL (/)™
) =T, (pe/Gy)
. <ZJ wfp;_p) 1/(1-p)
¢j = (wjp/p;)"
I=1-%,h,
m}/y; = vpi /7"
hj = hj/ (1+h3/h;)
h2 =h; — h!
gr1j/ (pjy;) = hi/hj
21 /y; = (zr/ (0jw) ™% (23/2))

aj/p; = (g5715/ (p3y;)) / (%15/Y;)

1=0—¢;—

4 = (4;/pj) p;



m =11 (@/vy)™
kij/y; = Be (a5215/y; +p5) / (Wf (1 —-B(1- m))

ret = (14 m) ] oy = (1= (1= 7) (B + ) + (1= b2) (L4 ) 7] Jy — 1))

/(Ba-m)
kr;/y; =6/ret
vj = ((k%“j/yj)ej (kry/y;)" (m}/yj)”)l/(l_ej_%_”) 2th]

kr; = (kr;/vi) vi

ki = kr;hi/h;

krj = kp; + k7
mj = (m;j/y;) ;
w1y = (®15/y5) Y
kij = (ki;/y5) v

= (
= (

415/P5 = (45215/ (PY5)) Yi
=((14+9¢.) (1 +gn) — 1+ 67) kr;
= (

—~~

1+g.) (1+gn) — 14 61) kiy
my; = NPy /P

mi; = ;45715 /D1

rri; = Gy, Xy /o

I
rn; = vT X/ q

and then construct the 3 x 1 residual vector, R; for each sector j:

Rj (1) =y; — Yoy rji — Yy mj, — M3 — gj — ¢
R; (2) =215 — Y 2151
R (3) = (1— ) lw; (1= 0; — &5 —7;) ysc; /7 /) — (1 + 7o) woelo /%,

To find the steady state, I update using Newton’s method.

Given the vector of steady state values, the system of first-order conditions is log-linearized

around it. Then a version of Vaughan’s method is applied to compute an equilibrium.



2.4. Combining the Household and Firm

To check the equations derived separately for the households and the firms, consider solving

the household’s and firm’s problem as one, namely:
o 11—«
max E, 0 0{[(Co/N) (L V)| =1}/ (1= a) Ny (2.50)
t=0

subject to:

225 Pied G + 220 (Xoj + M)} + 325 Qje 32y X
= > rrjeKrje +rijKrje + Wi Hje + 35, Page Mg} + Ty
— Tect Zj Pthjt
= Tt Zj Zl P Xrji
—The D WitHji
— Tkt Zj PjtKTjt
= Tpt D Arrje Krje + 11 Kije — (01 + i) Pje Krje — 32 QuXrijet
= Tat )i {rrje Krje + e Kje — (1 + 7wt) 20 PuXrige — 22 QuXnije — Tt Pt Krje

— Tpedrrje Krje + 1156 K1jt — (01 + Tie) Pt Krje — > Que Xije } (2.51)

01757
C, = |:Zj w,C7 } (2.52)
Krjeqr = (1= 07) Krje + [T, X3, (2.54)
Krjepr = (1= 0r) Krje + T1, X712, (2.55)

As before, the technologies are given by:
0; ; e 1-0;—¢5—;
th = (K’.lrjt) (KIjt)¢ (Hl (Mlljt) ) (Z]ltH]lt) ! (2-56)
0; ; RE 1-0;—¢;—7;
Xije = (K3;)" ()™ (T (M2,) ) (23,83) i (2.57)

I assume that markets are competitive and, therefore, the the factor prices are equal to marginal

products:

roje = 0;Pi Y0/ K
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= 0,Qj: X1t/ K7 (2.58)
rrjt = &5 (Pt Y + Qe X1jt) [ Krje (2.59)

PMlgt—%g jt t/Mljt

= Qe X1je /M, (2.60)
Wit =1-0; —¢; —;) PiYje/H
= (1—0; — &; — ) Qe X1e/ Hj,- (2.61)

The resource constraints and the government budget constraint are as follows:

Cit + Gje + 22 <Xlet + Mjy, + M]lt> =Yt (2.62)
> Xrjie = Xije (2.63)
Zj Pthjt + U, = all taxes, (264)

where “all taxes” is short-hand for tax revenues from consumption taxes, labor taxes, dividend

taxes, property taxes, and profits taxes.

The Lagrangian for the combined household problem is:

L= EoZﬁt [CY (1—szjt/Nt)w]1_a—1}/(1—a>N

+ A\ [TTjtKTjt + 115t Krje + WieHje + 32, Parije Myje + Ty
— Tet Zj Pthjt
— Tat 25 2 Pje X
— Tht Zj thHjt
— it D_; Tt KTt
= Tpt 2o irritKrje + rrjeKrje — (61 + Tie) PjeKrje — 32 QuXnijet
= Tat Yo \rrieKrje + rrjeKrje — (1 + 7ae) D2 PuXrige — 32 QuXnje — Tee P Krje
— Tpt{rrit Kt + 11t Krje — (00 + Tie) Pip K — > QueXrije

=320 Pied Cie + 32 (Xmju + M)} + 325 Qe 2o Xajue
p=177°T
tued |00 | -
+ prje{(1 = 67) Ko + T1, X545 — Krjesa}

+pred (U= 61) Krjo + [T, X730, — Krjesr )
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The first-order conditions with respect to Cy, Cjy, Hjy, Krji, Krji, Xrije, Xpije, and My

0= ﬂtUct — HCt (265)

0 = porw; ijCjtT Cj_tl/p — M Py (1 + 7et) (2.66)
J

0=—B"Ui +XWje (1 — ) (2.67)

0= —prji + prjeer (1= 67) 4+ Aes1 [rrjesr — Tres1 Pjesr

— Tpt41 (r1je+1 — (07 + The1) Pjes1)

= Tar1 (r7je+1 = Ther1 Pjesr — Tprar (P7jeer — (07 + Thes1) Pjsn))] (2.68)
0= —prjt + prjerr (1= 01) + M1 [Prjer — Tpearjerr — Taeer (Prjeer — Tperarrjer1)] (2.69)
0= =X (1+72) (1= 7ar) P + prjuuy [Hz X%ljjt] / Xrje (2.70)
0 ==X (1 —7p¢) (1 = 7ar) Que + pjev [Hl X}Izljt] /Xt (2.71)
0= At (Pnuje — Pre) (2.72)

I can solve for A\; using the first two first order conditions, namely, (2.65) and (2.66), and I

AN
T\ G P;

where recall that P, = (ZJ w?let_p)ITlp and P,C; = Zj P;;Cj;. 1 can solve for purj; and prjy by

get:
5 t Uct

_ — ﬂtUct i
N 1+7_ct

o 1+TctPt

At

noting:

Mt _ H < KTjit >Clj
)‘t (1 + Ta:t) (]. — Tdt) A A (I+7e) (1-Tar)

Cij
Py X7
:Hl< Tt lect'. )
a; 1T XTllet
Cij
— Py
— 11, ()

= ﬂ'};. (2.73)
and I can do a similar thing with intangibles using the relation:
prje = A (1= 7p) (1 = 7ar) ), (2.74)
Substituting the expressions for the multipliers into (2.65)-(2.72) and simplifying, I get:

(T+72) (1 — 7a) WﬁUGt/ [P (1 4+ Tet)]
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= BE; (1 — Tat41) Uct41 Pjry1/ [Pesr (1 4 Tor41)]
AL+ (1 = 7peq1) (rrjesr/Pitr1 — 07 — Treg1)

+ (L + Torg1) Ty g1 /Pjer — 1) (1= 67)} (2.75)

(1= 7pe) (1 = 7ae) 71, Uct/ [Pr (1 4 7er)]
= BE; (1 — 7pt41) (1 = Tars1) Uer+1Qjer1/ [Perr (1 + Tery1)]

Ar1je41/ Qi1 + 71 / Qe (1= 61)} (2.76)

U _ (1 - Tht) th
Uct (]. +Tct) Pt

(2.77)

as before. (See (2.12), (2.42), and (2.43).)

3. Adding Financial Frictions

Here, I update the model to include frictions analyzed in Jermann and Quadrini (AER 2012).
Specifically, I assume that there are tax advantages of debt financing and adjustment costs incurred

when firms pay dividends to the households.

3.1. Household Problem

The household problem now includes a choice of holding debt:
©° e
max Bo Y 6'{[(Co/No) (L/N)"] =1}/ (1= a) Ny (3.1)
t=0
subject to the per-period budget constraint:

Biiq
(1 + Tct) Zijtht + m

< (1= 7he) 20 WieHje + 325 (1 = 7ae) Dje + Vje) Sje — Sjeaa] + Be + ¥ (3.2)
This adds one additional first order condition, namely:
pe = (1 +1¢) Eypipyn

or,

Uct
Pt (]. + Tct)

Uct+1

= 1+r)FE .
bl t) tPt+1 (14 Ters1)
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3.2. Firm Problem

The firm has the same objective function as before:

max EO Z ﬂtUct (]. — Tdt) D]t/ [Pt (]. + Tct)]
t=0
but the equation for dividends has several more terms:

Dj; = P Y + Qi X1je — Wi Hje — (14 7t) Doy PuXrie — Yoy PuMyje — >0 QuXnije — Tkt Pje K

— Tpt{ PjtYjt + Qe X1jt — Wi Hjy — (01 + Tit) Pje Krje — Y PieMije — > QueXriji )

Bji1 _ 2
- B — ki (D — D; 3.4
+1—|—rt(1—7'bj) it H]( it ]) (3-4)
There is also an enforcement constraint:
B.
&t <PjtKTjt+1 1 iﬁ:) > P Y+ Qi Xrji (3.5)
t

which will be binding if 7,; is sufficiently large.
The Lagrangian in this case is:

L' = EyY B'Uet (1= 7a) Dji/ [P (1 + 7e)]
t=0

o0
_ B
+ Eo Z /\jt{_Djt — K (Djt - Dj) — Bji + g+l
=0

147 (1 —m,)

(1 - Tpt) Pjt (K’.lfjt)ej (Kljt)d)j <H <Mlljt>’nj> (Z]ltHglt)l_ej_d)j_w

0 =) Qi (Ko = Kpy)™ (Kiy)® (T (Mige = M) ™) (2, (B = #})) 07
1 —7p) Wi Hjy

L+ 7at) D0 P X

11— Tpt) Zl PltMljt

1 —7pt) >0 QuXiije

+ [Tpt (01 + Tht) — Tht] PjtKTjt}

= (
= (
= (
—(

o
+ Eo Z Xjt{(1 —or) Krje + 11, X%ljjt — Krjiq1}
t=0

+ Eo Y pie{ (1= 61) Kpje + [T, X7, — Krjega}
t=0

oo
B;
2 : t Jjt+1
+ EO 2 ﬁ ijt{gjt <PjtKTjt+1 — 1 T Tt>

. ) Vi 0~
— Py (K’.}‘jt)ej (K1j0)* (H <Mlljt> J) (Z;tH]lt)l e
. . Vi VP
= Qjt (Krje — K’.}“jt)ej (K1j0)® (H (Mljt - Ml1jt> U) (23, (Hji — H}t))l =ty
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Most first-order conditions now change because of the enforcement condition, which has total

revenues included. Taking derivatives of the Lagrangian with respect to Krji41, Krjit1, K;lpjt,

Hj:, H}

Jt

1 .
Mije, My, Xrije, Xnje, Dji, and Bjiqq, I get:

Xjt — B'0j1&i1Pit = Eyxjisr (1= 67) + EeNjes1 [(Tpes1 (67 + Thev1) — Thes1) Pjesa]
+ EXji1 (1= Tpe1) 0;Qe41 X 1041 / K7y 41
— B 054410;Qje1 Xrjea1 /KTy 1

tjt = Eeprjer (1= 0r) + Eedjeqr (1 = Tpea1) @5 Qe 1 X1je41/ Krjeq

+ EAjir1 (= Tpes1) 65 Pjes1Yier1/ Krjia

— B 00105 (Pt Yjes1 + Qi1 Xrjis1) /Krjesr

(Nje (1= 7pe) = B035e) PjeYie/ Kje = (Nje (1= 1) — B°0je) Qe X1je/ Ky

Ajt (1= 7p) Wie = (Nje (1= 7e) — BY050) (L= 05 — &5 — ;) Qje X150/ H,

(/\jt (1 - Tpt ﬁt%t) Pjtht/H;t = ()\jt (1- Tpt) - 5t90jt) thXIjt/szt

(Nt (L= 7p1) = B'05¢) 115 Qe X1t/ My = Ajt (1 — 7pt) Piy

(Nje (1= 7pe) = B 05e) Wi PjaeYye /Mis = (Nje (1= pt) — BY05¢) 115 Qe X150/ M,

Njt (L4 Tat) Pie = X56C1 Xrje / Xrije

Nt (1 = Tpe) Que = pjevi; Xrje ) X it

B'Uct (1= 7ar) / [P (14 7et)] = Aje (1 + 265 (Dje — D;))

Ajt = (L4 1 (1= 705)) (Njew1 + BY95e&5e/ (L+14))

I Cl] — Vij
where X7, = Hl XTl]t and X7t = Hl XIljt'

After simplifying, the equations in (3.6)-(3.16) can be written as follows:

Xjt — B'0jtéitPit = Erxjee1 (1 — 01) + EeXjesr [(Tpra1 (07 + Thes1) — Thes1) Pjes1]
+ EXjip1 (1 — Tpes1) 9ijt+1XIjt+1/K:2rjt+1
— B3 051410;Qj041 X 1ji11/ KTji 1
Wit = Eiprjqq (1—07)+ EiXjty1 (1 — 7pey1) ¢ijt+1XIjt+1/KIjt+1
+ EiAjer1 (1= Tpey1) 65 Pjer1Yjerr / Krjesa
- B3 t 04105 (Pjtg1Yjee1 + Q]t+1XI]t+1) /Kljt+1
Ajg = (147 (1= 705)) (BeNjes1 + Broje&ie/ (1 +14))
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(3.17)

(3.18)

(3.19)



PiYji/Kpj = Qe X1t/ K7 (3.20)

Pjtht/H}t = thXIjt/H?t (3-21)
PjiYje/ My = Qe Xrje /M7, (3.22)
5t<P't
Py=(1- B ejt Qi X150/ M2 (3.24)
/\jt (1 . Tpt) J%] J ljt
Xijt = Nje (14 Tat) P /{C Xrje/ Xrje ) = Nje (14 Tat) 773'; (3.25)
it = Nje (1= 7pe) Que /{vi Xrje/ Xrje } = Nje (1 — Tpe) 7737 (3.26)
)\jt = {/BtUct (1 — Tdt) / [Pt (1 + Tct)]}/{]- + 2/4/] (D]t — D])} (327)

The first three equations are the dynamic first order conditions for the three state variables: Krj¢,
Kijt, and Bj;. The last three equations can be used to eliminate the multipliers: x;¢, ¢, and
Aji. That still leaves ¢j;, which appears everywhere in the ratio ﬂtcpjt /Ajt. To ease notation, I'll

denote this ratio as ¢j;.

Substituting the multipliers x;; and u;; gives us the following dynamic equations:

Nt [(L 4 7ae) W;Q — &5t Pji]
= Ejia P {1+ (1= mpe11) (0;Yjes1 /K jign — 07 — Then)

— G110 i1/ Ky + (71 /Pjegr (14 Tag1) — 1) (1= 67)} (3.28)

Aje (1= 1) 7

= EXje i {(1 = Tpig1 — Sjer1) 85 (Qjer1 Xrjev1 + Pjer1Yjev1) /Krjiga

+ (1 = 7pt41) W]It—i-l (1-461)} (3.29)
Nt (L= 6e&je (L1 (L—705)) /(L +71)) = (1474 (1= 705)) EeAjesa (3.30)

where \; and ¢; are defined above.

To compute the steady state, I apply a Newton’s method as follows. I start by assuming I
know aggregate c, the price vector with element p; (and p; = 1), the ratio of hours by sector
with element h? / hjl., and the vector of hours by sector with element h;. Then, in order, make the

following computations:

r=1/4-1
G =(1+r) <1—B(1+T(1—Tbj))>/(5j3(1+7"(1—7bj)))

16



M =y T (/) 97

) =11 (pe/Gy)™

1/(1-p)
p= (5w ")
¢; = (w;p/p;)’ c
I=1-%,h

mi/y; = (L =g/ (L =) yp; /)"
hj = h;/ (14 h3/hj)
h2 = h; — h!
gr1j/ (py;) = hi/hj
w1y = (g1 (o))~ (23/20) 77
q;/pi = (g5z15/ (03y;)) | (%15/Y5)
q; = (4;/p;) pj
i =11 (a/vy)"™
kigluy = (U= </ (L= 7)) B (qgery /s +p) /(7] (1= B —01)))
ret = (L+7) 7] /s = ¢ = B(1 = (1= 1) (7 + 1)
+(1=or) (A + 7)o =1)))/ (B =7~ )
kr;/y; = 0/ret
vi = (ks /)" ey fy)® (m}/93)”
kr; = (kr;/y3) vi
Ky = krhi/h;

V(=6-6;-%) | |
) zjh;

krj =kp; + k7,

mj = (mj/y;) y;

= (z13/Y5)
= (k1;/v5) y;
qjl‘z]/p; (g5215/ (Pjy;)) Y
= ((1+92) (L +gn) — 1+ 07) kr;
= ((1+g:) (14 gn) — 1+01) kij
my; = (1 =/ (1= 7)) 50595/ D

17



mlzj =1 =g/ (=) njazri/m

xry; = Gy Xrj/p
T = VleJIXIj/QZ
wj = (1 =/ (L=1)) (L= 8; — &5 — ) pjy;/ 1
bj = [pikr; — (0395 + ajo1;) /&1 /8
dj = (1 —1p) (pjy; + qyrr; —wih; — >, oMy — >, e X1ny) — (1 +72) X, iy
+ [1p (07 + %) — T pikr; +b0; (1/ (1 +7(1 —75)) — 1)
Aj=Uc(1=7a)/[p(1+7)]

P = AjSj
and then construct the 3 x 1 residual vector, R; for each sector j:
2
R (1) =y — > @i — )y mgl'z - myj —g; — ¢

Trj— > T1jl

Rj(3) = (1 +7)pe— (1 —7n) wyl.

RS

—~
NS

S~—
I

The remaining step, as in the baseline model, is to apply a version of Vaughan’s method to the

system of first-order conditions after log-linearizing them around the steady state.
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