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1. Introduction

In this appendix, I derive first-order conditions necessary to compute equilibria for the baseline

model (without financial frictions) and the extended model (with financial frictions) in Federal

Reserve Bank of Minneapolis Staff Report 545. Standard techniques are used to compute log-

linear approximations; these techniques rely on log-linearizing the equations derived here around

the steady state. All codes and data needed to replicate the results of the paper are available at

my website (http://users.econ.umn.edu/∼erm/data/sr545).

2. Baseline Model

I’ll start with the household’s problem followed by the firm’s. I’ll also show that the first order

conditions are the same for a related problem with the household and firm combined. Here, as in

the codes, I allow for stochastic variation in fiscal policy variables. In the main text, I only discuss

results for time-varying TFPs.

2.1. Household Problem

Households choose consumption Ct and leisure Lt to maximize expected utility:

max E0

∞
∑

t=0

βt
{

[

(Ct/Nt) (Lt/Nt)
ψ
]1−α

− 1
}

/ (1 − α)Nt (2.1)

with the population equal to Nt = N0(1 + gn)
t. The maximization is subject to the following

per-period budget constraint:

(1 + τct)
∑

j PjtCjt ≤ (1 − τht)
∑

jWjtHjt +
∑

j [((1 − τdt)Djt + Vjt)Sjt − Sjt+1] + Ψt (2.2)

where the subscript j indexes the sector of production, Cjt is consumption of goods made by firms

in sector j which are purchased at price Pjt, Hjt is labor supplied to sector j which is paid Wjt,

and Djt are dividends paid to the owners of firms in sector j who have Sjt outstanding shares

that sell at price Vjt. Taxes are paid on consumption purchases (τct), labor earnings (τht) and

dividend earnings (τdt). Any revenues in excess of government purchases of goods and services are

lump-sum rebated to the household in the amount Ψt.

The composite consumption and leisure that enter the utility function are given by

Ct =

[

∑

j ωjC
ρ−1

ρ

jt

]

ρ

ρ−1

(2.3)

Lt = Nt −
∑

j Hjt. (2.4)
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Notice that here, I assume CES for consumption and linear for hours. This can be extended if I

want to assume that labor is not perfectly substitutable across sectors.

The Lagrangian for the household problem is given by

LH = max E0

∞
∑

t=0

{

βt
(

∑

j ωj (Cjt/Nt)
ρ−1

ρ

)

(1−α)ρ

ρ−1
(

1 −
∑

jHjt/Nt

)ψ(1−α)

/ (1 − α)Nt

+ µt{(1 − τht)
∑

jWjtHjt +
∑

j [((1 − τdt)Djt + Vjt)Sjt − Sjt+1]

+ Ψt − (1 + τct)
∑

j PjtCjt}
}

.

Taking derivatives with respect to Cjt, Hjt, and Sjt+1 yields:

µt (1 + τct)Pjt = βtωj

(

∑

j ωj (Cjt/Nt)
ρ−1

ρ

)(1−α)ρ/(ρ−1)−1 (

1 −
∑

j Hjt/Nt

)ψ(1−α)

(Cjt/Nt)
−

1
ρ

= βt (Ct/Nt)
−α

(Lt/Nt)
ψ(1−α)

ωj (Cjt/Ct)
−

1
ρ (2.5)

µt (1 − τht)Wjt = βtψ
(

∑

j ωj (Cjt/Nt)
ρ−1

ρ

)

(1−α)ρ

ρ−1
(

1 −
∑

j Hjt/Nt

)ψ(1−α)−1

= βtψ (Ct/Nt)
1−α

(Lt/Nt)
ψ(1−α)−1

(2.6)

µtVjt = Etµt+1 ((1 − τdt+1)Djt+1 + Vjt+1) (2.7)

where µ is the multiplier for the budget constraint. Taking ratios of prices using the equations in

(2.5) yields

Pjt = PktC
1
ρ

kt/ωk

(

ωjC
−1
ρ

jt

)

. (2.8)

I can use this condition and the definition of the aggregate price index Pt, which is given by

Pt =
(

∑

j ω
ρ
jP

1−ρ
jt

)
1

1−ρ

(2.9)

to solve for the sectoral consumptions, Cjt. More specifically, I raise both sides of (2.8) by 1 − ρ,

weight terms by ωρj , and sum:

∑

j ω
ρ
jP

1−ρ
jt =

(

PktC
1
ρ

kt/ωk

)1−ρ
∑

j ω
ρ
j

(

ωjC
−1
ρ

jt

)1−ρ

=

(

PktC
1
ρ

kt/ωj

)1−ρ
∑

j ωjC
ρ−1

ρ

jt

=

(

PktC
1
ρ

kt/ωk

)1−ρ

C
ρ−1

ρ

t . (2.10)

Using the fact that the left-hand side of (2.10) is P 1−ρ
t , I can easily show that:

Cjt = Ct

(

Pjt
ωjPt

)

−ρ

. (2.11)
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Note that, in equilibrium, PtCt =
∑

j PjtCjt.

Combining first-order conditions (2.5) and (2.6) for consumption and leisure yields the follow-

ing intratemporal condition:

ψCt
Lt

= ωj (Cjt/Ct)
−1
ρ

(1 − τht)Wjt

(1 + τct)Pjt
=

(1 − τht)Wjt

(1 + τct)Pt
. (2.12)

Since (2.12) holds for all sectors j, the wage must be the same across sectors, and I can replace

Wjt by Wt. The final set of equations is the household’s dynamic Euler equations:

Vjt
Uct

Pt (1 + τct)
= βEt

Uct+1

Pt+1 (1 + τct+1)
((1 − τdt+1)Djt+1 + Vjt+1) (2.13)

where Uct is short-hand for the marginal utility function evaluated at Ct/Nt and Lt/Nt.

2.2. Firm Problem

Firms maximize the present value of after-tax dividends on behalf of their owners, that is, the

households:

max E0

∞
∑

t=0

βtUct (1 − τdt)Djt/ [Pt (1 + τct)] (2.14)

where

Djt = PjtYjt +QjtXIjt −WjtHjt − (1 + τxt)
∑

l PltXTljt −
∑

l PltMljt −
∑

lQltXIljt

− τpt{PjtYjt +QjtXIjt −WjtHjt − (δT + τkt)PjtKTjt

−
∑

l PltMljt −
∑

lQltXIljt} − τktPjtKTjt (2.15)

Yjt =
(

K1
Tjt

)θj
(KIjt)

φj

(

∏

l

(

M1
ljt

)γlj
)

(

Z1
jtH

1
jt

)1−θj−φj−γj
(2.16)

XIjt =
(

K2
Tjt

)θj
(KIjt)

φj

(

∏

l

(

M2
ljt

)γlj
)

(

Z2
jtH

2
jt

)1−θj−φj−γj
(2.17)

KTjt+1 = (1 − δT )KTjt +
∏

lX
ζlj

Tljt (2.18)

KIjt+1 = (1 − δI)KIjt +
∏

lX
νlj

Iljt (2.19)

Mljt = M1
ljt +M2

ljt (2.20)

The Lagrangian in this case is:

LF = E0

∞
∑

t=0

λt

{

(1 − τpt)Pjt
(

K1
Tjt

)θj
(KIjt)

φj

(

∏

(

M1
ljt

)γlj
)

(

Z1
jtH

1
jt

)1−θj−φj−γj

+ (1−τpt)Qjt
(

KTjt −K1
Tjt

)θj
(KIjt)

φj

(

∏

(

Mljt−M
1
ljt

)γlj
)

(

Z2
jt

(

Hjt−H
1
jt

))1−θj−φj−γj
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− (1 − τpt)WjtHjt

− (1 + τxt)
∑

l PltXTljt

− (1 − τpt)
∑

l PltMljt

− (1 − τpt)
∑

lQltXIljt

+ [τpt (δT + τkt) − τkt]PjtKTjt

}

+ E0

∞
∑

t=0

χjt{(1 − δT )KTjt +
∏

lX
ζlj

Tljt −KTjt+1}

+ E0

∞
∑

t=0

µjt{(1 − δI)KIjt +
∏

lX
νlj

Iljt −KIjt+1}

where λt = βtUct(1 − τdt)/[Pt(1 + τct)].

Taking derivatives with respect to KTjt+1, KIjt+1, K
1
Tjt, Hjt, H

1
jt, Mljt, M

1
ljt, XTljt, and

XIljt, I get:

χjt = Etχjt+1 (1 − δT ) + Etλt+1 [(τpt+1 (δT + τkt+1) − τkt+1)Pjt+1]

+Etλt+1 (1 − τpt+1) θjQjt+1XIjt+1/K
2
Tjt+1 (2.21)

µjt = Etµjt+1 (1 − δI) + Etλt+1 (1 − τpt+1)φjQjt+1XIjt+1/KIjt+1}

+Etλt+1 (1 − τpt+1)φjPjt+1Yjt+1/KIjt+1 (2.22)

λt (1 − τpt)PjtYjt/K
1
Tjt = λt (1 − τpt)QjtXIjt/K

2
Tjt (2.23)

λt (1 − τpt)Wjt = λt (1 − τpt) (1 − θj − φj − γj)QjtXIjt/H
2
jt (2.24)

λt (1 − τpt)PjtYjt/H
1
jt = λt (1 − τpt)QjtXIjt/H

2
jt (2.25)

λt (1 − τpt) γljQjtXIjt/M
2
ljt = λt (1 − τpt)Plt (2.26)

λt (1 − τpt) γljPjtYjt/M
1
ljt = λt (1 − τpt) γljQjtXIjt/M

2
jt (2.27)

λt (1 + τxt)Plt = χjtζljXTjt/XTljt (2.28)

λt (1 − τpt)Qlt = µjtνljXIjt/XIljt (2.29)

where XTjt =
∏

lX
ζlj

Tljt and XIjt =
∏

lX
νlj

Iljt.

Simplifying the equations in (2.21)-(2.22), I get:

χjt = Etχjt+1 (1 − δT ) + Etλt+1 [(τpt+1 (δT + τkt+1) − τkt+1)Pjt+1]

+Etλt+1 (1 − τpt+1) θjQjt+1XIjt+1/K
2
Tjt+1 (2.30)

µjt = Etµjt+1 (1 − δI) + Etλt+1 (1 − τpt+1)φjQjt+1XIjt+1/KIjt+1 (2.31)
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+Etλt+1 (1 − τpt+1)φjPjt+1Yjt+1/KIjt+1

PjtYjt/K
1
Tjt = QjtXIjt/K

2
Tjt (2.32)

Wjt = (1 − θj − φj − γj)QjtXIjt/H
2
jt (2.33)

PjtYjt/H
1
jt = QjtXIjt/H

2
jt (2.34)

γljQjtXIjt/M
2
ljt = Plt (2.35)

PjtYjt/M
1
ljt = QjtXIjt/M

2
ljt (2.36)

λt (1 + τxt)Plt = χjtζljXTjt/XTljt (2.37)

λt (1 − τpt)Qlt = µjtνljXIjt/XIljt (2.38)

Using the first-order conditions for the investments, I can rewrite the multipliers χjt and µjt in

terms of λt as follows:

χjt =λt (1 + τxt)
∏

l [Plt/ζlj ]
ζlj ≡ λt (1 + τxt)π

T
jt (2.39)

µjt =λt (1 − τpt)
∏

l [Qlt/νlj ]
νlj ≡ λt (1 − τpt)π

I
jt. (2.40)

Using the first-order conditions for the intermediate goods, I can derive an intermediate goods

price:

πMjt = γj
∏

l [Plt/γlj ]
γlj/γj

= γj
∏

l

[

PjtYjt/M
1
ljt

]γlj/γj

= γjPjtYjt
∏

l

[

1/M1
ljt

]γlj/γj

= γjPjtYjt/M
1
jt (2.41)

and similarly for πMjt = γjQjtXIjt/M
2
jt.

Substituting the multipliers and prices into the original equations, I have a simplified set of

first-order conditions for the firms in sector j:

(1 + τxt) (1 − τdt)Uctπ
T
jt/ [Pt (1 + τct)]

= βEt (1 − τdt+1)Uct+1Pjt+1/ [Pt+1 (1 + τct+1)]
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·
{

1 + (1 − τpt+1)
(

θjYjt+1/K
1
Tts+1 − δT − τkt+1

)

+
(

πTjt+1/Pjt+1 (1 + τxt+1) − 1
)

(1 − δT )
}

(2.42)

(1 − τpt) (1 − τdt)Uctπ
I
jt/ [Pt (1 + τct)]

= βEt (1 − τpt+1) (1 − τdt+1)Uct+1Qjt+1/ [Pt+1 (1 + τct+1)]

·
{

φj(Qjt+1XIjt+1 + Pjt+1Yjt+1)/ (Qjt+1KIjt+1) + πIjt+1/Qjt+1 (1 − δI)
}

(2.43)

Wjt = (1 − θj − φj − γj)QjtXIjt/H
2
jt (2.44)

PjtYjt
QjtXIjt

=
K1
Tjt

K2
Tjt

=
H1
jt

H2
jt

=
M1
ljt

M2
ljt

(2.45)

Using the first-order conditions, I can derive simple formulas for the income and cost shares

in the model’s input-output table:

γlj =
PltM

1
ljt

PjtYjt
=

PltM
2
ljt

QjtXIjt
(2.46)

γj =
πMjtM

1
jt

PjtYjt
=

πMjtM
2
jt

QjtXIjt
(2.47)

ζlj =
PltXTljt

πTjtXTjt
(2.48)

νlj =
QltXIljt

πIjtXIjt
, (2.49)

where recall that πTjt =
∏

l[Plt/ζlj ]
ζlj (ptvec in the codes), XTjt =

∏

lX
ζlj

Tljt (prodxt in the codes),

πIjt =
∏

l[Plt/νlj ]
νlj (pivec in the codes), and XIjt =

∏

lX
νlj

Iljt (prodxi in the codes). These formulas

will be useful when matching up the model parameters with the benchmark BEA input-output

table.

2.3. Steady State

I can use the first-order conditions to compute the steady state variables of the detrended

system (with lower case letters indicating that the variable is stationary):

(1 + τx)π
T
j /pj = β̃

{

1 + (1 − τp)
(

θjyj/k
1
Tj − δT − τk

)

+
(

πTj /pj (1 + τx) − 1
)

(1 − δT )
}

πIj /qj = β̃
{

φj (qjxIj + pjyj) / (qjkIj) + πIj /qj (1 − δI)
}
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wj = (1 − θj − φj − γj) qjxIj/h
2
j

pjyj
qjxIj

=
k1
Tj

k2
Tj

=
h1
j

h2
j

=
m1
lj

m2
lj

cj +
∑

l xTjl +
∑

l

(

m1
jl +m2

jl

)

= yj =
(

k1
Tj

)θj
(kIj)

φj
∏

l

(

m1
lj

)γlj (

z1
jh

1
j

)1−θj−φj−γj

∑

l xIjl = xIj =
(

k2
Tj

)θj
(kIj)

φj
∏

l

(

m2
lj

)γlj (

z2
jh

2
j

)1−θj−φj−γj

[(1 + gn) (1 + gz) − 1 + δT ] kTj =
∏

l x
ζlj

Tlj

[(1 + gn) (1 + gz) − 1 + δI ] kIj =
∏

l x
νlj

Ilj

ψc

l
= ωj (cj/c)

−1/ρ (1 − τh)wj
(1 + τc) pj

=
(1 − τh)wj
(1 + τc) p

.

To solve these equations, I make an initial guess of 3J variables: pc, {pj} (with p1 normalized),

{qj}, and {hj}. Given these variables, I can use definitions to construct {cj}, {π
T
j }, {π

I
j }, {π

M
j }.

A more efficient algorithm starts with the assumption that I know aggregate c, the price vector

with element pj (and p1 = 1), the ratio of hours by sector with element h2
j/h

1
j , and the vector of

hours by sector with element hj . Then, in the order listed, I make the following computations:

πMj = γj
∏

l (pl/γlj)
γlj/γj

πTj =
∏

l (pl/ζlj)
ζlj

p =
(

∑

j ω
ρ
j p

1−ρ
j

)1/(1−ρ)

cj = (ωjp/pj)
ρ
c

l = 1 −
∑

j hj

m1
j/yj = γjpj/π

M
j

h1
j = hj/

(

1 + h2
j/h

1
j

)

h2
j = hj − h1

j

qjxIj/ (pjyj) = h2
j/h

1
j

xIj/yj = (qjxIj/ (pjyj))
1−φj

(

z2
j /z

1
j

)1−θj−φj−γj

qj/pj = (qjxIj/ (pjyj)) / (xIj/yj)

qj = (qj/pj) pj
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πIj =
∏

l (ql/νlj)
νlj

kIj/yj = β̃φ (qjxIj/yj + pj) /
(

πIj

(

1 − β̃ (1 − δI)
))

ret =
(

(1 + τx)π
T
j /pj − β̃

(

1 − (1 − τp) (δT + τk) + (1 − δT )
(

(1 + τx)π
T
j /pj − 1

))

)

/
(

β̃ (1 − τp)
)

k1
Tj/yj = θ/ret

yj =
(

(

k1
Tj/yj

)θj
(kIj/yj)

φj
(

m1
j/yj

)γj

)1/(1−θj−φj−γj)

z1
jh

1
j

k1
Tj =

(

k1
Tj/yj

)

yj

k2
Tj = k1

Tjh
2
j/h

1
j

kTj = k1
Tj + k2

Tj

m1
j =

(

m1
j/yj

)

yj

xIj = (xIj/yj) yj

kIj = (kIj/yj) yj

qjxIj/pj = (qjxIj/ (pjyj)) yj

XTj = ((1 + gz) (1 + gn) − 1 + δT ) kTj

XIj = ((1 + gz) (1 + gn) − 1 + δI) kIj

m1
lj = γljpjyj/pl

m2
lj = γljqjxIj/pl

xTlj = ζljπ
T
j XTj/pl

xIlj = νljπ
I
jXIj/ql

and then construct the 3 × 1 residual vector, Rj for each sector j:

Rj (1) = yj −
∑

l xTjl −
∑

lm
1
jl −

∑

lm
2
jl − gj − cj

Rj (2) = xIj −
∑

l xIjl

Rj (3) = (1 − τh) lωj (1 − θj − φj − γj) yjc
−1/ρ
j /h1

j − (1 + τc)ψc
(ρ−1)/ρ.

To find the steady state, I update using Newton’s method.

Given the vector of steady state values, the system of first-order conditions is log-linearized

around it. Then a version of Vaughan’s method is applied to compute an equilibrium.
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2.4. Combining the Household and Firm

To check the equations derived separately for the households and the firms, consider solving

the household’s and firm’s problem as one, namely:

max Et

∞
∑

t=0

βt
{

[

(Ct/Nt) (Lt/Nt)
ψ
]1−α

− 1
}

/ (1 − α)Nt (2.50)

subject to:

∑

j Pjt{Cjt +
∑

l (XTjl +Mjlt)} +
∑

j Qjt
∑

lXIjlt

=
∑

j{rTjtKTjt + rIjKIjt +WjtHjt +
∑

l PMljtMljt} + Trt

− τct
∑

j PjtCjt

− τxt
∑

j

∑

l PjtXTjl

− τht
∑

jWjtHjt

− τkt
∑

j PjtKTjt

− τpt
∑

j{rTjtKTjt + rIjtKIjt − (δT + τkt)PjtKTjt −
∑

lQltXIljt}

− τdt
∑

j{rTjtKTjt + rIjtKIjt − (1 + τxt)
∑

l PltXTljt −
∑

lQltXIljt − τktPjtKTjt

− τpt{rTjtKTjt + rIjtKIjt − (δT + τkt)PjtKTjt −
∑

lQltXIljt} (2.51)

Ct =

[

∑

j ωjC
ρ−1

ρ

jt

]

ρ

ρ−1

(2.52)

Lt = Nt −
∑

j Hjt (2.53)

KTjt+1 = (1 − δT )KTjt +
∏

lX
ζlj

Tljt (2.54)

KIjt+1 = (1 − δI)KIjt +
∏

lX
νlj

Iljt (2.55)

As before, the technologies are given by:

Yjt =
(

K1
Tjt

)θj
(KIjt)

φj

(

∏

l

(

M1
ljt

)γlj
)

(

Z1
jtH

1
jt

)1−θj−φj−γj
(2.56)

XIjt =
(

K2
Tjt

)θj
(KIjt)

φj

(

∏

l

(

M2
ljt

)γlj
)

(

Z2
jtH

2
jt

)1−θj−φj−γj
. (2.57)

I assume that markets are competitive and, therefore, the the factor prices are equal to marginal

products:

rTjt = θjPjtYjt/K
1
Tjt
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= θjQjtXIjt/K
2
Tjt (2.58)

rIjt = φj (PjtYjt +QjtXIjt) /KIjt (2.59)

PMljt = γljPjtYjt/M
1
ljt

= γljQjtXIjt/M
2
ljt (2.60)

Wjt = (1 − θj − φj − γj)PjtYjt/H
1
jt

= (1 − θj − φj − γj)QjtXIjt/H
2
jt. (2.61)

The resource constraints and the government budget constraint are as follows:

Cjt +Gjt +
∑

l

(

XTjlt +M1
jlt +M2

jlt

)

= Yjt (2.62)

∑

lXIjlt = XIjt (2.63)

∑

j PjtGjt + Ψt = all taxes, (2.64)

where “all taxes” is short-hand for tax revenues from consumption taxes, labor taxes, dividend

taxes, property taxes, and profits taxes.

The Lagrangian for the combined household problem is:

L = E0

∞
∑

t=0

βt
{

[

(Ct/Nt)
(

1 −
∑

j Hjt/Nt

)ψ
]1−α

− 1
}

/ (1 − α)Nt

+ λt

[

rTjtKTjt + rIjtKIjt +WjtHjt +
∑

l PMljtMljt + Trt

− τct
∑

j PjtCjt

− τxt
∑

j

∑

l PjtXTjl

− τht
∑

jWjtHjt

− τkt
∑

j rTjtKTjt

− τpt
∑

j{rTjtKTjt + rIjtKIjt − (δT + τkt)PjtKTjt −
∑

lQltXIljt}

− τdt
∑

j{rTjtKTjt + rIjtKIjt − (1 + τxt)
∑

l PltXTljt −
∑

lQltXIljt − τktPjtKTjt

− τpt{rTjtKTjt + rIjtKIjt − (δT + τkt)PjtKTjt −
∑

lQltXIljt}

−
∑

j Pjt{Cjt +
∑

l (XTjl +Mjlt)} +
∑

j Qjt
∑

lXIjlt

+ µCt{

[

∑

j ωjC
ρ−1

ρ

jt

]

ρ

ρ−1

− Ct}

+ µTjt{(1 − δT )KTjt +
∏

lX
ζlj

Tljt −KTjt+1}

+ µIjt{(1 − δI)KIjt +
∏

lX
νlj

Iljt −KIjt+1}
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The first-order conditions with respect to Ct, Cjt, Hjt, KTjt, KIjt, XTljt, XIljt, and Mljt:

0 = βtUct − µCt (2.65)

0 = µCtωj





∑

j

ωjC
ρ−1

ρ

jt





1
ρ−1

C
−1/ρ
jt − λtPjt (1 + τct) (2.66)

0 = −βtUlt + λtWjt (1 − τht) (2.67)

0 = −µTjt + µTjt+1 (1 − δT ) + λt+1

[

rTjt+1 − τkt+1Pjt+1

− τpt+1 (rTjt+1 − (δT + τkt+1)Pjt+1)

− τdt+1 (rTjt+1 − τkt+1Pjt+1 − τpt+1 (rTjt+1 − (δT + τkt+1)Pjt+1))
]

(2.68)

0 = −µIjt + µIjt+1 (1 − δI) + λt+1 [rIjt+1 − τpt+1rIjt+1 − τdt+1 (rIjt+1 − τpt+1rIjt+1)](2.69)

0 = −λt (1 + τxt) (1 − τdt)Plt + µTjtζlj

[

∏

lX
ζlj

Tljt

]

/XTljt (2.70)

0 = −λt (1 − τpt) (1 − τdt)Qlt + µIjtνlj

[

∏

lX
νlj

Iljt

]

/XIljt (2.71)

0 = λt (PMljt − Plt) (2.72)

I can solve for λt using the first two first order conditions, namely, (2.65) and (2.66), and I

get:

λt =
βtUct
1 + τct

[

ωj

(

Ct
Cjt

)1/ρ
1

Pjt

]

≡
βtUct
1 + τct

1

Pt

where recall that Pt = (
∑

j ω
ρ
jP

1−ρ
jt )

1
1−ρ and PtCt =

∑

j PjtCjt. I can solve for µTjt and µIjt by

noting:

µTjt
λt (1 + τxt) (1 − τdt)

=
∏

l

(

µT jt

λt(1+τxt)(1−τdt)

)ζlj

=
∏

l

(

PltXT ljt

ζlj

∏

lX
ζlj

Tljt

)ζlj

=
∏

l

(

Plt

ζlj

)ζlj

≡ πTjt. (2.73)

and I can do a similar thing with intangibles using the relation:

µIjt = λt (1 − τpt) (1 − τdt)π
I
jt (2.74)

Substituting the expressions for the multipliers into (2.65)-(2.72) and simplifying, I get:

(1 + τxt) (1 − τdt)π
T
jtUct/ [Pt (1 + τct)]

12



= βEt (1 − τdt+1)Uct+1Pjt+1/ [Pt+1 (1 + τct+1)]

· {1 + (1 − τpt+1) (rTjt+1/Pjt+1 − δT − τkt+1)

+
(

(1 + τxt+1)π
T
jt+1/Pjt+1 − 1

)

(1 − δT )} (2.75)

(1 − τpt) (1 − τdt)π
I
jtUct/ [Pt (1 + τct)]

= βEt (1 − τpt+1) (1 − τdt+1)Uct+1Qjt+1/ [Pt+1 (1 + τct+1)]

· {rIjt+1/Qjt+1 + πIjt+1/Qjt+1 (1 − δI)} (2.76)

Ult
Uct

=
(1 − τht)Wjt

(1 + τct)Pt
(2.77)

as before. (See (2.12), (2.42), and (2.43).)

3. Adding Financial Frictions

Here, I update the model to include frictions analyzed in Jermann and Quadrini (AER 2012).

Specifically, I assume that there are tax advantages of debt financing and adjustment costs incurred

when firms pay dividends to the households.

3.1. Household Problem

The household problem now includes a choice of holding debt:

max E0

∞
∑

t=0

βt
{

[

(Ct/Nt) (Lt/Nt)
ψ
]1−α

− 1
}

/ (1 − α)Nt (3.1)

subject to the per-period budget constraint:

(1 + τct)
∑

jPjtCjt +
Bt+1

1 + rt

≤ (1 − τht)
∑

jWjtHjt +
∑

j [((1 − τdt)Djt + Vjt)Sjt − Sjt+1] +Bt + Ψt (3.2)

This adds one additional first order condition, namely:

µt = (1 + rt)Etµt+1

or,
Uct

Pt (1 + τct)
= β (1 + rt)Et

Uct+1

Pt+1 (1 + τct+1)
. (3.3)
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3.2. Firm Problem

The firm has the same objective function as before:

max E0

∞
∑

t=0

βtUct (1 − τdt)Djt/ [Pt (1 + τct)]

but the equation for dividends has several more terms:

Djt = PjtYjt +QjtXIjt −WjtHjt − (1 + τxt)
∑

l PltXTljt −
∑

l PltMljt −
∑

lQltXIljt − τktPjtKTjt

− τpt{PjtYjt +QjtXIjt −WjtHjt − (δT + τkt)PjtKTjt −
∑

l PltMljt −
∑

lQltXIljt}

+
Bjt+1

1 + rt (1 − τbj)
− Bjt − κj

(

Djt − D̄j

)2
(3.4)

There is also an enforcement constraint:

ξjt

(

PjtKTjt+1 −
Bjt+1

1 + rt

)

≥ PjtYjt +QjtXIjt (3.5)

which will be binding if τbj is sufficiently large.

The Lagrangian in this case is:

LF = E0

∞
∑

t=0

βtUct (1 − τdt)Djt/ [Pt (1 + τct)]

+ E0

∞
∑

t=0

λjt

{

−Djt − κj
(

Djt − D̄j

)2
−Bjt +

Bjt+1

1 + rt (1 − τbj)

(1 − τpt)Pjt
(

K1
Tjt

)θj
(KIjt)

φj

(

∏

(

M1
ljt

)γlj
)

(

Z1
jtH

1
jt

)1−θj−φj−γj

+ (1 − τpt)Qjt
(

KTjt −K1
Tjt

)θj
(KIjt)

φj

(

∏

(

Mljt −M1
ljt

)γlj
)

(

Z2
jt

(

Hjt −H1
jt

))1−θj−φj−γj

− (1 − τpt)WjtHjt

− (1 + τxt)
∑

l PltXTljt

− (1 − τpt)
∑

l PltMljt

− (1 − τpt)
∑

lQltXIljt

+ [τpt (δT + τkt) − τkt]PjtKTjt

}

+E0

∞
∑

t=0

χjt{(1 − δT )KTjt +
∏

lX
ζlj

Tljt −KTjt+1}

+E0

∞
∑

t=0

µjt{(1 − δI)KIjt +
∏

lX
νlj

Iljt −KIjt+1}

+E0

∞
∑

t=0

βtϕjt{ξjt

(

PjtKTjt+1 −
Bjt+1

1 + rt

)

− Pjt
(

K1
Tjt

)θj
(KIjt)

φj

(

∏

(

M1
ljt

)γlj
)

(

Z1
jtH

1
jt

)1−θj−φj−γj

−Qjt
(

KTjt −K1
Tjt

)θj
(KIjt)

φj

(

∏

(

Mljt −M1
ljt

)γlj
)

(

Z2
jt

(

Hjt −H1
jt

))1−θj−φj−γj
}
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Most first-order conditions now change because of the enforcement condition, which has total

revenues included. Taking derivatives of the Lagrangian with respect to KTjt+1, KIjt+1, K
1
Tjt,

Hjt, H
1
jt, Mljt, M

1
ljt, XTljt, XIljt, Djt, and Bjt+1, I get:

χjt − βtϕjtξjtPjt = Etχjt+1 (1 − δT ) +Etλjt+1 [(τpt+1 (δT + τkt+1) − τkt+1)Pjt+1]

+ Etλjt+1 (1 − τpt+1) θjQjt+1XIjt+1/K
2
Tjt+1

− Etβ
t+1ϕjt+1θjQjt+1XIjt+1/K

2
Tjt+1 (3.6)

µjt = Etµjt+1 (1 − δI) +Etλjt+1 (1 − τpt+1)φjQjt+1XIjt+1/KIjt+1

+ Etλjt+1 (1 − τpt+1)φjPjt+1Yjt+1/KIjt+1

− Etβ
t+1ϕjt+1φj (Pjt+1Yjt+1 +Qjt+1XIjt+1) /KIjt+1 (3.7)

(

λjt (1 − τpt) − βtϕjt
)

PjtYjt/K
1
Tjt =

(

λjt (1 − τpt) − βtϕjt
)

QjtXIjt/K
2
Tjt (3.8)

λjt (1 − τpt)Wjt =
(

λjt (1 − τpt) − βtϕjt
)

(1 − θj − φj − γj)QjtXIjt/H
2
jt (3.9)

(

λjt (1 − τpt) − βtϕjt
)

PjtYjt/H
1
jt =

(

λjt (1 − τpt) − βtϕjt
)

QjtXIjt/H
2
jt (3.10)

(

λjt (1 − τpt) − βtϕjt
)

γljQjtXIjt/M
2
ljt = λjt (1 − τpt)Plt (3.11)

(

λjt (1 − τpt) − βtϕjt
)

γljPjtYjt/M
1
ljt =

(

λjt (1 − τpt) − βtϕjt
)

γljQjtXIjt/M
2
jt (3.12)

λjt (1 + τxt)Plt = χjtζljXTjt/XTljt (3.13)

λjt (1 − τpt)Qlt = µjtνljXIjt/XIljt (3.14)

βtUct (1 − τdt) / [Pt (1 + τct)] − λjt
(

1 + 2κj
(

Djt − D̄j

))

(3.15)

λjt = (1 + rt (1 − τbj))
(

λjt+1 + βtϕjtξjt/ (1 + rt)
)

(3.16)

where XTjt =
∏

lX
ζlj

Tljt and XIjt =
∏

lX
νlj

Iljt.

After simplifying, the equations in (3.6)-(3.16) can be written as follows:

χjt − βtϕjtξjtPjt = Etχjt+1 (1 − δT ) +Etλjt+1 [(τpt+1 (δT + τkt+1) − τkt+1)Pjt+1]

+ Etλjt+1 (1 − τpt+1) θjQjt+1XIjt+1/K
2
Tjt+1

− Etβ
t+1ϕjt+1θjQjt+1XIjt+1/K

2
Tjt+1 (3.17)

µjt = Etµjt+1 (1 − δI) +Etλjt+1 (1 − τpt+1)φjQjt+1XIjt+1/KIjt+1

+ Etλjt+1 (1 − τpt+1)φjPjt+1Yjt+1/KIjt+1

− Etβ
t+1ϕjt+1φj (Pjt+1Yjt+1 +Qjt+1XIjt+1) /KIjt+1 (3.18)

λjt = (1 + rt (1 − τbj))
(

Etλjt+1 + βtϕjtξjt/ (1 + rt)
)

(3.19)
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PjtYjt/K
1
Tjt = QjtXIjt/K

2
Tjt (3.20)

PjtYjt/H
1
jt = QjtXIjt/H

2
jt (3.21)

PjtYjt/M
1
ljt = QjtXIjt/M

2
jt (3.22)

Wjt =

(

1 −
βtϕjt

λjt (1 − τpt)

)

(1 − θj − φj − γj)QjtXIjt/H
2
jt (3.23)

Plt =

(

1 −
βtϕjt

λjt (1 − τpt)

)

γljQjtXIjt/M
2
ljt (3.24)

χjt = λjt (1 + τxt)Plt/{ζljXTjt/XTljt} = λjt (1 + τxt)π
T
jt (3.25)

µjt = λjt (1 − τpt)Qlt/{νljXIjt/XIljt} = λjt (1 − τpt)π
I
jt (3.26)

λjt = {βtUct (1 − τdt) / [Pt (1 + τct)]}/{1 + 2κj
(

Djt − D̄j

)

} (3.27)

The first three equations are the dynamic first order conditions for the three state variables: KTjt,

KIjt, and Bjt. The last three equations can be used to eliminate the multipliers: χjt, µjt, and

λjt. That still leaves ϕjt, which appears everywhere in the ratio βtϕjt/λjt. To ease notation, I’ll

denote this ratio as ςjt.

Substituting the multipliers χjt and µjt gives us the following dynamic equations:

λjt
[

(1 + τxt)π
T
jt − ςjtξjtPjt

]

= Etλjt+1Pjt+1{1 + (1 − τpt+1)
(

θjYjt+1/K
1
Tjt+1 − δT − τkt+1

)

− ςjt+1θjYjt+1/K
1
Tjt+1 +

(

πTjt+1/Pjt+1 (1 + τxt+1) − 1
)

(1 − δT )} (3.28)

λjt (1 − τpt)π
I
jt

= Etλjt+1{(1 − τpt+1 − ςjt+1)φj (Qjt+1XIjt+1 + Pjt+1Yjt+1) /KIjt+1

+ (1 − τpt+1)π
I
jt+1 (1 − δI)} (3.29)

λjt (1 − ςjtξjt (1 + rt (1 − τbj)) / (1 + rt)) = (1 + rt (1 − τbj))Etλjt+1 (3.30)

where λj and ςj are defined above.

To compute the steady state, I apply a Newton’s method as follows. I start by assuming I

know aggregate c, the price vector with element pj (and p1 = 1), the ratio of hours by sector

with element h2
j/h

1
j , and the vector of hours by sector with element hj . Then, in order, make the

following computations:

r = 1/β̃ − 1

ςj = (1 + r)
(

1 − β̃ (1 + r (1 − τbj))
)

/
(

ξj β̃ (1 + r (1 − τbj))
)

16



πMj = γj
∏

l (pl/γlj)
γlj/γj

πTj =
∏

l (pl/ζlj)
ζlj

p =
(

∑

j ω
ρ
j p

1−ρ
j

)1/(1−ρ)

cj = (ωjp/pj)
ρ
c

l = 1 −
∑

j hj

m1
j/yj = (1 − ςj/ (1 − τp)) γjpj/π

M
j

h1
j = hj/

(

1 + h2
j/h

1
j

)

h2
j = hj − h1

j

qjxIj/ (pjyj) = h2
j/h

1
j

xIj/yj = (qjxIj/ (pjyj))
1−φj

(

z2
j /z

1
j

)1−θj−φj−γj

qj/pj = (qjxIj/ (pjyj)) / (xIj/yj)

qj = (qj/pj) pj

πIj =
∏

l (ql/νlj)
νlj

kIj/yj = (1 − ςj/ (1 − τp)) β̃φ (qjxIj/yj + pj) /
(

πIj

(

1 − β̃ (1 − δI)
))

ret =
(

(1 + τx)π
T
j /pj − ςjξj − β̃

(

1 − (1 − τp) (δT + τk)

+ (1 − δT )
(

(1 + τx)π
T
j /pj − 1

) )

)

/
(

β̃ (1 − τp − ςj)
)

k1
Tj/yj = θ/ret

yj =
(

(

k1
Tj/yj

)θj
(kIj/yj)

φj
(

m1
j/yj

)γj

)1/(1−θj−φj−γj)

z1
jh

1
j

k1
Tj =

(

k1
Tj/yj

)

yj

k2
Tj = k1

Tjh
2
j/h

1
j

kTj = k1
Tj + k2

Tj

m1
j =

(

m1
j/yj

)

yj

xIj = (xIj/yj) yj

kIj = (kIj/yj) yj

qjxIj/pj = (qjxIj/ (pjyj)) yj

XTj = ((1 + gz) (1 + gn) − 1 + δT ) kTj

XIj = ((1 + gz) (1 + gn) − 1 + δI) kIj

m1
lj = (1 − ςj/ (1 − τp)) γljpjyj/pl
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m2
lj = (1 − ςj/ (1 − τp)) γljqjxIj/pl

xTlj = ζljπ
T
j XTj/pl

xIlj = νljπ
I
jXIj/ql

wj = (1 − ςj/ (1 − τp)) (1 − θj − φj − γj) pjyj/h
1
j

bj = [pjkTj − (pjyj + qjxIj) /ξj ] /β̃

dj = (1 − τp) (pjyj + qjxIj − wjhj −
∑

l plMlj −
∑

l qlXIlj) − (1 + τx)
∑

l plxTlj

+ [τp (δT + τk) − τk] pjkTj + bj (1/ (1 + r (1 − τbj)) − 1)

λj = Uc (1 − τd) / [p (1 + τc)]

ϕj = λjςj

and then construct the 3 × 1 residual vector, Rj for each sector j:

Rj (1) = yj −
∑

l xTjl −
∑

lm
1
jl −

∑

lm
2
jl − gj − cj

Rj (2) = xIj −
∑

l xIjl

Rj (3) = ψ (1 + τc) pc− (1 − τh)wj l.

The remaining step, as in the baseline model, is to apply a version of Vaughan’s method to the

system of first-order conditions after log-linearizing them around the steady state.

18


