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Preface

This book is intended to serve two purposes:

(1) First and foremost, this is a book about economic growth and long-run economic
development. The process of economic growth and the sources of differences in
economic performance across nations are some of the most interesting, important
and challenging areas in modern social science. The primary purpose of this book is
to introduce graduate students to these major questions and to the theoretical tools
necessary for studying them. The book therefore strives to provide students with a
strong background in dynamic economic analysis, since only such a background will
enable a serious study of economic growth and economic development. It also tries
to provide a clear discussion of the broad empirical patterns and historical processes
underlying the current state of the world economy. This is motivated by my belief
that to understand why some countries grow and some fail to do so, economists have
to move beyond the mechanics of models and pose questions about the fundamental
causes of economic growth.

(2) In a somewhat different capacity, this book is also a graduate-level introduction
to modern macroeconomics and dynamic economic analysis. It is sometimes com-
mented that, unlike basic microeconomic theory, there is no core of current macro-
economic theory that is shared by all economists. This is not entirely true. While
there is disagreement among macroeconomists about how to approach short-run
macroeconomic phenomena and what the boundaries of macroeconomics should be,
there is broad agreement about the workhorse models of dynamic macroeconomic
analysis. These include the Solow growth model, the neoclassical growth model, the
overlapping-generations model and models of technological change and technology
adoption. Since these are all models of economic growth, a thorough treatment of
modern economic growth can also provide (and perhaps should provide) an intro-
duction to this core material of modern macroeconomics. Although there are several
good graduate-level macroeconomic textbooks, they typically spend relatively little
time on the basic core material and do not develop the links between modern macro-
economic analysis and economic dynamics on the one hand and general equilibrium
theory on the other. In contrast, the current book does not cover any of the short-
run topics in macroeconomics, but provides a thorough and rigorous introduction
to what I view to be the core of macroeconomics. Therefore, the second purpose of
the book is to provide a first graduate-level course in modern macroeconomics.

The selection of topics is designed to strike a balance between the two purposes of the
book. Chapters 1, 3 and 4 introduce many of the salient features of the process of economic
growth and the sources of cross-country differences in economic performance. Even though
these chapters cannot do justice to the large literature on economic growth empirics, they
provide a sufficient background for students to appreciate the set of issues that are central to
the study of economic growth and also a platform for a further study of this large literature.

xi
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Chapters 5-7 provide the conceptual and mathematical foundations of modern macroeco-
nomic analysis. Chapter 5 provides the microfoundations for much of the rest of the book
(and for much of modern macroeconomics), while Chapters 6 and 7 provide a quick but rel-
atively rigorous introduction to dynamic optimization. Most books on macroeconomics or
economic growth use either continuous time or discrete time exclusively. I believe that a se-
rious study of both economic growth and modern macroeconomics requires the student (and
the researcher) to be able to go between discrete and continuous time and choose whichever
one is more convenient or appropriate for the set of questions at hand. Therefore, I have
deviated from this standard practice and included both continuous time and discrete time
material throughout the book.

Chapters 2, 8, 9 and 10 introduce the basic workhorse models of modern macroeconomics
and traditional economic growth, while Chapter 11 presents the first generation models of sus-
tained (endogenous) economic growth. Chapters 12-15 cover models of technological progress,
which are an essential part of any modern economic growth course.

Chapter 16 generalizes the tools introduced in Chapter 6 to stochastic environments.
Using these tools, Chapter 17 presents a number of models of stochastic growth, most notably,
the neoclassical growth model under uncertainty, which is the foundation of much of modern
macroeconomics (though it is often left out of economic growth courses). The canonical
Real Business Cycle model is presented as an application. This chapter also covers another
major workhorse model of modern macroeconomics, the incomplete markets model of Bewley.
Finally, this chapter also presents a number of other approaches to modeling the interaction
between incomplete markets and economic growth and shows how models of stochastic growth
can be useful in understanding how economies transition from stagnation or slow growth to
an equilibrium with sustained growth.

Chapters 18-21 cover a range of topics that are sometimes left out of economic growth
textbooks. These include models of technology adoption, technology diffusion, the interaction
between international trade and technology, the process of structural change, the demographic
transition, the possibility of poverty traps, the effects of inequality on economic growth and
the interaction between financial and economic development. These topics are important for
creating a bridge between the empirical patterns we observe in practice and the theory. Most
traditional growth models consider a single economy in isolation and often after it has already
embarked upon a process of steady economic growth. A study of models that incorporate
cross-country interdependences, structural change and the possibility of takeoffs will enable
us to link core topics of development economics, such as structural change, poverty traps or
the demographic transition, to the theory of economic growth.

Finally, Chapters 22 and 23 consider another topic often omitted from macroeconomics
and economic growth textbooks; political economy. This is motivated by the belief that the
study of economic growth would be seriously hampered if we failed to ask questions about the
fundamental causes of why countries differ in their economic performances. These questions
invariably bring us to differences in economic policies and institutions across nations. Political
economy enables us to develop models to understand why economic policies and institutions
differ across countries and must therefore be an integral part of the study of economic growth.

A few words on the philosophy and organization of the book might also be useful for
students and teachers. The underlying philosophy of the book is that all the results that are
stated should be proved or at least explained in detail. This implies a somewhat different
organization than existing books. Most textbooks in economics do not provide proofs for
many of the results that are stated or invoked, and mathematical tools that are essential
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for the analysis are often taken for granted or developed in appendices. In contrast, I have
strived to provide simple proofs of almost all results stated in this book. It turns out that
once unnecessary generality is removed, most results can be stated and proved in a way that
is easily accessible to graduate students. In fact, I believe that even somewhat long proofs
are much easier to understand than general statements made without proof, which leave the
reader wondering about why these statements are true.

I hope that the style I have chosen not only makes the book self-contained, but also
gives the students an opportunity to develop a thorough understanding of the material. In
addition, I present the basic mathematical tools necessary for analysis within the main body
of the text. My own experience suggests that a “linear” progression, where the necessary
mathematical tools are introduced when needed, makes it easier for the students to follow and
appreciate the material. Consequently, analysis of stability of dynamical systems, dynamic
programming in discrete time and optimal control in continuous time are all introduced within
the main body of the text. This should both help the students appreciate the foundations
of the theory of economic growth and also provide them with an introduction to the main
tools of dynamic economic analysis, which are increasingly used in every subdiscipline of
economics. Throughout, when some material is technically more difficult and can be skipped
without loss of continuity, it is clearly marked with a “*”. Only material that is tangentially
related to the main results in the text or those that should be familiar to most graduate
students are left for the Mathematical Appendices.

I have also included a large number of exercises. Students can only gain a thorough
understanding of the material by working through the exercises. The exercises that are
somewhat more difficult are also marked with a “*”.

This book can be used in a number of different ways. First, it can be used in a one-quarter
or one-semester course on economic growth. Such a course might start with Chapters 1-4,
then depending on the nature of the course, use Chapters 5-7 either for a thorough study
of the general equilibrium and dynamic optimization foundations of growth theory or only
for reference. Chapters 8-11 cover the traditional growth theory and Chapters 12-15 provide
the basics of endogenous growth theory. Depending on time and interest, any selection of
Chapters 16-23 can be used for the last part of such a course.

Second, the book can be used for a one-quarter first-year graduate-level course in macro-
economics. In this case, Chapter 1 is optional. Chapters 3, 5-7, 8-11 and 16 and 17 would
be the core of such a course. The same material could also be covered in a one-semester
course, but in this case, it could be supplemented either with some of the later chapters or
with material from one of the leading graduate-level macroeconomic textbooks on short-run
macroeconomics, fiscal policy, asset pricing, or other topics in dynamic macroeconomics.

Third, the book can be used for an advanced (second-year) course in economic growth or
economic development. An advanced course on growth or development could use Chapters
1-11 as background and then focus on selected chapters from Chapters 12-23.

Finally, since the book is self-contained, I also hope that it can be used for self-study.

Acknowledgments. This book grew out of the first graduate-level introduction to
macroeconomics course I have taught at MIT. Parts of the book have also been taught as
part of a second-year graduate macroeconomics course. I would like to thank the students
who have sat through these lectures and made comments that have improved the manuscript.
I owe a special thanks to Monica Martinez-Bravo, Samuel Pienknagura, Lucia Tian Tian and
especially Michael Peters and Alp Simsek for outstanding research assistance. In fact, without
Michael and Alp’s help this book would have taken me much longer and would have contain

xiii
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many more errors. I also thank Lauren Fahey for editorial suggestions and help with the
references. I would also like to thank George-Marios Angeletos, Olivier Blanchard, Francesco
Caselli, Melissa Dell, Peter Funk, Oded Galor, Hugo Hopenhayn, Simon Johnson, Chad Jones,
Ismail Saglam, Jesse Zinn for useful suggestions and corrections on individual chapters, and
especially Pol Antras, Kiminori Matsuyama, James Robinson, Jesus Fernandez-Villaverde
and Pierre Yared for very valuable suggestions on multiple chapters.

Please note that this is a preliminary draft of the book manuscript.
The draft certainly contains mistakes. Comments and suggestions for
corrections are welcome.
Version 2.2: October, 2007
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Part 1

Introduction



We start with a quick look at the stylized facts of economic growth and the most basic

model of growth, the Solow growth model. The purpose is both to prepare us for the analysis

of more modern models of economic growth with forward-looking behavior, explicit capital

accumulation and endogenous technological progress, and also to give us a way of mapping the

simplest model to data. We will also discuss differences between proximate and fundamental

causes of economic growth and economic development.



CHAPTER 1

Economic Growth and Economic Development:
The Questions

1.1. Cross-Country Income Differences

There are very large differences in income per capita and output per worker across coun-

tries today. Countries at the top of the world income distribution are more than thirty times

as rich as those at the bottom. For example, in 2000, GDP (or income) per capita in the

United States was over $34000. In contrast, income per capita is much lower in many other

countries: about $8000 in Mexico, about $4000 in China, just over $2500 in India, only about

$1000 in Nigeria, and much much lower in some other sub-Saharan African countries such

as Chad, Ethiopia, and Mali. These numbers are all in 2000 US dollars and are adjusted

for purchasing power party (PPP) to allow for differences in relative prices of different goods

across countries (all data from the Penn World tables compiled by Summers and Heston).

The cross-country income gap is considerably larger when there is no PPP-adjustment. For

example, without the PPP adjustment, GDP per capita in India and China in 2000 would

be lower by a factor of four or so.

Figure 1.1 provides a first look at these differences. It plots estimates of the distribution

of PPP-adjusted GDP per capita across the available set of countries in 1960, 1980 and

2000. A number of features are worth noting. First, the 1960 density shows that 15 years

after the end of World War II, most countries had income per capita less than $1500 (in

2000 US dollars); the mode of the distribution is around $1250. The rightwards shift of

the distributions for 1980 and for 2000 shows the growth of average income per capita for

the next 40 years. In 2000, the mode is still slightly above $3000, but now there is another

concentration of countries between $20,000 and $30,000. The density estimate for the year

2000 shows the considerable inequality in income per capita today.

Part of the spreading out of the distribution in Figure 1.1 is because of the increase

in average incomes. It may therefore be more informative to look at the logarithm (log) of

income per capita. It is more natural to look at the log of variables, such as income per capita,

that grow over time, especially when growth is approximately proportional as suggested

by see Figure 1.8) (this is because when x (t) grows at a proportional rate, log x (t) grows

linearly, and more importantly, if x1 (t) and x2 (t) both grow by 10% over a certain period of

3
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Figure 1.1. Estimates of the distribution of countries according to PPP-
adjusted GDP per capita in 1960, 1980 and 2000.

time, x1 (t) − x2 (t) will also grow, while log x1 (t) − log x2 (t) will remain constant). Figure
1.2 shows a similar pattern, but now the spreading-out is more limited. This reflects the

fact that while the absolute gap between rich and poor countries has increased considerably

between 1960 and 2000, the proportional gap has increased much less. Nevertheless, it can

be seen that the 2000 density for log GDP per capita is still more spread out than the

1960 density. In particular, both figures show that there has been a considerable increase in

the density of relatively rich countries, while many countries still remain quite poor. This

last pattern is sometimes referred to as the “stratification phenomenon”, corresponding to

the fact that some of the middle-income countries of the 1960s have joined the ranks of

relatively high-income countries, while others have maintained their middle-income status or

even experienced relative impoverishment.

Figures 1.1 and 1.2 demonstrate that there is somewhat greater inequality among nations.

An equally relevant concept might be inequality among individuals in the world economy.

Figures 1.1 and 1.2 are not directly informative on this, since they treat each country identi-

cally regardless of the size of its population. The alternative is presented in Figure 1.3, which

shows the population-weighted distribution. In this case, countries such as China, India, the

4
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Figure 1.2. Estimates of the distribution of countries according to log GDP
per capita (PPP-adjusted) in 1960, 1980 and 2000.

United States, and Russia receive greater weight because they have larger populations. The

picture that emerges in this case is quite different. In fact, the 2000 distribution looks less

spread out, with thinner left tail than the 1960 distribution. This reflects the fact that in 1960

China and India were among the poorest nations, whereas their relatively rapid growth in

the 1990s puts them into the middle-poor category by 2000. Chinese and Indian growth has

therefore created a powerful force towards relative equalization of income per capita among

the inhabitants of the globe.

Figures 1.1, 1.2 and 1.3 look at the distribution of GDP per capita. While this mea-

sure is relevant for the welfare of the population, much of growth theory focuses on the

productive capacity of countries. Theory is therefore easier to map to data when we look

at output (GDP) per worker. Moreover, key sources of difference in economic performance

across countries are national policies and institutions. So for the purpose of understanding the

sources of differences in income and growth across countries (as opposed to assessing welfare

questions), the unweighted distribution is more relevant than the population-weighted distri-

bution. Consequently, Figure 1.4 looks at the unweighted distribution of countries according

to (PPP-adjusted) GDP per worker. Since internationally comparable data on employment

5
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Figure 1.3. Estimates of the population-weighted distribution of countries
according to log GDP per capita (PPP-adjusted) in 1960, 1980 and 2000.

are not available for a large number of countries, “workers” here refer to the total economi-

cally active population (according to the definition of the International Labour Organization).

Figure 1.4 is very similar to Figure 1.2, and if anything, shows a greater concentration of

countries in the relatively rich tail by 2000, with the poor tail remaining more or less the

same as in Figure 1.2.

Overall, Figures 1.1-1.4 document two important facts: first, there is a large amount of

inequality in income per capita and income per worker across countries as shown by the

highly dispersed distributions. Second, there is a slight but noticeable increase in inequality

across nations (though not necessarily across individuals in the world economy).

1.2. Income and Welfare

Should we care about cross-country income differences? The answer is definitely yes.

High income levels reflect high standards of living. Economic growth might, at least over

some range, increase pollution or it may raise individual aspirations, so that the same bundle

of consumption may no longer make an individual as happy. But at the end of the day,
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Figure 1.4. Estimates of the distribution of countries according to log GDP
per worker (PPP-adjusted) in 1960, 1980 and 2000.

when one compares an advanced, rich country with a less-developed one, there are striking

differences in the quality of life, standards of living and health.

Figures 1.5 and 1.6 give a glimpse of these differences and depict the relationship between

income per capita in 2000 and consumption per capita and life expectancy at birth in the

same year. Consumption data also come from the Penn World tables, while data on life

expectancy at birth are available from the World Bank Development Indicators.

These figures document that income per capita differences are strongly associated with

differences in consumption and differences in health as measured by life expectancy. Recall

also that these numbers refer to PPP-adjusted quantities, thus differences in consumption do

not (at least in principle) reflect the fact that the same bundle of consumption goods costs

different amounts in different countries. The PPP adjustment corrects for these differences

and attempts to measure the variation in real consumption. Therefore, the richest countries

are not only producing more than thirty times as much as the poorest countries but are

also consuming thirty times as much. Similarly, cross-country differences in health are quite

remarkable; while life expectancy at birth is as high as 80 in the richest countries, it is only
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Figure 1.5. The association between income per capita and consumption
per capita in 2000.

between 40 and 50 in many sub-Saharan African nations. These gaps represent huge welfare

differences.

Understanding how some countries can be so rich while some others are so poor is one

of the most important, perhaps the most important, challenges facing social science. It

is important both because these income differences have major welfare consequences and

because a study of these striking differences will shed light on how the economies of different

nations function and sometimes how they fail to function.

The emphasis on income differences across countries implies neither that income per

capita can be used as a “sufficient statistic” for the welfare of the average citizen nor that it

is the only feature that we should care about. As we will discuss in detail later, the efficiency

properties of the market economy (such as the celebrated First Welfare Theorem or Adam

Smith’s invisible hand) do not imply that there is no conflict among individuals or groups

in society. Economic growth is generally good for welfare but it often creates “winners” and

“losers.” Joseph Schumpeter’s famous notion of creative destruction emphasizes precisely

this aspect of economic growth; productive relationships, firms and sometimes individual

livelihoods will often be destroyed by the process of economic growth because growth is
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Figure 1.6. The association between income per capita and life expectancy
at birth in 2000.

brought about by the introduction of new technologies and creation of new firms, which

replaces existing firms and technologies. This creates a natural social tension, even in a

growing society. Another source of social tension related to growth (and development) is

that, as emphasized by Simon Kuznets and discussed in detail in Part 7 below, growth and

development are often accompanied by sweeping structural transformations, also destroying

certain established relationships and creating yet other winners and losers in the process.

One of the important lessons of political economy analyses of economic growth, which will be

discussed in the last part of the book, concerns how institutions and policies can be arranged

so that those who lose out from the process of economic growth can be compensated or

perhaps prevented from blocking economic progress.

A stark illustration of the fact that growth does not always mean an improvement in

the living standards of all or even most citizens in a society comes from South Africa under

Apartheid. Available data (from gold mining wages) illustrate that from the beginning of

the 20th century until the fall of the Apartheid regime, GDP per capita grew considerably

but the real wages of black South Africans, who make up the majority of the population,

likely fell during this period. This of course does not imply that economic growth in South
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Figure 1.7. Estimates of the distribution of countries according to the
growth rate of GDP per worker (PPP-adjusted) in 1960, 1980 and 2000.

Africa was not beneficial. South Africa is still one of the richest countries in sub-Saharan

Africa. Nevertheless, this observation alerts us to other aspects of the economy and also

underlines the potential conflicts inherent in the growth process. Similarly, most existing

evidence suggests that during the early phases of the British Industrial Revolution, which

started the process of modern economic growth, the living standards of most workers may

have fallen or at best remained stagnant. This pattern of potential divergence between GDP

per capita and the economic fortunes of large number of individuals and society is not only

interesting in and of itself, but it may also inform us about why certain segments of the

society may be in favor of policies and institutions that do not encourage growth.

1.3. Economic Growth and Income Differences

How could one country be more than thirty times richer than another? The answer lies in

differences in growth rates. Take two countries, A and B, with the same initial level of income

at some date. Imagine that country A has 0% growth per capita, so its income per capita

remains constant, while country B grows at 2% per capita. In 200 years’ time country B will

be more than 52 times richer than country A. Therefore, the United States is considerably
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Figure 1.8. The evolution of income per capita in the United States, United
Kingdom, Spain, Singapore, Brazil, Guatemala, South Korea, Botswana,
Nigeria and India, 1960-2000.

richer than Nigeria because it has grown steadily over an extended period of time, while

Nigeria has not (and we will see that there is a lot of truth to this simple calculation; see

Figures 1.8, 1.10 and 1.12).

In fact, even in the historically-brief postwar era, we see tremendous differences in growth

rates across countries. This is shown in Figure 1.7 for the postwar era, which plots the density

of growth rates across countries in 1960, 1980 and 2000. The growth rate in 1960 refers to the

(geometric) average of the growth rate between 1950 and 1969, the growth rate in 1980 refers

to the average growth rate between 1970 and 1989 and 2000 refers to the average between

1990 and 2000 (in all cases subject to data availability; all data from Penn World tables).

Figure 1.7 shows that in each time interval, there is considerable variability in growth rates;

the cross-country distribution stretches from negative growth rates to average growth rates

as high as 10% a year.

Figure 1.8 provides another look at these patterns by plotting log GDP per capita for a

number of countries between 1960 and 2000 (in this case, we look at GDP per capita instead

of GDP per worker both for data coverage and also to make the figures more comparable to

the historical figures below). At the top of the figure, we see US and UK GDP per capita
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increasing at a steady pace, with a slightly faster growth in the United States, so that the

log (“proportional”) gap between the two countries is larger in 2000 than it is in 1960. Spain

starts much poorer than the United States and the UK in 1960 but grows very rapidly between

1960 and the mid-1970s, thus closing the gap between itself and the United States and the

UK. The three countries that show very rapid growth in this figure are Singapore, South

Korea and Botswana. Singapore starts much poorer than the UK and Spain in 1960, but

grows very rapidly and by the mid-1990s it has become richer than both. South Korea has a

similar trajectory, though it starts out poorer than Singapore and grows slightly less rapidly,

so that by the end of the sample it is still a little poorer than Spain. The other country that

has grown very rapidly is the “African success story” Botswana, which was extremely poor

at the beginning of the sample. Its rapid growth, especially after 1970, has taken Botswana

to the ranks of the middle-income countries by 2000.

The two Latin American countries in this picture, Brazil and Guatemala, illustrate the

often-discussed Latin American economic malaise of the postwar era. Brazil starts out richer

than Singapore, South Korea and Botswana and has a relatively rapid growth rate between

1960 and 1980. But it experiences stagnation from 1980 onwards, so that by the end of the

sample Singapore, South Korea and Botswana have become richer than Brazil. Guatemala’s

experience is similar but even more bleak. Contrary to Brazil, there is little growth in

Guatemala between 1960 and 1980 and no growth between 1980 and 2000.

Finally, Nigeria and India start out at similar levels of income per capita as Botswana but

experience little growth until the 1980s. Starting in 1980, the Indian economy experiences

relatively rapid growth, though this has not been sufficient for its income per capita to catch

up with the other nations in the figure. Finally, Nigeria, in a pattern that is unfortunately

all-too-familiar in sub-Saharan Africa, experiences a contraction of its GDP per capita, so

that in 2000 it is in fact poorer than it was in 1960.

The patterns shown in Figure 1.8 are what we would like to understand and explain.

Why is the United States richer in 1960 than other nations and able to grow at a steady pace

thereafter? How did Singapore, South Korea and Botswana manage to grow at a relatively

rapid pace for 40 years? Why did Spain grow relatively rapidly for about 20 years, but then

slow down? Why did Brazil and Guatemala stagnate during the 1980s? What is responsible

for the disastrous growth performance of Nigeria?

1.4. Origins of Today’s Income Differences and World Economic Growth

The growth rate differences shown in Figures 1.7 and 1.8 are interesting in their own right

and could also be, in principle, responsible for the large differences in income per capita we

observe today. But are they? The answer is no. Figure 1.8 shows that in 1960 there was
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already a very large gap between the United States on the one hand and India and Nigeria

on the other.
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Figure 1.9. Log GDP per worker in 2000 versus log GDP per worker in 1960,
together with the 45◦ line.

This can be seen more easily in Figure 1.9, which plots log GDP per worker in 2000 versus

log GDP per capita in 1960 (in both cases relative to the US value) superimposed over the

45◦ line. Most observations are around the 45◦ line, indicating that the relative ranking of

countries has changed little between 1960 and 2000. Thus the origins of the very large income

differences across nations are not to be found in the postwar era. There are striking growth

differences during the postwar era but the evidence presented so far suggests that the “world

income distribution” has been more or less stable, with a slight tendency towards becoming

more unequal.

If not in the postwar era, when did this growth gap emerge? The answer is that much

of the divergence took place during the 19th and early 20th centuries. Figures 1.10 and

1.12 give a glimpse of these 19th-century developments by using the data compiled by Angus

Maddison for GDP per capita differences across nations going back to 1820 (or sometimes

earlier). These data are less reliable than Summers-Heston’s Penn World tables, since they

do not come from standardized national accounts. Moreover, the sample is more limited and
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Figure 1.10. The evolution of average GDP per capita in Western Offshoots,
Western Europe, Latin America, Asia and Africa, 1820-2000.

does not include observations for all countries going back to 1820. Finally, while these data

include a correction for PPP, this is less reliable than the price comparisons used to construct

the price indices in the Penn World tables. Nevertheless, these are the best available estimates

for differences in prosperity across a large number of nations going back to the 19th century.

Figure 1.10 illustrates the divergence; it depicts the evolution of average income between

five groups of countries, Western Offshoots of Europe (the United States, Canada, Australia

and New Zealand), Western Europe, Latin America, Asia and Africa. It shows the relatively

rapid growth of the Western Offshoots and West European countries during the 19th century,

while Asia and Africa remained stagnant and Latin America showed little growth. The

relatively small income gap in 1820 had become much larger by 1960.

Another major macroeconomic fact is visible in Figure 1.10: Western Offshoots and

West European nations experience a noticeable dip in GDP per capita around 1929. This is

because of the famous Great Depression. Western offshoots, in particular the United States,

only recovered fully from this large recession in the wake of WWII. How an economy can

experience such a sharp decline in output and how it recovers from such a shock are among

the major questions of macroeconomics. While the Great Depression falls outside the scope
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of the current book, we will later discuss the relationship between economic crises and growth

as well as potential sources of volatility in economic growth.

A variety of other evidence suggests that differences in income per capita were even

smaller once we go back further than 1820. Maddison also has estimates for average income

for the same groups of countries going back to 1000 AD or even earlier. We extend Figure

1.10 using these data; the results are shown in Figure 1.11. Although these numbers are based

on scattered evidence and informed guesses, the general pattern is consistent with qualitative

historical evidence and the fact that income per capita in any country cannot have been

much less than $500 in terms of 2000 US dollars, since individuals could not survive with

real incomes much less than this level. Figure 1.11 shows that as we go further back, the

gap among countries becomes much smaller. This further emphasizes that the big divergence

among countries has taken place over the past 200 years or so. Another noteworthy feature

that becomes apparent from this figure is the remarkable nature of world economic growth.

Much evidence suggests that there was only limited economic growth before the 18th century

and certainly before the 15th century. While certain civilizations, including Ancient Greece,

Rome, China and Venice, managed to grow, their growth was either not sustained (thus

ending with collapses and crises) or progress at only at a slow pace. No society before

19th-century Western Europe and the United States achieved steady growth at comparable

rates. In fact, Maddison’s estimates show a slow but steady increase in West European GDP

per capita even earlier, starting in 1000. This view is not shared by all economic historians,

many of whom estimate that there was little increase in income per capita before 1500 or even

before 1800. For our purposes this is not central, however. What is important is that, using

Walter Rostow’s terminology, Figure 1.11 shows a pattern of takeoff into sustained growth;

the economic growth experience of Western Europe and Western Offshoots appears to have

changed dramatically about 200 years or so ago. Economic historians debate whether there

was a discontinuous change in economic activity to deserve the terms takeoff or Industrial

Revolution. This debate is besides the point for our purposes. Whether or not the change

was discontinuous, it was present and transformed the functioning of many economies. As a

result of this transformation, the stagnant or slowly-growing economies of Europe embarked

upon a path of sustained growth. The origins of today’s riches and also of today’s differences

in prosperity are to be found in this pattern of takeoff during the 19th century. In the same

time as much of Western Europe and its Offshoots grew rapidly, much of the rest of the world

did not experience a comparable takeoff or did so much later. Therefore, an understanding of

modern economic growth and current cross-country income differences ultimately necessitates

an inquiry into the causes of why the takeoff occurred, why it did so about 200 years ago,

and why it took place only in some areas and not in others.
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Figure 1.11. The evolution of average GDP per capita in Western Offshoots,
Western Europe, Latin America, Asia and Africa, 1000-2000.

Figure 1.12 shows the evolution of income per capita for United States, Britain, Spain,

Brazil, China, India and Ghana. This figure confirms the patterns shown in Figure 1.10

for averages, with the United States Britain and Spain growing much faster than India and

Ghana throughout, and also much faster than Brazil and China except during the growth

spurts experienced by these two countries.

Overall, on the basis of the available information we can conclude that the origins of the

current cross-country differences in economic performance in income per capita lie during the

19th and early 20th centuries (or perhaps even during the late 18th century). This divergence

took place at the same time as a number of countries in the world “took off” and achieved

sustained economic growth. Therefore understanding modern economic growth is not only

interesting and important in its own right but also holds the key to understanding the causes

of cross-country differences in income per capita today.

1.5. Conditional Convergence

We have so far documented the large differences in income per capita across nations, the

slight divergence in economic fortunes over the postwar era and the much larger divergence
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Figure 1.12. The evolution of income per capita in the United States,
Britain, Spain, Brazil, China, India and Ghana, 1820-2000.

since the early 1800s. The analysis focused on the “unconditional” distribution of income

per capita (or per worker). In particular, we looked at whether the income gap between

two countries increases or decreases irrespective of these countries’ “characteristics” (e.g.,

institutions, policies, technology or even investments). Alternatively, we can look at the

“conditional” distribution (e.g., Barro and Sala-i-Martin, 1992). Here the question is whether

the economic gap between two countries that are similar in observable characteristics is

becoming narrower or wider over time. When we look at the conditional distribution of income

per capita across countries the picture that emerges is one of conditional convergence: in the

postwar period, the income gap between countries that share the same characteristics typically

closes over time (though it does so quite slowly). This is important both for understanding

the statistical properties of the world income distribution and also as an input into the types

of theories that we would like to develop.

How do we capture conditional convergence? Consider a typical “Barro growth regres-

sion”:

(1.1) gt,t−1 = β ln yt−1 +X
0
t−1α+ εt
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where gt,t−1 is the annual growth rate between dates t− 1 and t, yt−1 is output per worker

(or income per capita) at date t − 1, and Xt−1 is a vector of variables that the regression

is conditioning on with coefficient vector α. These variables are included because they are

potential determinants of steady state income and/or growth. First note that without co-

variates equation (1.1) is quite similar to the relationship shown in Figure 1.9 above. In

particular, since gt,t−1 ' ln yt − ln yt−1, equation (1.1) can be written as

ln yt ' (1 + β) ln yt−1 + εt.

Figure 1.9 showed that the relationship between log GDP per worker in 2000 and log GDP

per worker in 1960 can be approximated by the 45◦ line, so that in terms of this equation,

β should be approximately equal to 0. This is confirmed by Figure 1.13, which depicts the

relationship between the (geometric) average growth rate between 1960 and 2000 and log

GDP per worker in 1960. This figure reiterates that there is no “unconditional” convergence

for the entire world over the postwar period.
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Figure 1.13. Annual growth rate of GDP per worker between 1960 and 2000
versus log GDP per worker in 1960 for the entire world.
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While there is no convergence for the entire world, when we look among the “OECD”

nations,1 we see a different pattern. Figure 1.14 shows that there is a strong negative re-

lationship between log GDP per worker in 1960 and the annual growth rate between 1960

and 2000 among the OECD countries. What distinguishes this sample from the entire world

sample is the relative homogeneity of the OECD countries, which have much more similar

institutions, policies and initial conditions than the entire world. This suggests that there

might be a type of conditional convergence when we control for certain country characteristics

potentially affecting economic growth.
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Figure 1.14. Annual growth rate of GDP per worker between 1960 and 2000
versus log GDP per worker in 1960 for core OECD countries.

This is what the vector Xt−1 captures in equation (1.1). In particular, when this vector

includes variables such as years of schooling or life expectancy, Barro and Sala-i-Martin

estimate β to be approximately -0.02, indicating that the income gap between countries that

have the same human capital endowment has been narrowing over the postwar period on

average at about 2 percent a year.

Therefore, there is no evidence of (unconditional) convergence in the world income dis-

tribution over the postwar era (in fact, the evidence suggests some amount of divergence in

1That is, the initial members of the OECD club plotted in this picture, which excludes more recent OECD
members such as Turkey, Mexico and Korea.
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incomes across nations), there is some evidence for conditional convergence, meaning that

the income gap between countries that are similar in observable characteristics appears to

narrow over time. This last observation is relevant both for understanding among which

countries the economic divergence has occurred and for determining what types of models we

might want to consider for understanding the process of economic growth and differences in

economic performance across nations. For example, we will see that many of the models we

will study shortly, including the basic Solow and the neoclassical growth models, suggest that

there should be “transitional dynamics” as economies below their steady-state (target) level

of income per capita grow towards that level. Conditional convergence is consistent with this

type of transitional dynamics.

1.6. Correlates of Economic Growth

The discussion of conditional convergence in the previous section emphasized the im-

portance of certain country characteristics that might be related to the process of economic

growth. What types of countries grow more rapidly? Ideally, we would like to answer this

question at a “causal” level. In other words, we would like to know which specific character-

istics of countries (including their policies and institutions) have a causal effect on growth. A

causal effect here refers to the answer to the following counterfactual thought experiment: if,

all else equal, a particular characteristic of the country were changed “exogenously” (i.e., not

as part of equilibrium dynamics or in response to a change in other observable or unobservable

variables), what would be the effect on equilibrium growth? Answering such causal questions

is quite challenging, however, precisely because it is difficult to isolate changes in endogenous

variables that are not driven by equilibrium dynamics or by some other potentially omitted

factors.

For this reason, we start with the more modest question of what factors correlate with

post-war economic growth. With an eye to the theories that will come in the next two

chapters, the two obvious candidates to look at are investments in physical capital and in

human capital.

Figure 1.15 shows a strong positive association between the average growth of investment

to GDP ratio and economic growth. Figure 1.16 shows a positive correlation between average

years of schooling and economic growth. These figures therefore suggest that the countries

that have grown faster are typically those that have invested more in physical capital and

those that started out the postwar era with greater human capital. It has to be stressed

that these figures do not imply that physical or human capital investment are the causes

of economic growth (even though we expect from basic economic theory that they should

contribute to increasing output). So far these are simply correlations, and they are likely
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Figure 1.15. The relationship between average growth of GDP per capita
and average growth of investments to GDP ratio, 1960-2000.

driven, at least in part, by omitted factors affecting both investment and schooling on the

one hand and economic growth on the other.

We will investigate the role of physical and human capital in economic growth further in

Chapter 3. One of the major points that will emerge from our analysis there is that focus-

ing only on physical and human capital is not sufficient. Both to understand the process of

sustained economic growth and to account for large cross-country differences in income, we

also need to understand why societies differ in the efficiency with which they use their phys-

ical and human capital. We normally use the shorthand expression “technology” to capture

factors other than physical and human capital affecting economic growth and performance

(and we will do so throughout the book). It is therefore important to remember that technol-

ogy differences across countries include both genuine differences in the techniques and in the

quality of machines used in production, but also differences in productive efficiency resulting

from differences in the organization of production, from differences in the way that markets

are organized and from potential market failures (see in particular Chapter 21 on differences

in productive efficiency resulting from the organization of markets and market failures). A

detailed study of “technology” (broadly construed) is necessary for understanding both the
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Figure 1.16

world-wide process of economic growth and cross-country differences. The role of technology

in economic growth will be investigated in Chapter 3 and in later chapters.

1.7. From Correlates to Fundamental Causes

The correlates of economic growth, such as physical capital, human capital and technol-

ogy, will be our first topic of study. But these are only proximate causes of economic growth

and economic success (even if we convince ourselves that there is a causal in element the

correlations shown above). It would not be entirely satisfactory to explain the process of

economic growth and cross-country differences with technology, physical capital and human

capital, since presumably there are reasons for why technology, physical capital and human

capital differ across countries. In particular, if these factors are so important in generating

large cross country income differences and causing the takeoff into modern economic growth,

why do certain societies fail to improve their technologies, invest more in physical capital,

and accumulate more human capital?

Let us return to Figure 1.8 to illustrate this point further. This figure shows that South

Korea and Singapore have managed to grow at very rapid rates over the past 50 years, while

Nigeria has failed to do so. We can try to explain the successful performance of South Korea
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and Singapore by looking at the correlates of economic growth–or at the proximate causes

of economic growth. We can conclude, as many have done, that rapid capital accumulation

has been a major cause of these growth miracles, and debate the role of human capital and

technology. We can blame the failure of Nigeria to grow on its inability to accumulate capital

and to improve its technology. These answers are undoubtedly informative for understanding

the mechanics of economic successes and failures of the postwar era. But at some level

they will also not have answered the central questions: how did South Korea and Singapore

manage to grow, while Nigeria failed to take advantage of the growth opportunities? If

physical capital accumulation is so important, why did Nigeria not invest more in physical

capital? If education is so important, why are education levels in Nigeria still so low and why

is existing human capital not being used more effectively? The answer to these questions is

related to the fundamental causes of economic growth.

We will refer to potential factors affecting why societies end up with different technology

and accumulation choices as the fundamental causes of economic growth. At some level,

fundamental causes are the factors that enable us to link the questions of economic growth to

the concerns of the rest of social sciences, and ask questions about the role of policies, insti-

tutions, culture and exogenous environmental factors. At the risk of oversimplifying complex

phenomena, we can think of the following list of potential fundamental causes: (i) luck (or

multiple equilibria) that lead to divergent paths among societies with identical opportunities,

preferences and market structures; (ii) geographic differences that affect the environment in

which individuals live and that influence the productivity of agriculture, the availability of

natural resources, certain constraints on individual behavior, or even individual attitudes;

(iii) institutional differences that affect the laws and regulations under which individuals and

firms function and thus shape the incentives they have for accumulation, investment and

trade; and (iv) cultural differences that determine individuals’ values, preferences and be-

liefs. Chapter 4 will present a detailed discussion of the distinction between proximate and

fundamental causes and what types of fundamental causes are more promising in explaining

the process of economic growth and cross-country income differences.

For now, it is useful to briefly return to South Korea and Singapore versus Nigeria, and ask

the questions (even if we are not in a position to fully answer them yet): can we say that South

Korea and Singapore owe their rapid growth to luck, while Nigeria was unlucky? Can we relate

the rapid growth of South Korea and Singapore to geographic factors? Can we relate them

to institutions and policies? Can we find a major role for culture? Most detailed accounts of

post-war economics and politics in these countries emphasize the role of growth-promoting

policies in South Korea and Singapore–including the relative security of property rights

and investment incentives provided to firms. In contrast, Nigeria’s postwar history is one of

civil war, military coups, extreme corruption and an overall environment failing to provide
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incentives to businesses to invest and upgrade their technologies. It therefore seems necessary

to look for fundamental causes of economic growth that make contact with these facts and

then provide coherent explanations for the divergent paths of these countries. Jumping ahead

a little, it will already appear implausible that luck can be the major explanation. There were

already significant differences between South Korea, Singapore and Nigeria at the beginning

of the postwar era. It is also equally implausible to link the divergent fortunes of these

countries to geographic factors. After all, their geographies did not change, but the growth

spurts of South Korea and Singapore started in the postwar era. Moreover, even if we can say

that Singapore benefited from being an island, without hindsight one might have concluded

that Nigeria had the best environment for growth, because of its rich oil reserves.2 Cultural

differences across countries are likely to be important in many respects, and the rapid growth

of many Asian countries is often linked to certain “Asian values”. Nevertheless, cultural

explanations are also unlikely to provide the whole story when it comes to fundamental

causes, since South Korean or Singaporean culture did not change much after the end of

WWII, while their rapid growth performances are distinctly post-war phenomena. Moreover,

while South Korea grew rapidly, North Korea, whose inhabitants share the same culture and

Asian values, had one of the most disastrous economic performances of the past 50 years.

This admittedly quick (and perhaps partial) account suggests that we have to look at

the fundamental causes of economic growth in institutions and policies that affect incentives

to accumulate physical and human capital and improve technology. Institutions and poli-

cies were favorable to economic growth in South Korea and Singapore, but not in Nigeria.

Understanding the fundamental causes of economic growth is, in large part, about under-

standing the impact of these institutions and policies on economic incentives and why, for

example, they have been growth-enhancing in the former two countries, but not in Nigeria.

The intimate link between fundamental causes and institutions highlighted by this discussion

motivates the last part of the book, which is devoted to the political economy of growth, that

is, to the study of how institutions affect growth and why they differ across countries.

An important caveat should be noted at this point. Discussions of geography, institutions

and culture can sometimes be carried out without explicit reference to growth models or

even to growth empirics. After all, this is what many non-economist social scientists do.

However, fundamental causes can only have a big impact on economic growth if they affect

parameters and policies that have a first-order influence on physical and human capital and

2One can then turn this around and argue that Nigeria is poor because of a “natural resource curse,”
i.e., precisely because it has abundant and valuable natural resources. But this is not an entirely compelling
empirical argument, since there are other countries, such as Botswana, with abundant natural resources
that have grown rapidly over the past 50 years. More important, the only plausible channel through which
abundance of natural resources may lead to worse economic outcomes is related to institutional and political
economy factors. This then takes us to the realm of institutional fundamental causes.
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technology. Therefore, an understanding of the mechanics of economic growth is essential for

evaluating whether candidate fundamental causes of economic growth could indeed play the

role that they are sometimes ascribed. Growth empirics plays an equally important role in

distinguishing among competing fundamental causes of cross-country income differences. It

is only by formulating parsimonious models of economic growth and confronting them with

data that we can gain a better understanding of both the proximate and the fundamental

causes of economic growth.

1.8. The Agenda

This discussion points to the following set of facts and questions that are central to an

investigation of the determinants of long-run differences in income levels and growth. The

three major questions that have emerged from our brief discussion are:

(1) Why are there such large differences in income per capita and worker productivity

across countries?

(2) Why do some countries grow rapidly while other countries stagnate?

(3) What sustains economic growth over long periods of time and why did sustained

growth start 200 years or so ago?

• In each case, a satisfactory answer requires a set of well-formulated models that
illustrate the mechanics of economic growth and cross-country income differences,

together with an investigation of the fundamental causes of the different trajectories

which these nations have embarked upon. In other words, in each case we need a

combination of theoretical models and empirical work.

• The traditional growth models–in particular, the basic Solow and the neoclassical
models–provide a good starting point, and the emphasis they place on investment

and human capital seems consistent with the patterns shown in Figures 1.15 and

1.16. However, we will also see that technological differences across countries (either

because of their differential access to technological opportunities or because of dif-

ferences in the efficiency of production) are equally important. Traditional models

treat technology (market structure) as given or at best as evolving exogenously like

a blackbox. But if technology is so important, we ought to understand why and how

it progresses and why it differs across countries. This motivates our detailed study of

models of endogenous technological progress and technology adoption. Specifically,

we will try to understand how differences in technology may arise, persist and con-

tribute to differences in income per capita. Models of technological change will also

be useful in thinking about the sources of sustained growth of the world economy

over the past 200 years and why the growth process took off 200 years or so ago and

has proceeded relatively steadily since then.
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• Some of the other patterns we encountered in this chapter will inform us about the

types of models that have the most promise in explaining economic growth and cross-

country differences in income. For example, we have seen that cross-country income

differences can only be accounted for by understanding why some countries have

grown rapidly over the past 200 years, while others have not. Therefore, we need

models that can explain how some countries can go through periods of sustained

growth, while others stagnate.

Nevertheless, we have also seen that the postwar world income distribution is

relatively stable (at most spreading out slightly from 1960 to 2000). This pattern has

suggested to many economists that we should focus on models that generate large

“permanent” cross-country differences in income per capita, but not necessarily large

“permanent” differences in growth rates (at least not in the recent decades). This is

based on the following reasoning: with substantially different long-run growth rates

(as in models of endogenous growth, where countries that invest at different rates

grow at different rates), we should expect significant divergence. We saw above

that despite some widening between the top and the bottom, the cross-country

distribution of income across the world is relatively stable.

Combining the post-war patterns with the origins of income differences related

to the economic growth over the past two centuries suggests that we should look

for models that can account both for long periods of significant growth differences

and also for a “stationary” world income distribution, with large differences across

countries. The latter is particularly challenging in view of the nature of the global

economy today, which allows for free-flow of technologies and large flows of money

and commodities across borders. We therefore need to understand how the poor

countries fell behind and what prevents them today from adopting and imitating

the technologies and organizations (and importing the capital) of the richer nations.

• And as our discussion in the previous section suggests, all of these questions can
be (and perhaps should be) answered at two levels. First, we can use the models

we develop in order to provide explanations based on the mechanics of economic

growth. Such answers will typically explain differences in income per capita in

terms of differences in physical capital, human capital and technology, and these in

turn will be related to some other variables such as preferences, technology, market

structure, openness to international trade and perhaps some distortions or policy

variables. These will be our answers regarding the proximate causes of economic

growth.

We will next look at the fundamental causes underlying these proximate factors,

and try to understand why some societies are organized differently than others. Why

26



Introduction to Modern Economic Growth

do they have different market structures? Why do some societies adopt policies

that encourage economic growth while others put up barriers against technological

change? These questions are central to a study of economic growth, and can only be

answered by developing systematic models of the political economy of development

and looking at the historical process of economic growth to generate data that can

shed light on these fundamental causes.

Our next task is to systematically develop a series of models to understand the me-

chanics of economic growth. In this process, we will encounter models that underpin the

way economists think about the process of capital accumulation, technological progress, and

productivity growth. Only by understanding these mechanics can we have a framework for

thinking about the causes of why some countries are growing and some others are not, and

why some countries are rich and others are not.

Therefore, the approach of the book will be two-pronged: on the one hand, it will present a

detailed exposition of the mathematical structure of a number of dynamic general equilibrium

models useful for thinking about economic growth and macroeconomic phenomena; on the

other, we will try to uncover what these models imply about which key parameters or key

economic processes are different across countries and why. Using this information, we will

then attempt to understand the potential fundamental causes of differences in economic

growth.

1.9. References and Literature

The empirical material presented in this chapter is largely standard and parts of it can

be found in many books, though interpretations and exact emphases differ. Excellent in-

troductions, with slightly different emphases, are provided in Jones’s (1998, Chapter 1) and

Weil’s (2005, Chapter 1) undergraduate economic growth textbooks. Barro and Sala-i-Martin

(2004) also present a brief discussion of the stylized facts of economic growth, though their

focus is on postwar growth and conditional convergence rather than the very large cross-

country income differences and the long-run perspective emphasized here. An excellent and

very readable account of the key questions of economic growth, with a similar perspective to

the one here, is provided in Helpman (2005).

Much of the data used in this chapter comes from Summers-Heston’s Penn World tables

(latest version, Summers, Heston and Aten, 2005). These tables are the result of a very

careful study by Robert Summers and Alan Heston to construct internationally comparable

price indices and internationally comparable estimates of income per capita and consumption.

PPP adjustment is made possible by these data. Summers and Heston (1991) give a very

lucid discussion of the methodology for PPP adjustment and its use in the Penn World tables.

PPP adjustment enables us to construct measures of income per capita that are comparable
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across countries. Without PPP adjustment, differences in income per capita across countries

can be computed using the current exchange rate or some fundamental exchange-rate. There

are many problems with such exchange-rate-based measures. The most important one is that

they do not make an allowance for the fact that relative prices and even the overall price

level differ markedly across countries. PPP-adjustment brings us much closer to differences

in “real income” and “real consumption”. Information on “workers” (active population),

consumption and investment are also from this dataset. GDP, consumption and investment

data from the Penn World tables are expressed in 1996 constant US dollars. Life expectancy

data are from the World Bank’s World Development Indicators CD-ROM, and refer to the

average life expectancy of males and females at birth. This dataset also contains a range

of other useful information. Schooling data are from Barro and Lee’s (2002) dataset, which

contains internationally comparable information on years of schooling.

In all figures and regressions, growth rates are computed as geometric averages. In par-

ticular, the geometric average growth rate of output per capita y between date t and t + T

is

gt,t+T ≡
µ
yt+T
yt

¶1/T
− 1.

The geometric average growth rate is more appropriate to use in the context of income per

capita than the arithmetic average, since the growth rate refers to “proportional growth”. It

can be easily verified from this formula that if yt+1 = (1 + g) yt for all t, then gt+T = g.

Historical data are from various works by Angus Maddison (2001, 2005). While these

data are not as reliable as the estimates from the Penn World tables, the general patterns they

show are typically consistent with evidence from a variety of different sources. Nevertheless,

there are points of contention. For example, as Figure 1.11 shows, Maddison’s estimates

show a slow but relatively steady growth of income per capita in Western Europe starting

in 1000. This is disputed by some historians and economic historians. A relatively readable

account, which strongly disagrees with this conclusion, is provided in Pomeranz (2001), who

argues that income per capita in Western Europe and the Yangtze Valley in China were

broadly comparable as late as 1800. This view also receives support from recent research

by Allen (2004), which documents that the levels of agricultural productivity in 1800 were

comparable in Western Europe and China. Acemoglu, Johnson and Robinson (2002 and

2005) use urbanization rates as a proxy for income per capita and obtain results that are

intermediate between those of Maddison and Pomeranz. The data in Acemoglu, Johnson

and Robinson (2002) also confirms the fact that there were very limited income differences

across countries as late as the 1500s, and that the process of rapid economic growth started

sometime in the 19th century (or perhaps in the late 18th century). Recent research by

Broadberry and Gupta (2006) also disputes Pomeranz’s arguments and gives more support

28



Introduction to Modern Economic Growth

to a pattern in which there was already an income gap between Western Europe and China

by the end of the 18th century.

The term takeoff I used in Section 1.4 is introduced in Walter Rostow’s famous book

Stages of Economic Growth (1960) and has a broader connotation than the term “Industrial

Revolution,” which economic historians typically use to refer to the process that started

in Britain at the end of the 18th century (e.g., Ashton, 1968). Mokyr (1990) contains an

excellent discussion of the debate on whether the beginning of industrial growth was due to

a continuous or discontinuous change and, consistent with my emphasis here, concludes that

this is secondary to the more important fact that the modern process of growth did start

around this time.

There is a large literature on the “correlates of economic growth,” starting with Barro

(1991), which is surveyed in Barro and Sala-i-Martin (2004) and Barro (1999). Much of this

literature, however, interprets these correlations as causal effects, even when this is not war-

ranted (see the further discussion in Chapters 3 and 4). Note that while Figure 1.15 looks

at the relationship between the average growth of investment to GDP ratio and economic

growth, Figure 1.16 shows the relationship between average schooling (not its growth) and

economic growth. There is a much weaker relationship between growth of schooling and

economic growth, which may be for a number of reasons; first, there is considerable measure-

ment error in schooling estimates (see Krueger and Lindahl, 2000); second, as shown in in

some of the models that will be discussed later, the main role of human capital may be to

facilitate technology adoption, thus we may expect a stronger relationship between the level

of schooling and economic growth than the change in schooling and economic growth (see

Chapter 10); finally, the relationship between the level of schooling and economic growth may

be partly spurious, in the sense that it may be capturing the influence of some other omitted

factors also correlated with the level of schooling; if this is the case, these omitted factors

may be removed when we look at changes. While we cannot reach a firm conclusion on these

alternative explanations, the strong correlation between the level of average schooling and

economic growth documented in Figure 1.16 is interesting in itself.

The narrowing of income per capita differences in the world economy when countries are

weighted by population is explored in Sala-i-Martin (2005). Deaton (2005) contains a critique

of Sala-i-Martin’s approach. The point that incomes must have been relatively equal around

1800 or before, because there is a lower bound on real incomes necessary for the survival of an

individual, was first made by Maddison (1992) and Pritchett (1996). Maddison’s estimates

of GDP per capita and Acemoglu, Johnson and Robinson’s estimates based on urbanization

confirm this conclusion.

The estimates of the density of income per capita reported above are similar to those

used by Quah (1994, 1995) and Jones (1996). These estimates use a nonparametric Gaussian
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kernel. The specific details of the kernel estimates do not change the general shape of the

densities. Quah was also the first to emphasize the stratification in the world income distrib-

ution and the possible shift towards a “bi-modal” distribution, which is visible in Figure 1.3.

He dubbed this the “Twin Peaks” phenomenon (see also Durlauf and Quah, 1994). Barro

(1991) and Barro and Sala-i-Martin (1992) emphasize the presence and importance of condi-

tional convergence, and argue against the relevance of the stratification pattern emphasized

by Quah and others. The first chapter of Barro and Sala-i-Martin’s (2004) textbook contains

a detailed discussion from this viewpoint.

The first economist to emphasize the importance of conditional convergence and conduct

a cross-country study of convergence was Baumol (1986), but he was using lower quality

data than the Summers-Heston data. This also made him conduct his empirical analysis on

a selected sample of countries, potentially biasing his results (see De Long, 1991). Barro’s

(1991) and Barro and Sala-i-Martin’s (1992) work using the Summers-Heston data has been

instrumental in generating renewed interest in cross-country growth regressions.

The data on GDP growth and black real wages in South Africa are from Wilson (1972).

Wages refer to real wages in gold mines. Feinstein (2004) provides an excellent economic

history of South Africa. The implications of the British Industrial Revolution for real wages

and living standards of workers are discussed in Mokyr (1993). Another example of rapid

economic growth with falling real wages is provided by the experience of the Mexican economy

in the early 20th century (see Gómez-Galvarriato, 1998). There is also evidence that during

this period, the average height of the population might be declining as well, which is often

associated with falling living standards, see López Alonso and Porras Condy (2003).

There is a major debate on the role of technology and capital accumulation in the growth

experiences of East Asian nations, particularly South Korea and Singapore. See Young (1994)

for the argument that increases in physical capital and labor inputs explain almost all of the

rapid growth in these two countries. See Klenow and Rodriguez-Clare (1996) and Hsieh

(2001) for the opposite point of view.

The difference between proximate and fundamental causes will be discussed further in

later chapters. This distinction is emphasized in a different context by Diamond (1996),

though it is implicitly present in North and Thomas’s (1973) classic book. It is discussed in

detail in the context of long-run economic development and economic growth in Acemoglu,

Johnson and Robinson (2006). We will revisit these issues in greater detail in Chapter 4.
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CHAPTER 2

The Solow Growth Model

The previous chapter introduced a number of basic facts and posed the main questions

concerning the sources of economic growth over time and the causes of differences in economic

performance across countries. These questions are central not only for growth theory but also

for macroeconomics and social sciences more generally. Our next task is to develop a simple

framework that can help us think about the proximate causes and the mechanics of the process

of economic growth and cross-country income differences. We will use this framework both to

study potential sources of economic growth and also to perform simple comparative statics to

gain an understanding of what features of societies are conducive to higher levels of income

per capita and more rapid economic growth.

Our starting point will be the so-called Solow-Swan model named after Robert (Bob)

Solow and Trevor Swan, or simply the Solow model for the more famous of the two econo-

mists. These two economists published two pathbreaking articles in the same year, 1956

(Solow, 1956, and Swan, 1956) introducing the Solow model. Bob Solow later developed many

implications and applications of this model and was awarded the Nobel prize in economics for

these contributions. This model has shaped the way we approach not only economic growth

but the entire field of macroeconomics. Consequently, a byproduct of our analysis of this

chapter will be a detailed exposition of the workhorse model of much of macroeconomics.

The Solow model is remarkable in its simplicity. Looking at it today, one may fail to

appreciate how much of an intellectual breakthrough it was relative to what came before.

Before the advent of the Solow growth model, the most common approach to economic growth

built on the model developed by Roy Harrod and Evsey Domar (Harrod, 1939, Domar, 1946).

The Harrod-Domar model emphasized potential dysfunctional aspects of economic growth,

for example, how economic growth could go hand-in-hand with increasing unemployment (see

Exercise 2.16 on this model). The Solow model demonstrated why the Harrod-Domar model

was not an attractive place to start. At the center of the Solow growth model, distinguishing

it from the Harrod-Domar model, is the neoclassical aggregate production function. This

function not only enables the Solow model to make contact with microeconomics, but it also

serves as a bridge between the model and the data as we will see in the next chapter.

An important feature of the Solow model, which will be shared by many models we will

see in this book, is that it is a simple and abstract representation of a complex economy.
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At first, it may appear too simple or too abstract. After all, to do justice to the process of

growth or macroeconomic equilibrium, we have to think of many different individuals with

different tastes, abilities, incomes and roles in society, many different sectors and multiple

social interactions. Instead, the Solow model cuts through these complications by construct-

ing a simple one-good economy, with little reference to individual decisions. Therefore, for

us the Solow model will be both a starting point and a springboard for richer models.

Despite its mathematical simplicity, the Solow model can be best appreciated by going

back to the microeconomic foundations of general equilibrium theory, and this is where we

begin. Since the Solow model is the workhorse model of macroeconomics in general, a good

grasp of its workings and foundations is not only useful in our investigations of economic

growth, but also essential for modern macroeconomic analysis. In this chapter, I present

the basic Solow model. The closely related neoclassical growth model will be presented in

Chapter 8.

2.1. The Economic Environment of the Basic Solow Model

Economic growth and development are dynamic processes, focusing on how and why

output, capital, consumption and population change over time. The study of economic

growth and development therefore necessitates dynamic models. Despite its simplicity, the

Solow growth model is a dynamic general equilibrium model (though many key features

of dynamic general equilibrium models emphasized in Chapter 5, such as preferences and

dynamic optimization are missing in this model).

The Solow model can be formulated either in discrete or in continuous time. We start

with the discrete time version, both because it is conceptually simpler and it is more com-

monly used in macroeconomic applications. However, many growth models are formulated in

continuous time and we will also provide a detailed exposition of the continuous-time version

of the Solow model and show that it is often more tractable.

2.1.1. Households and Production. Consider a closed economy, with a unique final

good. The economy is in discrete time running to an infinite horizon, so that time is indexed

by t = 0, 1, 2, .... Time periods here can correspond to days, weeks, or years. So far we do

not need to take a position on this.

The economy is inhabited by a large number of households, and for now we are going to

make relatively few assumptions on households because in this baseline model, they will not be

optimizing. This is the main difference between the Solow model and the neoclassical growth

model. The latter is the Solow model plus dynamic consumer (household) optimization. To

fix ideas, you may want to assume that all households are identical, so that the economy

admits a representative household–meaning that the demand and labor supply side of the
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economy can be represented as if it resulted from the behavior of a single household. We will

return to what the representative household assumption entails in Chapter 5 and see that it

is not totally innocuous. But that is for later.

What do we need to know about households in this economy? The answer is: not much.

We do not yet endow households with preferences (utility functions). Instead, for now, we

simply assume that they save a constant exogenous fraction s of their disposable income–

irrespective of what else is happening in the economy. This is the same assumption used

in basic Keynesian models and in the Harrod-Domar model mentioned above. It is also at

odds with reality. Individuals do not save a constant fraction of their incomes; for example,

if they did, then the announcement by the government that there will be a large tax increase

next year should have no effect on their saving decisions, which seems both unreasonable

and empirically incorrect. Nevertheless, the exogenous constant saving rate is a convenient

starting point and we will spend a lot of time in the rest of the book analyzing how consumers

behave and make intertemporal choices.

The other key agents in the economy are firms. Firms, like consumers, are highly het-

erogeneous in practice. Even within a narrowly-defined sector of an economy (such as sports

shoes manufacturing), no two firms are identical. But again for simplicity, we start with an

assumption similar to the representative household assumption, but now applied to firms.

We assume that all firms in this economy have access to the same production function for

the final good, or in other words, we assume that the economy admits a representative firm,

with a representative (or aggregate) production function. Moreover, we also assume that this

aggregate production function exhibits constant returns to scale (see below for a definition).

More explicitly, the aggregate production function for the unique final good is

(2.1) Y (t) = F [K (t) , L (t) , A (t)]

where Y (t) is the total amount of production of the final good at time t, K (t) is the capital

stock, L (t) is total employment, and A (t) is technology at time t. Employment can be

measured in different ways. For example, we may want to think of L (t) as corresponding to

hours of employment or number of employees. The capital stock K (t) corresponds to the

quantity of “machines” (or more explicitly, equipment and structures) used in production,

and it is typically measured in terms of the value of the machines. There are multiple ways of

thinking of capital (and equally many ways of specifying how capital comes into existence).

Since our objective here is to start out with a simple workable model, we make the rather

sharp simplifying assumption that capital is the same as the final good of the economy.

However, instead of being consumed, capital is used in the production process of more goods.

To take a concrete example, think of the final good as “corn”. Corn can be used both for
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consumption and as an input, as “seed”, for the production of more corn tomorrow. Capital

then corresponds to the amount of corn used as seeds for further production.

Technology, on the other hand, has no natural unit. This means that A (t), for us,

is a shifter of the production function (2.1). For mathematical convenience, we will often

represent A (t) in terms of a number, but it is useful to bear in mind that, at the end of

the day, it is a representation of a more abstract concept. Later we will discuss models in

which A (t) can be multidimensional, so that we can analyze economies with different types

of technologies. As noted in Chapter 1, we may often want to think of a broad notion of

technology, incorporating the effects of the organization of production and of markets on

the efficiency with which the factors of production are utilized. In the current model, A (t)

represents all these effects.

A major assumption of the Solow growth model (and of the neoclassical growth model we

will study in Chapter 8) is that technology is free; it is publicly available as a non-excludable,

non-rival good. Recall that a good is non-rival if its consumption or use by others does not

preclude my consumption or use. It is non-excludable, if it is impossible to prevent the person

from using it or from consuming it. Technology is a good candidate for a non-excludable,

non—rival good, since once the society has some knowledge useful for increasing the efficiency

of production, this knowledge can be used by any firm without impinging on the use of it

by others. Moreover, it is typically difficult to prevent firms from using this knowledge (at

least once it is in the public domain and it is not protected by patents). For example, once

the society knows how to make wheels, everybody can use that knowledge to make wheels

without diminishing the ability of others to do the same (making the knowledge to produce

wheels non-rival). Moreover, unless somebody has a well-enforced patent on wheels, anybody

can decide to produce wheels (making the know-how to produce wheels non-excludable). The

implication of the assumptions that technology is non-rival and non-excludable is that A (t) is

freely available to all potential firms in the economy and firms do not have to pay for making

use of this technology. Departing from models in which technology is freely available will be

a major step towards developing models of endogenous technological progress in Part 4 and

towards understanding why there may be significant technology differences across countries

in Part 6 below.

As an aside, you might want to note that some authors use xt or Kt when working with

discrete time and reserve the notation x (t) orK (t) for continuous time. Since we will go back

and forth between continuous time and discrete time, we use the latter notation throughout.

When there is no risk of confusion, we will drop time arguments, but whenever there is the

slightest risk of confusion, we will err on the side of caution and include the time arguments.

Now we impose some standard assumptions on the production function.
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Assumption 1. (Continuity, Differentiability, Positive and Diminishing Mar-

ginal Products, and Constant Returns to Scale) The production function F : R3+ → R+
is twice continuously differentiable in K and L, and satisfies

FK(K,L,A) ≡ ∂F (K,L,A)

∂K
> 0, FL(K,L,A) ≡ ∂F (K,L,A)

∂L
> 0,

FKK(K,L,A) ≡ ∂2F (K,L,A)

∂K2
< 0, FLL(K,L,A) ≡ ∂2F (K,L,A)

∂L2
< 0.

Moreover, F exhibits constant returns to scale in K and L.

All of the components of Assumption 1 are important. First, the notation F : R3+ → R+
implies that the production function takes nonnegative arguments (i.e., K,L ∈ R+) and maps
to nonnegative levels of output (Y ∈ R+). It is natural that the level of capital and the level
of employment should be positive. Since A has no natural units, it could have been negative.

But there is no loss of generality in restricting it to be positive. The second important

aspect of Assumption 1 is that F is a continuous function in its arguments and is also

differentiable. There are many interesting production functions which are not differentiable

and some interesting ones that are not even continuous. But working with continuously

differentiable functions makes it possible for us to use differential calculus, and the loss of

some generality is a small price to pay for this convenience. Assumption 1 also specifies that

marginal products are positive (so that the level of production increases with the amount of

inputs); this also rules out some potential production functions and can be relaxed without

much complication (see Exercise 2.6). More importantly, Assumption 1 imposes that the

marginal product of both capital and labor are diminishing, i.e., FKK < 0 and FLL < 0, so

that more capital, holding everything else constant, increases output by less and less, and the

same applies to labor. This property is sometimes also referred to as “diminishing returns”

to capital and labor. We will see below that the degree of diminishing returns to capital will

play a very important role in many of the results of the basic growth model. In fact, these

features distinguish the Solow growth model from its antecedent, the Harrod-Domar model

(see Exercise 2.16).

The other important assumption is that of constant returns to scale. Recall that F

exhibits constant returns to scale in K and L if it is linearly homogeneous (homogeneous of

degree 1) in these two variables. More specifically:

Definition 2.1. Let K be an integer. The function g : RK+2 → R is homogeneous of

degree m in x ∈ R and y ∈ R if and only if

g (λx, λy, z) = λmg (x, y, z) for all λ ∈ R+ and z ∈ RK .

It can be easily verified that linear homogeneity implies that the production function F

is concave, though not strictly so (see Exercise 2.1).
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Linearly homogeneous (constant returns to scale) production functions are particularly

useful because of the following theorem:

Theorem 2.1. (Euler’s Theorem) Suppose that g : RK+2 → R is continuously differ-
entiable in x ∈ R and y ∈ R, with partial derivatives denoted by gx and gy and is homogeneous
of degree m in x and y. Then

mg (x, y, z) = gx (x, y, z)x+ gy (x, y, z) y for all x ∈ R, y ∈ R and z ∈ RK .

Moreover, gx (x, y, z) and gy (x, y, z) are themselves homogeneous of degree m−1 in x and y.

Proof. We have that g is continuously differentiable and

(2.2) λmg (x, y, z) = g (λx, λy, z) .

Differentiate both sides of equation (2.2) with respect to λ, which gives

mλm−1g (x, y, z) = gx (λx, λy, z)x+ gy (λx, λy, z) y

for any λ. Setting λ = 1 yields the first result. To obtain the second result, differentiate both

sides of equation (2.2) with respect to x:

λgx (λx, λy, z) = λmgx (x, y, z) .

Dividing both sides by λ establishes the desired result. ¤

2.1.2. Market Structure, Endowments and Market Clearing. For most of the

book, we will assume that all factor markets are competitive. This is yet another assumption

that is not totally innocuous. Both labor markets and capital markets have imperfections

that have important implications for economic growth. But it is only by starting out with the

competitive benchmark that we can best appreciate the implications of these imperfections for

economic growth. Furthermore, until we come to models of endogenous technological change,

we will assume that product markets are also competitive, so ours will be a prototypical

competitive general equilibrium model.

As in standard competitive general equilibrium models, the next step is to specify en-

dowments, that is, what the economy starts with in terms of labor and capital and who owns

these endowments. Let us imagine that all factors of production are owned by households.

In particular, households own all of the labor, which they supply inelastically. Inelastic sup-

ply means that there is some endowment of labor in the economy, for example equal to the

population, L̄ (t), and all of this will be supplied regardless of the price (as long as it is

nonnegative). The labor market clearing condition can then be expressed as:

(2.3) L (t) = L̄ (t)

for all t, where L (t) denotes the demand for labor (and also the level of employment). More

generally, this equation should be written in complementary slackness form. In particular,
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let the wage rate (or the rental price of labor) at time t be w (t), then the labor market

clearing condition takes the form L (t) ≤ L̄ (t), w (t) ≥ 0 and
¡
L (t)− L̄ (t)

¢
w (t) = 0. The

complementary slackness formulation makes sure that labor market clearing does not happen

at a negative wage–or that if labor demand happens to be low enough, employment could be

below L̄ (t) at zero wage. However, this will not be an issue in most of the models studied in

this book (in particular, Assumption 1 and competitive labor markets make sure that wages

have to be strictly positive), thus we will use the simpler condition (2.3) throughout.

The households also own the capital stock of the economy and rent it to firms. We denote

the rental price of capital at time t be R (t). The capital market clearing condition is similar

to (2.3) and requires the demand for capital by firms to be equal to the supply of capital by

households: Ks (t) = Kd (t), where Ks (t) is the supply of capital by households and Kd (t)

is the demand by firms. Capital market clearing is straightforward to impose in the class of

models analyzed in this book by imposing that the amount of capitalK (t) used in production

at time t is consistent with household behavior and firms’ optimization.

We take households’ initial holdings of capital, K (0), as given (as part of the description

of the environment), and this will determine the initial condition of the dynamical system we

will be analyzing. For now how this initial capital stock is distributed among the households

is not important, since households optimization decisions are not modeled explicitly and the

economy is simply assumed to save a fraction s of its income. When we turn to models with

household optimization below, an important part of the description of the environment will

be to specify the preferences and the budget constraints of households.

At this point, we could also introduce P (t) as the price of the final good at time t. But

we do not need to do this, since we have a choice of a numeraire commodity in this economy,

whose price will be normalized to 1. In particular, as we will discuss in greater detail in

Chapter 5, Walras’ Law implies that we should choose the price of one of the commodities as

numeraire. In fact, throughout we will do something stronger. We will normalize the price of

the final good to 1 in all periods. Ordinarily, one cannot choose more than one numeraire–

otherwise, one would be fixing the relative price between the two numeraires. But again as

will be explained in Chapter 5, we can build on an insight by Kenneth Arrow (Arrow, 1964)

that it is sufficient to price securities (assets) that transfer one unit of consumption from one

date (or state of the world) to another. In the context of dynamic economies, this implies

that we need to keep track of an interest rate across periods, denoted by r (t), and this will

enable us to normalize the price of the final good to 1 in every period (and naturally, we

will keep track of the wage rate w (t), which will determine the intertemporal price of labor

relative to final goods at any date t).
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This discussion should already alert you to a central fact: you should think of all of the

models we discuss in this book as general equilibrium economies, where different commodi-

ties correspond to the same good at different dates. Recall from basic general equilibrium

theory that the same good at different dates (or in different states or localities) is a different

commodity. Therefore, in almost all of the models that we will study in this book, there will

be an infinite number of commodities, since time runs to infinity. This raises a number of

special issues, which we will discuss as we go along.

Now returning to our treatment of the basic model, the next assumption is that capital

depreciates, meaning that machines that are used in production lose some of their value

because of wear and tear. In terms of our corn example above, some of the corn that is used

as seeds is no longer available for consumption or for use as seeds in the following period.

We assume that this depreciation takes an “exponential form,” which is mathematically very

tractable. This means that capital depreciates (exponentially) at the rate δ, so that out of

1 unit of capital this period, only 1− δ is left for next period. As noted above, depreciation

here stands for the wear and tear of the machinery, but it can also represent the replacement

of old machines by new machines in more realistic models (see Chapter 14). For now it is

treated as a black box, and it is another one of the black boxes that will be opened later in

the book.

The loss of part of the capital stock affects the interest rate (rate of return to savings)

faced by the household. Given the assumption of exponential depreciation at the rate δ and

the normalization of the price of the final goods to 1, this implies that the interest rate faced

by the household will be r (t) = R (t)− δ. Recall that a unit of final good can be consumed

now or used as capital and rented to firms. In the latter case, the household will receive R (t)

units of good in the next period as the rental price, but will lose δ units of the capital, since

δ fraction of capital depreciates over time. This implies that the individual has given up one

unit of commodity dated t−1 for r (t) units of commodity dated t. The relationship between
r (t) and R (t) explains the similarity between the symbols for the interest rate and the rental

rate of capital. The interest rate faced by households will play a central role when we model

the dynamic optimization decisions of households. In the Solow model, this interest rate does

not directly affect the allocation of resources.

2.1.3. Firm Optimization. We are now in a position to look at the optimization prob-

lem of firms. Throughout the book we assume that the only objective of firms is to maximize

profits. Since we have assumed the existence of an aggregate production function, we only

need to consider the problem of a representative firm. Throughout, unless otherwise stated,

we assume that capital markets are functioning, so firms can rent capital in spot markets.

This implies that the maximization problem of the (representative) firm can be written as a
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static program

(2.4) max
L(t)≥0,K(t)≥0

F [K(t), L(t), A(t)]− w (t)L (t)−R (t)K (t) .

When there are irreversible investments or costs of adjustments, as discussed in Section 7.8

in Chapter 7, we would need to consider the dynamic optimization problems of firms. But in

the absence of these features, the production side can be represented as a static maximization

problem.

A couple of additional feature are worth noting:

(1) The maximization problem is set up in terms of aggregate variables. This is without

loss of any generality given the representative firm.

(2) There is nothing multiplying the F term, since the price of the final good has been

normalized to 1. Thus the first term in (2.4) is the revenues of the representative

firm (or the revenues of all of the firms in the economy).

(3) This way of writing the problem already imposes competitive factor markets, since

the firm is taking as given the rental prices of labor and capital, w (t) and R (t)

(which are in terms of the numeraire, the final good).

(4) This is a concave problem, since F is concave (see Exercise 2.1).

Since F is differentiable from Assumption 1, the first-order necessary conditions of the

maximization problem (2.4) imply the important and well-known result that the competitive

rental rates are equal to marginal products:

(2.5) w (t) = FL[K(t), L(t), A(t)],

and

(2.6) R (t) = FK [K(t), L(t), A(t)].

Note also that in (2.5) and (2.6), we used the symbols K (t) and L (t). These represent the

amount of capital and labor used by firms. In fact, solving for K (t) and L (t), we can derive

the capital and labor demands of firms in this economy at rental prices R (t) and w (t)–thus

we could have used Kd (t) instead of K (t), but this additional notation is not necessary.

This is where Euler’s Theorem, Theorem 2.1, becomes useful. Combined with competitive

factor markets, this theorem implies:

Proposition 2.1. Suppose Assumption 1 holds. Then in the equilibrium of the Solow

growth model, firms make no profits, and in particular,

Y (t) = w (t)L (t) +R (t)K (t) .

Proof. This follows immediately from Theorem 2.1 for the case of m = 1, i.e., constant

returns to scale. ¤
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F(K, L, A)

K
0

K
0

Panel A Panel B

F(K, L, A)

Figure 2.1. Production functions and the marginal product of capital. The
example in Panel A satisfies the Inada conditions in Assumption 2, while the
example in Panel B does not.

This result is both important and convenient; it implies that firms make no profits, so

in contrast to the basic general equilibrium theory with strictly convex production sets, the

ownership of firms does not need to be specified. All we need to know is that firms are

profit-maximizing entities.

In addition to these standard assumptions on the production function, in macroeconomics

and growth theory we often impose the following additional boundary conditions, referred to

as Inada conditions.

Assumption 2. (Inada conditions) F satisfies the Inada conditions

lim
K→0

FK (K,L,A) = ∞ and lim
K→∞

FK (K,L,A) = 0 for all L > 0 and all A

lim
L→0

FL (K,L,A) = ∞ and lim
L→∞

FL (K,L,A) = 0 for all K > 0 and all A.

The role of these conditions–especially in ensuring the existence of interior equilibria–

will become clear in a little. They imply that the “first units” of capital and labor are highly

productive and that when capital or labor are sufficiently abundant, their marginal products

are close to zero. Figure 2.1 draws the production function F (K,L,A) as a function of K,

for given L and A, in two different cases; in Panel A, the Inada conditions are satisfied, while

in Panel B, they are not.

We will refer to Assumptions 1 and 2 throughout much of the book.

2.2. The Solow Model in Discrete Time

We now start with the analysis of the dynamics of economic growth in the discrete time

Solow model.
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2.2.1. Fundamental Law of Motion of the SolowModel. Recall thatK depreciates

exponentially at the rate δ, so that the law of motion of the capital stock is given by

(2.7) K (t+ 1) = (1− δ)K (t) + I (t) ,

where I (t) is investment at time t.

From national income accounting for a closed economy, we have that the total amount of

final goods in the economy must be either consumed or invested, thus

(2.8) Y (t) = C (t) + I (t) ,

where C (t) is consumption.1 Using (2.1), (2.7) and (2.8), any feasible dynamic allocation in

this economy must satisfy

K (t+ 1) ≤ F [K (t) , L (t) , A (t)] + (1− δ)K (t)− C (t)

for t = 0, 1, .... The question now is to determine the equilibrium dynamic allocation among

the set of feasible dynamic allocations. Here the behavioral rule of the constant saving rate

simplifies the structure of equilibrium considerably. It is important to notice that the constant

saving rate is a behavioral rule–it is not derived from the maximization of a well-defined

utility function. This means that any welfare comparisons based on the Solow model have to

be taken with a grain of salt, since we do not know what the preferences of the individuals

are.

Since the economy is closed (and there is no government spending), aggregate investment

is equal to savings,

S (t) = I (t) = Y (t)− C (t) .

Individuals are assumed to save a constant fraction s of their income,

(2.9) S (t) = sY (t) ,

while they consume the remaining 1− s fraction of their income:

(2.10) C (t) = (1− s)Y (t)

In terms of capital market clearing, this implies that the supply of capital resulting from

households’ behavior can be expressed as Ks (t) = (1−δ)K (t)+S (t) = (1−δ)K (t)+sY (t).

Setting supply and demand equal to each other, this implies Ks (t) = K (t). Moreover, from

(2.3), we have L (t) = L̄ (t). Combining these market clearing conditions with (2.1) and (2.7),

we obtain the fundamental law of motion the Solow growth model:

(2.11) K (t+ 1) = sF [K (t) , L (t) , A (t)] + (1− δ)K (t) .

This is a nonlinear difference equation. The equilibrium of the Solow growth model is de-

scribed by this equation together with laws of motion for L (t) (or L̄ (t)) and A (t).

1In addition, we can introduce government spending G (t) on the right-hand side of (2.8). Government
spending does not play a major role in the Solow growth model, thus we set it equal to 0 (see Exercise 2.5).
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2.2.2. Definition of Equilibrium. The Solow model is a mixture of an old-style Key-

nesian model and a modern dynamic macroeconomic model. Households do not optimize

when it comes to their savings/consumption decisions. Instead, their behavior is captured

by a behavioral rule. Nevertheless, firms still maximize and factor markets clear. Thus it is

useful to start defining equilibria in the way that is customary in modern dynamic macro

models. Since L (t) = L̄ (t) from (2.3), throughout we write the exogenous evolution of labor

endowments in terms of L (t) to simplify notation.

Definition 2.2. In the basic Solow model for a given sequence of {L (t) , A (t)}∞t=0 and
an initial capital stock K (0), an equilibrium path is a sequence of capital stocks, output levels,

consumption levels, wages and rental rates {K (t) , Y (t) , C (t) , w (t) , R (t)}∞t=0 such that K (t)

satisfies (2.11), Y (t) is given by (2.1), C (t) is given by (2.10), and w (t) and R (t) are given

by (2.5) and (2.6).

The most important point to note about Definition 2.2 is that an equilibrium is defined

as an entire path of allocations and prices. An economic equilibrium does not refer to a static

object; it specifies the entire path of behavior of the economy.

2.2.3. Equilibrium Without Population Growth and Technological Progress.

We can make more progress towards characterizing the equilibria by exploiting the constant

returns to scale nature of the production function. To do this, let us make some further

assumptions, which will be relaxed later in this chapter:

(1) There is no population growth; total population is constant at some level L > 0.

Moreover, since individuals supply labor inelastically, this implies L (t) = L.

(2) There is no technological progress, so that A (t) = A.

Let us define the capital-labor ratio of the economy as

(2.12) k (t) ≡ K (t)

L
,

which is a key object for the analysis. Now using the constant returns to scale assumption,

we can express output (income) per capita, y (t) ≡ Y (t) /L, as

y (t) = F

∙
K (t)

L
, 1, A

¸
≡ f (k (t)) .(2.13)

In other words, with constant returns to scale output per capita is simply a function of the

capital-labor ratio. Note that f (k) here depends on A, so I could have written f (k,A); I do

not do this to simplify the notation and also because until 2.6, there will be no technological
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progress thus A is constant and can be normalized to A = 1.2 From Theorem 2.1, we can

also express the marginal products of capital and labor (and thus their rental prices) as

R (t) = f 0 (k (t)) > 0 and

w (t) = f (k (t))− k (t) f 0 (k (t)) > 0.(2.14)

The fact that both of these factor prices are positive follows from Assumption 1, which

imposed that the first derivatives of F with respect to capital and labor are always positive.

Example 2.1. (The Cobb-Douglas Production Function) Let us consider the most

common example of production function used in macroeconomics, the Cobb-Douglas produc-

tion function–and already add the caveat that even though the Cobb-Douglas production

function is convenient and widely used, it is a very special production function and many

interesting phenomena are ruled out by this production function as we will discuss later in

this book. The Cobb-Douglas production function can be written as

Y (t) = F [K (t) , L (t) , A (t)]

= AK (t)α L (t)1−α , 0 < α < 1.(2.15)

It can easily be verified that this production function satisfies Assumptions 1 and 2, including

the constant returns to scale feature imposed in Assumption 1. Dividing both sides by L (t),

we have the representation of the production function in per capita terms as in (2.13):

y (t) = Ak (t)α ,

with y (t) as output per worker and k (t) capital-labor ratio as defined in (2.12). The repre-

sentation of factor prices as in (2.14) can also be verified. From the per capita production

function representation, in particular equation (2.14), the rental price of capital can be ex-

pressed as

R (t) =
∂Ak (t)α

∂k (t)
,

= αAk (t)−(1−α) .

Alternatively, in terms of the original production function (2.15), the rental price of capital

in (2.6) is given by

R (t) = αAK (t)α−1 L (t)1−α

= αAk (t)−(1−α) ,

2Later, when the focus on specific (labor-augmenting) technological change, the A can also be taken out
and the per capita production function can be written as y = Af (k), with a slightly different definition of k
as effective capital-labor ratio (see, for example, equation 2.45 in Section 2.6.
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which is equal to the previous expression and thus verifies the form of the marginal product

given in equation (2.14). Similarly, from (2.14),

w (t) = Ak (t)α − αAk (t)−(1−α) × k (t)

= (1− α)AK (t)α L (t)−α ,

which verifies the alternative expression for the wage rate in (2.5).

Returning to the analysis with the general production function, the per capita represen-

tation of the aggregate production function enables us to divide both sides of (2.11) by L to

obtain the following simple difference equation for the evolution of the capital-labor ratio:

(2.16) k (t+ 1) = sf (k (t)) + (1− δ) k (t) .

Since this difference equation is derived from (2.11), it also can be referred to as the equilib-

rium difference equation of the Solow model, in that it describes the equilibrium behavior of

the key object of the model, the capital-labor ratio. The other equilibrium quantities can be

obtained from the capital-labor ratio k (t).

At this point, we can also define a steady-state equilibrium for this model.

Definition 2.3. A steady-state equilibrium without technological progress and population

growth is an equilibrium path in which k (t) = k∗ for all t.

In a steady-state equilibrium the capital-labor ratio remains constant. Since there is no

population growth, this implies that the level of the capital stock will also remain constant.

Mathematically, a “steady-state equilibrium” corresponds to a “stationary point” of the equi-

librium difference equation (2.16). Most of the models we will analyze in this book will admit

a steady-state equilibrium, and typically the economy will tend to this steady state equilib-

rium over time (but often never reach it in finite time). This is also the case for this simple

model.

This can be seen by plotting the difference equation that governs the equilibrium behavior

of this economy, (2.16), which is done in Figure 2.2. The thick curve represents (2.16) and the

dashed line corresponds to the 45◦ line. Their (positive) intersection gives the steady-state

value of the capital-labor ratio k∗, which satisfies

(2.17)
f (k∗)

k∗
=

δ

s
.

Notice that in Figure 2.2 there is another intersection between (2.16) and the 450 line at

k = 0. This is because the figure assumes that f (0) = 0, thus there is no production without

capital, and if there is no production, there is no savings, and the system remains at k = 0,

making k = 0 a steady-state equilibrium. We will ignore this intersection throughout. This

is for a number of reasons. First, k = 0 is a steady-state equilibrium only when f (0) = 0,
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k(t+1)

k(t)

45°

sf(k(t))+(1–δ)k(t)
k*

k*0

Figure 2.2. Determination of the steady-state capital-labor ratio in the
Solow model without population growth and technological change.

which corresponds to the case where capital is an essential factor, meaning that if K (t) = 0,

then output is equal to zero irrespective of the amount of labor and the level of technology.

However, if capital is not essential, f (0) will be positive and k = 0 will cease to be a steady

state equilibrium (a stationary point of the difference equation (2.16)). This is illustrated in

Figure 2.3, which draws (2.16) for the case where f (0) = ε for any ε > 0. Second, as we

will see below, this intersection, even when it exists, is an unstable point, thus the economy

would never travel towards this point starting with K (0) > 0. Third, Hakenes and Irmen

(2006) show that even with f (0) = 0, the Inada conditions imply that in the continuous time

version of the Solow model k = 0 may not be a steady-state equilibrium. Finally and most

importantly, this intersection has no economic interest for us.

An alternative visual representation of the steady state is to view it as the intersection

between a ray through the origin with slope δ (representing the function δk) and the function

sf (k). Figure 2.4 shows this picture, which is also useful for two other purposes. First, it

depicts the levels of consumption and investment in a single figure. The vertical distance

between the horizontal axis and the δk line at the steady-state equilibrium gives the amount

of investment per capita (equal to δk∗), while the vertical distance between the function

f (k) and the δk line at k∗ gives the level of consumption per capita. Clearly, the sum of
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k(t+1)

k(t)

45°

k*

k*

ε

sf(k(t))+(1−δ)k(t)

0

Figure 2.3. Unique steady state in the basic Solow model when f (0) = ε > 0.

these two terms make up f (k∗). Second, Figure 2.4 also emphasizes that the steady-state

equilibrium in the Solow model essentially sets investment, sf (k), equal to the amount of

capital that needs to be “replenished”, δk. This interpretation will be particularly useful

when we incorporate population growth and technological change below.

This analysis therefore leads to the following proposition (with the convention that the

intersection at k = 0 is being ignored even when f (0) = 0):

Proposition 2.2. Consider the basic Solow growth model and suppose that Assumptions

1 and 2 hold. Then there exists a unique steady state equilibrium where the capital-labor ratio

k∗ ∈ (0,∞) is given by (2.17), per capita output is given by

(2.18) y∗ = f (k∗)

and per capita consumption is given by

(2.19) c∗ = (1− s) f (k∗) .

Proof. The preceding argument establishes that any k∗ that satisfies (2.17) is a steady

state. To establish existence, note that from Assumption 2 (and from L’Hospital’s rule,

see Theorem A.19 in Appendix Chapter A), limk→0 f (k) /k = ∞ and limk→∞ f (k) /k = 0.

Moreover, f (k) /k is continuous from Assumption 1, so by the Intermediate Value Theorem
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sf(k(t))

consumption

investment

0

Figure 2.4. Investment and consumption in the steady-state equilibrium.

(see Theorem A.3 in Appendix Chapter A) there exists k∗ such that (2.17) is satisfied. To

see uniqueness, differentiate f (k) /k with respect to k, which gives

(2.20)
∂ [f (k) /k]

∂k
=

f 0 (k) k − f (k)

k2
= − w

k2
< 0,

where the last equality uses (2.14). Since f (k) /k is everywhere (strictly) decreasing, there

can only exist a unique value k∗ that satisfies (2.17).

Equations (2.18) and (2.19) then follow by definition. ¤

Figure 2.5 shows through a series of examples why Assumptions 1 and 2 cannot be

dispensed with for the existence and uniqueness results in Proposition 2.2. In the first two

panels, the failure of Assumption 2 leads to a situation in which there is no steady state

equilibrium with positive activity, while in the third panel, the failure of Assumption 1 leads

to non-uniqueness of steady states.

So far the model is very parsimonious: it does not have many parameters and abstracts

from many features of the real world in order to focus on the question of interest. Recall

that an understanding of how cross-country differences in certain parameters translate into

differences in growth rates or output levels is essential for our focus. This will be done in

the next proposition. But before doing so, let us generalize the production function in one
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Figure 2.5. Examples of nonexistence and nonuniqueness of interior steady
states when Assumptions 1 and 2 are not satisfied.

simple way, and assume that

f (k) = af̃ (k) ,

where a > 0, so that a is a shift parameter, with greater values corresponding to greater

productivity of factors. This type of productivity is referred to as “Hicks-neutral” as we will

see below, but for now it is just a convenient way of looking at the impact of productivity

differences across countries. Since f (k) satisfies the regularity conditions imposed above, so

does f̃ (k).

Proposition 2.3. Suppose Assumptions 1 and 2 hold and f (k) = af̃ (k). Denote the

steady-state level of the capital-labor ratio by k∗ (a, s, δ) and the steady-state level of output

by y∗ (a, s, δ) when the underlying parameters are a, s and δ. Then we have

∂k∗ (a, s, δ)

∂a
> 0,

∂k∗ (a, s, δ)

∂s
> 0 and

∂k∗ (a, s, δ)

∂δ
< 0

∂y∗ (a, s, δ)

∂a
> 0,

∂y∗ (a, s, δ)

∂s
> 0 and

∂y∗ (a, s, δ)

∂δ
< 0.

Proof. The proof follows immediately by writing

f̃ (k∗)

k∗
=

δ

as
,

which holds for an open set of values of k∗. Now apply the implicit function theorem to

obtain the results. For example,
∂k∗

∂s
=

δ (k∗)2

as2w∗
> 0

where w∗ = f (k∗)− k∗f 0 (k∗) > 0. The other results follow similarly. ¤

Therefore, countries with higher saving rates and better technologies will have higher

capital-labor ratios and will be richer. Those with greater (technological) depreciation, will

tend to have lower capital-labor ratios and will be poorer. All of the results in Proposition
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2.3 are intuitive, and start giving us a sense of some of the potential determinants of the

capital-labor ratios and output levels across countries.

The same comparative statics with respect to a and δ immediately apply to c∗ as well.

However, it is straightforward to see that c∗ will not be monotone in the saving rate (think, for

example, of the extreme case where s = 1), and in fact, there will exist a specific level of the

saving rate, sgold, referred to as the “golden rule” saving rate, which maximizes the steady-

state level of consumption. Since we are treating the saving rate as an exogenous parameter

and have not specified the objective function of households yet, we cannot say whether the

golden rule saving rate is “better” than some other saving rate. It is nevertheless interesting

to characterize what this golden rule saving rate corresponds to.

To do this, let us first write the steady state relationship between c∗ and s and suppress

the other parameters:

c∗ (s) = (1− s) f (k∗ (s)) ,

= f (k∗ (s))− δk∗ (s) ,

where the second equality exploits the fact that in steady state sf (k) = δk. Now differ-

entiating this second line with respect to s (again using the implicit function theorem), we

have

(2.21)
∂c∗ (s)

∂s
=
£
f 0 (k∗ (s))− δ

¤ ∂k∗
∂s

.

We define the golden rule saving rate sgold to be such that ∂c∗ (sgold) /∂s = 0. The corre-

sponding steady-state golden rule capital stock is defined as k∗gold. These quantities and the

relationship between consumption and the saving rate are plotted in Figure 2.6.

The next proposition shows that sgold and k∗gold are uniquely defined and the latter satisfies

(2.22).

Proposition 2.4. In the basic Solow growth model, the highest level of steady-state con-

sumption is reached for sgold, with the corresponding steady state capital level k∗gold such that

(2.22) f 0
¡
k∗gold

¢
= δ.

Proof. By definition ∂c∗ (sgold) /∂s = 0. From Proposition 2.3, ∂k∗/∂s > 0, thus (2.21)

can be equal to zero only when f 0 (k∗ (sgold)) = δ. Moreover, when f 0 (k∗ (sgold)) = δ, it

can be verified that ∂2c∗ (sgold) /∂s2 < 0, so f 0 (k∗ (sgold)) = δ indeed corresponds a local

maximum. That f 0 (k∗ (sgold)) = δ also yields the global maximum is a consequence of

the following observations: ∀ s ∈ [0, 1] we have ∂k∗/∂s > 0 and moreover, when s < sgold,

f 0 (k∗ (s))−δ > 0 by the concavity of f , so ∂c∗ (s) /∂s > 0 for all s < sgold, and by the converse

argument, ∂c∗ (s) /∂s < 0 for all s > sgold. Therefore, only sgold satisfies f 0 (k∗ (s)) = δ and

gives the unique global maximum of consumption per capita. ¤
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consumption

savings rate

(1–s)f(k*gold)

s*gold 10

Figure 2.6. The “golden rule” level of savings rate, which maximizes steady-
state consumption.

In other words, there exists a unique saving rate, sgold, and also unique corresponding

capital-labor ratio, k∗gold, which maximize the level of steady-state consumption. When the

economy is below k∗gold, the higher saving rate will increase consumption, whereas when the

economy is above k∗gold, steady-state consumption can be increased by saving less. In the

latter case, lower savings translate into higher consumption because the capital-labor ratio

of the economy is too high so that individuals are investing too much and not consuming

enough. This is the essence of what is referred to as dynamic inefficiency, which we will

encounter in greater detail in models of overlapping generations in Chapter 9. However,

recall that there is no explicit utility function here, so statements about “inefficiency” have

to be considered with caution. In fact, the reason why such dynamic inefficiency will not arise

once we endogenize consumption-saving decisions of individuals will be apparent to many of

you already.

2.3. Transitional Dynamics in the Discrete Time Solow Model

Proposition 2.2 establishes the existence of a unique steady-state equilibrium (with posi-

tive activity). Recall, however, that an equilibrium path does not refer simply to the steady

state, but to the entire path of capital stock, output, consumption and factor prices. This
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is an important point to bear in mind, especially since the term “equilibrium” is used differ-

ently in economics than in physical sciences. Typically, in engineering and physical sciences,

an equilibrium refers to a point of rest of a dynamical system, thus to what we have so far

referred to as the steady state equilibrium. One may then be tempted to say that the system

is in “disequilibrium” when it is away from the steady state. However, in economics, the non-

steady-state behavior of an economy is also governed by optimizing behavior of households

and firms and market clearing. Most economies spend much of their time in non-steady-state

situations. Thus we are typically interested in the entire dynamic equilibrium path of the

economy, not just its steady state.

To determine what the equilibrium path of our simple economy looks like we need to

study the “transitional dynamics” of the equilibrium difference equation (2.16) starting from

an arbitrary capital-labor ratio, k (0) > 0. Of special interest is the answer to the question

of whether the economy will tend to this steady state starting from an arbitrary capital-

labor ratio, and how it will behave along the transition path. It is important to consider

an arbitrary capital-labor ratio, since, as noted above, the total amount of capital at the

beginning of the economy, K (0), is taken as a state variable, while for now, the supply of

labor L is fixed. Therefore, at time t = 0, the economy starts with k (0) = K (0) /L as its

initial value and then follows the law of motion given by the difference equation (2.16). Thus

the question is whether the difference equation (2.16) will take us to the unique steady state

starting from an arbitrary initial capital-labor ratio.

Before doing this, recall some definitions and key results from the theory of dynamical

systems. Consider the nonlinear system of autonomous difference equations,

(2.23) x (t+ 1) =G (x (t)) ,

where x (t) ∈ Rn and G : Rn → Rn. Let x∗ be a fixed point of the mapping G (·), i.e.,

x∗ =G (x∗) .

Such a x∗ is sometimes referred to as “an equilibrium point” of the difference equation (2.23).

Since in economics, equilibrium has a different meaning, we will refer to x∗ as a stationary

point or a steady state of (2.23). We will often make use of the stability properties of the

steady states of systems of difference equations. The relevant notion of stability is introduced

in the next definition.

Definition 2.4. A steady state x∗ is (locally) asymptotically stable if there exists an

open set B (x∗) 3 x∗ such that for any solution {x (t)}∞t=0 to (2.23) with x (0) ∈ B (x∗), we

have x (t)→ x∗. Moreover, x∗ is globally asymptotically stable if for all x (0) ∈ Rn, for any

solution {x (t)}∞t=0, we have x (t)→ x∗.
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The next theorem provides the main results on the stability properties of systems of linear

difference equations. The Chapter B in the Appendix contains an overview of eigenvalues

and some other properties of differential equations, which are also relevant for difference

equations. Definitions and certain elementary results the matrix of partial derivatives (the

Jacobian), which we will use below, are provided in Appendix Chapter A. The following

theorems are special cases of the results presented in Appendix Chapter B.

Theorem 2.2. Consider the following linear difference equation system

(2.24) x (t+ 1) = Ax (t) + b

with initial value x (0), where x (t) ∈ Rn for all t, A is an n × n matrix and b is a n × 1
column vector. Let x∗ be the steady state of the difference equation given by Ax∗ + b = x∗.

Suppose that all of the eigenvalues of A are strictly inside the unit circle in the complex

plane. Then the steady state of the difference equation (2.24), x∗, is globally asymptotically

stable, in the sense that starting from any x (0) ∈ Rn, the unique solution {x (t)}∞t=0 satisfies
x (t)→ x∗.

Next let us return to the nonlinear autonomous system (2.23). Unfortunately, much less

can be said about nonlinear systems, but the following is a standard local stability result (see

Appendix Chapter B).

Theorem 2.3. Consider the following nonlinear autonomous system

(2.25) x (t+ 1) =G [x (t)]

with initial value x (0), where G :Rn → Rn. Let x∗ be a steady state of this system, i.e.,

G (x∗) = x∗, and suppose that G is continuously differentiable at x∗. Define

A ≡DG (x∗) ,

where DG denotes the matrix of partial derivatives (Jacobian) of G. Suppose that all of the

eigenvalues of A are strictly inside the unit circle. Then the steady state of the difference

equation (2.25) x∗ is locally asymptotically stable, in the sense that there exists an open

neighborhood of x∗, B (x∗) ⊂ Rn such that starting from any x (0) ∈ B (x∗), we have x (t)→
x∗.

An immediate corollary of Theorem 2.3 the following useful result:

Corollary 2.1. Let x (t) , a, b ∈ R, then the unique steady state of the linear difference
equation x (t+ 1) = ax (t)+ b is globally asymptotically stable (in the sense that x (t)→ x∗ =

b/ (1− a)) if |a| < 1.
Let g : R→ R be a continuous function, differentiable at the steady state x∗, defined by

g (x∗) = x∗. Then, the steady state of the nonlinear difference equation x (t+ 1) = g (x (t)),
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x∗, is locally asymptotically stable if |g0 (x∗)| < 1. Moreover, if |g0 (x)| < 1 for all x ∈ R, then
x∗ is globally asymptotically stable.

Proof. The first part follows immediately from Theorem 2.2. The local stability of g in

the second part follows from Theorem 2.3. Global stability follows since

|x(t+ 1)− x∗| = |g(x(t))− g(x∗)|

=

¯̄̄̄
¯
Z x(t)

x∗
g0(x)dx

¯̄̄̄
¯

< |x(t)− x∗|,

where the last inequality follows from the hypothesis that |g0 (x)| < 1 for all x ∈ R. ¤

We can now apply Corollary 2.1 to the equilibrium difference equation of the Solow model,

(2.16):

Proposition 2.5. Suppose that Assumptions 1 and 2 hold, then the steady-state equilib-

rium of the Solow growth model described by the difference equation (2.16) is globally asymp-

totically stable, and starting from any k (0) > 0, k (t) monotonically converges to k∗.

Proof. Let g (k) ≡ sf (k) + (1− δ) k. First observe that g0 (k) exists and is always

strictly positive, i.e., g0 (k) > 0 for all k. Next, from (2.16), we have

(2.26) k (t+ 1) = g (k (t)) ,

with a unique steady state at k∗. From (2.17), the steady-state capital k∗ satisfies δk∗ =

sf (k∗), or

(2.27) k∗ = g (k∗) .

Now recall that f (·) is concave and differentiable from Assumption 1 and satisfies f (0) ≥ 0
from Assumption 2. For any strictly concave differentiable function, we have

(2.28) f (k) > f (0) + kf 0 (k) ≥ kf 0 (k) ,

where the second inequality uses the fact that f (0) ≥ 0. Since (2.28) implies that δ =

sf (k∗) /k∗ > sf 0 (k∗), we have g0 (k∗) = sf 0 (k∗) + 1− δ < 1. Therefore,

g0 (k∗) ∈ (0, 1) .

Corollary 2.1 then establishes local asymptotic stability.

To prove global stability, note that for all k (t) ∈ (0, k∗),

k (t+ 1)− k∗ = g (k (t))− g (k∗)

= −
Z k∗

k(t)
g0 (k) dk,

< 0
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where the first line follows by subtracting (2.27) from (2.26), the second line uses the funda-

mental theorem of calculus, and the third line follows from the observation that g0 (k) > 0

for all k. Next, (2.16) also implies

k (t+ 1)− k (t)

k (t)
= s

f (k (t))

k (t)
− δ

> s
f (k∗)

k∗
− δ

= 0,

where the second line uses the fact that f (k) /k is decreasing in k (from (2.28) above) and

the last line uses the definition of k∗. These two arguments together establish that for all

k (t) ∈ (0, k∗), k (t+ 1) ∈ (k (t) , k∗). An identical argument implies that for all k (t) > k∗,

k (t+ 1) ∈ (k∗, k (t)). Therefore, {k (t)}∞t=0 monotonically converges to k∗ and is globally

stable. ¤

This stability result can be seen diagrammatically in Figure 2.7. Starting from initial

capital stock k (0), which is below the steady-state level k∗, the economy grows towards k∗

and the economy experiences capital deepening–meaning that the capital-labor ratio will

increase. Together with capital deepening comes growth of per capita income. If, instead,

the economy were to start with k0 (0) > k∗, it would reach the steady state by decumulating

capital and contracting (i.e., negative growth).

The following proposition is an immediate corollary of Proposition 2.5:

Proposition 2.6. Suppose that Assumptions 1 and 2 hold, and k (0) < k∗, then

{w (t)}∞t=0 is an increasing sequence and {R (t)}
∞
t=0 is a decreasing sequence. If k (0) > k∗,

the opposite results apply.

Proof. See Exercise 2.7. ¤

Recall that when the economy starts with too little capital relative to its labor supply,

the capital-labor ratio will increase. This implies that the marginal product of capital will

fall due to diminishing returns to capital, and the wage rate will increase. Conversely, if it

starts with too much capital, it will decumulate capital, and in the process the wage rate will

decline and the rate of return to capital will increase.

The analysis has established that the Solow growth model has a number of nice proper-

ties; unique steady state, asymptotic stability, and finally, simple and intuitive comparative

statics. Yet, so far, it has no growth. The steady state is the point at which there is no

growth in the capital-labor ratio, no more capital deepening and no growth in output per

capita. Consequently, the basic Solow model (without technological progress) can only gen-

erate economic growth along the transition path when the economy starts with k (0) < k∗.

This growth is not sustained, however: it slows down over time and eventually comes to
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Figure 2.7. Transitional dynamics in the basic Solow model.

an end. We will see in Section 2.6 that the Solow model can incorporate economic growth

by allowing exogenous technological change. Before doing this, it is useful to look at the

relationship between the discrete-time and continuous-time formulations.

2.4. The Solow Model in Continuous Time

2.4.1. From Difference to Differential Equations. Recall that the time periods

could refer to days, weeks, months or years. In some sense, the time unit is not important.

This suggests that perhaps it may be more convenient to look at dynamics by making the

time unit as small as possible, i.e., by going to continuous time. While much of modern

macroeconomics (outside of growth theory) uses discrete time models, many growth models

are formulated in continuous time. The continuous time setup in general has a number of

advantages, since some pathological results of discrete time disappear in continuous time (see

Exercise 2.14). Moreover, continuous time models have more flexibility in the analysis of

dynamics and allow explicit-form solutions in a wider set of circumstances. These consider-

ations motivate a detailed study of both the discrete-time and the continuous-time versions

of the basic models.

Let us start with a simple difference equation

(2.29) x (t+ 1)− x (t) = g (x (t)) .
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This equation states that between time t and t + 1, the absolute growth in x is given by

g (x (t)). Let us now consider the following approximation

x (t+∆t)− x (t) ' ∆t · g (x (t)) ,

for any ∆t ∈ [0, 1]. When ∆t = 0, this equation is just an identity. When ∆t = 1, it gives
(2.29). In-between it is a linear approximation, which should not be too bad if the distance

between t and t + 1 is not very large, so that g (x) ' g (x (t)) for all x ∈ [x (t) , x (t+ 1)]
(however, you should also convince yourself that this approximation could in fact be quite

bad if you take a very nonlinear function g, for which the behavior changes significantly

between x (t) and x (t+ 1)). Now divide both sides of this equation by ∆t, and take limits

to obtain

(2.30) lim
∆t→0

x (t+∆t)− x (t)

∆t
= ẋ (t) ' g (x (t)) ,

where throughout the book we use the “dot” notation

ẋ (t) ≡ ∂x (t)

∂t

to denote time derivatives. Equation (2.30) is a differential equation representing the same

dynamics as the difference equation (2.29) for the case in which the distance between t and

t+ 1 is “small”.

2.4.2. The Fundamental Equation of the Solow Model in Continuous Time.

We can now repeat all of the analysis so far using the continuous time representation. Nothing

has changed on the production side, so we continue to have (2.5) and (2.6) as the factor prices,

but now these refer to instantaneous rental rates (i.e., w (t) is the flow of wages that the worker

receives for an instant etc.).

Savings are again given by

S (t) = sY (t) ,

while consumption is given by (2.10) above.

Let us now introduce population growth into this model for the first time, and assume

that the labor force L (t) grows proportionally, i.e.,

(2.31) L (t) = exp (nt)L (0) .

The purpose of doing so is that in many of the classical analyses of economic growth, pop-

ulation growth plays an important role, so it is useful to see how it affects things here. We

are not introducing technological progress yet, which will be done in the next section.

Recall that

k (t) ≡ K (t)

L (t)
,
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which implies that

k̇ (t)

k (t)
=

K̇ (t)

K (t)
− L̇ (t)

L (t)
,

=
K̇ (t)

K (t)
− n.

From the limiting argument leading to equation (2.30) in the previous subsection, the law of

motion of the capital stock is given by

K̇ (t) = sF [K (t) , L (t) , A(t)]− δK (t) .

Now using the definition of k (t) as the capital-labor ratio and the constant returns to scale

properties of the production function, we obtain the fundamental law of motion of the Solow

model in continuous time for the capital-labor ratio as

(2.32)
k̇ (t)

k (t)
= s

f (k (t))

k (t)
− (n+ δ) ,

where, following usual practice, we wrote the proportional change in the capital-labor ratio

on the left-hand side by dividing both sides by k (t).3

Definition 2.5. In the basic Solow model in continuous time with population growth at

the rate n, no technological progress and an initial capital stock K (0), an equilibrium path is

a sequence of capital stocks, labor, output levels, consumption levels, wages and rental rates

[K (t) , L (t) , Y (t) , C (t) , w (t) , R (t)]∞t=0 such that L (t) satisfies (2.31), k (t) ≡ K (t) /L (t)

satisfies (2.32), Y (t) is given by (2.1), C (t) is given by (2.10), and w (t) and R (t) are given

by (2.5) and (2.6).

As before, a steady-state equilibrium involves k (t) remaining constant at some level k∗.

It is easy to verify that the equilibrium differential equation (2.32) has a unique

steady state at k∗, which is given by a slight modification of (2.17) above to incorporate

population growth:

(2.33)
f (k∗)

k∗
=

n+ δ

s
.

In other words, going from discrete to continuous time has not changed any of the basic

economic features of the model, and again the steady state can be plotted in diagram similar

to the one used above (now with the population growth rate featuring in there as well). This

is done in Figure 2.8, which also highlights that the logic of the steady state is the same with

population growth as it was without population growth. The amount of investment, sf (k),

is used to replenish the capital-labor ratio, but now there are two reasons for replenishments.

3Throughout I adopt the notation [x (t)]∞t=0 to denote the continuous time path of variable x (t). An
alternative notation often used in the literature is (x (t) ; t ≥ 0). I prefer the former both because it is slightly
more compact and also because it is more similar to the discrete time notation for the time path of a variable,
{x (t)}∞t=0.
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We still have a fraction δ of the capital stock depreciating. In addition, the capital stock of

the economy also has to increase as population grows in order to maintain the capital-labor

ratio constant. The amount of capital that needs to be replenished is therefore (n+ δ) k.

output

k(t)

f(k*)

k*

f(k(t))

sf(k*)
sf(k(t))

consumption

investment

0

(δ+n)k(t)

Figure 2.8. Investment and consumption in the state-state equilibrium with
population growth.

Therefore we have:

Proposition 2.7. Consider the basic Solow growth model in continuous time and suppose

that Assumptions 1 and 2 hold. Then there exists a unique steady state equilibrium where the

capital-labor ratio is equal to k∗ ∈ (0,∞) and is given by (2.33), per capita output is given by

y∗ = f (k∗)

and per capita consumption is given by

c∗ = (1− s) f (k∗) .

Proof. See Exercise 2.3. ¤

Moreover, again defining f (k) = af̃ (k) , we obtain:

58



Introduction to Modern Economic Growth

Proposition 2.8. Suppose Assumptions 1 and 2 hold and f (k) = af̃ (k). Denote the

steady-state equilibrium level of the capital-labor ratio by k∗ (a, s, δ, n) and the steady-state

level of output by y∗ (a, s, δ, n) when the underlying parameters are given by a, s and δ. Then

we have
∂k∗ (a, s, δ, n)

∂a
> 0,

∂k∗ (a, s, δ, n)

∂s
> 0,

∂k∗ (a, s, δ, n)

∂δ
< 0 and

∂k∗ (a, s, δ, n)

∂n
< 0

∂y∗ (a, s, δ, n)

∂a
> 0,

∂y∗ (a, s, δ, n)

∂s
> 0,

∂y∗ (a, s, δ, n)

∂δ
< 0and

∂y∗ (a, s, δ, n)

∂n
< 0.

Proof. See Exercise 2.4. ¤

The new result relative to the earlier comparative static proposition is that now a higher

population growth rate, n, also reduces the capital-labor ratio and output per capita. The

reason for this is simple: a higher population growth rate means there is more labor to use the

existing amount of capital, which only accumulates slowly, and consequently the equilibrium

capital-labor ratio ends up lower. This result implies that countries with higher population

growth rates will have lower incomes per person (or per worker).

2.5. Transitional Dynamics in the Continuous Time Solow Model

The analysis of transitional dynamics and stability with continuous time yields similar

results to those in Section 2.3, but in many ways simpler. To do this in detail, we need to

remember the equivalents of the above theorems for differential equations. The following

theorems follow from the results presented in Appendix Chapter B.

Theorem 2.4. Consider the following linear differential equation system

(2.34) ẋ (t) = Ax (t) + b

with initial value x (0), where x (t) ∈ Rn for all t, A is an n×n matrix and b is a n×1 column
vector. Let x∗ be the steady state of the system given by Ax∗+b = 0. Suppose that all of the

eigenvalues of A have negative real parts. Then the steady state of the differential equation

(2.34) x∗ is globally asymptotically stable, in the sense that starting from any x (0) ∈ Rn,

x (t)→ x∗.

Theorem 2.5. Consider the following nonlinear autonomous differential equation

(2.35) ẋ (t) = G [x (t)]

with initial value x (0), where G : Rn → Rn. Let x∗ be a steady state of this system, i.e.,

G (x∗) = 0, and suppose that G is continuously differentiable at x∗. Define

A ≡DG (x∗) ,

and suppose that all of the eigenvalues of A have negative real parts. Then the steady state

of the differential equation (2.35) x∗ is locally asymptotically stable, in the sense that there
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exists an open neighborhood of x∗, B (x∗) ⊂ Rn such that starting from any x (0) ∈ B (x∗),
we have x (t)→ x∗.

Once again an immediate corollary is:

Corollary 2.2. Let x (t) ∈ R, then the steady state of the linear difference equation
ẋ (t) = ax (t) is globally asymptotically stable (in the sense that x (t)→ 0) if a < 0.

Let g : R→ R be continuous and differentiable at x∗ where g (x∗) = 0. Then, the steady
state of the nonlinear differential equation ẋ (t) = g (x (t)), x∗, is locally asymptotically stable

if g0 (x∗) < 0.

Proof. See Exercise 2.8. ¤

Finally, with continuous time, we also have another useful theorem:

Theorem 2.6. Let g : R→ R be a continuous function and suppose that there exists a
unique x∗ such that g (x∗) = 0. Moreover, suppose g (x) < 0 for all x > x∗and g (x) > 0 for

all x < x∗. Then the steady state of the nonlinear differential equation ẋ (t) = g (x (t)), x∗,

is globally asymptotically stable, i.e., starting with any x (0), x (t)→ x∗.

Proof. The hypotheses of the theorem imply that for all x > x∗, ẋ < 0 and for all

x < x∗, ẋ > 0. This establishes that x (t)→ x∗ starting from any x (0) ∈ R. ¤

Notice that the equivalent of Theorem 2.6 is not true in discrete time, and this will be

illustrated in Exercise 2.14.

In view of these results, Proposition 2.5 immediately generalizes:

Proposition 2.9. Suppose that Assumptions 1 and 2 hold, then the basic Solow growth

model in continuous time with constant population growth and no technological change is

globally asymptotically stable, and starting from any k (0) > 0, k (t)→ k∗.

Proof. The proof of stability is now simpler and follows immediately from Theorem

2.6 by noting that whenever k < k∗, sf (k) − (n+ δ) k > 0 and whenever k > k∗, sf (k) −
(n+ δ) k < 0. ¤

Figure 2.9 shows the analysis of stability diagrammatically. The figure plots the right-

hand side of (2.32) and makes it clear that whenever k < k∗, k̇ > 0 and whenever k > k∗,

k̇ < 0, so that the capital-effective labor ratio monotonically converges to the steady-state

value k∗.

Example 2.2. (Dynamics with the Cobb-Douglas Production Function) Let us re-

turn to the Cobb-Douglas production function introduced in Example 2.1

F [K,L,A] = AKαL1−α with 0 < α < 1.
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k(t)

f(k(t))

k(t)

k(t)
s –(δ+g+n)

k*
0 k(t)

Figure 2.9. Dynamics of the capital-labor ratio in the basic Solow model.

As noted above, the Cobb-Douglas production function is special, mainly because it has an

elasticity of substitution between capital and labor equal to 1. Recall that for a homothetic

production function F (K,L), the elasticity of substitution is defined by

(2.36) σ ≡ −
∙
∂ ln (FK/FL)

∂ ln (K/L)

¸−1
,

where FK and FL denote the marginal products of capital and labor. In addition, F is required

to be homothetic, so that FK/FL is only a function ofK/L. For the Cobb-Douglas production

function FK/FL = (α/ (1− α)) · (L/K), thus σ = 1. This feature implies that when the

production function is Cobb-Douglas and factor markets are competitive, equilibrium factor

shares will be constant irrespective of the capital-labor ratio. In particular:

αK (t) =
R (t)K (t)

Y (t)

=
FK (K(t), L (t))K (t)

Y (t)

=
αA [K (t)]α−1 [L (t)]1−αK (t)

A [K (t)]α [L (t)]1−α

= α.
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Similarly, the share of labor is αL (t) = 1− α. The reason for this is that with an elasticity

of substitution equal to 1, as capital increases, its marginal product decreases proportionally,

leaving the capital share (the amount of capital times its marginal product) constant.

Recall that with the Cobb-Douglas technology, the per capita production function takes

the form f (k) = Akα, so the steady state is given again from (2.33) (with population growth

at the rate n) as

A (k∗)α−1 =
n+ δ

s
or

k∗ =

µ
sA

n+ δ

¶ 1
1−α

,

which is a simple and interpretable expression for the steady-state capital-labor ratio. k∗ is

increasing in s and A and decreasing in n and δ (which is naturally consistent with the results

in Proposition 2.8). In addition, k∗ is increasing in α. This is because a higher α implies less

diminishing returns to capital, thus a higher capital-labor ratio reduces the average return

to capital to the level necessary for steady state as given in equation (2.33).

Transitional dynamics are also straightforward in this case. In particular, we have:

k̇ (t) = sA [k (t)]α − (n+ δ) k (t)

with initial condition k (0). To solve this equation, let x (t) ≡ k (t)1−α, so the equilibrium

law of motion of the capital labor ratio can be written in terms of x (t) as

ẋ (t) = (1− α) sA− (1− α) (n+ δ)x (t) ,

which is a linear differential equation, with a general solution

x (t) =
sA

n+ δ
+

∙
x (0)− sA

n+ δ

¸
exp (− (1− α) (n+ δ) t) .

(see, for example, the Appendix Chapter B, or Boyce and DiPrima, 1977, Simon and Bloom,

1994). Expressing this solution in terms of the capital-labor ratio

k (t) =

½
sA

n+ δ
+

∙
[k (0)]1−α − sA

δ

¸
exp (− (1− α) (n+ δ) t)

¾ 1
1−α

.

This solution illustrates that starting from any k (0), the equilibrium k (t) → k∗ =

(sA/ (n+ δ))1/(1−α), and in fact, the rate of adjustment is related to (1− α) (n+ δ), or more

specifically, the gap between k (0) and its steady-state value is closed at the exponential rate

(1− α) (n+ δ). This is intuitive: a higher α implies less diminishing returns to capital, which

slows down the rate at which the marginal and average product of capital declines as capital

accumulates, and this reduces the rate of adjustment to steady state. Similarly, a smaller

δ means less replacement of depreciated capital and a smaller n means slower population

growth, both of those slowing down the adjustment of capital per worker and thus the rate

of transitional dynamics.
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Example 2.3. (The Constant Elasticity of Substitution Production Function) The

previous example introduced the Cobb-Douglas production function, which featured an elas-

ticity of substitution equal to 1. The Cobb-Douglas production function is a special case of

the constant elasticity of substitution (CES) production function, first introduced by Arrow,

Chenery, Minhas and Solow (1961). This production function imposes a constant elasticity,

σ, not necessarily equal to 1. To write this function, consider a vector-valued index of tech-

nology A (t) = (AH (t) , AK (t) , AL (t)). Then the CES production function can be written

as

Y (t) = F [K (t) , L (t) ,A (t)]

≡ AH (t)
h
γ (AK (t)K (t))

σ−1
σ + (1− γ) (AL (t)L (t))

σ−1
σ

i σ
σ−1

,(2.37)

where AH (t) > 0, AK (t) > 0 and AL (t) > 0 are three different types of technological change

which will be discussed further in Section 2.6; γ ∈ (0, 1) is a distribution parameter, which
determines how important labor and capital services are in determining the production of

the final good and σ ∈ [0,∞] is the elasticity of substitution. To verify that σ is indeed the
constant elasticity of substitution, let us use (2.36). In particular, it is easy to verify that the

ratio of the marginal product of capital to the marginal productive labor, FK/FL, is given

by

FK
FL

=
γAK (t)

σ−1
σ K (t)−

1
σ

(1− γ)AL (t)
σ−1
σ L (t)−

1
σ

,

thus, we indeed have that

σ = −
∙
∂ ln (FK/FL)

∂ ln (K/L)

¸−1
.

The CES production function is particularly useful because it is more general and flexi-

ble than the Cobb-Douglas form while still being tractable. As we take the limit σ →
1, the CES production function (2.37) converges to the Cobb-Douglas function Y (t) =

AH (t) (AK (t))
γ (AL (t))

1−γ (K (t))γ (L (t))1−γ. As σ → ∞, the CES production function
becomes linear, i.e.

Y (t) = γAH (t)AK (t)K (t) + (1− γ)AH (t)AL (t)L (t) .

Finally, as σ → 0, the CES production function converges to the Leontief production function

with no substitution between factors,

Y (t) = AH (t)min {γAK (t)K (t) ; (1− γ)AL (t)L (t)} .

The special feature of the Leontief production function is that if γAK (t)K (t) 6=
(1− γ)AL (t)L (t), either capital or labor will be partially “idle” in the sense that a small

reduction in capital or labor will have no effect on output or factor prices. Exercise 2.16

illustrates a number of the properties of the CES production function, while Exercise 2.17
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provides an alternative derivation of this production function along the lines of the original

article by Arrow, Chenery, Minhas and Solow (1961).

2.5.1. A First Look at Sustained Growth. Can the Solow model generate sustained

growth without technological progress? The answer is yes, but only if we relax some of the

assumptions we have imposed so far.

The Cobb-Douglas example above already showed that when α is close to 1, adjustment of

the capital-labor ratio back to its steady-state level can be very slow. A very slow adjustment

towards a steady-state has the flavor of “sustained growth” rather than the economy settling

down to a stationary point quickly.

In fact, the simplest model of sustained growth essentially takes α = 1 in terms of the

Cobb-Douglas production function above. To do this, let us relax Assumptions 1 and 2

(which do not allow α = 1), and suppose that

(2.38) F [K (t) , L (t) , A (t)] = AK (t) ,

where A > 0 is a constant. This is the so-called “AK” model, and in its simplest form output

does not even depend on labor. The results we would like to highlight apply with more

general constant returns to scale production functions, for example,

(2.39) F [K (t) , L (t) , A (t)] = AK (t) +BL (t) ,

but it is simpler to illustrate the main insights with (2.38), leaving the analysis of the richer

production function (2.39) to Exercise 2.15.

Let us continue to assume that population grows at a constant rate n as before (cfr.

equation (2.31)). Then, combining this with the production function (2.38), the fundamental

law of motion of the capital stock becomes

k̇ (t)

k (t)
= sA− δ − n.

Therefore, if the parameters of the economy satisfy the inequality sA− δ − n > 0, there will

be sustained growth in the capital-labor ratio. From (2.38), this implies that there will be

sustained growth in output per capita as well. This immediately establishes the following

proposition:

Proposition 2.10. Consider the Solow growth model with the production function (2.38)

and suppose that sA − δ − n > 0. Then in equilibrium, there is sustained growth of output

per capita at the rate sA− δ − n. In particular, starting with a capital-labor ratio k (0) > 0,

the economy has

k (t) = exp ((sA− δ − n) t) k (0)

and

y (t) = exp ((sA− δ − n) t)Ak (0) .
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This proposition not only establishes the possibility of endogenous growth, but also shows

that in this simplest form, there are no transitional dynamics. The economy always grows

at a constant rate sA− δ − n, irrespective of what level of capital-labor ratio it starts from.

Figure 2.10 shows this equilibrium diagrammatically.

45°

(A−δ−n)k(t)
k(t+1)

k(0)0
k(t)

Figure 2.10. Sustained growth with the linear AK technology with sA−δ−
n > 0.

Does the AK model provide an appealing approach to explain sustained growth? While

its simplicity is a plus, the model has a number of unattractive features. First, it is a somewhat

knife-edge case, which does not satisfy Assumptions 1 and 2; in particular, it requires the

production function to be ultimately linear in the capital stock. Second and relatedly, this

feature implies that as time goes by the share of national income accruing to capital will

increase towards 1. We will see in the next section that this does not seem to be borne out by

the data. Finally and most importantly, we will see in the rest of the book that technological

progress seems to be a major (perhaps the most major) factor in understanding the process

of economic growth. A model of sustained growth without technological progress fails to

capture this essential aspect of economic growth. Motivated by these considerations, we next

turn to the task of introducing technological progress into the baseline Solow growth model.

65



Introduction to Modern Economic Growth

2.6. Solow Model with Technological Progress

2.6.1. Balanced Growth. The models analyzed so far did not feature technological

progress. We now introduce changes in A (t) to capture improvements in the technological

know-how of the economy. There is little doubt that today human societies know how to

produce many more goods than before and they can do so much more efficiently than in

the past. In other words, the productive knowledge of the human society has progressed

tremendously over the past 200 years, and even more tremendously over the past 1,000

or 10,000 years. This suggests that an attractive way of introducing economic growth in

the framework developed so far is to allow technological progress in the form of changes in

A (t). The question is how to do this. We will shortly see that the production function

F [K (t) , L (t) , A (t)] is too general to achieve our objective. In particular, with this general

structure, we may not have balanced growth.

By balanced growth, we mean a path of the economy consistent with the Kaldor facts

(Kaldor, 1963), that is, a path where, while output per capita increases, the capital-output

ratio, the interest rate, and the distribution of income between capital and labor remain

roughly constant. Figure 2.11, for example, shows the evolution of the shares of capital and

labor in the US national income.

Despite fairly large fluctuations, there is no trend in these factors shares. Moreover, a

range of evidence suggests that there is no apparent trend in interest rates over long time

horizons and even in different societies (see, for example, Homer and Sylla, 1991). These facts

and the relative constancy of capital-output ratios until the 1970s have made many economists

prefer models with balanced growth to those without. It is not literally true that the share

of capital in output and the capital-output ratio are exactly constant. For example, since the

1970s both the capital share and the capital-output ratio may have increased depending on

how one measures them. Nevertheless, constant factor shares and a constant capital-output

ratio are a good approximation to reality and a very useful starting point for our models.

Also for future reference, note that the capital share in national income is about 1/3,

while the labor share is about 2/3. We are ignoring the share of land here as we did in the

analysis so far: land is not a major factor of production. This is clearly not the case for the

poor countries, where land is a major factor of production. It is useful to think about how

incorporating land into this framework will change the implications of our analysis (see Ex-

ercise 2.10). For now, it suffices to note that this pattern of the factor distribution of income,

combined with economists’ desire to work with simple models, often makes them choose a

Cobb-Douglas aggregate production function of the form AK1/3L2/3 as an approximation to

reality (especially since it ensures that factor shares are constant by construction).
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Figure 2.11. Capital and Labor Share in the U.S. GDP.

For us, the most important reason to start with balanced growth is that it is much easier

to handle than non-balanced growth, since the equations describing the law of motion of the

economy can be represented by difference or differential equations with well-defined steady

states. Put more succinctly, the main advantage from our point of view is that balanced

growth is the same as a steady-state in transformed variables–i.e., we will again have k̇ = 0,

but the definition of k will change. This will enable us to use the same tools developed so far

to analyze economies with sustained growth. It is nevertheless important to bear in mind that

in reality, growth has many non-balanced features. For example, the share of different sectors

changes systematically over the growth process, with agriculture shrinking, manufacturing

first increasing and then shrinking. Ultimately, we would like to have models that combine

certain quasi-balanced features with these types of structural transformations embedded in

them. We will return to these issues in Part 7 of the book.
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Figure 2.12. Hicks-neutral, Solow-neutral and Harrod-neutral shifts in isoquants.

2.6.2. Types of Neutral Technological Progress. What are some convenient special

forms of the general production function F [K (t) , L (t) , A (t)]? First we could have

F [K (t) , L (t) , A (t)] = A (t) F̃ [K (t) , L (t)] ,

for some constant returns to scale function F̃ . This functional form implies that the tech-

nology term A (t) is simply a multiplicative constant in front of another (quasi-) production

function F̃ and is referred to as Hicks-neutral after the famous British economist John Hicks.

Intuitively, consider the isoquants of the function F [K (t) , L (t) , A (t)] in the L-K space,

which plot combinations of labor and capital for a given technology A (t) such that the level

of production is constant. This is shown in Figure 2.12. Hicks-neutral technological progress,

in the first panel, corresponds to a relabeling of the isoquants (without any change in their

shape).

Another alternative is to have capital-augmenting or Solow-neutral technological progress,

in the form

F [K (t) , L (t) , A (t)] = F̃ [A (t)K (t) , L (t)] .

This is also referred to as capital-augmenting progress, because a higher A (t) is equivalent

to the economy having more capital. This type of technological progress corresponds to the

isoquants shifting with technological progress in a way that they have constant slope at a

given labor-output ratio and is shown in the second panel of Figure 2.12.

Finally, we can have labor-augmenting or Harrod-neutral technological progress, named

after an early influential growth theorist Roy Harrod, who we encountered above in the

context of the Harrod-Domar model previously:

F [K (t) , L (t) , A (t)] = F̃ [K (t) , A (t)L (t)] .
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This functional form implies that an increase in technology A (t) increases output as if the

economy had more labor. Equivalently, the slope of the isoquants are constant along rays

with constant capital-output ratio, and the approximate shape of the isoquants are plotted

in the third panel of Figure 2.12.

Of course, in practice technological change can be a mixture of these, so we could have a

vector valued index of technology A (t) = (AH (t) , AK (t) , AL (t)) and a production function

that looks like

(2.40) F [K (t) , L (t) ,A (t)] = AH (t) F̃ [AK (t)K (t) , AL (t)L (t)] ,

which nests the constant elasticity of substitution production function introduced in Example

2.3 above. Nevertheless, even (2.40) is a restriction on the form of technological progress,

since changes in technology, A (t), could modify the entire production function.

It turns out that, although all of these forms of technological progress look equally plau-

sible ex ante, our desire to focus on balanced growth forces us to one of these types of neutral

technological progress. In particular, balanced growth necessitates that all technological

progress be labor-augmenting or Harrod-neutral. This is a very surprising result and it is

also somewhat troubling, since there is no ex ante compelling reason for why technological

progress should take this form. We now state and prove the relevant theorem here and return

to the discussion of why long-run technological change might be Harrod-neutral in Chapter

15.

2.6.3. The Steady-State Technological Progress Theorem. A version of the fol-

lowing theorem was first proved by the early growth economist Hirofumi Uzawa (1961). For

simplicity and without loss of any generality, let us focus on continuous time models. The

key elements of balanced growth, as suggested by the discussion above, are the constancy of

factor shares and the constancy of the capital-output ratio, K (t) /Y (t). Since there is only

labor and capital in this model, by factor shares, we mean

αL (t) ≡
w (t)L (t)

Y (t)
and αK (t) ≡

R (t)K (t)

Y (t)
.

By Assumption 1 and Theorem 2.1, we have that αL (t) + αK (t) = 1.

The following theorem is a stronger version of a result first stated and proved by Uzawa.

Here we will present a proof along the lines of the more recent paper by Schlicht (2006). For

this result, let us define an asymptotic path as a path of output, capital, consumption and

labor as t→∞.

Theorem 2.7. (Uzawa) Consider a growth model with a constant returns to scale ag-

gregate production function

Y (t) = F
h
K (t) , L (t) , Ã (t)

i
,
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with Ã (t) representing technology at time t and aggregate resource constraint

K̇ (t) = Y (t)−C (t)− δK (t) .

Suppose that there is a constant growth rate of population, i.e., L (t) = exp (nt)L (0) and

that there exists an asymptotic path where output, capital and consumption grow at constant

rates, i.e., Ẏ (t) /Y (t) = gY , K̇ (t) /K (t) = gK and Ċ (t) /C (t) = gC . Suppose finally that

gK + δ > 0. Then, along the growth path we have

(1) gY = gK = gC ; and

(2) asymptotically, the aggregate production function can be represented as:

Y (t) = F̃ [K (t) , A (t)L (t)] ,

where
Ȧ (t)

A (t)
= g = gY − n.

Proof. By hypothesis, as t → ∞, we have Y (t) = exp (gY (t− τ))Y (τ), K (t) =

exp (gK (t− τ))K (τ) and L (t) = exp (n (t− τ))L (τ) for some τ < ∞. The aggregate re-
source constraint at time t implies

(gK + δ)K (t) = Y (t)−C (t) .

Since the left-hand side is positive by hypothesis, we can divide both sides by exp (gK (t− τ))

and write date t quantities in terms of date τ quantities to obtain

(gK + δ)K (τ) = exp ((gY − gK) (t− τ))Y (τ)− exp ((gC − gK) (t− τ))C (τ)

for all t. Differentiating with respect to time implies that

(gY − gK) exp ((gY − gK) (t− τ))Y (τ)− (gC − gK) exp ((gC − gK) (t− τ))C (τ) = 0

for all t. This equation can hold for all t either if gY = gK = gC or if gY = gC and

Y (τ) = C (τ). However the latter condition is inconsistent with gK + δ > 0. Therefore,

gY = gK = gC as claimed in the first part of the theorem.

Next, the aggregate production function for time τ can be written as

exp (−gY (t− τ))Y (t) = F
h
exp (−gK (t− τ))K (t) , exp (−n (t− τ))L (t) , Ã (τ)

i
.

Multiplying both sides by exp (gY (t− τ)) and using the constant returns to scale property

of F , we obtain

Y (t) = F
h
exp ((t− τ) (gY − gK))K (t) , exp ((t− τ) (gY − n))L (t) , Ã (τ)

i
.

From part 1, gY = gK , therefore

Y (t) = F
h
K (t) , exp ((t− τ) (gY − n))L (t) , Ã (τ)

i
.
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Moreover, this equation is true for t irrespective of the initial τ , thus

Y (t) = F̃ [K (t) , exp ((t− τ) (gY − n))L (t)] ,

= F̃ [K (t) , A (t)L (t)] ,

with
Ȧ (t)

A (t)
= gY − n

establishing the second part of the theorem. ¤

A remarkable feature of this result is that it was stated and proved without any reference

to equilibrium behavior or market clearing. Also, contrary to Uzawa’s original theorem, it

is not stated for a balanced growth path (meaning an equilibrium path with constant factor

shares), but only for an asymptotic path with constant rates of output, capital and consump-

tion growth. The proposition only exploits the definition of asymptotic paths, the constant

returns to scale nature of the aggregate production function and the resource constraint.

Consequently, the result is a very powerful one.

Before providing a more economic intuition for this result, let us state an immediate

implication of this theorem as a corollary, which will be useful both in the discussions below

and for the intuition:

Corollary 2.3. Under the assumptions of Theorem 2.7, if an economy has an asymptotic

path with constant growth of output, capital and consumption, then asymptotically technolog-

ical progress can be represented as Harrod neutral (purely labor-augmenting).

The intuition for Theorem 2.7 and for the corollary is simple. We have assumed that the

economy features capital accumulation in the sense that gK + δ > 0. From the aggregate

resource constraint, this is only possible if output and capital grow at the same rate. Either

this growth rate is equal to the rate of population growth, n, in which case, there is no

technological change (i.e., the proposition applies with g = 0), or the economy exhibits growth

of per capita income and capital-labor ratio. The latter case creates an asymmetry between

capital and labor, in the sense that capital is accumulating faster than labor. Constancy of

growth then requires technological change to make up for this asymmetry–that is, technology

to take a labor-augmenting form.

This intuition does not provide a reason for why technology should take this labor-

augmenting (Harrod-neutral) form, however. The proposition and its corollary simply state

that if technology did not take this form, and asymptotic path with constant growth rates

would not be possible. At some level, this is a distressing result, since it implies that balanced

growth (in fact something weaker than balanced growth) is only possible under a very strin-

gent assumption. It also provides no reason why technological change should take this form.

Nevertheless, in Chapter 15, we will see that when technology is endogenous, the intuition in
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the previous paragraph also works to make technology endogenously more labor-augmenting

than capital-augmenting.

Notice also that this proposition does not state that technological change has to be

labor-augmenting all the time. Instead, it requires that technological change has to be labor-

augmenting asymptotically, i.e., along the balanced growth path. This is exactly the pattern

that certain classes of endogenous-technology models will generate.

Finally, it is important to emphasize that Theorem 2.7 does not require that

Y ∗ (t) = F̃ [K∗ (t) , A (t)L (t)], but only that it has a representation of the form Y ∗ (t) =

F̃ [K∗ (t) , A (t)L (t)]. This allows one important exception to the statement that “asymptot-

ically technological change has to be Harrod neutral”. If the aggregate production function

is Cobb-Douglas and takes the form

Y (t) = [AK (t)K (t)]α [AL(t)L(t)]
1−α ,

then both AK (t) and AL (t) could grow asymptotically, while maintaining balanced growth.

However, in this Cobb-Douglas example we can define A (t) = [AK (t)]
α/(1−α)AL (t) and the

production function can be represented as

Y (t) = [K (t)]α [A(t)L(t)]1−α .

In other words, technological change can be represented as purely labor-augmenting, which

is what Theorem 2.7 requires. Intuitively, the differences between labor-augmenting and

capital-augmenting (and other forms) of technological progress matter when the elasticity of

substitution between capital and labor is not equal to 1. In the Cobb-Douglas case, as we have

seen above, this elasticity of substitution is equal to 1, thus different forms of technological

progress are simple transforms of each other.

Another important corollary of Theorem 2.7 is obtained when we also assume that factor

markets are competitive.

Corollary 2.4. Under the conditions of Theorem 2.7, if factor markets are competitive,

then asymptotic factor shares are constant, i.e., as t→∞, αL (t)→ α∗L and αK (t)→ α∗K .

Proof. With competitive factor markets, we have that as t→∞

αK (t) ≡
R (t)K (t)

Y (t)

=
K (t)

Y (t)

∂F̃ [K (t) , A (t)L (t)]

∂K (t)

= α∗K ,

where the second line uses the definition of the rental rate of capital in a competitive market

and the third line uses the fact that as t → ∞, gY = gK and gK = g + n from Theorem
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2.7 and that F̃ exhibits constant returns to scale and thus its derivative is homogeneous of

degree 0. ¤

This corollary, together with Theorem 2.7, implies that any asymptotic path with constant

growth rates for output, capital and consumption must be a balanced growth path and can

only be generated from an aggregate production function asymptotically featuring Harrod-

neutral technological change.

In light of this corollary, we can provide further intuition for Theorem 2.7. Suppose

the production function takes the special form F [AK (t)K (t) , AL (t)L (t)]. The corollary

implies that factor shares will be constant. Given constant returns to scale, this can only

be the case when total capital inputs, AK (t)K (t), and total labor inputs, AL (t)L (t), grow

at the same rate; otherwise, the share of either capital or labor will be increasing over time.

The fact that the capital-output ratio is constant in steady state (or the fact that capital

accumulates) implies that K (t) must grow at the same rate as AL (t)L (t). Thus balanced

growth can only be possible if AK (t) is asymptotically constant.

2.6.4. The Solow Growth Model with Technological Progress: Continuous

Time. Now we are ready to analyze the Solow growth model with technological progress.

We will only present the analysis for continuous time. The discrete time case can be analyzed

analogously and we omit this to avoid repetition. From Theorem 2.7, we know that the

production function must a representation of the form

Y (t) = F [K (t) , A (t)L (t)] ,

with purely labor-augmenting technological progress asymptotically. For simplicity, let us

assume that it takes this form throughout. Moreover, suppose that there is technological

progress at the rate g, i.e.,

(2.41)
Ȧ (t)

A (t)
= g,

and population growth at the rate n,

L̇ (t)

L (t)
= n.

Again using the constant saving rate we have

(2.42) K̇ (t) = sF [K (t) , A (t)L (t)]− δK (t) .

The simplest way of analyzing this economy is to express everything in terms of a nor-

malized variable. Since “effective” or efficiency units of labor are given by A (t)L (t), and F

exhibits constant returns to scale in its two arguments, we now define k (t) as the effective

capital-labor ratio, i.e., capital divided by efficiency units of labor,

(2.43) k (t) ≡ K (t)

A (t)L (t)
.
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Differentiating this expression with respect to time, we obtain

(2.44)
k̇ (t)

k (t)
=

K̇ (t)

K (t)
− g − n.

The quantity of output per unit of effective labor can be written as

ŷ (t) ≡ Y (t)

A (t)L (t)

= F

∙
K (t)

A (t)L (t)
, 1

¸
≡ f (k (t)) .

Income per capita is y (t) ≡ Y (t) /L (t), i.e.,

y (t) = A (t) ŷ (t)(2.45)

= A (t) f (k (t)) .

It should be clear that if ŷ (t) is constant, income per capita, y (t), will grow over time,

since A (t) is growing. This highlights that in this model, and more generally in models with

technological progress, we should not look for “steady states” where income per capita is

constant, but for balanced growth paths, where income per capita grows at a constant rate,

while some transformed variables such as ŷ (t) or k (t) in (2.44) remain constant. Since these

transformed variables remain constant, balanced growth paths can be thought of as steady

states of a transformed model. Motivated by this, in models with technological change

throughout we will use the terms “steady state” and balanced growth path interchangeably.

Substituting for K̇ (t) from (2.42) into (2.44), we obtain:

k̇ (t)

k (t)
=

sF [K (t) , A (t)L (t)]

K (t)
− (δ + g + n) .

Now using (2.43),

(2.46)
k̇ (t)

k (t)
=

sf (k (t))

k (t)
− (δ + g + n) ,

which is very similar to the law of motion of the capital-labor ratio in the continuous time

model, (2.32). The only difference is the presence of g, which reflects the fact that now k is

no longer the capital-labor ratio but the effective capital-labor ratio. Precisely because it is

the effective capital-labor ratio, k will remain constant in the balanced growth path of this

economy.

An equilibrium in this model is defined similarly to before. A steady state or a balanced

growth path is, in turn, defined as an equilibrium in which k (t) is constant. Consequently,

we have (proof omitted):
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Proposition 2.11. Consider the basic Solow growth model in continuous time, with

Harrod-neutral technological progress at the rate g and population growth at the rate n. Sup-

pose that Assumptions 1 and 2 hold, and define the effective capital-labor ratio as in (2.43).

Then there exists a unique steady state (balanced growth path) equilibrium where the effective

capital-labor ratio is equal to k∗ ∈ (0,∞) and is given by

(2.47)
f (k∗)

k∗
=

δ + g + n

s
.

Per capita output and consumption grow at the rate g.

Equation (2.47), which determines the steady-state level of effective capital-labor ratio,

emphasizes that now total savings, sf (k), are used for replenishing the capital stock for

three distinct reasons. The first is again the depreciation at the rate δ. The second is

population growth at the rate n, which reduces capital per worker. The third is Harrod-

neutral technological progress at the rate g. Recall that we now need to keep the effective

capital-labor ratio, k, given by (2.43) constant. Even if K/L is constant, k will now decline

because of the growth of A. Thus the replenishment of the effective capital-labor ratio requires

investments to be equal to (δ + g + n) k, which is the intuitive explanation for equation (2.47).

The comparative static results are also similar to before, with the additional comparative

static with respect to the initial level of the labor-augmenting technology, A (0) (since the

level of technology at all points in time, A (t), is completely determined by A (0) given the

assumption in (2.41)). We therefore have:

Proposition 2.12. Suppose Assumptions 1 and 2 hold and let A (0) be the initial

level of technology. Denote the balanced growth path level of effective capital-labor ratio by

k∗ (A (0) , s, δ, n) and the level of output per capita by y∗ (A (0) , s, δ, n, t) (the latter is a func-

tion of time since it is growing over time). Then we have

∂k∗ (A (0) , s, δ, n)

∂A (0)
= 0,

∂k∗ (A (0) , s, δ, n)

∂s
> 0,

∂k∗ (A (0) , s, δ, n)

∂n
< 0 and

∂k∗ (A (0) , s, δ, n)

∂δ
< 0,

and also

∂y∗ (A (0) , s, δ, n, t)

∂A (0)
> 0,

∂y∗ (A (0) , s, δ, n, t)

∂s
> 0,

∂y∗ (A (0) , s, δ, n, t)

∂n
< 0 and

∂y∗ (A (0) , s, δ, n, t)

∂δ
< 0,

for each t.

Proof. See Exercise 2.18. ¤

Finally, we also have very similar transitional dynamics.
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Proposition 2.13. Suppose that Assumptions 1 and 2 hold, then the Solow growth model

with Harrod-neutral technological progress and population growth in continuous time is as-

ymptotically stable, i.e., starting from any k (0) > 0, the effective capital-labor ratio converges

to a steady-state value k∗ (k (t)→ k∗).

Proof. See Exercise 2.19. ¤

Therefore, the comparative statics and dynamics are very similar to the model without

technological progress. The major difference is that now the model generates growth in

output per capita, so can be mapped to the data much better. However, the disadvantage

is that growth is driven entirely exogenously. The growth rate of the economy is exactly

the same as the exogenous growth rate of the technology stock. The model specifies neither

where this technology stock comes from nor how fast it grows.

2.7. Comparative Dynamics

In this section, we briefly undertake some simple “comparative dynamic” exercises. By

comparative dynamics, we refer to the analysis of the dynamic response of an economy to a

change in its parameters or to shocks. Comparative dynamics are different from comparative

statics in Propositions 2.3, 2.8 or 2.12 in that we are interested in the entire path of adjust-

ment of the economy following the shock or changing parameter. The basic Solow model is

particularly well suited to such an analysis because of its simplicity. Such an exercise is also

useful because the basic Solow model, and its neoclassical cousin, are often used for analysis

of policy changes, medium-run shocks and business cycle dynamics, so understanding of how

the basic model response to various shocks is useful for a range of applications. We will

see in Chapter 8 that comparative dynamics are more interesting in the neoclassical growth

model than the basic Solow model. Consequently, the analysis here will be brief and limited

to a diagrammatic exposition. Moreover, for brevity we will focus on the continuous time

economy.

Recall that the law of motion of the effective capital-labor ratio in the continuous time

Solow model is given by (2.46) k̇ (t) /k (t) = sf (k (t)) /k (t) − (δ + g + n). The right-hand

side of this equation is plotted in Figure 2.13. The intersection with the horizontal axis

gives the steady state (balanced growth) equilibrium, k∗. This figure is sufficient for us to

carry out comparative dynamic exercises. Consider, for example, a one-time, unanticipated,

permanent increase in the saving rate from s to s0. This shifts to curve to the right as shown

by the dotted line, with a new intersection with the horizontal axis, k∗∗. The arrows on

the horizontal axis show how the effective capital-labor ratio adjusts gradually to the new

balanced growth effective capital-labor ratio, k∗∗. Immediately, when the increase in the

76



Introduction to Modern Economic Growth

saving rate is realized, the capital stock remains unchanged (since it is a state variable).

After this point, it follows the dashed arrows on the horizontal axis.

0

k(t)

f(k(t))

k(t)

k(t)
s

k*
k(t)

k**

f(k(t))
k(t)

s’ –(δ+g+n)

–(δ+g+n)

Figure 2.13. Dynamics following an increase in the savings rate from s to
s0. The solid arrows show the dynamics for the initial steady state, while the
dashed arrows show the dynamics for the new steady state.

The comparative dynamics following a one-time, unanticipated, permanent decrease in δ

or n are identical.

We can also use the diagrammatic analysis to look at the effect of an unanticipated,

but transitory change in parameters. For example, imagine that s changes in unanticipated

manner at t = t0 , but this change will be reversed and the saving rate will return back to its

original value at some known future date t = t00 > t0. In this case, starting at t0, the economy

follows the rightwards arrows until t0. After t00, the original steady state of the differential

equation applies and together with this the leftwards arrows become effective. Thus from t00

onwards, the economy gradually returns back to its original balanced growth equilibrium, k∗.

We will see that similar comparative dynamics can be carried out in the neoclassical

growth model as well, but the response of the economy to some of these changes will be more

complex.
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2.8. Taking Stock

What have we learned from the Solow model? At some level, a lot. We now have a

simple and tractable framework, which allows us to discuss capital accumulation and the

implications of technological progress. As we will see in the next chapter, this framework is

already quite useful in helping us think about the data.

However, at some other level, we have learned relatively little. The questions that Chapter

1 posed are related to why some countries are rich while others are poor, to why some countries

grow while others stagnate, and to why the world economy embarked upon the process of

steady growth over the past few centuries. The Solow model shows us that if there is no

technological progress, and as long as we are not in the AK world, ruled out by Assumption

2, there will be no sustained growth. In this case, we can talk about cross-country output

differences, but not about growth of countries or growth of the world economy.

The Solow model does generate per capita output growth, but only by introducing ex-

ogenous technological progress. But in this case, everything is being driven by technological

progress, and technological progress itself is exogenous, just a blackbox, outside the model

and outside the influence of economic incentives. If technological progress is “where it’s

at”, then we have to study and understand which factors generate technological progress,

what makes some firms and societies invent better technologies, and what induces firms and

societies to adopt and use these superior technologies.

Even on the question of capital accumulation, the Solow model is not entirely satisfactory.

The rate of capital accumulation is determined by the saving rate, the depreciation rate and

the rate of population growth. All of these are taken as exogenous.

In this light, the Solow growth model is most useful for us as a framework laying out

the general issues and questions. It emphasizes that to understand growth, we have to

understand physical capital accumulation (and human capital accumulation, which will be

discussed in the next chapter) and perhaps most importantly, technological progress. All of

these are black boxes in the Solow growth model. Therefore, much of what we will do in the

rest of the book will be to dig deeper and understand what lies in these black boxes. We

start by introducing consumer optimization in Chapter 8, so that we can talk about capital

accumulation more systematically. Then we will turn to models in which human capital

accumulation and technological progress are endogenous. A framework in which the rate of

accumulation of factors of production and technology are endogenous gives us a framework

for posing and answering questions related to the fundamental causes of economic growth.

Nevertheless, we will also see that even in its bare-bones form the Solow model is useful

in helping us think about the world and bringing useful perspectives, especially related to

the proximate causes of economic growth. This is the topic of the next chapter.
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2.9. References and Literature

The model analyzed in this chapter was first developed in Solow (1956) and Swan (1956).

Solow (1970) gives a nice and accessible treatment, with historical references. Barro and

Sala-i-Martin’s (2004, Chapter 1) textbook presents a more up-to-date treatment of the

basic Solow model at the graduate level, while Jones (1998, Chapter 2) presents an excellent

undergraduate treatment.

The treatment in the chapter made frequent references to basic consumer and general

equilibrium theory. These are prerequisites for an adequate understanding of the theory of

economic growth. Mas-Colell, Whinston and Green’s (1995) graduate microeconomics theory

textbook contains an excellent treatment of all of the necessary material, including basic pro-

ducer theory and an accessible presentation of the basic notions of general equilibrium theory,

including a discussion of Arrow securities and the definition of Arrow-Debreu commodities.

A good understanding of basic general equilibrium is essential for the study of both the ma-

terial in this book and of macroeconomics more generally. Some of the important results

from general equilibrium theory will be discussed in Chapter 5.

Properties of homogeneous functions and Euler’s Theorem can be found, for example, in

Simon and Blume (1994, Chapter 20). The reader should be familiar with the implicit func-

tion theorem and properties of concave and convex functions, which will be used throughout

the book. A review is given in the Appendix Chapter A. The reader may also want to consult

Simon and Blume (1994) and Rudin (1976).

Appendix Chapter B provides an overview of solutions to differential equations and dif-

ference equations and a discussion of stability. Theorems 2.2, 2.3, 2.4 and 2.5 follow from

the results presented there. In addition, the reader may want to consult Simon and Blume

(1994), Luenberger (1979) or Boyce and DiPrima (1977) for various results on difference and

differential equations. Throughout these will feature frequently. Knowledge of solutions to

simple differential equations and stability properties of difference and differential equations

at the level of Appendix Chapter B will be useful. The material in Luenberger (1979) is

particularly useful since it contains a unified treatment of difference and differential equa-

tions. Galor (2005) gives an introduction to difference equations and discrete time dynamical

systems for economists.

The golden rule saving rate was introduced by Edmund Phelps (1961). It is called the

“golden rule” rate with reference to the biblical golden rule “do unto others as you would

have them do unto you” applied in an intergenerational setting–i.e., thinking that those

living and consuming it each day to form a different generation. While the golden rule saving

rate is of historical interest and useful for discussions of dynamic efficiency it has no intrinsic
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optimality property, since it is not derived from well-defined preferences. Optimal saving

policies will be discussed in greater detail in Chapter 8.

The balanced growth facts were first noted by Kaldor (1963). Figure 2.11 uses data from

Piketty and Saez (2004). Homer and Sylla (1991) discuss the history of interest rates over

many centuries and across different societies; they show that there is no notable upward or

downward trend in interest rate. Nevertheless, not all aspects of the economic growth process

are “balanced”, and the non-balanced nature of growth will be discussed in detail in Part 7

of the book, which also contains references to changes in the sectoral composition of output

in the course of the growth process.

The steady state theorem, Theorem 2.7, was first proved by Uzawa (1961). Many different

proofs are available. The proof given here is adapted from Schlicht (2006), which is also

discussed in Jones and Scrimgeour (2006). A similar proof also appears in Wan (1971). Barro

and Sala-i-Martin’s (2004, Chapter 1) also suggest a proof. Nevertheless, their argument is

incomplete, since it assumes that technological change must be a combination of Harrod

and Solow-neutral technological change, which is rather restrictive and not necessary for the

proof. The proposition and the proof provided here are therefore more general and complete.

As noted in the text, the CES production function was first introduced by Arrow, Chenery,

Minhas and Solow (1961).

Finally, the interested reader should look at the paper by Hakenes and Irmen (2006) for

why Inada conditions can remove the steady state at k = 0 in continuous time even when

f (0) = 0. Here it suffices to say that whether this steady state exists or not is a matter of

the order in which limits are taken. In any case, as noted in the text, the steady state at

k = 0 has no economic content and will be ignored throughout the book.

2.10. Exercises

Exercise 2.1. Prove that Assumption 1 implies that F (A,K,L) is concave in K and L, but

not strictly so.

Exercise 2.2. Consider the Solow growth model in continuous time with the following per

capita production function

f (k) = k4 − 6k3 + 11k2 − 6k.
(1) Which parts of Assumptions 1 and 2 does the underlying production function

F (K,L) violate?

(2) Show that with this production function, there exist three steady-state equilibria.

(3) Prove that two of these steady-state equilibria are locally stable, while one of them

is locally unstable. Can any of these steady-state equilibria be globally stable?

Exercise 2.3. Prove Proposition 2.7.

Exercise 2.4. Prove Proposition 2.8.
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Exercise 2.5. Let us introduce government spending in the basic Solow model. Consider

the basic model without technological change. In particular, suppose that (2.8) takes the

form

Y (t) = C (t) + I (t) +G (t) ,

with G (t) denoting government spending at time t. Imagine that government spending is

given by G (t) = σY (t).

(1) Discuss how the relationship between income and consumption should be changed?

Is it reasonable to assume that C (t) = sY (t)?

(2) Suppose that government spending partly comes out of private consumption, so that

C (t) = (s− λσ)Y (t), where λ ∈ [0, 1]. What is the effect of higher government
spending (in the form of higher σ) on the equilibrium of the Solow model?

(3) Now suppose that part of government spending is invested in the capital stock of

the economy. In particular, let a fraction φ of G (t) be invested in the capital stock,

so that total investment at time t is given by

I (t) = (1− s− (1− λ)σ + φσ)Y (t) .

Show that if φ is sufficiently high, the steady-state level of capital-labor ratio will

increase as a result of higher government spending (corresponding to higher σ). Is

this reasonable? How would you alternatively introduce public investments in this

model?

Exercise 2.6. Suppose that F (A,K,L) is (weakly) concave in K and L and satisfies As-

sumption 2. Prove Propositions 2.2 and 2.5. How do we need to modify Proposition 2.6?

Exercise 2.7. Prove Proposition 2.6.

Exercise 2.8. Prove Corollary 2.2.

Exercise 2.9. Recall the definition of the elasticity of substitution σ in (2.36). Suppose

labor markets are competitive and the wage rate is equal to w. Prove that if the aggregate

production function F (K,L,A) exhibits constant returns to scale in K and L, then

εy,w ≡
∂y/∂w

y/w
= σ,

where, as usual, y ≡ F (K,L,A) /L.

Exercise 2.10. Consider a modified version of the continuous time Solow growth model

where the aggregate production function is

F (K,L,Z) = LβKαZ1−α−β,

where Z is land, available in fixed inelastic supply. Assume that α+β < 1, capital depreciates

at the rate δ, and there is an exogenous saving rate of s.
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(1) First suppose that there is no population growth. Find the steady-state capital-labor

ratio and output level. Prove that the steady state is unique and globally stable.

(2) Now suppose that there is population growth at the rate n, i.e., L̇/L = n. What

happens to the capital-labor ratio and output level as t → ∞? What happens to
return to land and the wage rate as t→∞?

(3) Would you expect the population growth rate n or the saving rate s to change over

time in this economy? If so, how?

Exercise 2.11. Consider the continuous time Solow model without technological progress

and with constant rate of population growth equal to n. Suppose that the production function

satisfies Assumptions 1 and 2. Assume that capital is owned by capitalists and labor is

supplied by a different set of agents, the workers. Following a suggestion by Kaldor (1957),

suppose that capitalists save a fraction sK of their income, while workers consume all of their

income.

(1) Define and characterize the steady-state equilibrium of this economy and study its

stability.

(2) What is the relationship between the steady-state capital-labor ratio in this economy

k∗ and the golden rule capital stock k∗gold defined above?

Exercise 2.12. Consider the Solow growth model with constant saving rate s and depre-

ciation rate of capital equal to δ. Assume that population is constant and the aggregate

production function is given by the constant returns to scale production function

F [AK (t)K (t) , AL (t)L (t)]

where ȦL (t) /AL (t) = gL > 0 and ȦK (t) /AK (t) = gK > 0.

(1) Suppose that F is Cobb-Douglas. Determine the steady-state growth rate and the

adjustment of the economy to the steady state.

(2) Suppose that F is not Cobb-Douglas. Prove that there does not exist a steady state.

Explain why this is.

(3) For the case in which F is not Cobb-Douglas, determine what happens to the capital-

labor ratio and output per capita as t→∞.

Exercise 2.13. Consider the Solow model with non-competitive labor markets. In particular,

suppose that there is no population growth and no technological progress and output is given

by F (K,L). The saving rate is equal to s and the depreciation rate is given by δ.

(1) First suppose that there is a minimum wage w̄, such that workers are not al-

lowed to be paid less than w̄. If labor demand at this wage falls short of L, em-

ployment is equal to the amount of labor demanded by firms, Ld. Assume that

w̄ > f (k∗) − k∗f 0 (k∗), where k∗ is the steady-state capital-labor ratio of the basic
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Solow model given by f (k∗) /k∗ = δ/s. Characterize the dynamic equilibrium path

of this economy starting withsome amount of physical capital K (0) > 0.

(2) Next consider a different form of labor market imperfection, whereby workers receive

a fraction β > 0 of output in each firm as their wage income. Characterize a dynamic

equilibrium path in this case. [Hint: recall that the saving rate is still equal to s].

Exercise 2.14. Consider the discrete-time Solow growth model with constant population

growth at the rate n, no technological change, constant depreciation rate of δ and a constant

saving rate s. Assume that the per capita production function is given by the following

continuous but non-neoclassical function:

f (k) = Ak + b,

where A, b > 0.

(1) Explain why this production function is non-neoclassical (i.e., why does it violate

Assumptions 1 and 2 above?).

(2) Show that if A − n − δ = 1, then for any k (0) 6= b/2, the economy settles into an

asymptotic cycle and continuously fluctuates between k (0) and b− k (0).

(3) Now consider a more general continuous production function f (k) that does not

satisfy Assumptions 1 and 2, such that there exist k1, k2 ∈ R+ with k1 6= k2 and

k2 = f (k1)− (n+ δ) k1

k1 = f (k2)− (n+ δ) k2.

Show that when such (k1, k2) exist, there may also exist a stable steady state.

(4) Prove that such cycles are not possible in the continuous-time Solow growth model

for any (possibly non-neoclassical) continuous production function f (k). [Hint: con-

sider the equivalent of Figure 2.9 above].

(5) What does the result in parts 2 and 3 imply for the approximations of discrete time

by continuous time suggested in Section 2.4?

(6) In light of your answer to part 6, what do you think of the cycles in parts 2 and 3?

Exercise 2.15. Characterize the asymptotic equilibrium of the modified Solow/AK model

mentioned above, with a constant saving rate s, depreciation rate δ, no population growth

and an aggregate production function of the form

F [K (t) , L (t)] = AKK (t) +ALL (t) .

Exercise 2.16. Consider the basic Solow growth model with a constant saving rate s, con-

stant population growth at the rate n, aggregate production function given by (2.37), and no

technological change.

83



Introduction to Modern Economic Growth

(1) Determine conditions under which this production function satisfies Assumptions 1

and 2.

(2) Characterize the unique steady-state equilibrium when Assumptions 1 and 2 hold.

(3) Now suppose that σ is sufficiently high so that Assumption 2 does not hold. Show

that in this case equilibrium behavior can be similar to that in Exercise 2.15 with

sustained growth in the long run. Interpret this result.

(4) Now suppose that σ → 0, so that the production function becomes Leontief,

Y (t) = min {γAK (t)K (t) ; (1− γ)AL (t)L (t)} .

The model is then identical to the classical Harrod-Domar growth model developed

by Roy Harrod and Evsey Domar (Harrod, 1939, Domar, 1946). Show that in this

case there is typically no steady-state equilibrium with full employment and no idle

capital. What happens to factor prices in these cases? Explain why this case is

“pathological,” giving at least two reasons why we may expect equilibria with idle

capital or idle labor not to apply in practice.

Exercise 2.17. * We now derive the CES production function following the method in the

original article by Arrow, Chenery, Minhas and Solow (1961). These authors noted that a

good empirical approximation to the relationship between income per capita and the wage

rate was provided by an equation of the form

y = αw−σ,

where y = f (k) is again output per capita and w is the wage rate. With competitive markets,

recall that w = f (k)− kf 0 (k). Thus the above equation can be written as

y = α
¡
y − ky0

¢−σ
,

where y = y (k) ≡ f (k) and y0 denotes f 0 (k). This is a nonlinear first-order differential

equation.

(1) Using separation of variables (see Appendix Chapter B), show that the solution to

this equation satisfies

y (k) =
h
α1/σ + c0k

σ−1
σ

i σ
σ−1

,

where c0 is a constant of integration.

(2) How would you put more structure on α and c0 and derive the exact form of the

CES production function in (2.37)?

Exercise 2.18. Prove Proposition 2.12.

Exercise 2.19. Prove Proposition 2.13.

Exercise 2.20. In this exercise, we work through an alternative conception of technology,

which will be useful in the next chapter. Consider the basic Solow model in continuous
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time and suppose that A (t) = A, so that there is no technological progress of the usual

kind. However, assume that the relationship between investment and capital accumulation

modified to

K (t+ 1) = (1− δ)K (t) + q (t) I (t) ,

where [q (t)]∞t=0 is an exogenously given time-varying process. Intuitively, when q (t) is high,

the same investment expenditure translates into a greater increase in the capital stock. There-

fore, we can think of q (t) as the inverse of the relative prices of machinery to output. When

q (t) is high, machinery is relatively cheaper. Gordon (1990) documented that the relative

prices of durable machinery has been declining relative to output throughout the postwar era.

This is quite plausible, especially given our recent experience with the decline in the relative

price of computer hardware and software. Thus we may want to suppose that q̇ (t) > 0. This

exercise asks you to work through a model with this feature based on Greenwood, Hercowitz

and Krusell (1997).

(1) Suppose that q̇ (t) /q (t) = γK > 0. Show that for a general production function,

F (K,L), there exists no steady-state equilibrium.

(2) Now suppose that the production function is Cobb-Douglas, F (K,L) = L1−αKα,

and characterize the unique steady-state equilibrium.

(3) Show that this steady-state equilibrium does not satisfy the Kaldor fact of constant

K/Y . Is this a problem? [Hint: how is “K” measured in practice? How is it

measured in this model?].
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CHAPTER 3

The Solow Model and the Data

In this chapter, we will see how the Solow model or its simple extensions can be used to

interpret both economic growth over time and cross-country output differences. Our focus is

on proximate causes of economic growth, that is, the factors such as investment or capital

accumulation highlighted by the basic Solow model, as well as technology and human capital

differences. What lies underneath these proximate causes is the topic of the next chapter.

There are multiple ways of using the basic Solow model to look at the data. Here we start

with the growth accounting framework, which is most commonly applied for decomposing the

sources of growth over time. After briefly discussing the theory of growth accounting and some

of its uses, we turn to applications of the Solow model to cross-country output differences. In

this context, we introduce the augmented Solow model with human capital, and show how

various different regression-based approaches can be motivated from this framework. We will

then see how the growth accounting framework can be modified to a “development accounting

framework” to form another bridge between the Solow model and the data. A constant

theme that emerges from many of these approaches concerns the importance of productivity

differences over time and across countries. The chapter ends with a brief discussion of various

other approaches to estimating cross-country productivity differences.

3.1. Growth Accounting

As discussed in the previous chapter, at the center of the Solow model is the aggregate

production function, (2.1), which we rewrite here in its general form:

Y (t) = F [K (t) , L (t) , A (t)] .

Another major contribution of Bob Solow to the study of economic growth was the observation

that this production function, combined with competitive factor markets, also gives us a

framework for accounting for the sources of economic growth. In particular, Solow (1957)

developed what has become one of the most common tools in macroeconomics, the growth

accounting framework.

For our purposes, it is sufficient to expose the simplest version of this framework. Consider

a continuous-time economy and differentiate the production function (2.1) with respect to

time. Dropping time dependence and denoting the partial derivatives of F with respect to
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its arguments by FA, FK and FL, this yields

(3.1)
Ẏ

Y
=

FAA

Y

Ȧ

A
+

FKK

Y

K̇

K
+

FLL

Y

L̇

L
.

Now denote the growth rates of output, capital stock and labor by g ≡ Ẏ /Y , gK ≡ K̇/K

and gL ≡ L̇/L, and also define

x ≡ FAA

Y

Ȧ

A
as the contribution of technology to growth. Next, recall from the previous chapter that with

competitive factor markets, we have w = FL and R = FK (equations (2.5) and (2.6)) and

define the factor shares as αK ≡ RK/Y and αL ≡ wL/Y . Putting all these together, (3.1)

can be written as

(3.2) x = g − αKgK − αLgL.

This is the fundamental growth accounting equation. At some level it is no more than an

identity. However, it also allows us to estimate the contribution of technological progress to

economic growth using data on factor shares, output growth, labor force growth and capital

stock growth. This contribution from technological progress is typically referred to as Total

Factor Productivity (TFP) or sometimes as Multi Factor Productivity.

In particular, denoting an estimate by “^”, we have the estimate of TFP growth at time

t as:

(3.3) x̂ (t) = g (t)− αK (t) gK (t)− αL (t) gL (t) .

we only put the “^” on x, but one may want to take into account that all of the terms on

the right-hand side are also “estimates” obtained with a range of assumptions from national

accounts and other data sources.

If we are interested in Ȧ/A rather than x, we would need to make further assumptions.

For example, if we assume that the production function takes the standard labor-augmenting

form

Y (t) = F̃ [K (t) , A (t)L (t)] ,

then we would have
Ȧ

A
=

1

αL
[g − αKgK − αLgL] ,

but this equation is not particularly useful, since Ȧ/A is not something we are inherently

interested in. The economically interesting object is in fact x̂ in (3.3), since it measures the

effect of technological progress on output growth directly.

In continuous time, equation (3.3) is exact because it is defined in terms of instantaneous

changes (derivatives). In practice, instead of instantaneous changes, we look at changes over

discrete time intervals, for example over a year (or sometimes with better data, over a quarter

or a month). With discrete time intervals, there is a potential problem in using (3.3); over
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the time horizon in question, factor shares can change; should we use beginning-of-period or

end-of-period values of αK and αL? It can be shown that the use of either beginning-of-period

or end-of-period values might lead to seriously biased estimates of the contribution of TFP to

output growth, x̂. This is particularly likely when the distance between the two time periods

is large (see Exercise 3.1). The best way of avoiding such biases is to use as high-frequency

data as possible.

For now, taking the available data as given, let us look at how one could use the growth

accounting framework with data over discrete intervals. The most common way of dealing

with the problems pointed out above is to use factor shares calculated as the average of the

beginning of period and end of period values. Therefore in discrete time, for a change between

times t and t+ 1, the analog of equation (3.3) becomes

(3.4) x̂t,t+1 = gt,t+1 − ᾱK,t,t+1gK,t,t+1 − ᾱL,t,t+1gL,t,t+1,

where gt,t+1 is the growth rate of output between t and t + 1, and other growth rates are

defined analogously. Moreover,

ᾱK,t,t+1 ≡
αK (t) + αK (t+ 1)

2
and ᾱL,t,t+1 ≡

αL (t) + αL (t+ 1)

2

are average factor shares between t and t+1. Equation (3.4) would be a fairly good approx-

imation to (3.3) when the difference between t and t+ 1 is small and the capital-labor ratio

does not change much during this time interval.

Solow’s (1957) article not only developed this growth accounting framework but also

applied it to US data for a preliminary assessment of the “sources of growth” during the

early 20th century. The question Bob Solow asked was this: how much of the growth of the

US economy can be attributed to increased labor and capital inputs, and how much of it is

due to the residual, “technological progress”? Solow’s conclusion was quite striking: a large

part of the growth was due to technological progress.

This has been a landmark finding, emphasizing the importance of technological progress

as the driver of economic growth not only in theory (as we saw in the previous chapter), but

also in practice. It focused the attention of economists on sources of technology differences

over time, across nations, industries and firms.

From early days, however, it was recognized that calculating the contribution of technolog-

ical progress to economic growth in this manner has a number of pitfalls. Moses Abramovitz

(1956), famously, dubbed the x̂ term “the measure of our ignorance”–after all, it was the

residual that we could not explain and we decided to call it “technology”.

In its extreme form, this criticism is unfair, since x̂ does correspond to technology accord-

ing to equation (3.3); thus the growth accounting framework is an example of using theory

to inform measurement. Yet at another level, the criticism has validity. If we mismeasure

the growth rates of labor and capital inputs, gL and gK , we will arrive at inflated estimates
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of x̂. And in fact there are good reasons for suspecting that Solow’s estimates and even

the higher-quality estimates that came later may be mismeasuring the growth of inputs. The

most obvious reason for this is that what matters is not labor hours, but effective labor hours,

so it is important–though difficult–to make adjustments for changes in the human capital

of workers. We will discuss issues related to human capital in Section 3.3 below and then in

greater detail in Chapter 10. Similarly, measurement of capital inputs is not straightforward.

In the theoretical model, capital corresponds to the final good used as input to produce more

goods. But in practice, capital is machinery, and in measuring the amount of capital used in

production one has to make assumptions about how relative prices of machinery change over

time. The typical assumption, adopted for a long time in national accounts and also natu-

rally in applications of the growth accounting framework, was to use capital expenditures.

However, if the same machines are much cheaper today than they had been in the past (as

has been the case for computers, for example), then this methodology would severely under-

estimate gK (recall Exercise 2.20 in the previous chapter). Therefore, there is indeed a danger

in applying equation (3.3), since underestimating gK will naturally inflate our estimates of

the role of technology as a source of economic growth.

What the best way of making adjustments to labor and capital inputs in order to arrive

to the best estimate of technology is still a hotly debated area. Dale Jorgensen, for example,

has shown that the “residual” technology can be reduced very substantially (perhaps almost

to 0) by making adjustments for changes in the quality of labor and capital (see, for example,

Jorgensen, Gollop and Fraumeni, 1987, or Jorgensen, 2005). These issues will also become

relevant when we think of applying similar ideas to decomposing cross-country output differ-

ences. Before doing this, however, we turn to applications of the Solow model to data using

regression analysis.

3.2. Solow Model and Regression Analyses

Another popular approach of taking the Solow model to data is to use growth regressions,

which involve estimating regression models with country growth rates on the left-hand side.

These growth regressions have been used extensively following the work by Barro (1991). To

see how these regressions are motivated and what their shortcomings are, let us return to

the basic Solow model with constant population growth and labor-augmenting technological

change in continuous time. Recall that, in this model, the equilibrium of an economy is

described by the following equations:

(3.5) y (t) = A (t) f (k (t)) ,

and

(3.6)
k̇ (t)

k (t)
=

sf (k (t))

k (t)
− δ − g − n,
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where A (t) is the labor-augmenting (Harrod-neutral) technology term, k (t) ≡
K (t) / (A (t)L (t)) is the effective capital labor ratio and f (·) is the per capita production
function. Equation (3.6) follows from the constant technological progress and constant pop-

ulation growth assumptions, i.e., Ȧ (t) /A (t) = g and L̇ (t) /L (t) = n. Now differentiating

(3.5) with respect to time and dividing both sides by y (t), we obtain

(3.7)
ẏ (t)

y (t)
= g + εf (k (t))

k̇ (t)

k (t)
,

where

εf (k (t)) ≡
f 0 (k (t)) k (t)

f (k (t))
∈ (0, 1)

is the elasticity of the f (·) function. The fact that it is between 0 and 1 follows from

Assumption 1. For example, with the Cobb-Douglas technology from Example 2.1 in the

previous chapter, we would have εf (k (t)) = α, that is, it is a constant independent of k (t)

(see Example 3.1 below). However, generally, this elasticity is a function of k (t).

Now let us consider a first-order Taylor expansion of (3.6) with respect to log k (t) around

the steady-state value k∗ (and recall that ∂y/∂ log x = (∂y/∂x) · x). This expansion implies
that for k (t) in the neighborhood of k∗, we have

k̇ (t)

k (t)
'

µ
sf (k∗)

k∗
− δ − g − n

¶
+

µ
f 0 (k∗) k∗

f (k∗)
− 1
¶
s
f (k∗)

k∗
(log k (t)− log k∗) .

' (εf (k
∗)− 1) (δ + g + n) (log k (t)− log k∗) .

The use of the symbol “'” here is to emphasize that this is an approximation, ignoring
second-order terms. In particular, the first line follows simply by differentiating k̇ (t) /k (t)

with respect to log k (t) and evaluating the derivatives at k∗ (and ignoring second-order

terms). The second line uses the fact that the first term in the first line is equal to zero

by definition of the steady-state value k∗ (recall that from equation (2.47) in the previous

chapter, sf (k∗) /k∗ = δ + g + n), the definition of the elasticity of the f function, εf (k (t)),

and again the fact that sf (k∗) /k∗ = δ + g + n. Now substituting this into (3.7), we obtain

ẏ (t)

y (t)
' g − εf (k

∗) (1− εf (k
∗)) (δ + g + n) (log k (t)− log k∗) .

Let us define y∗ (t) ≡ A (t) f (k∗) as the level of per capita output that would apply if the

effective capital-labor ratio were at its steady-state value and technology were at its time

t level. We therefore refer to y∗ (t) as the “steady-state level of output per capita” even

though it is not constant. Now taking first-order Taylor expansions of log y (t) with respect

to log k (t) around log k∗ (t) gives

log y (t)− log y∗ (t) ' εf (k
∗) (log k (t)− log k∗) .
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Combining this with the previous equation, we obtain the following “convergence equation”:

(3.8)
ẏ (t)

y (t)
' g − (1− εf (k

∗)) (δ + g + n) (log y (t)− log y∗ (t)) .

Equation (3.8) makes it clear that, in the Solow model, there are two sources of growth

in output per capita: the first is g, the rate of technological progress, and the second is

“convergence”. This latter source of growth results from the negative impact of the gap

between the current level of output per capita and the steady-state level of output per capita

on the rate of capital accumulation (recall that 0 < εf (k
∗) < 1). Intuitively, the further below

is a country from its steady state capital-labor ratio, the more capital it will accumulate and

the faster it will grow. This pattern is in fact visible in Figure 2.7 from the previous chapter.

The reason is also clear from the analysis in the previous chapter. The lower is y (t) relative

to y∗ (t), and thus the lower is k (t) relative to k∗, the greater is the average product of capital

f (k∗) /k∗, and this leads to faster growth in the effective capital-labor ratio.

Another noteworthy feature is that the speed of convergence in equation (3.8), measured

by the term (1− εf (k
∗)) (δ + g + n) multiplying the gap between log y (t) and log y∗ (t), de-

pends on δ+g+n and the elasticity of the production function εf (k∗). Both of these capture

intuitive effects. As discussed in the previous chapter, the term δ + g + n determines the

rate at which effective capital-labor ratio needs to be replenished. The higher is this rate of

replenishment, the larger is the amount of investment in the economy (recall Figure 2.7 in

the previous chapter) and thus there is room for faster adjustment. On the other hand, when

εf (k
∗) is high, we are close to a linear–AK–production function, and as demonstrated in

the previous chapter, in this case convergence should be slow. In the extreme case where

εf (k
∗) is equal to 1, we will be in the AK economy and there will be no convergence.

Example 3.1. (Cobb-Douglas production function and convergence) Consider briefly

the Cobb-Douglas production function from Example 2.1 in the previous chapter, where

Y (t) = A (t)K (t)α L (t)1−α. This implies that y (t) = A (t) k (t)α. Consequently, as noted

above, εf (k (t)) = α. Therefore, (3.8) becomes

ẏ (t)

y (t)
' g − (1− α) (δ + g + n) (log y (t)− log y∗ (t)) .

This equation also enables us to “calibrate” the speed of convergence in practice–meaning

to obtain a back-of-the-envelope estimate of the speed of convergence by using plausible

values of parameters. Let us focus on advanced economies. In that case, plausible values

for these parameters might be g ' 0.02 for approximately 2% per year output per capita

growth, n ' 0.01 for approximately 1% population growth and δ ' 0.05 for about 5% per

year depreciation. Recall also from the previous chapter that the share of capital in national

income is about 1/3, so with the Cobb-Douglas production function we should have α ' 1/3.
Consequently, we may expect the convergence coefficient in front of log y (t) − log y∗ (t) to
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be around 0.054 (' 0.67 × 0.08). This is a very rapid rate of convergence and would imply
that income gaps between two similar countries that have the same technology, the same

depreciation rate and the same rate of population growth should narrow rather quickly. For

example, it can be computed that with these numbers, the gap of income between two similar

countries should be halved in little more than 10 years (see Exercise 3.4). This is clearly at

odds with the patterns we saw in Chapter 1.

Using equation (3.8), we can obtain a growth regression similar to those estimated by

Barro (1991). In particular, using discrete time approximations, equation (3.8) yields the

regression equation:

(3.9) gi,t,t−1 = b0 + b1 log yi,t−1 + εi,t,

where gi,t,t−1 is the growth rate of country i between dates t−1 and t, log yi,t−1 is the “initial”
(i.e., time t−1) log output per capita of this country, and εi,t is a stochastic term capturing all
omitted influences. Regressions on this form have been estimated by, among others, Baumol

(1986), Barro (1991) and Barro and Sala-i-Martin (1992). If such an equation is estimated

in the sample of core OECD countries, b1 is indeed estimated to be negative; countries like

Greece, Spain and Portugal that were relatively poor at the end of World War II have grown

faster than the rest as shown in Figure 1.14 in Chapter 1.

Yet, Figure 1.13 in Chapter 1 shows, when we look at the whole world, there is no evidence

for a negative b1. Instead, this figure makes it clear that, if anything, b1 would be positive.

In other words, there is no evidence of world-wide convergence.

Barro and Sala-i-Martin refer to this type of convergence as “unconditional convergence,”

meaning the convergence of countries regardless of differences in characteristics and policies.

However, this notion of unconditional convergence may be too demanding. It requires that

there should be a tendency for the income gap between any two countries to decline, irre-

spective of what types of technological opportunities, investment behavior, policies and in-

stitutions these countries have. If countries do differ with respect to these factors, the Solow

model would not predict that they should converge in income level. Instead, each should con-

verge to their own level of steady-state income per capita or balanced growth path. Thus in a

world where countries differ according to their characteristics, a more appropriate regression

equation may take the form:

(3.10) gi,t,t−1 = b0i + b1 log yi,t−1 + εi,t,

where the key difference is that now the constant term, b0i , is country specific. (In principle,

the slope term, measuring the speed of convergence, b1, should also be country specific,

but in empirical work, this is generally taken to be a constant, and we assume the same

here to simplify the exposition). One may then model b0i as a function of certain country
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characteristics, such as institutional factors, human capital (see next section), or even the

investment rate.

If the true equation is (3.10), in the sense that the Solow model applies but certain

determinants of economic growth differ across countries, equation (3.9) would not be a good

fit to the data. Put differently, there is no guarantee that the estimates of b1 resulting from

this equation will be negative. In particular, it is natural to expect that Cov
¡
b0i , log yi,t−1

¢
< 0

(where Cov refers to the population covariance), since economies with certain growth-reducing

characteristics will have low levels of output. This implies a negative bias in the estimate of

b1 in equation (3.9), when the more appropriate equation is (3.10).

With this motivation, Barro (1991) and Barro and Sala-i-Martin (2004) favor the notion of

“conditional convergence,” which means that the convergence effects emphasized by the Solow

model should lead to negative estimates of b1 once b0i is allowed to vary across countries. To

implement this idea of conditional convergence empirically, Barro (1991) and Barro and Sala-

i-Martin (2004) estimate models where b0i is assumed to be a function of, among other things,

the male schooling rate, the female schooling rate, the fertility rate, the investment rate, the

government-consumption ratio, the inflation rate, changes in terms of trades, openness and

institutional variables such as rule of law and democracy. In regression form, this can be

written as

(3.11) gi,t,t−1 = X
0
i,tβ + b1 log yi,t−1 + εi,t,

where Xi,t is a (column) vector including the variables mentioned above (as well as a con-

stant), with a vector of coefficients β. In other words, this specification imposes that b0i
in equation (3.10) can be approximated by X0i,tβ. Consistent with the emphasis on condi-

tional convergence, regressions of equation (3.11) tend to show a negative estimate of b1, but

the magnitude of this estimate is much lower than that suggested by the computations in

Example 3.1.

Regressions similar to (3.11) have not only been used to support “conditional conver-

gence,” that is, the presence of transitional dynamics similar to those implied by the Solow

growth model, but they have also been used to estimate the “determinants of economic

growth”. In particular, it may appear natural to presume that the estimates of the coefficient

vector β will contain information about the causal effects of various variables on economic

growth. For example, the fact that the schooling variables enter with positive coefficients in

the estimates of regression (3.11) is interpreted as evidence that “schooling causes growth”.

The simplicity of the regression equations of the form (3.11) and the fact that they create an

attractive bridge between theory and data have made them very popular over the past two

decades.
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Nevertheless, there are several problematic features with regressions of this form. These

include:

(1) Most, if not all, of the variables in Xi,t as well as log yi,t−1, are econometrically

endogenous in the sense that they are jointly determined with the rate of economic

growth between dates t−1 and t. For example, the same factors that make the coun-
try relatively poor in 1950, thus reducing log yi,t−1, should also affect its growth rate

after 1950. Or the same factors that make a country invest little in physical and

human capital could have a direct effect on its growth rate (through other chan-

nels such as its technology or the efficiency with which the factors of production

are being utilized). This creates an obvious source of bias (and lack of economet-

ric consistency) in the regression estimates of the coefficients. This bias makes it

unlikely that the effects captured in the coefficient vector β correspond to causal

effects of these characteristics on the growth potential of economies. One may argue

that the convergence coefficient b1 is of interest, even if it does not have a “causal

interpretation”. This argument is not entirely compelling, however. A basic result

in econometrics is that if Xi,t is econometrically endogenous, so that the parameter

vector β is estimated inconsistently, the estimate of the parameter b1 will also be

inconsistent unless Xi,t is independent from log yi,t−1.1 This makes the estimates of

the convergence coefficient, b1, hard to interpret.

(2) Even if Xi,t’s were econometrically exogenous, a negative coefficient estimate for

b1 could be caused by other econometric problems, such as measurement error or

other transitory shocks to yi,t. For example, because national accounts data are

always measured with error, suppose that our available data on log yi,t contains

measurement error. In particular, suppose that we only observe estimates of output

per capita ỹi,t = yi,t exp (ui,t), where yi,t is the true output per capita and ui,t is

a random and serially uncorrelated error term. When we use the variable log ỹi,t
measured with error in our regressions, the error term ui,t−1 will appear both on the

left-hand side and the right-hand side of (3.11). In particular, note that

log ỹi,t − log ỹi,t−1 = log yi,t − log yi,t−1 + ui,t − ui,t−1.

Since the measured growth is g̃i,t,t−1 ≈ log ỹi,t − log ỹi,t−1 = log yi,t − log yi,t−1 +
ui,t − ui,t−1, when we look at the growth regression

g̃i,t,t−1 = X
0
i,tβ + b1 log ỹi,t−1 + εi,t,

the measurement error ui,t−1 will be part of both the error term εi,t and log ỹi,t−1 =

log yi,t−1 + ui,t−1, leading to a negative bias in the estimation of b1. Therefore,

1An example of the endogeneity of these variables will be given in Section 3.4 below.
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we can end up with a negative estimate of b1, even when there is no conditional

convergence.

(3) The interpretation of regression equations like (3.11) is not always straightforward

either. Many of the regressions used in the literature include the investment rate as

part of the vector Xi,t (and all of them include the schooling rate). However, in the

Solow model, differences in investment rates are the channel via which convergence

will take place–in the sense that economies below their steady state will grow faster

by having higher investment rates. Therefore, strictly speaking, conditional on the

investment rate, there should be no further effect of the gap between the current

level of output and the steady-state level of output. The same concern applies

to interpreting the effect of the variables in the vector Xi,t (such as institutions

or openness), which are typically included as potential determinants of economic

growth. However, many of these variables would affect growth primarily by affecting

the investment rate (or the schooling rate). Therefore, once we condition on the

investment rate and the schooling rate, the coefficients on these variables no longer

measure their impact on economic growth. Consequently, estimates of (3.11) with

investment-like variables on the right-hand side are difficult to link to theory.

(4) Regressions of the form (3.11) are often thought to be appealing because they model

the “process of economic growth” and may give us information about the potential

determinants of economic growth (to the extent that these are included in the vector

Xi,t). Nevertheless, there is a sense in which growth regressions are not much dif-

ferent than “levels regressions”–similar to those discussed in Section 3.4 below and

further in Chapter 4. In particular, again noting that gi,t,t−1 ≈ log yi,t − log yi,t−1,
equation (3.11) can be rewritten as

log yi,t ≈ X0i,tβ +
¡
1 + b1

¢
log yi,t−1 + εi,t.

Therefore, essentially the level of output is being regressed onXi,t, so that regression

on the form (3.11) will typically uncover the correlations between the variables in

the vectorXi,t and output per capita. Thus growth regressions are often informative

about which economic or social processes go hand-in-hand with high levels of output.

A specific example is life expectancy. When life expectancy is included in the vector

Xi,t in a growth regression, it is often highly significant. But this simply reflects

the high correlation between income per capita and life expectancy we have already

seen in Figure 1.6 in Chapter 1. It does not imply that life expectancy has a causal

effect on economic growth, and more likely reflects the joint determination of life

expectancy and income per capita and the impact of prosperity on life expectancy.
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(5) Finally, the motivating equation for the growth regression, (3.8), is derived for a

closed Solow economy. When we look at cross-country income differences or growth

experiences, the use of this equation imposes the assumption that “each country is

an island”. In other words, we are representing the world as a collection of non-

interacting closed economies. In practice, countries trade goods, exchange ideas and

borrow and lend in international financial markets. This implies that the behavior of

different countries will not be given by equation (3.8), but by a system of equations

characterizing the joint world equilibrium. Even though a world equilibrium is

typically a better way of representing differences in income per capita and their

evolution, in the first part of the book we will follow the approach of the growth

regressions and often use the “each country is an island” assumption. We will return

to models of world equilibrium in Chapter 19.

This discussion suggests that growth regressions need to be used with caution and ought

to be supplemented with other methods of mapping the basic Solow model to data. What

other methods will be useful in empirical analyses of economic growth? A number of answers

emerge from our discussion above. To start with, for many of the questions we are interested

in, regressions that control for fixed country characteristics might be equally useful as, or

more useful than, growth regressions. For example, a more natural regression framework for

investigating the economic (or statistical) relationship between the variables in the vector

Xi,t and economic growth might be

(3.12) log yi,t = α log yi,t−1 +X
0
i,tβ + δi + μt + εi,t,

where δi’s denote a full set of country fixed effects and μt’s denote a full set of year effects.

This regression framework differs from the growth regressions in a number of respects. First,

the regression equation is specified in levels rather than with the growth rate on the left-hand

side. But as we have seen above, this is not important and corresponds to a transformation of

the left-hand side variable. Second, although we have included the lagged dependent variable,

log yi,t−1, on the right-hand side of (3.12), models with fixed effects and lagged dependent

variables are difficult to estimate, thus it is often more convenient to omit this term. Third

and most important, by including the country fixed effects, this regression equation takes out

fixed country characteristics that might be simultaneously affecting economic growth (or the

level of income per capita) and the right-hand side variables of interest. For instance, in terms

of the example discussed in (4) above, if life expectancy and income per capita are correlated

because of some omitted factors, the country fixed effects, δi’s, will remove the influence

of these factors. Therefore, panel data regressions as in (3.12) may be more informative

about the relationship between a range of factors and income per capita. Nevertheless,

it is important to emphasize that including country fixed effects is not a panacea against

97



Introduction to Modern Economic Growth

all omitted variable biases and econometric endogeneity problems. Simultaneity bias often

results from time-varying influences, which cannot be removed by including fixed effects.

Moreover, to the extent that some of the variables in the vector Xi,t are slowly-varying

themselves, the inclusion of country fixed effects will make it difficult to uncover the statistical

relationship between these variables and income per capita.

This discussion highlights that econometric models similar to (3.12) are often useful and

a good complement to (or substitute for) growth regressions. But they are not a good

substitute for specifying the structural economic relationships fully and for estimating the

causal relationships of interest. In the next chapter, we will see how some progress can be

made in this regard by looking at the historical determinants of long-run economic growth

and using specific historical episodes to generate potential sources of exogenous variation in

the variables of interest that can allow an instrumental-variables strategy.

In the remainder of this chapter, we will see how the structure of the Solow model can be

further exploited to look at the data. Before doing this, we will present an augmented version

of the Solow model incorporating human capital, which will be useful in these empirical

exercises.

3.3. The Solow Model with Human Capital

Before discussing further applications of the Solow model to the data, let us enrich the

model by including human capital. Human capital is a term we use to represent the stock of

skills, education, competencies and other productivity-enhancing characteristics embedded

in labor. Put differently, human capital represents the efficiency units of labor embedded in

raw labor hours.

The notion of human capital will be discussed in greater detail in Chapter 10 below,

where we will study models in which individuals invest in their human capital in order to

increase their earnings. In fact, the notion and the name “human capital” comes from the

observation that individuals will invest in their skills and competencies in the same way as

firms invest in their physical capital–to increase their productivity. The seminal work by

Ted Schultz, Jacob Mincer and Gary Becker brought the notion of human capital to the

forefront of economics. For now, all we need to know is that labor hours supplied by different

individuals do not contain the same efficiency units; a highly trained carpenter can produce

a chair in a few hours, while an amateur would spend many more hours to perform the same

task. We capture this notion by thinking that the trained carpenter has more efficiency units

of labor embedded in the labor hours he supplies, or alternatively he has more human capital.

The theory of human capital is very rich and some of the important notions will be discussed

in Chapter 10. For now, our objective is more modest, to investigate how including human

capital makes the Solow model a better fit to the data. The inclusion of human capital will
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enable us to embed all three of the main proximate sources of income differences; physical

capital, human capital and technology.

For the purposes of this section, let us focus on the continuous time economy and suppose

that the aggregate production function of the economy is given by a variant of equation (2.1):

(3.13) Y = F (K,H,AL) ,

where H denotes “human capital”. How this is measured in the data will be discussed below.

As usual, we assume throughout (often implicitly) that A > 0.

Let us also modify Assumption 1 as follows

Assumption 10: The production function F : R3+ → R+ in (3.13) is twice continu-
ously differentiable in K, H and L, and satisfies

∂F (K,H,AL)

∂K
> 0,

∂F (K,H,AL)

∂H
> 0,

∂F (K,H,AL)

∂L
> 0

∂2F (K,H,AL)

∂K2
< 0,

∂2F (K,H,AL)

∂H2
< 0,

∂2F (K,H,AL)

∂L2
< 0,

Moreover, F exhibits constant returns to scale in its three arguments.

We also replace Assumption 2 with the following:

Assumption 20: F satisfies the Inada conditions

lim
K→0

∂F (K,H,AL)

∂K
= ∞ and lim

K→∞

∂F (K,H,AL)

∂K
= 0 for all H > 0 and AL > 0,

lim
H→0

∂F (K,H,AL)

∂H
= ∞ and lim

H→∞

∂F (K,H,AL)

∂H
= 0 for all K > 0 and AL > 0,

lim
L→0

∂F (K,H,AL)

∂L
= ∞ and lim

L→∞

∂F (K,H,AL)

∂L
= 0 for all K, H,A > 0.

Moreover, we assume that investments in human capital take a similar form to investments

in physical capital; households save a fraction sk of their income to invest in physical capital

and a fraction sh to invest in human capital. Human capital also depreciates in the same

way as physical capital, and we denote the depreciation rates of physical and human capital

by δk and δh, respectively.

We continue to assume that there is constant population growth and a constant rate of

labor-augmenting technological progress, i.e.,

L̇ (t)

L (t)
= n and

Ȧ (t)

A (t)
= g.

Now defining effective human and physical capital ratios as

k (t) ≡ K (t)

A (t)L (t)
and h (t) ≡ H (t)

A (t)L (t)
,
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and using the constant returns to scale feature in Assumption 10, output per effective unit of

labor can be written as

ŷ (t) ≡ Y (t)

A (t)L (t)

= F

µ
K (t)

A (t)L (t)
,

H (t)

A (t)L (t)
, 1

¶
≡ f (k (t) , h (t)) .

With the same steps as in Chapter 2, the law of motion of k (t) and h (t) can then be obtained

as:

k̇ (t) = skf (k (t) , h (t))− (δk + g + n) k (t) ,

ḣ (t) = shf (k (t) , h (t))− (δh + g + n)h (t) .

A steady-state equilibrium is now defined not only in terms of effective capital-labor ratio,

but effective human and physical capital ratios, (k∗, h∗), which satisfies the following two

equations:

(3.14) skf (k
∗, h∗)− (δk + g + n) k∗ = 0,

and

(3.15) shf (k
∗, h∗)− (δh + g + n)h∗ = 0.

As in the basic Solow model, we focus on steady-state equilibria with k∗ > 0 and h∗ > 0 (if

f (0, 0) = 0, then there exists a trivial steady state with k = h = 0, which we ignore as we

did in the previous chapter).

We can first prove that this steady-state equilibrium is in fact unique. To see this heuris-

tically, consider Figure 3.1, which is drawn in the (k, h) space. The two curves represent the

two equations (3.14) and (3.15). Both lines are upward sloping. For example, in (3.14) a

higher level of h∗ implies greater f (k∗, h∗) from Assumption 10, thus the level of k∗ and that

will satisfy the equation is higher. The same reasoning applies to (3.15). However, the proof

of the next proposition shows that (3.15) is always shallower in the (k, h) space, so the two

curves can only intersect once.

Proposition 3.1. Suppose Assumptions 10 and 20 are satisfied. Then in the augmented

Solow model with human capital, there exists a unique steady-state equilibrium (k∗, h∗).

Proof. First consider the slope of the curve (3.14), corresponding to the k̇ = 0 locus, in

the (k, h) space. Using the implicit function theorem, we have

(3.16)
dh

dk

¯̄̄̄
k̇=0

=
(δk + g + n)− skfk (k

∗, h∗)

skfh (k∗, h∗)
,
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h

k
0

k=0

h=0

k*

h*

Figure 3.1. Steady-state equilibrium in the Solow model with human capital.

where fk ≡ ∂f/∂k. Rewriting (3.14), we have skf (k∗, h∗) /k∗− (δk + g + n) = 0. Now recall

that since f is strictly concave in k in view of Assumption 10 and f (0, h∗) ≥ 0, we have

f (k∗, h∗) > fk (k
∗, h∗) k∗ + f (0, h∗)

> fk (k
∗, h∗) k∗.

Therefore, (δk + g + n)− skfk (k
∗, h∗) > 0, and (3.16) is strictly positive.

Similarly, defining fh ≡ ∂f/∂h and applying the implicit function theorem to the ḣ = 0

locus, (3.15), we have

(3.17)
dh

dk

¯̄̄̄
ḣ=0

=
shfk (k

∗, h∗)

(δh + g + n)− shfh (k∗, h∗)
.

With the same argument as that used for (3.16), this expression is also strictly positive.
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Next, we prove that (3.16) is steeper than (3.17) whenever (3.14) and (3.15) hold, so that

can it most be one intersection. First, observe that

dh

dk

¯̄̄̄
ḣ=0

<
dh

dk

¯̄̄̄
k̇=0

m
shfk (k

∗, h∗)

(δh + g + n)− shfh (k∗, h∗)
<

(δk + g + n)− skfk (k
∗, h∗)

skfh (k∗, h∗)

m

skshfkfh < skshfkfh + (δh + g + n) (δk + g + n)

− (δh + g + n) skfk − (δk + g + n) shfh.

Now using (3.14) and (3.15) and substituting for (δk + g + n) = skf (k
∗, h∗) /k∗ and

(δh + g + n) = shf (k
∗, h∗) /h∗, this is equivalent to

f (k∗, h∗) > fk (k
∗, h∗) k∗ + fh (k

∗, h∗)h∗,

which is satisfied by the fact that f (k∗, h∗) is a strictly concave function.

Finally, to establish existence note that Assumption 20 implies that limh→0 f (k, h) /h =

∞, limk→0 f (k, h) /k = ∞, limh→∞ f (k, h) /h = 0 and limk→∞ f (k, h) /k = 0, so that the

curves look as in Figure 3.1, that is, (3.14) is below (3.15) as k → 0 and h → ∞, but it is
above (3.15) as k →∞ and h→ 0. This implies that the two curves must intersect at least

once. ¤

This proposition shows that a unique steady state exists when the Solow model is aug-

mented with human capital. The comparative statics are similar to the basic Solow model

(see Exercise 3.7). Most importantly, both greater sk and greater sh will translate into higher

normalized output per capita, ŷ∗.

Now turning to cross-country behavior, consider two different countries that experience

the same rate of labor-augmenting technological progress, g. This implies that the country

with greater propensity to invest in physical and human capital will be relatively richer. This

is the type of prediction can be investigated empirically to see whether the augmented Solow

model gives us a useful way of looking at cross-country income differences.

Before doing this, however, we also need to check whether the unique steady state is

globally stable. The next proposition shows that this is the case.

Proposition 3.2. Suppose Assumptions 10 and 20 are satisfied. Then the unique steady-

state equilibrium of the augmented Solow model with human capital, (k∗, h∗), is globally stable

in the sense that starting with any k (0) > 0 and h (0), we have (k (t) , h (t))→ (k∗, h∗).

A formal proof of this proposition is left to Exercise 3.6. Figure 3.2 gives a diagrammatic

proof, by showing the law of motion of k and h depending on whether we are above or below
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the two curves representing the loci for k̇ = 0 and ḣ = 0, respectively, (3.14) and (3.15).

When we are to the right of the (3.14) curve, there is too much physical capital relative to

the amount of labor and human capital, and consequently, k̇ < 0. When we are to its left,

we are in the converse situation and k̇ > 0. Similarly, when we are above the (3.15) curve,

there is too little human capital relative to the amount of labor and physical capital, and

thus ḣ > 0. When we are below it, ḣ < 0. Given these arrows, the global stability of the

dynamics follows.

h

k
0

k=0

h=0

k*

h*

Figure 3.2. Dynamics of physical capital-labor and human capital-labor ra-
tios in the Solow model with human capital.

We next characterize the equilibrium in greater detail when the production function (3.13)

takes a Cobb-Douglas form.

Example 3.2. (Augmented Solow model with Cobb-Douglas production functions)

Let us now work through a special case of the above model with Cobb-Douglas production

function. In particular, suppose that the aggregate production function is

(3.18) Y (t) = K (t)αH (t)β (A (t)L (t))1−α−β ,

where 0 < α < 1, 0 < β < 1 and α + β < 1. Output per effective unit of labor can then be

written as

ŷ (t) = kα (t)hβ (t) ,
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with the same definition of ŷ (t), k (t) and h (t) as above. Using this functional form, (3.14)

and (3.15) give the unique steady-state equilibrium as

k∗ =

Ãµ
sk

n+ g + δk

¶1−β µ sh
n+ g + δh

¶β
! 1

1−α−β

(3.19)

h∗ =

Ãµ
sk

n+ g + δk

¶αµ sh
n+ g + δh

¶1−α! 1
1−α−β

,

which shows that higher saving rate in physical capital not only increases k∗, but also h∗.

The same applies for a higher saving rate in human capital. This reflects the facts that the

higher saving rate in physical capital, by increasing, k∗, raises overall output and thus the

amount invested in schooling (since sh is constant). Given (3.19), output per effective unit

of labor in steady state is obtained as

(3.20) ŷ∗ =

µ
sk

n+ g + δk

¶ β
1−α−β

µ
sh

n+ g + δh

¶ α
1−α−β

.

This expression shows that the relative contributions of the saving rates for physical and

human capital on (normalized) output per capita depends on the shares of physical and

human capital–the larger is β, the more important is sk and the larger is α, the more

important is sh.

In the next section, we will use the augmented Solow model to look at cross-country

income differences.

3.4. Solow Model and Cross-Country Income Differences: Regression Analyses

3.4.1. A World of Augmented Solow Economies. An important paper by Mankiw,

Romer and Weil (1992) used regression analysis to take the augmented Solow model, with

human capital, to data. In line with our main emphasis here, let us focus on the cross-country

part of Mankiw, Romer and Weil’s (1992) analysis. To do this, we will use the Cobb-Douglas

model in Example 3.2 and envisage a world consisting of j = 1, ...,N countries.

Mankiw, Romer and Weil (1992), like many other authors, start with the assumption

mentioned above, that “each country is an island”; in other words, they assume that countries

do not interact (perhaps except for sharing some common technology growth, see below).

This assumption enables us to analyze the behavior of each economy as a self-standing Solow

model. Even though “each country is an island” is an unattractive assumption, it is a useful

starting point both because of its simplicity and because this is where much of the literature

started from (and in fact, it is still where much of the literature stands).

Following Example 3.2, we assume that country j = 1, ..., N has the aggregate production

function:

Yj (t) = Kj (t)
αHj (t)

β (Aj (t)Lj (t))
1−α−β .
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This production function nests the basic Solow model without human capital when α = 0.

First, assume that countries differ in terms of their saving rates, sk,j and sh,j , population

growth rates, nj , and technology growth rates Ȧj (t) /Aj (t) = gj . As usual, define kj ≡
Kj/AjLj and hj ≡ Hj/AjLj .

Since our main interest here is cross-country income differences, rather than studying the

dynamics of a particular country over time, let us focus on a world in which each country

is in their steady state (thus ignoring convergence dynamics, which was the focus in the

previous section). To the extent that countries are not too far from their steady state, there

will be little loss of insight from this assumption, though naturally this approach will not

be satisfactory when we think of countries experiencing very large growth spurts or growth

collapses, as some of the examples discussed in Chapter 1.

Given the steady-state assumption, equivalents of equations (3.19) apply here and im-

ply that the steady state physical and human capital to effective labor ratios of country j,³
k∗j , h

∗
j

´
, are given by:

k∗j =

Ãµ
sk,j

nj + gj + δk

¶1−β µ sh,j
nj + gj + δh

¶β
! 1

1−α−β

h∗j =

Ãµ
sk,j

nj + gj + δk

¶αµ sh,j
nj + gj + δh

¶1−α! 1
1−α−β

.

Consequently, using (3.20), the “steady-state”/balanced growth path income per capita of

country j can be written as

y∗j (t) ≡
Y (t)

L (t)
(3.21)

= Aj (t)

µ
sk,j

nj + gj + δk

¶ α
1−α−β

µ
sh,j

nj + gj + δh

¶ β
1−α−β

.

Here y∗j (t) stands for output per capita of country j along the balanced growth path. An

immediate implication of this equation is that if gj ’s are not equal across countries, income

per capita will diverge, since the term in front, Aj (t), will be growing at different rates

for different countries. As we saw in Chapter 1, there is some evidence for this type of

divergent behavior, but the world (per capita) income distribution can also be approximated

by a relatively stable distribution. As mentioned there, this is an area of current research

and debate whether we should model the world economy with an expanding or stable world

income distribution. The former would be consistent with a specification in which the gj ’s

differ across countries, while the latter would require all countries to have the same rate of

technological progress, g (recall the discussion in Chapter 1).
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Since technological progress is taken as exogenous in the Solow model, it is, in many

ways, more appropriate for the Solow model to assume a common rate of technical progress.

Motivated by this, Mankiw, Romer and Weil (1992) make the following assumption:

Common technology advances assumption: Aj (t) = Āj exp (gt) .

That is, countries differ according to their technology level, in particular, according to

their initial level of technology, Āj , but they share the same common technology growth rate,

g.

Now using this assumption together with (3.21) and taking logs, we obtain the following

convenient log-linear equation for the balanced growth path of income for country j = 1, ..., N :

(3.22) ln y∗j (t) = ln Āj + gt+
α

1− α− β
ln

µ
sk,j

nj + g + δk

¶
+

β

1− α− β
ln

µ
sh,j

nj + g + δh

¶
.

This is a simple and attractive equation. Most importantly, once we adopt values for the

constants δk, δh and g (or estimate them from some other data sources), we can use cross-

country data we can compute sk,j , sh,j , nj , and thus construct measures of the two key

right-hand side variables. Once we have these measures, equation (3.22) can be estimated by

ordinary least squares (i.e., by regressing income per capita on these measures) to uncover

the values of α and β.

Mankiw, Romer and Weil take δk = δh = δ and δ + g = 0.05 as approximate depreci-

ation rates for physical and human capital and growth rate for the world economy. These

numbers are somewhat arbitrary, but their exact values are not important for the estimation.

The literature typically approximates sk,j with average investment rates (investments/GDP).

Investment rates, average population growth rates nj , and log output per capita are from

the Summers-Heston dataset discussed in Chapter 1. In addition, they use estimates of the

fraction of the school-age population that is enrolled in secondary school as a measure of the

investment rate in human capital, sh,j . We return this variable below.

However, even with all of these assumptions, equation (3.22) can still not be estimated

consistently. This is because the ln Āj term is unobserved (at least to the econometrician) and

thus will be captured by the error term. Most reasonable models of economic growth would

suggest that technological differences, the ln Āj ’s, should be correlated with investment rates

in physical and human capital. Thus an estimation of (3.22) would lead to the most standard

form of omitted variable bias and inconsistent estimates. Consistency would only follow under

a stronger assumption than the common technology advances assumption introduced above.

Therefore, implicitly, Mankiw, Romer and Weil make another crucial assumption:

Orthogonal technology assumption: Āj = εjA, with εj orthogonal to all other

variables.
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Under the orthogonal technology assumption, ln Āj , which is part of the error term,

is orthogonal to the key right-hand side variables and equation (3.22) can be estimated

consistently.

3.4.2. Mankiw, Romer and Weil Estimation Results. Mankiw, Romer and Weil

first estimate equation (3.22) without the human capital term (i.e., imposing α = 0) for the

cross-sectional sample of non-oil producing countries. In particular, their estimating equation

is:

ln y∗j = constant+
α

1− α
ln (sk,j)−

α

1− α
ln (nj + g + δk) + εj .

This equation is obtained from (3.22) by setting β = 0, dropping the time terms, since the

equation refers to a single cross section and separating the terms ln (sk,j) and ln (nj + g + δk).

Separating these two terms is useful to test the restriction that their coefficients should be

equal in absolute value and of opposite signs. Finally, this equation also includes εj as the

error term, capturing all omitted factors and influences on income per capita.

Their results on this estimation exercise are replicated in columns 1 of Table 3.1 using

the original Mankiw, Romer and Weil data (standard errors in parentheses). Their estimates

suggest a coefficient of around 1.4 for α/ (1− α), which implies that α must be around 2/3.

Since α is also the share of capital in national income, it should be around 1/3. Thus, the

regression estimates without human capital appear to lead to overestimates of α. Columns

2 and 3 report the same results with updated data. The fit on the model is slightly less

good than was the case with the Mankiw, Romer and Weil data, but the general pattern is

similar. The implied values of α are also a little smaller than the original estimates, but still

substantially higher than the 1/3 number one would expect on the basis of the underlying

model.
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Table 3.1
Estimates of the Basic Solow Model

MRW Updated data
1985 1985 2000

ln(sk) 1.42 1.01 1.22
(.14) (.11) (.13)

ln(n+ g + δ) -1.97 -1.12 -1.31
(.56) (.55) (.36)

Adj R2 .59 .49 .49

Implied α .59 .50 .55

No. of observations 98 98 107
The most natural reason for the high implied values of the parameter α in Table 3.1

is that εj is correlated with ln (sk,j), either because the orthogonal technology assumption

is not a good approximation to reality or because there are also human capital differences

correlated with ln (sk,j)–so that there is an omitted variable bias.

Mankiw, Romer and Weil favor the second interpretation and estimate the augmented

model, in particular the equation

ln y∗j = constant+
α

1− α− β
ln (sk,j)−

α

1− α− β
ln (nj + g + δk)(3.23)

+
β

1− α− β
ln (sh,j)−

β

1− α− β
ln (nj + g + δh) + εj .

This requires a proxy for ln (sh,j). Mankiw, Romer and Weil use the fraction of the working

age population that is in school. With this proxy and again under the orthogonal technology

assumption, the original Mankiw, Romer and Weil estimates are given in column 1 of Table

3.2. Now the estimation is more successful. Not only is the Adjusted R2 quite high (about

78%), the implied value for α is around 1/3. On the basis of this estimation result, Mankiw,

Romer and Weil and others have interpreted the fit of the augmented Solow model to the

data as a success: with common technology, human and physical capital investments appear

to explain 78% of the cross-country income per capita differences and the implied parameter

values are reasonable. Columns 2 and 3 of the table show the results with the updated data.

The implied values of α are similar, though the Adjusted R2 is somewhat lower.
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Table 3.2
Estimates of the Augmented Solow Model

MRW Updated data
1985 1985 2000

ln(sk) .69 .65 .96
(.13) (.11) (.13)

ln(n+ g + δ) -1.73 -1.02 -1.06
(.41) (.45) (.33)

ln(sh) .66 .47 .70
(.07) (.07) (.13)

Adj R2 .78 .65 .60

Implied α .30 .31 .36

Implied β .28 .22 .26

No. of observations 98 98 107

To the extent that these regression results are reliable, they give a big boost to the

augmented Solow model. In particular, the estimate of Adjusted R2 suggests that over (or

close to) three quarters of income per capita differences across countries can be explained

by differences in their physical and human capital investment behavior. The immediate

implication is that technology (TFP) differences have a somewhat limited role, confined to at

most accounting for about a quarter of the cross-country income per capita differences. If this

conclusion were appropriate, it would imply that, as far as the proximate causes of prosperity

are concerned, we could confine our attention to physical and human capital, and assume

that countries have access to more or less the same world technology. The implications for

the modeling of economic growth are of course quite major.

In the next subsection, we will see why the conclusion that technology differences are

minor and physical and human capital differences are the major proximate cause of income

per capita differences should not be accepted without further investigation.

3.4.3. Challenges to the Regression Analyses of Growth Models. There are two

major (and related) problems with this approach.

The first relates to the assumption that technology differences across countries are or-

thogonal to all other variables. While the constant technology advances assumption may be

defended, the orthogonality assumption is too strong, almost untenable. We not only expect

Āj to vary across countries, but also to be correlated with measures of shj and skj ; countries

that are more productive will also invest more in physical and human capital. This is for
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two reasons. The first is a version of the omitted variable bias problem; as we will discuss

in detail later in the book, technology differences are also outcomes of investment decisions.

Thus societies with high levels of Āj will be those that have invested more in technology for

various reasons; it is then natural to expect the same reasons to induce greater investment in

physical and human capital as well. Second, even ignoring the omitted variable bias problem,

there is a reverse causality problem; complementarity between technology and physical or

human capital imply that countries with high Āj will find it more beneficial to increase their

stock of human and physical capital.

In terms of the regression equation (3.23), this implies that the key right-hand side vari-

ables are correlated with the error term, εj . Consequently, ordinary least squares regressions

of equation (3.23) will lead to upwardly biased estimates of α and β. In addition, the esti-

mate of the R2, which is a measure of how much of the cross-country variability in income

per capita can be explained by physical and human capital, will also be biased upwards.

The second problem relates to the magnitudes of the estimates of α and β in equation

(3.23). The regression framework above is attractive in part because we can gauge whether

the estimate of α was plausible. We should do the same for the estimate of β, the coefficient

on the investment rate in human capital, shj . We will now see that when we perform a similar

analysis for β, we will find that it is too large relative to what we should expect on the basis

of microeconometric evidence.

Recall first that Mankiw, Romer and Weil use the fraction of the working age population

enrolled in school. This variable ranges from 0.4% to over 12% in the sample of countries

used for this regression. Their estimates therefore imply that, holding all other variables

constant, a country with approximately 12 for this variable should have income per capita

about 9 times that of a country with shj = 0.4. More explicitly, the predicted log difference

in incomes between these two countries is
α

1− α− β
(ln 12− ln (0.4)) = 0.66× (ln 12− ln (0.4)) ≈ 2.24.

This implies that, holding all other factors constant, a country with schooling investment

of over 12 should be about exp (2.24) − 1 ≈ 8.5 times richer than a country with a level of
schooling investment of around 0.4.

In practice, the difference in average years of schooling between any two countries in the

Mankiw-Romer-Weil sample is less than 12. In Chapter 10, we will see that there are good

economic reasons to expect additional years of schooling to increase earnings proportionally,

for example as in Mincer regressions of the form:

(3.24) lnwi = X
0
iγ + φSi,

where wi is wage earnings of individual i in some labor market, Xi is a set of demographic

controls, and Si is years of schooling. The estimate of the coefficient φ is the rate of returns
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to education, measuring the proportional increase in earnings resulting from one more year

of schooling. The microeconometrics literature suggests that equation (3.24) provides a good

approximation to the data and estimates φ to be between 0.06 and 0.10, implying that a

worker with one more year of schooling earns about 6 to 10 percent more than a comparable

worker with one less year of schooling. If labor markets are competitive, or at the very least,

if wages are, on average, proportional to productivity, this also implies that one more year of

schooling increases worker productivity by about 6 to 10 percent.

Can we deduce from this information how much richer a country with 12 more years of

average schooling should be? The answer is yes, but with two caveats.

First, we need to assume that the micro-level relationship as captured by (3.24) applies

identically to all countries. In other words, the implicit assumption in wage regressions in

general and in equation (3.24) in particular is that the human capital (and the earnings

capacity) of each individual is a function of his or her years of schooling. For example,

ignoring other determinants of wage earnings, we can write the wage earnings of individual

i is a function of his or her schooling as wi = φ̃ (Si). The first key assumption is that this φ̃

function is identical across countries and can be approximated by an exponential function of

the form φ̃ (Si) ≈ exp (φSi) so that we obtain equation (3.24). The reasons why this may be
a reasonable assumption will be further discussed in Chapter 10.

Second, we need to assume that there are no human capital externalities–meaning that

the human capital of a worker does not directly increase the productivity of other workers.

There are reasons for why human capital externalities may exist and some economists believe

that they are important. This issue will also be discussed in Chapter 10, where we will

see that human capital externalities are unlikely to be very large. Thus it is reasonable to

start without them. The key result which will enable us to go from the microeconometric

wage regressions to cross-country differences is that, with constant returns to scale, perfectly

competitive markets and no human capital externalities, differences in worker productivity

directly translate into differences in income per capita. To see this, suppose that each firm f

in country j has access to the production function

yfj = Kα
f (AjHf )

1−α ,

where Aj is the productivity of all the firms in the country, Kf is the capital stock and Hf

is effective units of human capital employed by firm f . Here the Cobb-Douglas production

function is chosen for simplicity and does not affect the argument. Suppose also that firms

in this country face a cost of capital equal to Rj . With perfectly competitive factor markets,

profit maximization implies that the cost of capital must equal its marginal product,

(3.25) Rj = α

µ
Kf

AjHf

¶−(1−α)
.
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This implies that all firms ought to function at the same physical to human capital ratio, and

consequently, all workers, irrespective of their level of schooling, ought to work at the same

physical to human capital ratio. Another direct implication of competitive labor markets is

that in country j, wages per unit of human capital will be equal to

wj = (1− α)αα/(1−α)AjR
−α/(1−α)
j .

Consequently, a worker with human capital hi will receive a wage income of wjhi. Once again,

this is a more general result; with aggregate constant returns to scale production technology,

wage earnings are linear in the effective human capital of the worker, so that a worker with

twice as much effective human capital as another should earn twice as much as this other

worker (see Exercise 3.9). Next, substituting for capital from (3.25), we have total income in

country j as

Yj = (1− α)αα/(1−α)R−α/(1−α)j AjHj ,

where Hj is the total efficiency units of labor in country j. This equation implies that ceteris

paribus (in particular, holding constant capital intensity corresponding to Rj and technology,

Aj), a doubling of human capital will translate into a doubling of total income. Notice that

in this exercise we are keeping not only Aj , but also Rj constant. While it may be reasonable

to keep technology, Aj , constant, one may wonder whether Rj will change systematically in

response to a change in Hj . While this is a possibility, any changes likely to be second-order.

First, international capital flows may work towards equalizing the rates of returns across

countries. Second, when capital-output ratio is constant, which Theorem 2.7 established as a

requirement for a balanced growth path, then Rj will indeed be constant (irrespective of the

exact form of the production function, see Exercise 3.10). Therefore, under constant returns

and perfectly competitive factor markets, a doubling of human capital (efficiency units of

labor) has the same effects on the earnings of an individual as the effect of a doubling of

aggregate human capital has on total output.

This analysis implies that the estimated Mincerian rates of return to schooling can be

used to calculate differences in the stock of human capital across countries. So in the absence

of human capital externalities, a country with 12 more years of average schooling should have

a stock of human capital somewhere between exp (0.10× 12) ' 3.3 and exp (0.06× 12) ' 2.05
times the stock of human capital of a county with fewer years of schooling. This implies that,

holding other factors constant, this country should be about 2-3 times as rich as the country

with zero years of average schooling, which is much less than the 8.5 fold difference implied

by the Mankiw-Romer-Weil analysis.

The consequence of this discussion is that the estimate for β that is implied by the

Mankiw-Romer-Weil regressions is too high relative to the estimates that would be implied

by the microeconometric evidence and thus likely upwardly biased. The overestimation of

112



Introduction to Modern Economic Growth

the coefficient α is, in turn, most likely related to the possible correlation between the error

term εj and the key right-hand side regressors in equation (3.23).

To recap, the comparison between the parameter estimates from the regression of (3.23)

and the microeconometric Mincerian rates of return estimates to schooling imply that cross-

country regression analysis is not necessarily giving us an accurate picture of the productivity

differences and thus the proximate causes of income differences.

3.5. Calibrating Productivity Differences

What other approach can we use to gauge the importance of physical and human capital

and technology differences? An alternative approach is to “calibrate” the (total factor) pro-

ductivity differences across countries rather than estimating them using a regression frame-

work. These total factor productivity differences are then interpreted as a measure of the

contribution of “technology” to cross-country income differences.

The calibration approach was proposed and used by Klenow and Rodriguez (1997) and

by Hall and Jones (1999). Here I follow Hall and Jones. The advantage of the calibration

approach is that the omitted variable bias underlying the estimates of Mankiw, Romer and

Weil will be less important (since micro-level evidence will be used to anchor the contribution

of human capital to economic growth). The disadvantage is that certain assumptions on

functional forms have to be taken much more seriously and we explicitly have to assume no

human capital externalities.

3.5.1. Basics. Suppose that each country has access to the Cobb-Douglas aggregate

production function:

(3.26) Yj = Kα
j (AjHj)

1−α ,

where Hj is the stock of human capital of country j, capturing the amount of efficiency

units of labor available to this country. Kj is its stock of physical capital and Aj is labor-

augmenting technology. Since our focus is on cross-country comparisons, time arguments are

omitted.

Suppose that each worker in country j has Sj years of schooling. Then using the Mincer

equation (3.24) from the previous section, ignoring the other covariates and taking exponents,

Hj can be estimated as

Hj = exp (φSj)Lj ,

where Lj is employment in country j and φ is the rate on returns to schooling estimated

from equation (3.24). This approach may not lead to very good estimates of the stock of

human capital for a country, however. First, it does not take into account differences in

other “human capital” factors, such as experience (which will be discussed in greater detail

in Chapter 10). Second, countries may differ not only in the years of schooling of their labor
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forces, but in the quality of schooling and the amount of post-schooling human capital. Third,

the rate of return to schooling may vary systematically across countries. As we will see in

greater detail below, the rate of return to schooling may be lower in countries with a greater

abundance of human capital. It is possible to deal with each of these problems to some extent

by constructing better estimates of the stocks of human capital.

Following Hall and Jones, we make only a partial correction for the last factor. Let

us assume that the rate of return to schooling does not vary by country, but is potentially

different for different years of schooling. For example, one year of primary schooling may

be more valuable than one year of graduate school (for example, because learning how to

read might increase productivity more than a solid understanding of growth theory!). In

particular, let the rate of return to acquiring the Sth year of schooling be φ (S). The above

equation would be the special case where φ (S) = φ for all S. With this assumption and with

estimates of the returns to schooling for different years (e.g., primary schooling, second the

schooling etc.), a somewhat better estimate of the stock of human capital can be constructed

as

Hj =
X
S

exp {φ (S)S}Lj (S)

where Lj (S) now refers to the total employment of workers with S years of schooling in

country j.

A series for Kj can be constructed from Summers-Heston dataset using investment data

and the perpetual invented method. In particular, recall that, with exponential depreciation,

the stock of physical capital evolves according to

Kj (t+ 1) = (1− δ)Kj (t) + Ij (t) ,

where Ij (t) is the level of investment in country j at time j. Let us assume, following Hall

and Jones that δ = 0.06. With a complete series for Ij (t), this equation can be used to

calculate the stock of physical capital at any point in time. However, the Summers-Heston

dataset does not contain investment information before the 1960s. This equation can still be

used by assuming that each country’s investment was growing at the same rate before the

sample in order to compute the initial capital stock. Using this assumption, Hall and Jones

calculate the physical capital stock for each country in the year 1985. We do the same here

for various years. Finally, with the same arguments as before, we choose a value of 1/3 for α.

Given series for Hj and Kj and a value for α, we can construct “predicted” incomes at a

point in time using the following equation

Ŷj = K
1/3
j (AUSHj)

2/3

for each country j, where AUS is the labor-augmenting technology level of the United

States, computed so that this equation fits the United States perfectly, i.e., YUS =
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K
1/3
US (AUSHUS)

2/3. Throughout, time indices are dropped. In the Hall and Jones exercise,

all values refer to 1985.

Once a series for Ŷj has been constructed, it can be compared to the actual output series.

The gap between the two series represents the contribution of technology. Alternatively, we

could explicitly back out country-specific technology terms (relative to the United States) as

Aj

AUS
=

µ
Yj
YUS

¶3/2µKUS

Kj

¶1/2µHUS

Hj

¶
.

Figures 3.3-3.4 show the results of these exercises for 1980, 1990 and 2000.
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Figure 3.3. Calibrated technology levels relative to the US technology (from
the Solow growth model with human capital) versus log GDP per worker, 1980,
1990 and 2000.

The following features are noteworthy:

(1) Differences in physical and human capital still matter a lot; the predicted and ac-

tual incomes are highly correlated. Thus the regression analysis was not entirely

misleading in emphasizing the importance of physical and human capital.

(2) However, differently from the regression analysis, this exercise also shows that there

are significant technology (productivity) differences. There are often large gaps be-

tween predicted and actual incomes, showing the importance of technology differ-

ences across countries. This can be most easily seen in the first three figures, where

practically all observations are above the 45◦, which implies that the neoclassical

model is over predicting the income level of countries that are poorer than the United

States.

(3) The same pattern is visible in the next three figures, which plot, the estimates of the

technology differences, Aj/AUS, against log GDP per capita in the corresponding
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Figure 3.4. Calibrated technology levels relative to the US technology (from
the Solow growth model with human capital) versus log GDP per worker, 1980,
1990 and 2000.

year. These differences are often substantial. More important, these differences

are also strongly correlated with income per capita; richer countries appear to have

“better technologies”.

(4) Also interesting is the pattern that the empirical fit of the neoclassical growth model

seems to deteriorate over time. In the first three figures, the observations are further

above the 45◦ in the later years, and in the last three figures, the relative technology

differences become larger. Why the fit of the simple neoclassical growth model is

better in 1980 than in 2000 is an interesting and largely unanswered question.

3.5.2. Challenges. In the same way as the regression analysis was based on a number

of stringent assumptions (in particular, the assumption that technology differences across

countries were orthogonal to other factors), the calibration approach also relies on certain

important assumptions. The above exposition highlighted several of those. In addition to

the standard assumptions of competitive factor markets, we had to assume no human capital

externalities, a Cobb-Douglas production function, and also make a range of approximations

to measure cross-country differences in the stocks of physical and human capital.

Here let us focus on the functional form assumptions. Could we get away without the

Cobb-Douglas production function? The answer is yes, but not perfectly. The reason for this

is the same as the reason why the over-time TFP accounting approach may work without

making functional form assumptions on the aggregate production function, but may also

sometimes lead to misleading answers.

116



Introduction to Modern Economic Growth

As a byproduct of investigating this question, we will see that the calibration approach is

in fact a close cousin of the growth-accounting exercise (and for this reason, it is sometimes

referred to as “levels accounting”).

Recall equation (3.4), where we constructed TFP estimates from a general constant re-

turns to scale production function (under competitive labor markets) by using average factor

shares. Now instead imagine that the production function that applies to all countries in the

world is given by

F (Kj ,Hj , Aj) ,

and countries differ according to their physical and human capital as well as technology–but

not according to F . Suppose also that we have data on Kj and Hj as well as capital and

labor share for each country. Then a natural adaptation of equation (3.4) can be used across

countries rather than over time. In particular, let us a rank countries in descending order

according to their physical capital to human capital ratios, Kj/Hj (use Exercise 3.1 to think

about why this is the right way to rank countries rather than doing so randomly). Then we

can write

(3.27) x̂j,j+1 = gj,j+1 − ᾱK,j,j+1gK,j,j+1 − ᾱLj,j+1gH,j,j+1,

where gj,j+1 is the proportional difference in output between countries j and j + 1, gK,j,j+1

is the proportional difference in capital stock between these countries and gH,j,j+1 is the

proportional difference in human capital stocks. In addition, ᾱK,j,j+1 and ᾱLj,j+1 are the

average capital and labor shares between the two countries. These can only be computed if

we can observe capital and labor shares in national income by country. The estimate x̂j,j+1
is then the proportional TFP difference between the two countries.

Using this method, and taking one of the countries, for example the United States, as

the base country, we can calculate relative technology differences across countries. While

theoretically attractive, this levels-accounting exercise faces two challenges. One is data-

related and the other one theoretical.

First, data on capital and labor shares across countries are not widely available. This

makes the use of equation (3.27) far from straightforward. Consequently, almost all calibra-

tion or levels-accounting exercises that estimate technology (productivity) differences use the

Cobb-Douglas approach of the previous subsection (i.e., a constant value of αK equal to 1/3).

Second, even if data on capital and labor shares were available, the differences in factor

proportions, e.g., differences in Kj/Hj , across countries are large. An equation like (3.27) is a

good approximation when we consider small (infinitesimal) changes. As illustrated in Exercise

3.1, when differences in factor proportions are significant between the two observations, the

use of this type of equation can lead to significant biases.
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To sum up, the approach of calibrating productivity differences across countries is a useful

alternative to the regression analysis, but has to rely on a range of stringent assumptions on

the form of the production function and can also lead to biased estimates of technology

differences when factors are mismeasured.

3.6. Estimating Productivity Differences

In the previous section, productivity/technology differences are obtained as “residuals”

from a calibration exercise, so we have to trust the functional form assumptions used in

this strategy. But if we are willing to trust the functional forms, we can also estimate

these differences econometrically rather than rely on calibration. The great advantage of

econometrics relative to calibration is that not only do we obtain estimates of the objects

of interest, but we also have standard errors, which show us how much we can trust these

estimates. In this section, we will briefly discuss two different approaches to estimating

productivity differences.

3.6.1. A Naïve Approach. The first possibility is to take a production function of the

form (3.26) as given and try to estimate this using cross country data. In particular, taking

logs in this equation, we obtain:

(3.28) log Yj = α logKj + (1− α) logHj + α logAj .

Given series for Yj , Kj and Hj , this equation can be estimated with ordinary least squares

with the restriction that the coefficients on logKj and logHj sum to one, and the residuals

can be interpreted as estimates of technology differences. Unfortunately, this approach is not

particularly attractive, since the potential correlation between logAj and logKj or logHj

implies that the estimates of α need not be unbiased even though we impose the constant

returns to scale assumption. Moreover, if we do not impose the assumption that these

coefficients sum to one and test this restriction, it will be rejected. Thus, this regression

approach runs into the same difficulties as the Mankiw, Romer and Weil approach discussed

previously.

What this discussion highlights is that, even if we are willing to presume that we know

the functional form of the aggregate production function, it is difficult to directly estimate

productivity differences. So how can we improve over this naïve approach? The answer

involves making more use of economic theory. Estimating an equation of the form (3.28)

does not make use of the fact that we are looking at the equilibrium of an economic system.

A more sophisticated approach would use more of the restrictions imposed by equilibrium

behavior (and to bring additional relevant data). We next illustrate this using a specific

attempt based on international trade. The reader who is not familiar with trade theory may

want to skip this subsection.
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3.6.2. Learning from International Trade*. We will discuss models of growth in

trade in Chapter 19. Even without a detailed discussion of international trade theory, we

can use data from international trade flows and some simple principles of international trade

theory to obtain another way of estimating productivity differences across countries.

Let us follow an important paper by Trefler (1993), which uses an augmented version of the

standard Heckscher-Ohlin approach to international trade. The Heckscher-Ohlin approach

assumes that countries differ according to their factor proportions (e.g., some countries have

much more physical capital relative to their labor supply than others). In a closed economy,

this will lead to differences in relative factor costs and differences in the relative prices of

products using these factors in different intensities. International trade results as a way of

taking advantage of these relative price differences. The most extreme form of the theory

assumes no cost of shipping goods and no policy impediments to trade, so that international

trade can happen costlessly between countries.

Trefler starts from the standard Heckscher-Ohlin model of international trade, but al-

lows for factor-specific productivity differences, so that capital in country j has productivity

Ak
j , thus a stock of capital Kj in this country is equivalent to an effective supply of capital

Ak
jKj . Similarly for labor (human capital), country j has productivity Ah

j . In addition, Tre-

fler assumes that all countries have the same homothetic preferences and there are sufficient

factor intensity differences across goods to ensure international trade between countries to

arbitrage relative price and relative factor costs differences (or in the jargon of international

trade, countries will be in the cone of diversification). This latter assumption is impor-

tant: when all countries have the same productivities both in physical and human capital,

it leads to the celebrated factor price equalization result; all factor prices would be equal in

all countries, because the world economy is sufficiently integrated. When there are produc-

tivity differences across countries, this assumption instead leads to conditional factor price

equalization, meaning that factor prices are equalized once we take their different “effective”

productivities into consideration.

Under these assumptions, a standard equation in international trade links the net factor

exports of each country to the abundance of that factor in the country relative to the world as

a whole. The term “net factor exports” needs some explanation. It does not refer to actual

trade in factors (such as migration of people or capital flows). Instead trading goods is a way

of trading the factors that are embodied in that particular good. For example, a country

that exports cars made with capital and imports corn made with labor is implicitly exporting

capital and importing labor. More specifically, the net export of capital by country j, XK
j is

calculated by looking at the total exports of country j and computing how much capital is

necessary to produce these and then subtracting the amount of capital necessary to produce

its total imports. For our purposes here, we do not need to get into issues of how this is
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calculated (suffice it to say that as with all things empirical, the devil is in the detail and

these calculations are far from straightforward and require a range of assumptions). Then,

the absence of trading frictions across countries and identical homothetic preferences imply

that

XK
j = Ak

jKj − csj

NX
i=1

Ak
iKi(3.29)

XH
j = Ah

jHj − csj

NX
i=1

Ah
iHi

where csj is the share of country j in world consumption (the value of this country’s consump-

tion divided by world consumption) and N is the total number of countries in the world.

These equations simply restate the conclusion in the previous paragraph that a country will

be a net exporter of capital if its effective supply of capital, Ak
jKj , exceeds a fraction, here

csj , of the world’s effective supply of capital,
PN

i=1A
k
iKi.

Consumption shares are easy to calculate. Then given estimates for XK
j and XH

j , the

above system of 2 × N equations can be solved for the same number of unknowns, the Ak
i

and Ah
i ’s for N countries. If we stopped here, we would have obtained estimates for factor-

specific productivity differences across countries from an entirely different source of variation

than those exploited before. In addition, we would not have a single productivity parameter,

but a separate labor-augmenting (or human-capital-augmenting) and a capital-augmenting

productivity for each country, which is not an uninteresting achievement.

However, if we indeed stopped here, we would not know whether these numbers provide

a good approximation to cross-country factor productivity differences. This is in some sense

the same problem as we had in judging whether the calibrated productivity (technology)

differences in the previous section were reliable. Fortunately, international trade theory gives

us one more set of equations to check whether these numbers are reliable. As noted above,

under the assumption that the world economy is sufficiently integrated, we have conditional

factor price equalization. This implies that for any two countries j and j0, we must have:

Rj

Ak
j

=
Rj0

Ak
j0
,(3.30)

wj

Ah
j

=
wj0

Ah
j0
,(3.31)

where Rj is the rental rate of capital in country j and wj is the observed wage rate (which

includes the compensation to human capital) in country j. Equation (3.31), for example,

states that if workers in a particular country have, on average, half the efficiency units as

those in the United States, their earnings should be roughly half of American workers.

With data on factor prices, we can therefore construct an alternative series for Ak
j and

Ah
j ’s. It turns out that the series for A

k
j and Ah

j ’s implied by (3.29), (3.30) and (3.31) are
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Figure 3.5. Comparison of labor-productivity and capital-productivity dif-
ferences across countries.

very similar, so there appears to be some validity to this approach. Given this validation, we

can presume that there is some information in the numbers that Trefler obtains.

Figure 3.5 shows Trefler’s original estimates. The numbers in this figure imply that

there are very large differences in labor productivity, and some substantial, but much smaller

differences in capital productivity. For example, labor in Pakistan is 1/25th as productive

as labor in the United States. In contrast, capital productivity differences are much more

limited than labor productivity differences; capital in Pakistan is only half as productive as

capital in the United States. This finding is not only intriguing in itself, but we will see that

it is quite consistent with a class of models of technical change we will study in Chapter 15.

It is also informative to compare the productivity difference estimates from Trefler’s

approach to those from the previous section. Figures 3.6 and 3.7 undertake this comparison.

The first plots the labor-productivity difference estimates from the Trefler approach against

the calibrated overall productivity differences from the Cobb-Douglas specification in the

previous section. The similarity between the two series is remarkable. This gives us some

confidence that both approaches are capturing some features of reality and that in fact there

are significant productivity (technology) differences across countries. Interestingly, however,
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Figure 3.6. Comparison of the labor productivity estimates from the Trefler
approach with the calibrated productivity differences from the Hall-Jones ap-
proach.

Figure 3.7 shows that the relationship between the calibrated productivity differences and

the capital-productivity differences is considerably weaker than for labor productivity.

It is also important to emphasize that Trefler’s approach relies on very stringent assump-

tions. To recap, the three major assumptions are:

(1) No international trading costs;

(2) Identical homothetic preferences;

(3) Sufficiently integrated world economy, leading to conditional factor price equaliza-

tion.

All three of these assumptions are rejected in the data in one form or another. There

are clearly international trading costs, including freight costs, tariff costs and other trading

restrictions. There is very well-documented home bias in consumption violating the identical

homothetic preferences assumption. Finally, most trade economists believe that conditional

factor price equalization is not a good description of factor price differences across coun-

tries. In view of all of these, the results from the Trefler exercise have to be interpreted with
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Figure 3.7. Comparison of the capital productivity estimates from the Tre-
fler approach with the calibrated productivity differences from the Hall-Jones
approach.

caution. Nevertheless, this approach is important in showing how different data and addi-

tional theory can be used to estimate cross-country technology differences and in providing

a cross-validation for the calibration and estimation results discussed previously.

3.7. Taking Stock

What have we learned? The major point of this chapter has not been the development of

new theory. Although we have extended the basic model of the previous chapter in a number

of directions, if our interest were purely theoretical, we could have skipped the material in this

chapter without much loss. Our major objective in this chapter has been to see whether we

could use the Solow model to have a more informed interpretation of cross-country differences

and also use data in order to understand the strengths and shortcomings of the Solow growth

model.

At the end of this brief journey, the message is somewhat mixed. On the positive side,

despite its simplicity, the Solow model has enough substance that we can take it to data

in various different forms, including TFP accounting, regression analysis and calibration.
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Moreover, each of these different methods gives us some idea about the sources of economic

growth over time and of income differences across countries.

On the negative side, however, no single approach is entirely convincing. Each relies on

a range of stringent auxiliary assumptions. Consequently, no firm conclusions can be drawn.

The simplest applications of the Solow accounting framework suggest that technology is

the main source of economic growth over time. However, this conclusion is disputed by

those who point out that sufficient adjustments to the quality of physical and human capital

substantially reduce or perhaps even totally eliminate residual TFP growth. The same debate

is seen in the context of cross-country income differences; while some believe that accounting

for differences in physical and human capital across countries leaves little need for technology

differences, others show that, with reasonable models, most of the cross-country differences

are due to technology.

While complete agreement is not possible, it is safe to say that the consensus in the

literature today favors the interpretation that cross-country differences in income per capita

cannot be understood solely on the basis of differences in physical and human capital; in

other words there are technology differences across countries and these technology differences

need to be understood.

Hence one important potential lesson from this data detour is that technological progress

is not only important in generating economic growth in the basic Solow model, but also

likely to be a major factor in cross-country differences in prosperity. A detailed study of

technological progress and technology adoption decisions of households and firms is therefore

necessary. This motivates the detailed analysis of technological progress and technology

adoption later in the book. It is also useful to emphasize once again that differences in TFP

are not necessarily due to technology in the narrow sense. If two countries have access to the

same technology but make use of these techniques in different ways with different degrees of

efficiency or if they are subject to different degrees of market or organizational failures, these

differences will show up as TFP differences. One indication that TFP differences arising from

market or organizational failures are important comes from episodes of severe crises. When

countries have large drops in their income, due to civil wars, political instability, financial

crises or other reasons, this is almost always associated with a corresponding decline in TFP

(and little change in the capital stock and a much smaller change in labor inputs). Naturally,

these drops in TFP are not caused by “technological regress” but result from the breakdown

of the market or increases in some other sources of inefficiency. Therefore, when we talk of

technology differences in the sense of this chapter, they should be construed rather broadly

and we should pay special attention to cross-country differences in the efficiency of production.

By implication, to understand TFP differences across countries, we must study not only

differences in the techniques that they use but the way they organize markets and firms and
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how to incentivize different agents in the economy. This again shapes our agenda for the

rest of the book, especially paving the way for our investigation of endogenous technological

change in Part 4 and of differences in technology and productive efficiency across countries

in Parts 6 and 7.

There is one more sense in which what we have learned in this chapter is limited. What

the Solow model makes us focus on, physical capital, human capital and technology, are

proximate causes of economic growth in cross-country differences. It is important to know

which of these proximate causes are important and how they affect economic performance

both to have a better understanding of the mechanics of economic growth and also to know

which class of models to focus on. But at some level (and exaggerating somewhat) to say that

a country is poor because it has insufficient physical capital, human capital and inefficient

technology is like saying that a person is poor because he does not have money. There are, in

turn, other reasons making some countries more abundant in physical capital, human capital

and technology, in the same way as there are factors that make a person have more money

than another. We have referred to these as the fundamental causes of differences in prosperity,

contrasting with the proximate causes. A satisfactory understanding of economic growth and

differences in prosperity across countries requires both an analysis of proximate causes and

of fundamental causes of economic growth. The former is essential for us to understand the

mechanics of economic growth and to develop the appropriate formal models incorporating

these insights. The latter is important so that we can understand why some societies make

choices that lead them to low physical capital, low human capital and inefficient technology

and thus to relative poverty. This is the issue we turn to in the next chapter.

3.8. References and Literature

The growth accounting framework is introduced and applied in Solow (1957). Jorgensen,

Gollop and Fraumeni (1987) give a comprehensive development of this framework, empha-

sizing how competitive markets are necessary and essentially sufficient for this approach to

work. They also highlight the measurement difficulties and emphasize how underestimates

of the quality improvements in physical and human capital will lead to overestimates of the

contribution of technology to economic growth. Jorgensen (2005) contains a more recent

survey.

Regression analysis based on the Solow model has a long history. More recent contribu-

tions include Baumol (1986), Barro (1991) and Barro and Sala-i-Martin (1992). Barro (1991)

has done more than anybody else to popularize growth regressions, which have become a very

commonly-used technique over the past two decades. See Durlauf (1996), Durlauf, Johnson

and Temple (2005) and Quah (1993) for various critiques of growth regressions, especially
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focusing on issues of convergence. Wooldridge (2002) contains an excellent discussion of is-

sues of omitted variable bias and how different approaches can be used (see, for example,

Chapters 4, 5, 8, 9 and 10). The difficulties involved in estimating models with fixed effects

and lagged dependent variables are discussed in Chapter 11.

The augmented Solow model with human capital is a generalization of the model presented

in Mankiw, Romer andWeil (1992). As noted in the text, treating human capital as a separate

factor of production may not be appropriate. Different ways of introducing human capital in

the basic growth model are discussed in Chapter 10 below.

Mankiw, Romer and Weil (1992) also provide the first regression estimates of the Solow

and the augmented Solow models. A detailed critique of the Mankiw, Romer and Weil is

provided in Klenow and Rodriguez (1997). Hall and Jones (1999) and Klenow and Rodriguez

(1997) provide the first calibrated estimates of productivity (technology) differences across

countries. Caselli (2005) gives an excellent overview of this literature, with a detailed dis-

cussion of how one might correct for differences in the quality of physical and human capital

across countries. He reaches the conclusion that such corrections will not change the ba-

sic conclusions of Klenow and Rodriguez and Hall and Jones, that cross-country technology

differences are important.

The last subsection draws on Trefler (1993). Trefler does not emphasize the productivity

estimates implied by this approach, focusing more on this method as a way of testing the

Heckscher-Ohlin model. Nevertheless, these productivity estimates are an important input

for growth economists. Trefler’s approach has been criticized for various reasons, which are

secondary for our focus here. The interested reader might also want to look at Gabaix (2000)

and Davis and Weinstein (2001).

3.9. Exercises

Exercise 3.1. Suppose that output is given by the neoclassical production function Y (t) =

F [K (t) , L (t) , A (t)] satisfying Assumptions 1 and 2, and that we observe output, capital

and labor at two dates t and t + T . Suppose that we estimate TFP growth between these

two dates using the equation

x̂ (t, t+ T ) = g (t, t+ T )− αK (t) gK (t, t+ T )− αL (t) gL (t, t+ T ) ,

where g (t, t+ T ) denotes output growth between dates t and t + T , etc., while αK (t) and

αL (t) denote the factor shares at the beginning date. Let x (t, t+ T ) be the true TFP growth

between these two dates. Show that there exists functions F such that x̂ (t, t+ T ) /x (t, t+ T )

can be arbitrarily large or small. Next show the same result when the TFP estimate is

constructed using the end date factor shares, i.e., as

x̂ (t, t+ T ) = g (t, t+ T )− αK (t+ T ) gK (t, t+ T )− αL (t+ T ) gL (t, t+ T ) .
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Explain the importance of differences in factor proportions (capital-labor ratio) between the

beginning and end dates in these results.

Exercise 3.2. Consider the economy with labor market imperfections as in the second part

of Exercise 2.13 from the previous chapter, where workers were paid a fraction β > 0 of

output. Show that in this economy the fundamental growth accounting equation leads to

biased estimates of TFP.

Exercise 3.3. For the Cobb-Douglas production function from Example 3.1 Y (t) =

A (t)K (t)a L (t)1−α, derive an exact analog of (3.8) and show how the rate of convergence,

i.e., the coefficient in front of (log y (t)− log y∗ (t)), changes as a function of log y (t).
Exercise 3.4. Consider once again the production function in Example 3.1. Suppose that

two countries, 1 and 2, have exactly the same technology and the same parameters α, n, δ

and g, thus the same y∗ (t). Suppose that we start with y1 (0) = 2y2 (0) at time t = 0. Using

the parameter values in Example 3.1 calculate how long it would take for the income gap

between the two countries to decline to 10%.

Exercise 3.5. Consider a collection of Solow economies, each with different levels of δ, s

and n. Show that an equivalent of the conditional convergence regression equation (3.10) can

be derived from an analog of (3.8) in this case.

Exercise 3.6. Prove Proposition 3.2.

Exercise 3.7. In the augmented Solow model (cfr Proposition 3.2) determine the impact of

increase in sk, sh and n on h∗ and k∗.

Exercise 3.8. Suppose the world is given by the augmented Solow growth model with the

production function (3.13). Derive the equivalent of the fundamental growth accounting

equation in this case and explain how one might use available data in order to estimate TFP

growth using this equation.

Exercise 3.9. Consider the basic Solow model with no population growth and no technolog-

ical progress, and a production function of the form F (K,H), where H denotes the efficiency

units of labor (human capital), given by H =
P

i∈N hi, where N is the set of all individuals in

the population and hi is the human capital of individual i. Assume that H is fixed. Suppose

there are no human capital externalities and factor markets are competitive.

(1) Calculate the steady-state equilibrium of this economy.

(2) Prove that if 10% higher h at the individual level is associated with a% higher

earnings, then a 10% increase in the country’s stock of human capital H will lead

to a% increase in steady-state output. Compare this to the immediate impact of an

unanticipated 10% increase in H (i.e., with the stock of capital unchanged).

Exercise 3.10. Consider a constant returns to scale production function for country j,

Yj = F (Kj , AjHj), where Kj is physical capital, Hj denotes the efficiency units of labor and
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Aj is labor-augmenting technology. Prove that if Kj/Yj = Kj0/Yj0 in two different countries

j and j0, than the rental rates of capital in the two countries, Rj and Rj0 will also be equal.

Exercise 3.11. Imagine you have a cross-section of countries, i = 1, ...,N , and for each

country, at a single point in time, you observe labor Li, capital Ki, total output Yi, and the

share of capital in national income, σKi . Assume that all countries have access to a production

technology of the following form

F (L,K,A)

where A is technology. Assume that F exhibits constant returns to scale in L and K, and all

markets are competitive.

(1) Explain how you would estimate relative differences in technology/productivity

across countries due to the term A without making any further assumptions. Write

down the equations that are involved in estimating the contribution of A to cross-

country income differences explicitly.

(2) Suppose that the exercise in part 1 leads to large differences in productivity due to

the A term. How would you interpret this? Does it imply that countries have access

to different production possibility sets?

(3) Now suppose that the true production function is F (H,K,A) where H denotes effi-

ciency units of labor. What other types of data would you need in order to estimate

the contribution of technology/productivity across countries to output differences.

(4) Show that if H is calculated as in Section 3.5, but there are significant quality-of-

schooling differences and no differences in A, this strategy will lead to significant

differences in the estimates of A.
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CHAPTER 4

Fundamental Determinants of Differences in Economic
Performance

4.1. Proximate Versus Fundamental Causes

“...the factors we have listed (innovation, economies of scale, education, capital

accumulation etc.) are not causes of growth; they are growth." (North and

Thomas, 1973, p. 2, italics in original).

The previous chapter illustrate how the Solow growth model can be used to understand

cross-country income differences and the process of economic growth. In the context of the

Solow growth model, the process of economic growth is driven by technological progress.

Cross-country income differences, on the other hand, are due to a combination of technol-

ogy differences, differences in physical capital per worker and in human capital per worker.

While this approach provides us with a good starting point and delineates potential sources

of economic growth and cross-country income differences, these sources are only proximate

causes of economic growth and economic success. Let us focus on cross-country income dif-

ferences, for example. As soon as we attempt to explain these differences with technology,

physical capital and human capital differences, an obvious next question presents itself: if

technology, physical capital and human capital are so important in understanding differences

in the wealth of nations and if they can account for five-fold, ten-fold, twenty-fold or even

thirty-fold differences in income per capita across countries, then why is it that societies do

not improve their technologies, invest more in physical capital, and accumulate more human

capital?

It appears therefore that any explanation that simply relies on technology, physical capital

and human capital differences across countries is, at some level, incomplete. There must be

some other reasons underneath those, reasons which we will refer to as fundamental causes

of economic growth. It is these reasons that are preventing many countries from investing

enough in technology, physical capital and human capital.

An investigation of fundamental causes of economic growth is important for at least two

reasons. First, any theory that focuses on the intervening variables (proximate causes) alone,

without understanding what the underlying driving forces are, would be incomplete. Thus

growth theory will remain, in some essential sense, incomplete until it comes to grips with

129



Introduction to Modern Economic Growth

these fundamental causes. Second, if part of our study of economic growth is motivated

by improving the growth performance of certain nations and the living standards of their

citizens, understanding fundamental causes is central, since attempting to increase growth

just focusing on proximate causes would be tantamount to dealing with symptoms of diseases

without understanding what the diseases themselves are. While such attacks on symptoms

can sometimes be useful, they are no substitute for a fuller understanding of the causes of the

disease, which may allow a more satisfactory treatment. In the same way, we may hope that

an understanding of the fundamental causes of economic growth could one day all for more

satisfactory solutions to the major questions of social science concerning why some countries

are poor and some are rich and how we can ensure that more nations grow faster.

What could these fundamental causes be? Can we make progress in understanding them?

And, perhaps most relevant for this book, is growth theory useful in such an endeavor?

In this chapter, we will try to answer these questions. Let us start with the last two

questions. The argument in this book is that a good understanding of the mechanics of

economic growth, thus the detailed models of the growth process, are essential for a successful

investigation of the fundamental causes of economic growth. This is for at least two reasons;

first, we can only pose useful questions about the fundamental causes of economic growth by

understanding what the major proximate causes are and how they impact economic outcomes.

Second, only models that provide a good approximation to reality and are successful in

qualitatively and quantitatively matching the major features of the growth process can inform

us about whether the potential fundamental causes that are proposed could indeed play a

significant role in generating the huge income per capita differences across countries. We will

see that our analysis of the mechanics of economic growth will often be useful in discarding

or refining certain proposed fundamental causes. As to the question of whether we can make

progress, the vast economic growth literature is evidence that progress is being made and

more progress is certainly achievable. In some sense, it is part of the objective of this book

to convince you that the answer to this question is yes.

Returning to the first question, there are innumerable fundamental causes of economic

growth that various economists, historians and social scientists have proposed over the ages.

Clearly, listing them and cataloging them will be neither informative nor useful. Instead, we

will classify the major candidate fundamental causes of economic growth into four categories

of hypotheses. While such a classification undoubtedly fails to do justice to some of the

nuances of the previous literature, it is satisfactory for our purposes of bringing out the main

factors affecting cross-country income differences and economic growth. These are:

(1) The luck hypothesis.

(2) The geography hypothesis.

(3) The culture hypothesis.
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(4) The institutions hypothesis.

By luck, we refer to the set of fundamental causes that explain divergent paths of economic

performance among otherwise-identical countries, either because some small uncertainty or

heterogeneity between them have led to different choices with far-ranging consequences, or

because of different selection among multiple equilibria. By multiple equilibria, we refer to

different equilibrium configurations that may be possible for the same underlying economic

environment. When our models exhibit multiple equilibria, we are often unable to make

specific predictions as to which of these equilibria will be selected by different countries and

it is possible for two otherwise-identical countries to end up in different equilibria with quite

different implications for economic growth and living standards. Luck and multiple equilibria

can manifest themselves through any of the proximate causes we have discussed so far (and

through some additional mechanisms that will be discussed later in the book). For example,

multiple equilibria can exist in technology adoption, in models that focus on human capital

or physical capital investments. Therefore, explanations based on luck or multiple equilibria

are theoretically well grounded in the types of models we will study in this book. Whether

they are empirically plausible is another matter.

By geography, we refer to all factors that are imposed on individuals as part of the

physical, geographic and ecological environment in which they live. Geography can affect

economic growth through a variety of proximate causes. Geographic factors that can in-

fluence the growth process include soil quality, which can affect agricultural productivity;

natural resources, which directly contribute to the wealth of a nation and may facilitate in-

dustrialization by providing certain key resources, such as coal and iron ore during critical

times; climate, which may affect productivity and attitudes directly; topography, which can

affect the costs of transportation and communication; and disease environment, which can

affect individual health, productivity and incentives to accumulate physical and human capi-

tal. For example, in terms of the aggregate production function of the Solow model, poor soil

quality, lack of natural resources or an inhospitable climate may correspond to a low level of

A, that is, to a type of “inefficient technology”. Many philosophers and social scientists have

suggested that climate also affects preferences in a fundamental way, so perhaps those in cer-

tain climates have a preference for earlier rather than later consumption, thus reducing their

saving rates both in physical and human capital. Finally, differences in the disease burden

across areas may affect the productivity of individuals and their willingness to accumulate

human capital. Thus geography-based explanations can easily be incorporated into both the

simple Solow model we have already studied and the more satisfactory models we will see

later in the book.

By culture, we refer to beliefs, values and preferences that influence individual economic

behavior. Differences in religious beliefs across societies are among the clearest examples of
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cultural differences that may affect economic behavior. Differences in preferences, for exam-

ple, regarding how important wealth is relative to other status-generating activities and how

patient individuals should be, might be as important as or even more important than luck,

geography and institutions in affecting economic performance. Broadly speaking, culture can

affect economic outcomes through two major channels. First, it can affect the willingness of

individuals to tradeoff different activities or consumption today versus consumption tomor-

row. Via this channel, culture will influence societies’ occupational choices, market structure,

saving rates and their willingness to accumulate physical and human capital. Second, culture

may also affect the degree of cooperation among individuals, and cooperation and trust are

often important foundations for productive activities in societies.

By institutions, we refer to rules, regulations, laws and policies that affect economic

incentives and thus the incentives to invest in technology, physical capital and human capital.

It is a truism of economic analysis that individuals will only take actions that are rewarded.

Institutions, which shape these rewards, must therefore be important in affecting all three of

the proximate causes of economic growth. What distinguishes institutions from geography,

luck and culture is that they are social choices. While laws and regulations are not directly

chosen by individuals and some institutional arrangements may be historically persistent,

in the end the laws, policies and regulations under which a society lives are the choices of

the members of that society. If the members of the society collectively decide to change

them, they can change them. This implies that if institutions are a major fundamental

cause of economic growth and cross-country differences in economic performance, they can

be potentially reformed so as to achieve better outcomes. Such reforms may not be easy,

they may encounter a lot of opposition, and often we may not exactly know which reforms

will work. But they are still within the realm of the possible, and further research might

help us understand how such reforms will affect economic incentives and how they can be

implemented.

There is a clear parallel between institutions and culture. Both affect individual behavior

and both are important determinants of incentives. Nevertheless, a crucial difference between

the theories put into these two categories justifies their separation. Institutions are directly

under the control of the members of the society, in the sense that by changing the distrib-

ution of resources, constitutions, laws and policies, individuals can collectively influence the

institutions under which they live. In contrast, culture is a set of beliefs that have evolved

over time and outside the direct control of individuals.1 Even though institutions might be

hard to change in practice, culture is much harder to influence, and any advice to a society

that it should change its culture is almost vacuous.

1A major and important exception to this is the effect of education on the beliefs and values of individuals.
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It is also important to emphasize that institutions themselves, even if they are a funda-

mental cause of economic growth and income differences across countries, are endogenous.

They are equilibrium choices made either by the society at large or by some powerful groups

in society. One can then argue that at some level luck, geography or culture should be more

important, because they can be “more exogenous” in the sense that they are not equilibrium

choices in the same way as institutions are and institutions will vary across societies largely

because of geographic, cultural or random factors. While at some philosophical level this is

correct, it is not a particularly useful observation. It neither obviates the need to understand

the direct effects of luck, geography, culture and institutions (these direct effects have been

the focus of much of the debate in this area) nor does it imply that understanding the spe-

cific role of institutions and economic development is secondary in any sense. After all, if we

can understand what the effects of institutions are and which specific types of institutions

matter, institutional reform can lead to major changes in economic behavior (even if part of

the original variation in institutions was due to geography, luck or culture).

In the rest of this chapter, I will explain what the reasoning for these different hypotheses

are and provide a brief overview of the empirical evidence pertaining to various fundamental

causes of economic growth. The theoretical underpinnings and implications of the institutions

view will be further developed in Part 8 of the book. At this point, the reader should be

warned that the author of this book is not an objective outside observer in this debate, but a

strong proponent of the institutions hypothesis. Therefore, not surprisingly, this chapter will

conclude that the institutional differences are at the root of the important proximate causes

that we have already listed. Nevertheless, the same evidence can be interpreted in different

ways and the reader should feel free to draw his or her own conclusions.

Before delving into a discussion of the fundamental causes, one other topic deserves a

brief discussion. This is where we start in the next section.

4.2. Economies of Scale, Population, Technology and World Growth

As we have emphasized in Chapter 1, cross-country income differences result from the

differential growth experiences of countries over the past two centuries. This makes it im-

portant for us to understand the process of economic growth. Equally remarkable is the fact

that world economic growth is, by and large, a phenomenon of the past 200 years or so. Thus

another major question concerns why economic growth started so recently and why there was

little economic growth before. The growth literature has provided a variety of interesting an-

swers to this question. Many of them focus on the role of economies of scale and population.

The argument goes as follows: in the presence of economies of scale (or increasing returns to

scale), population needs to have reached a certain critical level so that technological progress

can gather speed. Alternatively, some natural (steady) progress of technology that may have
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been going on in the background needs to reach a critical threshold for the process of growth

to begin. These stories are quite plausible. World population has indeed increased tremen-

dously over the past one million years and the world’s inhabitants today have access to a

pool of knowledge and technology unimaginable to our ancestors. Could these long-run de-

velopments of the world economy also account for cross-country differences? Is the increase

in world population a good explanation for the take off of the world economy?

Let us focus on population to give a preliminary answer to these questions. The simplest

way of thinking of the relationship between population and technological change is the Simon-

Kremer model (after the demographer Julian Simon and the economist Michael Kremer).

This model is implicitly one of the entire world economy, since there are no cross-country

differences and proponents of this model do not try to explain differences across countries by

their populations. Imagine that there is a small probability that each individual will discover

a new idea that will contribute to the knowledge pool of the society. Crucially, these random

discoveries are independent across individuals, so that a larger pool of individuals implies

discovery of more new ideas, increasing aggregate productivity. Let output be determined

simply by technology (this can be generalized so that technology and capital determine output

as in the Solow model, but this does not affect the point we would like to make here):

Y (t) = A (t)L (t)α Z1−α,

where α ∈ (0, 1), Y (t) is world output, A (t) is the world stock of technology, L (t) is world
population, and Z is some other fixed factor of production, for example, land, which we

normalized to Z = 1 without loss of any generality. Imagine we are in a continuous time

world and suppose that

(4.1) Ȧ (t) = λL (t) ,

where λ represents the rate at which random individuals make discoveries improving the

knowledge pool of the society, and the initial level of world knowledge A (0) > 0 is taken as

given. Population, in turn, is a function of output, for example because of the Malthusian

channels discussed in Chapter 21 below. For example, we could assume that

(4.2) L (t) = φY (t) .

Combining these three equations, we obtain (see Exercise 4.1):

(4.3) Ȧ (t) = λφ
1

1−αA (t) .

The solution to this differential equation involves

(4.4) A (t) = exp
³
λφ1/(1−α)t

´
A (0) .
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This shows how a model of economies of scale (increasing returns) in population can generate

a steady increase in technology. It is also straightforward to verify that

(4.5) Y (t) = φ
α

1−αA (t) ,

so that aggregate income also grows at the constant level λφ1/(1−α). Such a model would

generate steady growth but no acceleration. Simon and Kremer, instead, assume that there

are stronger externalities to population than in (4.1). They impose the following equation

governing the accumulation of ideas:

(4.6)
Ȧ (t)

A (t)
= λL (t) .

This implies that the law of motion of technology is given by (see Exercise 4.2):

(4.7) A (t) =
1

A (0)−1 − λφ1/(1−α)t
.

In contrast to (4.4), this equation implies an accelerating output level. Starting from a low-

level of A (0) (or L (0)), this model would generate a long period of low output, followed by an

acceleration or a take off, reminiscent to the modern economic growth experience discussed

in Chapter 1. Therefore, a model with significant economies of scale is capable of generating

the pattern of take off we see in the data.

While such a story, which has been proposed by many economists, may have some appeal

for accounting for world growth, it is important to emphasize that it has little to say about

cross-country income differences or why modern economic growth started in some countries

(Western Europe) and not others (Asia, South America, Africa). In fact, if we take Western

Europe and Asia as the economic units, European population has consistently been less than

that of Asia over the past 2000 years, thus it is unlikely that simple economies of scale to

population are responsible for the economic takeoff in Western Europe while Asia stagnated.

We will return to an explanation for why economic growth might have taken off in Western

Europe in Chapter 24.

We conclude from this discussion that models based on economies of scale of one sort

or another do not provide us with fundamental causes of cross-country income differences.

At best, they are theories of world growth (the world taken as a whole). Moreover, once we

recognize that the modern economic growth process was uneven, meaning that it took place

in some parts of the world and not others, the appeal of such theories diminishes further.

If economies of scale were responsible for modern economic growth, it should also be able

to explain when and where this process of economic growth started. Existing models based

on economies of scale do not. In this sense, they are unlikely to provide the fundamental

causes of modern economic growth. Does this mean that these types of economies of scale

and increasing returns to population are unimportant? Certainly not. They may well be
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part of the proximate causes of the growth process (for example, the part lying in the black

box of technology). But this discussion suggests that these models need to be augmented

by fundamental causes in order to explain why, when and where the takeoff occurred. This

further motivates our investigation of the fundamental causes.

4.3. The Four Fundamental Causes

4.3.1. Luck and Multiple Equilibria. In Chapter 21, we will see a number of models

in which multiple equilibria or multiple steady states can arise because of coordination failures

in the product market or because of imperfections in credit markets. These models suggest

that an economy, with given parameter values, can exhibit very different types of behavior,

some with higher levels of income or perhaps sustained growth, while others correspond to

poverty and stagnation. To give a flavor of these models, consider the following simple game

of investment:

everybody else → high investment low investment
individual ↓
high investment yH , yH yL − ε, yL

low investment yL, yL − ε yL, yL

The top row indicates whether all individuals in the society choose high or low investment

(focusing on a symmetric equilibrium). The first column corresponds to high investment by

all agents, while the second corresponds to low investment. The top row, on the other hand,

corresponds to high investment by the individual in question, and the bottom row is for low

investment. In each cell, the first number refers to the income of the individual in question,

while the second number is the payoff to each of the other agents in the economy. Suppose

that yH > yL and ε > 0. This payoff matrix implies that high investment is more profitable

when others are also undertaking high investment, because of technological complementarities

or other interactions.

It is then clear that there are two (pure-strategy) symmetric equilibria in this game. In

one, the individual expects all other agents to choose high investment and he does so himself

as well. In the other, the individual expects all others to choose low investment and it is

the best response for him to choose low investment. Since the same calculus applies to each

agent, this argument establishes the existence of the two symmetric equilibria. This simple

game captures, in a very reduced-form way, the essence of the “Big Push” models we will

study in Chapter 21.

Two points are worth noting. First, depending on the extent of complementarities and

other economic interactions, yH can be quite large relative to yL, so there may be significant

income differences in the allocations implied by the two different equilibria. Thus if we

believe that such a game is a good approximation to reality and different countries can end
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up in different equilibria, it could help in explaining very large differences in income per

capita. Second, the two equilibria in this game are also “Pareto-ranked”–all individuals are

better-off in the equilibrium in which everybody chooses high investment.

In addition to models of multiple equilibria, we will also study models in which the

realization of stochastic variables determine when a particular economy transitions from low-

productivity to high-productivity technologies and starts the process of takeoff (see Section

17.6 in Chapter 17).

Both models of multiple equilibria and those in which stochastic variables determine the

long-run growth properties of the economy are attractive as descriptions of certain aspects

of the development process. They are also informative about the mechanics of economic

development in an interesting class of models. But do they inform us about the fundamental

causes of economic growth? Can we say that the United States is rich today while Nigeria

is poor because the former has been lucky in its equilibrium selection while the latter has

been unlucky? Can we pinpoint their divergent development paths to some small stochastic

events 200, 300 or 400 years ago? The answer seems to be no.

U.S. economic growth is the cumulative result of a variety of processes, ranging from

innovations and free entrepreneurial activity to significant investments in human capital and

rapid capital accumulation. It is difficult to reduce these to a simple lucky break or to the

selection of the right equilibrium, while Nigeria ended up in a worse equilibrium. Even 400

years ago, the historical conditions were very different in the United States and in Nigeria,

and as will discuss further below, this led to different opportunities, different institutional

paths and different incentives. It is the combination of the historical experiences of countries

and different economic incentives that underlies their different processes of economic growth.

Equally important, models based on luck or multiple equilibria can explain why

there might be a 20-year or perhaps a 50-year divergence between two otherwise-identical

economies. But how are we to explain a 500-year divergence? It certainly does not seem

plausible to imagine that Nigeria, today, can suddenly switch equilibria and quickly achieve

the level of income per capita in the United States.2 Most models of multiple equilibria are

unsatisfactory in another fundamental sense. As in the simple example discussed above, most

models of multiple equilibria involve the presence of Pareto-ranked equilibria. This implies

that one equilibrium gives higher utility or welfare to all agents than another. While such

Pareto-ranked equilibria are a feature of our parsimonious models, which do not specify many

relevant dimensions of heterogeneity that are important in practice, it is not clear whether

they are useful in thinking about why some countries are rich and some are poor. If indeed

2Naturally, one can argue that reforms or major changes in the growth trajectory are always outcomes of
a switch from one equilibrium to another. But such an explanation would not have much empirical content,
unless it is based on a well-formulated model of equilibrium selection and can make predictions about when
we might expect such switches.
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it were possible for Nigerians to change their behavior and for all individuals in the nation to

become better-off (say by switching from low to high investment in terms of the game above),

it is very difficult to believe that for 200 years they have not been able to coordinate on such

a better action. Most readers will be aware that Nigerian history is shaped by religious and

ethnic conflict, by the civil war that ravaged the nation, and is still adversely affected by the

extreme corruption of politicians, bureaucrats and soldiers that have enriched themselves at

the expense of the population at large. That an easy Pareto improving change exists against

this historical and social background seems improbable to say the least.

To be fair, not all models of “multiple equilibria” allow easy transitions from a Pareto

inferior equilibrium to a superior equilibrium. In the literature, a useful distinction is between

models of multiple equilibria, where different equilibria can be reached if individuals change

their beliefs and behaviors simultaneously, versus models of multiple steady states with his-

tory dependence, where once a particular path of equilibrium is embarked upon, it becomes

much harder (perhaps impossible) to transition to the other steady state equilibrium (see

Chapter 21). Such models are much more attractive for understanding persistent differences

in economic performance across countries. Nevertheless, unless some other significant source

of conflict of interest or distortions are incorporated, it seems unlikely that the difference

between the United States and Nigeria can be explained by using models where the two

countries have identical parameters, but have made different choices and stuck with them.

The mechanics of how a particular steady-state equilibrium can be maintained would be the

most important element of such a theory, and other fundamental causes of economic growth,

including institutions, policies or perhaps culture, must play a role in explaining this type

of persistence. Put differently, in today’s world of free information, technology and capital

flows, if Nigeria had the same parameters, the same opportunities and the same “institutions”

as the United States, there should exist some arrangement such that these new technologies

can be imported and everybody could be made better-off.

Another challenge to models of multiple steady states concerns the ubiquity of growth

miracles such as South Korea and Singapore, which we discussed in Chapter 1. If cross-

country income differences are due to multiple steady states, from which escape is impossible,

then how can we explain countries that embark upon a very rapid growth process? The

example of China may be even more telling here. While China stagnated under communism

until Mao’s death, the changes in economic institutions and policies that took place thereafter

have led to very rapid economic growth. If China was in a low-growth steady state before

Mao’s death, then we need to explain how it escaped from the steady state after 1978, and

why it did not do so before? Inevitably this takes us to the role of other fundamental causes,

such as institutions, policies and culture.
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A different, and perhaps more promising, argument about the importance of luck can be

made by emphasizing the role of leaders. Perhaps it was Mao who held back China, and his

death and the identity, beliefs and policies of his successor were at the root of its subsequent

growth. Perhaps the identity of the leader of a country can thus be viewed as a stochastic

event, shaping economic performance. This point of view probably has a lot of merit. Recent

empirical work by Jones and Olken (2005) shows that leaders seem to matter for the economic

performance of nations. Thus luck could play a major role in cross-country income and

growth differences by determining whether growth-enhancing or growth-retarding leaders are

selected. Nevertheless, such an explanation is closer to the institutional approaches than the

pure luck category. First of all, leaders will often influence the economic performance of their

societies by the policies they set and the institutions they develop. Thus, the selection and

behavior of leaders and the policies that they pursue should be a part of the institutional

explanations. Second, Jones and Olken’s research points to an important interaction between

the effect of leaders and a society’s institutions. Leaders seem to matter for economic growth

only in countries where institutions are non-democratic or weak (in the sense of not placing

constraints on politicians or elites). In democracies and in societies where other institutions

appear to place checks on the behavior of politicians and leaders, the identity of leaders seems

to play almost no role in economic performance.

Given these considerations, we conclude that models emphasizing luck and multiple equi-

libria are useful for our study of the mechanics of economic development, but they are unlikely

to provide us with the fundamental causes of why world economic growth started 200 years

ago and why some countries are rich while others are poor toady.

4.3.2. Geography. While the approaches in the last subsection emphasize the impor-

tance of luck and multiple equilibria among otherwise-identical societies, an alternative is to

emphasize the deep heterogeneity across societies. The geography hypothesis is, first and

foremost, about the fact that not all areas of the world are created equal. “Nature”, that

is, the physical, ecological and geographical environment of nations, plays a major role in

their economic experiences. As pointed out above, geographic factors can play this role by

determining both the preferences and the opportunity set of individual economic agents in

different societies. There are at least three main versions of the geography hypothesis, each

emphasizing a different mechanism for how geography affects prosperity.

The first and earliest version of the geography hypothesis goes back to Montesquieu

([1748], 1989). Montesquieu, who was a brilliant French philosopher and an avid supporter

of Republican forms of government, was also convinced that climate was among the main

determinants of the fate of nations. He believed that climate, in particular heat, shaped
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human attitudes and effort, and via this channel, affected both economic and social outcomes.

He wrote in his classic book The Spirit of the Laws:

“The heat of the climate can be so excessive that the body there will be

absolutely without strength. So, prostration will pass even to the spirit; no

curiosity, no noble enterprise, no generous sentiment; inclinations will all be

passive there; laziness there will be happiness,”

“People are ... more vigorous in cold climates. The inhabitants of warm

countries are, like old men, timorous; the people in cold countries are, like

young men, brave...”

Today some of the pronouncements in these passages appear somewhat naïve and perhaps

bordering on “political incorrectness”. They still have many proponents, however. Even

though Montesquieu’s eloquence makes him stand out among those who formulated this

perspective, he was neither the first nor the last to emphasize such geographic fundamental

causes of economic growth. Among economists a more revered figure is one of the founders

of our discipline, Alfred Marshall. Almost a century and a half after Montesquieu, Marshall

wrote:

“...vigor depends partly on race qualities: but these, so far as they can be

explained at all, seem to be chiefly due to climate.” (1890, p. 195).

While the first version of the geography hypothesis appears naïve and raw to many of us,

its second version, which emphasizes the impact of geography on the technology available to

a society, especially in agriculture, is more palatable and has many more supporters. This

view is developed by an early Nobel Prize winner in economics, Gunnar Myrdal, who wrote

“...serious study of the problems of underdevelopment ... should take into

account the climate and its impacts on soil, vegetation, animals, humans

and physical assets–in short, on living conditions in economic development.”

(1968, volume 3, p. 2121).

More recently, Jared Diamond, in his widely popular Guns, Germs and Steel, espouses

this view and argues that geographical differences between the Americas and Europe (or more

appropriately, Eurasia) have determined the timing and nature of settled agriculture and via

this channel, shaped whether societies have been able to develop complex organizations and

advanced civilian and military technologies (1997, e.g., p. 358). The economist Jeffrey Sachs

has been a recent and forceful proponent of the importance of geography in agricultural

productivity, stating that

“By the start of the era of modern economic growth, if not much earlier,

temperate-zone technologies were more productive than tropical-zone tech-

nologies ...” (2001, p. 2).
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There are a number of reasons for questioning this second, and more widely-held view,

of geographic determinism as well. Most of the technological differences emphasized by these

authors refer to agriculture. But as we have seen in Chapter 1 and will encounter again

below, the origins of differential economic growth across countries goes back to the age of

industrialization. Modern economic growth came with industry, and it is the countries that

have failed to industrialize that are poor today. Low agricultural productivity, if anything,

should create a comparative advantage in industry, and thus encourage those countries with

the “unfavorable geography” to start investing in industry before others. One might argue

that reaching a certain level of agricultural productivity is a prerequisite for industrialization.

While this is plausible (at least possible), we will see below that many of the societies that

have failed to industrialize had already achieved a certain level of agricultural productivity,

and in fact were often ahead of those who later industrialized very rapidly. Thus a simple link

between unfavorable agricultural conditions and the failure to take off seems to be absent.3

The third variant of the geography hypothesis, which has become particularly popular

over the past decade, links poverty in many areas of the world to their “disease burden,”

emphasizing that: “The burden of infectious disease is ... higher in the tropics than in the

temperate zones” (Sachs, 2000, p. 32). Bloom and Sachs (1998) and Gallup and Sachs

(2001, p. 91) claim that the prevalence of malaria alone reduces the annual growth rate of

sub-Saharan African economies by as much as 2.6 percent a year. Such a magnitude implies

that had malaria been eradicated in 1950, income per capita in sub-Saharan Africa would

be double of what it is today. If we add to this the effect of other diseases, we would obtain

even larger effects (perhaps implausibly large effects). The World Health Organization also

subscribes to this view and in its recent report writes:

“...in today’s world, poor health has particularly pernicious effects on economic

development in sub-Saharan Africa, South Asia, and pockets of high disease and

intense poverty elsewhere...” (p. 24) and

“...extending the coverage of crucial health services... to the world’s poor could

save millions of lives each year, reduce poverty, spur economic development and

promote global security.” (p. i).

This third version of the geography hypothesis may be much more plausible than the first

two, especially since it is well documented in the microeconomics literature that unhealthy

individuals are less productive and perhaps less able to learn and thus accumulate human

capital. We will discuss both the general geography hypothesis and this specific version of it

in greater detail below. But even at this point, an important caveat needs to be mentioned.

3Ex post, one can in fact tell the opposite story: perhaps poor nations of today had agriculturally superior
land, and this created a comparative advantage against industry and they failed to benefit from the increasing
returns to scale in manufacturing.
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The fact that the burden of disease is heavier in poor nations today is as much a consequence

as a cause of poverty. European nations in the 18th and even 19th centuries were plagued

by many diseases. The process of economic development enabled them to eradicate these

diseases and create healthier environments for living. The fact that many poor countries

have unhealthy environments is, at least in part, a consequence of their failure to develop

economically.

4.3.3. Institutions. An alternative fundamental cause of differences in economic

growth and income per capita is institutions. One problem with the institutions hypoth-

esis is that it is somewhat difficult to define what “institutions” are. In daily usage, the word

institutions refers to may different things, and the academic literature is sometimes not clear

about its definition.

The economic historian Douglass North was awarded the Nobel Prize in economics largely

because of his work emphasizing the importance of institutions in the historical development

process. North (1990, p. 3) offers the following definition:

“Institutions are the rules of the game in a society or, more formally, are the

humanly devised constraints that shape human interaction.”

He goes on to emphasize the key implications of institutions:

“In consequence [institutions] structure incentives in human exchange,

whether political, social, or economic.”

This definition encapsulates the three important elements that make up institutions. First,

they are “humanly devised”; that is, in contrast to geography, which is outside human con-

trol, institutions refer to man-made factors. Institutions are about the effect of the societies’

own choices on their own economic fates. Second, institutions are about placing constraints

on individuals. These do not need to be unassailable constraints. Any law can be broken, any

regulation can be ignored. Nevertheless, policies, regulations and laws that punish certain

types of behavior while rewarding others will naturally have an effect on behavior. And this

brings the third important element in the definition. The constraints placed on individuals

by institutions will shape human interaction and affect incentives. In some deep sense, insti-

tutions, much more than the other candidate fundamental causes, are about the importance

of incentives.

The reader may have already noted that the above definition makes institutions a rather

broad concept. In fact, this is precisely the sense in which we will use the concept of insti-

tutions throughout this book; institutions will refer to a broad cluster of arrangements that

influence various economic interactions among individuals. These include economic, political

and social relations among households, individuals and firms. The importance of political

institutions, which determine the process of collective decision-making in society, cannot be
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overstated and will be the topic of analysis in Part 8 of this book. But this is not where we

will begin.

A more natural starting point for the study of the fundamental causes of income dif-

ferences across countries is with economic institutions, which comprise such things as the

structure of property rights, the presence and (well or ill) functioning of markets, and the

contractual opportunities available to individuals and firms. Economic institutions are impor-

tant because they influence the structure of economic incentives in society. Without property

rights, individuals will not have the incentive to invest in physical or human capital or adopt

more efficient technologies. Economic institutions are also important because they ensure the

allocation of resources to their most efficient uses, and they determine who obtains profits,

revenues and residual rights of control. When markets are missing or ignored (as was the case

in many former socialist societies, for example), gains from trade go unexploited and resources

are misallocated. We therefore expect societies with economic institutions that facilitate and

encourage factor accumulation, innovation and the efficient allocation of resources to prosper

relative to societies that do not have such institutions.

The hypothesis that differences in economic institutions are a fundamental cause of dif-

ferent patterns of economic growth is intimately linked to the models we will develop in this

book. In all of our models, especially in those that endogenize physical capital, human capital

and technology accumulation, individuals will respond to (profit) incentives. Economic insti-

tutions shape these incentives. Therefore, we will see that the way that humans themselves

decide to organize their societies determines whether or not incentives to improve produc-

tivity and increase output will be forthcoming. Some ways of organizing societies encourage

people to innovate, to take risks, to save for the future, to find better ways of doing things,

to learn and educate themselves, to solve problems of collective action and to provide public

goods. Others do not. Our theoretical models will then pinpoint exactly what specific policy

and institutional variables are important in retarding or encouraging economic growth.

We will see in Part 8 of the book that theoretical analysis will be useful in helping

us determine what are “good economic institutions” that encourage physical and human

capital accumulation and the development and adoption of better technologies (though “good

economic institutions” may change from environment to environment and from time to time).

It should already be intuitive to the reader that economic institutions that tax productivity-

enhancing activities will not encourage economic growth. Economic institutions that ban

innovation will not lead to technological improvements. Therefore, enforcement of some

basic property rights will be an indispensable element of good economic institutions. But

other aspects of economic institutions matter as well. We will see, for example, that human

capital is important both for increasing productivity and for technology adoption. However,

for a broad cross-section of society to be able to accumulate human capital we need some

143



Introduction to Modern Economic Growth

degree of equality of opportunity. Economic institutions that only protect a rich elite or the

already-privileged will not achieve such equality of opportunity and will often create other

distortions, potentially retarding economic growth. We will also see in Chapter 14 that the

process of Schumpeterian creative destruction, where new firms improve over and destroy

incumbents, is an essential element of economic growth. Schumpeterian creative destruction

requires a level playing field, so that incumbents are unable to block technological progress.

Economic growth based on creative destruction therefore also requires economic institutions

that guarantee some degree of equality of opportunity in the society.

Another question may have already occurred to the reader: why should any society have

economic and political institutions that retard economic growth? Would it not be better for

all parties to maximize the size of the national pie (level of GDP, economic growth etc.)?

There are two possible answers to this question. The first takes us back to multiple equilibria.

It may be that the members of the society cannot coordinate on the “right,” i.e., growth-

enhancing, institutions. This answer is not satisfactory for the same reasons as other broad

explanations based on multiple equilibria are unsatisfactory; if there exists an equilibrium

institutional improvement that will make all members of a society richer and better-off, it

seems unlikely that the society will be unable to coordinate on this improvement for extended

periods of time.

The second answer, instead, recognizes that there are inherent conflicts of interest within

the society. There are no reforms, no changes, no advances that would make everybody

better-off; as in the Schumpeterian creative destruction stories, every reform, every change

and every advance creates winners and losers. Our theoretical investigations in Part 8 will

show that institutional explanations are intimately linked with the conflicts of interests in

society. Put simply, the distribution of resources cannot be separated from the aggregate

economic performance of the economy–or perhaps in a more familiar form, efficiency and

distribution cannot be separated. This implies that institutions that fail to maximize the

growth potential of an economy may nevertheless create benefits for some segments of the

society, who will then form a constituency in favor of these institutions. Thus to understand

the sources of institutional variations we have to study the winners and losers of different

institutional reforms and why winners are unable to buy off or compensate losers, and why

they are not powerful enough to overwhelm the losers, even when the institutional change

in question may increase the size of the national pie. Such a study will not only help us

understand why some societies choose or end up with institutions that do not encourage

economic growth, but will also enable us to make predictions about institutional change.

After all, the fact that institutions can and do change is a major difference between the

institutions hypothesis and the geography and culture hypotheses. Questions of equilibrium

institutions and endogenous institutional change are central for the institutions hypothesis,
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but we have to postpone their discussion to Part 8. For now, however, we can note that the

endogeneity of institutions has another important implication; endogeneity of institutions

makes empirical work on assessing the role of institutions more challenging, because it implies

that the standard “simultaneity” biases in econometrics will be present when we look at the

effect of institutions on economic outcomes.4

In this chapter, we will focus on the empirical evidence in favor and against the various

different hypotheses. We will argue that this evidence, by and large, suggests that institu-

tional differences that societies choose and end up with are a primary determinant of their

economic fortunes. The further discussion below and a summary of recent empirical work will

try to bolster this case. Nevertheless, it is important to emphasize that this does not mean

that only institutions matter and luck, geography and culture are not important. The four

fundamental causes are potentially complementary. The evidence we will provide suggests

that institutions are the most important one among these four causes, but does not deny the

potential role of other factors, such as cultural influences.

4.3.4. Culture. The final fundamental explanation for economic growth emphasizes

the idea that different societies (or perhaps different races or ethnic groups) have different

cultures, because of different shared experiences or different religions. Culture is viewed, by

some social scientists, as a key determinant of the values, preferences and beliefs of individuals

and societies and, the argument goes, these differences play a key role in shaping economic

performance.

At some level, culture can be thought of as influencing equilibrium outcomes for a given

set of institutions. Recall that in the presence of multiple equilibria, there is a central ques-

tion of equilibrium selection. For example, in the simple game discussed above, will society

coordinate on the high-investment or the low-investment equilibrium? Perhaps culture may

be related to this process of equilibrium selection. “Good” cultures can be thought of as ways

of coordinating on better (Pareto superior) equilibria. Naturally, the arguments discussed

above, that an entire society could being stuck in an equilibrium in which all individuals are

worse-off than in an alternative equilibrium is implausible, would militate against the im-

portance of this particular role of culture. Alternatively, different cultures generate different

sets of beliefs about how people behave and this can alter the set of equilibria for a given

specification of institutions (for example, some beliefs will allow punishment strategies to be

used whereas others will not).

4Note also that geography is indeed “exogenous” in the sense that, with some notable exceptions such as
global warming, it is not much influenced by economic decisions. But this does not make it “econometrically
exogenous”. Geographic characteristics may still be (and in fact likely are) correlated with other factors that
influence economic growth.
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The most famous link between culture and economic development is that proposed by

Weber (1930), who argued that the origins of industrialization in Western Europe could be

traced to a cultural factor–the Protestant reformation and particularly the rise of Calvinism.

Interestingly, Weber provided a clear summary of his views as a comment on Montesquieu’s

arguments:

“Montesquieu says of the English that they ‘had progressed the farthest of all

peoples of the world in three important things: in piety, in commerce, and

in freedom’. Is it not possible that their commercial superiority and their

adaptation to free political institutions are connected in some way with that

record of piety which Montesquieu ascribes to them?”

Weber argued that English piety, in particular, Protestantism, was an important driver

of capitalists development. Protestantism led to a set of beliefs that emphasized hard work,

thrift, saving. It also interpreted economic success as consistent with, even as signalling, being

chosen by God. Weber contrasted these characteristics of Protestantism with those of other

religions, such as Catholicism and other religions, which he argued did not promote capitalism.

More recently, similar ideas have been applied to emphasize different implications of other

religions. Many historians and scholars have argued that not only the rise of capitalism, but

also the process of economic growth and industrialization are intimately linked to cultural

and religious beliefs. Similar ideas are also proposed as explanations for why Latin American

countries, with their Iberian heritage, are poor and unsuccessful, while their North American

neighbors are more prosperous thanks to their Anglo-Saxon culture.

A related argument, originating in anthropology, argues that societies may become “dys-

functional” because their cultural values and their system of beliefs do not encourage co-

operation. An original and insightful version of this argument is developed in Banfield’s

(1958) analysis of poverty in Southern Italy. His ideas were later picked up and developed

by Putnam (1993), who suggested the notion of “social capital,” as a stand-in for cultural

attitudes that lead to cooperation and other “good outcomes”. Many versions of these ideas

are presented in one form or another in the economics literature as well.

Two challenges confront theories of economic growth based on culture. The first is the

difficulty of measuring culture. While both Putnam himself and some economists have made

some progress in measuring certain cultural characteristics with self-reported beliefs and

attitudes in social surveys, simply stating that the North of Italy is rich because it has

good social capital while the South is poor because it has poor social capital runs the risk

of circularity. The second difficulty confronting cultural explanations is for accounting for

growth miracles, such as those of South Korea and Singapore. As mentioned above, if some

Asian cultural values are responsible for the successful growth experiences of these countries,
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it becomes difficult to explain why these Asian values did not lead to growth before. Why

do these values not spur economic growth in North Korea? If Asian values are important for

Chinese growth today, why did they not lead to a better economic performance under Mao’s

dictatorship? Both of these challenges are, in principle, surmountable. One may be able to

develop models of culture, with better mapping to data, and also with an associated theory of

when and how culture may change rapidly under certain circumstances, to allow stagnation

to be followed by a growth miracle. While possible in principle, such theories have not been

developed yet. Moreover, the evidence presented in the next section suggests that cultural

effects are not the major force behind the large differences in economic growth experienced

by many countries over the past few centuries.

4.4. The Effect of Institutions on Economic Growth

We now argue that there is convincing empirical support for the hypothesis that differ-

ences in economic institutions, rather than luck, geography or culture, cause differences in

incomes per-capita. Let us start by looking at the simplest correlation between a measure of

economic institutions and income per capita.
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Figure 4.1. Relationship between economic institutions, as measured by av-
erage expropriation risk 1985-1995, and GDP per capita.

Figure 4.1 shows the cross-country correlation between the log of GDP per-capita in 1995

and a broad measure of property rights, “protection against expropriation risk”, averaged

over the period 1985 to 1995. The data on this measure of economic institutions come from
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Political Risk Services, a private company which assesses the risk that foreign investments

will be expropriated in different countries. These data are not perfect. They reflect the

subjective assessment of some analysts about how secure property rights are. Nevertheless,

they are useful for our purposes. First, they emphasize the security of property rights, which

is an essential aspect of economic institutions, especially in regards to their effect on economic

incentives. Second, these measures are purchased by businessmen contemplating investment

in these countries, thus they reflect the “market assessment” of security of property rights.

Figure 4.1 shows that countries with more secure property rights–thus better economic

institutions–have higher average incomes. One should not interpret the correlation in this

figure as depicting a causal relationship–that is, as establishing that secure property rights

cause prosperity. First, the correlation might reflect reverse causation; it may be that only

countries that are sufficiently wealthy can afford to enforce property rights. Second and more

importantly, there might be a problem of omitted variable bias. It could be something else,

for example, geography or culture, that explains both why countries are poor and why they

have insecure property rights. Thus if omitted factors determine institutions and incomes, we

would spuriously infer the existence of a causal relationship between economic institutions

and incomes when in fact no such relationship exists. This is the standard identification

problem in economics resulting from simultaneity or omitted variable biases. Finally, secu-

rity of property rights–or other proxy measures of economic institutions–are themselves

equilibrium outcomes, presumably resulting from the underlying political institutions and

political conflict. While this last point is important, a satisfactory discussion requires us to

develop models of political economy of institutions, which will have to wait until Part 8 of

the book.

To further illustrate these potential identification problems, suppose that climate or ge-

ography matter for economic performance. In fact, a simple scatterplot shows a positive

association between latitude (the absolute value of distance from the equator) and income

per capita consistent with the views of Montesquieu and other proponents of the geography

hypothesis. Interestingly, Montesquieu not only claimed that warm climate makes people

lazy and thus unproductive, but also unfit to be governed by democracy. He argued that

despotism would be the political system in warm climates. Therefore, a potential explana-

tion for the patterns we see in Figure 4.1 is that there is an omitted factor, geography, which

explains both economic institutions and economic performance. Ignoring this potential third

factor would lead to mistaken conclusions.

Even if Montesquieu’s story appears both unrealistic and condescending to our modern

sensibilities, the general point should be taken seriously: the correlations depicted in Figure

4.1, and for that matter that shown in Figure 4.2, do not necessarily reflect causal relation-

ships . As we pointed out in the context of the effect of religion or social capital on economic
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Figure 4.2. Relationship between latitude (distance of capital from the equa-
tor) and income per capita in 1995.

performance, these types of scatterplots, correlations, or their multidimensional version in

ordinary least squares regressions, cannot establish causality.

How can we overcome the challenge of establishing a causal relationship between (eco-

nomic) institutions and economic outcomes? The answer to this question is to specify econo-

metric approaches based on convincing identifying restrictions. This can be done by using

estimating structural econometric models or by using more reduced-form approaches, based

on instrumental-variables strategies. At the moment we do not know enough about the evo-

lution of economic institutions and their impact on economic outcomes to be able to specify

and estimate fully-structural econometric models. Thus as a first step, we can look at more

reduced-form evidence that might still be informative about the causal relationship between

institutions and economic growth. One way of doing so is to learn from history, in particu-

lar from the “natural experiments”, which are unusual historical events where, while other

fundamental causes of economic growth are held constant, institutions change because of

potentially-exogenous reasons. We now discuss lessons from two such natural experiments.

4.4.1. The Korean Experiment. Until the end of World War II, Korea was under

Japanese occupation. Korean independence came shortly after the war. The major fear of the

United States during this time period was the takeover of the entire Korean peninsula either

by the Soviet Union or by communist forces under the control of the former guerrilla fighter,
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Kim Il Sung. U.S. authorities therefore supported the influential nationalist leader Syngman

Rhee, who was in favor of separation rather than a united communist Korea. Elections in the

South were held in May 1948, amidst a widespread boycott by Koreans opposed to separation.

The newly elected representatives proceeded to draft a new constitution and established the

Republic of Korea to the south of the 38th parallel. The North became the Democratic

People’s Republic of Korea, under the control of Kim Il Sung.

These two independent countries organized themselves in radically different ways and

adopted completely different sets of (economic and political) institutions. The North followed

the model of Soviet socialism and the Chinese Revolution in abolishing private property in

land and capital. Economic decisions were not mediated by the market, but by the communist

state. The South instead maintained a system of private property and capitalist economic

institutions.

Before this “natural experiment” in institutional change, North and South Korea shared

the same history and cultural roots. In fact, Korea exhibited an unparalleled degree of eth-

nic, linguistic, cultural, geographic and economic homogeneity. There are few geographic

distinctions between the North and South, and both share the same disease environment.

Moreover, before the separation the North and the South were at the same level of develop-

ment. If anything, there was slightly more industrialization in the North. Maddison (2001)

estimates that at the time of separation, North and South Korea had approximately the same

income per capita.

We can therefore think of the splitting on the Koreas 50 years ago as a natural experiment

that we can use to identify the causal influence of institutions on prosperity. Korea was split

into two, with the two halves organized in radically different ways, and with geography,

culture and many other potential determinants of economic prosperity held fixed. Thus any

differences in economic performance can plausibly be attributed to differences in institutions.

Figure 4.3 uses data from Maddison (2001) and shows that the two Koreas have experi-

enced dramatically diverging paths of economic development since separation:

By the late 1960’s South Korea was transformed into one of the Asian “miracle”

economies, experiencing one of the most rapid surges of economic prosperity in history while

North Korea stagnated. By 2000 the level of income in South Korea was $16,100 while in

North Korea it was only $1,000. There is only one plausible explanation for the radically

different economic experiences of the two Koreas after 1950: their very different institutions

led to divergent economic outcomes. In this context, it is noteworthy that the two Koreas

not only shared the same geography, but also the same culture, so that neither geographic

nor cultural differences could have much to do with the divergent paths of the two Koreas.

Of course one can say that South Korea was lucky while the North was unlucky (even though

this was not due to any kind of multiple equilibria, but a result of the imposition of different
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Figure 4.3. Evolution of income per capita North and South Korea after the separation.

institutions). Nevertheless, the perspective of “luck” is unlikely to be particularly useful in

this context, since what is remarkable is the persistence of the dysfunctional North Korean

institutions. Despite convincing evidence that the North Korean system has been generating

poverty and famine, the leaders of the Communist Party in North Korea have opted to use

all the means available to them to maintain their regime.

However convincing on its own terms, the evidence from this natural experiment is not

sufficient for the purposes of establishing the importance of economic institutions as the

primary factor shaping cross-country differences in economic prosperity. First, this is only

one case, and in the better-controlled experiments in the natural sciences, a relatively large

sample is essential. Second, here we have an example of an extreme case, the difference

between a market-oriented economy and an extreme communist one. Few social scientists

today would deny that a lengthy period of totalitarian centrally-planned rule has significant

economic costs. And yet, many might argue that differences in economic institutions among

capitalist economies or among democracies are not the major factor leading to differences

in their economic trajectories. To establish the major role of economic institutions in the

prosperity and poverty of nations we need to look at a larger scale “natural experiment” in

institutional divergence.

4.4.2. The Colonial Experiment: The Reversal of Fortune. The colonization of

much of the world by Europeans provides such a large scale natural experiment. Beginning

in the early fifteenth century and especially after 1492, Europeans conquered many other
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nations. The colonization experience transformed the institutions in many diverse lands

conquered or controlled by Europeans. Most importantly, Europeans imposed very different

sets of institutions in different parts of their global empire, as exemplified most sharply by the

contrast of the institutional structure that developed in the Northeastern United States, based

on small-holder private property and democracy, versus the institutions in the Caribbean

plantation economies, based on repression and slavery. As a result, while geography was

held constant, Europeans initiated very significant changes in the economic institutions of

different societies.

The impact of European colonialism on economic institutions is perhaps most dramati-

cally conveyed by a single fact–historical evidence shows that there has been a remarkable

Reversal of Fortune in economic prosperity within former European colonies. Societies like

the Mughals in India, and the Aztecs and the Incas in the Americas were among the richest

civilizations in 1500, yet the nation-states that now coincide with the boundaries of these

empires are among the poorer nations of today. In contrast, countries occupying the territo-

ries of the less-developed civilizations of North America, New Zealand and Australia are now

much richer than those in the lands of the Mughals, Aztecs and Incas.
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Figure 4.4. Urbanization and Income today.

The Reversal of Fortune is not confined to such comparisons. To document the reversal

more broadly, we need a proxy for prosperity 500 years ago. Fortunately, urbanization rates

and population density can serve the role of such proxies. Only societies with a certain level

of productivity in agriculture and a relatively developed system of transport and commerce
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can sustain large urban centers and a dense population. Figure 4.4 shows the relationship

between income per capita and urbanization (fraction of the population living in urban centers

with greater than 5,000 inhabitants) today, and demonstrates that even today, long after

industrialization, there is a significant relationship between urbanization and prosperity.

Naturally, high rates of urbanization do not mean that the majority of the population

lived in prosperity. In fact, before the twentieth century urban areas were often centers of

poverty and ill health. Nevertheless, urbanization is a good proxy for average prosperity and

closely corresponds to the GDP per capita measures we are using to look at prosperity today.

Another variable that is useful for measuring pre-industrial prosperity is the density of the

population, which is closely related to urbanization.

Figures 4.5 and 4.6 show the relationship between income per capita today and urbaniza-

tion rates and (log) population density in 1500 for the sample of European colonies. Let us

focus on 1500 since it is before European colonization had an effect on any of these societies.

A strong negative relationship, indicating a reversal in the rankings in terms of economic

prosperity between 1500 and today, is clear in both figures. In fact, the figures show that

in 1500 the temperate areas were generally less prosperous than the tropical areas, but this

pattern too was reversed by the twentieth century.
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Figure 4.5. Reversal of Fortune: urbanization in 1500 versus income per
capita in 1995 among the former European colonies.
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Figure 4.6. Reversal of Fortune: population density in 1500 versus income
per capita in 1995 them on the former European colonies.

There is something extraordinary and unusual about this reversal. A wealth of evidence

shows that after the initial spread of agriculture there was remarkable persistence in ur-

banization and population density for all countries, including those that were subsequently

colonized by Europeans. Extending the data on urbanization to earlier periods shows that

both among former European colonies and non-colonies, urbanization rates and prosperity

persisted for 500 years or longer. Even though there are prominent examples of the decline

and fall of empires, such as Ancient Egypt, Athens, Rome, Carthage and Venice, the overall

pattern was one of persistence. It is also worth noting that reversal was not the general

pattern in the world after 1500. When we look at Europe as a whole or at the entire world

excluding the former European colonies, there is no evidence of a similar reversal between

1500 and 1995.

There is therefore no reason to think that what is going on in Figures 4.5 and 4.6 is some

sort of natural reversion to the mean. Instead, the Reversal of Fortune among the former

European colonies reflects something unusual, something related to the intervention that

these countries experienced. The major intervention, of course, was related to the change

in institutions. As discussed above, not only did the Europeans impose a different order

in almost all countries they conquered, there were also tremendous differences between the
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types of institutions they imposed on in the different colonies.5 These institutional differences

among the former colonies are likely at the root of the reversal in economic fortunes.

To bolster this case, let us look at the timing and the nature of the reversal a little more

closely. When did the reversal occur? One possibility is that it arose shortly after the conquest

of societies by Europeans but Figure 4.7 shows that the previously-poor colonies surpassed the

former highly-urbanized colonies starting in the late eighteenth and early nineteenth centuries.

Moreover, a wealth of qualitative and quantitative evidence suggests that this went hand

in hand with industrialization (see, for example, Acemoglu, Johnson and Robinson, 2002).

Figure 4.7 shows average urbanization in colonies with relatively low and high urbanization

in 1500. The initially high-urbanization countries have higher levels of urbanization and

prosperity until around 1800. At that time the initially low-urbanization countries start to

grow much more rapidly and a prolonged period of divergence begins.

Urbanization in excolonies with low and high urbanization in 1500
(averages weighted within each group by population in 1500)
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Figure 4.7. The Timing of the Reversal of Fortune: Evolution of average
urbanization between initially-high and initially-low urbanization former
colonies.

These patterns are clearly inconsistent with simple geography based views of relative

prosperity. In 1500 it was the countries in the tropics which were relatively prosperous,

5In some instances, including those in Central America and India, the colonial institutions were built
on the pre-colonial institutions. In these cases, the issue becomes one of whether Europeans maintained
and further developed existing hierarchical institutions, such as those in the Aztec, the Inca or the Mughal
Empires, or whether they introduced or imposed political and economic institutions encouraging broad-based
participation and investment.
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today it is the reverse. This makes it implausible to base a theory of relative prosperity on the

intrinsic poverty of the tropics, climate, disease environments or other fixed characteristics.

Nevertheless, following Diamond (1997), one could propose what Acemoglu, Johnson and

Robinson (2002a) call a “sophisticated geography hypothesis,” which claims that geography

matters but in a time varying way. For example, Europeans created “latitude specific”

technology, such as heavy metal ploughs, that only worked in temperate latitudes and not with

tropical soils. Thus when Europe conquered most of the world after 1492, they introduced

specific technologies that functioned in some places (the United States, Argentina, Australia)

but not others (Peru, Mexico, West Africa). However, the timing of the reversal in the

nineteenth century is inconsistent with the most natural types of sophisticated geography

hypotheses. Europeans may have had latitude specific technologies, but the timing implies

that these technologies must have been industrial, not agricultural, and it is difficult to see

why industrial technologies do not function in the tropics (and in fact, they have functioned

quite successfully in tropical Singapore and Hong Kong).

Similar considerations weigh against the culture hypothesis. Although culture is slow-

changing the colonial experiment was sufficiently radical to have caused major changes in

the cultures of many countries that fell under European rule. In addition, the destruction

of many indigenous populations and immigration from Europe are likely to have created

new cultures or at least modified existing cultures in major ways. Nevertheless, the culture

hypothesis does not provide a natural explanation for the reversal, and has nothing to say

on the timing of the reversal. Moreover, we will discuss below how econometric models that

control for the effect of institutions on income do not find any evidence of an effect of religion

or culture on prosperity.

The importance of luck is also limited. The different institutions imposed by the Eu-

ropeans were not random. They were instead very much related to the conditions they

encountered in the colonies. In other words, the types of institutions that were imposed and

developed in the former colonies were endogenous outcomes, outcomes of equilibria that we

need to study.

4.4.3. The Reversal and the Institutions Hypothesis. Is the Reversal of Fortune

consistent with a dominant role for economic institutions in comparative development? The

answer is yes. In fact, once we recognize the variation in economic institutions created by

colonization, we see that the Reversal of Fortune is exactly what the institutions hypothesis

predicts.

The evidence in Acemoglu, Johnson and Robinson (2002a) shows a close connection be-

tween initial population density, urbanization, and the creation of good economic institutions.
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In particular, the evidence points out that, others things equal, the higher the initial pop-

ulation density or the greater initial urbanization, the worse were subsequent institutions,

including both institutions right after independence and also institutions today. Figures 4.8

and 4.9 illustrate these relationships using the same measure of current economic institutions

used in Figure 4.1, protection against expropriation risk today. They document that the rel-

atively densely settled and highly urbanized colonies ended up with worse institutions, while

sparsely-settled and non-urbanized areas received an influx of European migrants and devel-

oped institutions protecting the property rights of a broad cross-section of society. European

colonialism therefore led to an “institutional reversal,” in the sense that the previously-richer

and more-densely settled places ended up with worse institutions. The institutional reversal

does not mean that institutions were better in the previously more densely-settled areas. It

only implies a tendency for the relatively poorer and less densely-settled areas to end up with

better institutions than previously-rich and more densely-settled areas.
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Figure 4.8. The Institutional Reversal: urbanization in 1500 and economic
institutions today among the former European colonies.

As discussed in footnote 5 above, it is possible that the Europeans did not actively

introduce institutions discouraging economic progress in many of these places, but inherited

them from previous civilizations there. The structure of the Mughal, Aztec and Inca empires

were already very hierarchical with power concentrated in the hands of narrowly based ruling

elites and structured to extract resources from the majority of the population for the benefit of

a minority. Often Europeans simply took over these existing institutions. What is important

in any case is that in densely-settled and relatively-developed places it was in the interests of
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Europeans to have institutions facilitating the extraction of resources, without any respect for

the property rights of the majority of the populace. In contrast, in the sparsely-settled areas

it was in their interests to develop institutions protecting property rights. These incentives

led to an institutional reversal.

The institutional reversal, combined with the institutions hypothesis, predicts the Rever-

sal of Fortune: relatively rich places ended up with relatively worse economic institutions,

and if these institutions are important, we should see them become relatively poor over time.

This is what the Reversal of Fortune shows.
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Figure 4.9. The Institutional Reversal: population density in 1500 and eco-
nomic institutions today among the former European colonies.

Moreover, the institutions hypothesis is consistent with the timing of the reversal. Recall

that the institutions hypothesis links incentives to invest in physical and human capital and

in technology to economic institutions, and argues that economic prosperity results from

these investments. Therefore, we expect economic institutions to play a more important

role in shaping economic outcomes when there are major new investment opportunities–

thus creating greater need for entry by new entrepreneurs and for the process of creative

destruction. The opportunity to industrialize was the major investment opportunity of the

19th century. As documented in Chapter 1, countries that are rich today, both among

the former European colonies and other countries, are those that industrialized successfully

during this critical period.
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The explanation for the reversal that emerges from the discussion so far is one in which the

economic institutions in various colonies were shaped by Europeans to serve their own (eco-

nomic) interests. Moreover, because conditions and endowments differed between colonies,

Europeans consciously created different economic institutions, which persisted and con-

tinue to shape economic performance. Why did Europeans introduce better institutions

in previously-poor and unsettled areas than in previously-rich and densely-settled areas?

Without going into details, a number of obvious ideas that have emerged from the research

in this area can be mentioned.

Europeans were more likely to introduce or maintain economic institutions facilitating

the extraction of resources in areas where they would benefit from the extraction of resources.

This typically meant areas controlled by a small group of Europeans, as well as areas offering

resources to be extracted. These resources included gold and silver, valuable agricultural com-

modities such as sugar, but most importantly, what is perhaps the most valuable commodity

overall, human labor. In places with a large indigenous population, Europeans could exploit

the population. This was achieved in various forms, using taxes, tributes or employment as

forced labor in mines or plantations. This type of colonization was incompatible with insti-

tutions providing economic or civil rights to the majority of the population. Consequently,

a more developed civilization and a denser population structure made it more profitable for

the Europeans to introduce worse economic institutions.

In contrast, in places with little to extract, and in sparsely-settled places where the

Europeans themselves became the majority of the population, it was in their interests to

introduce economic institutions protecting their own property rights (and also to attract

further settlers).

4.4.4. Settlements, Mortality and Development. The initial conditions of the

colonies we have emphasized so far, indigenous population density and urbanization, are not

the only factors affecting Europeans’ colonization strategy. In addition, the disease environ-

ments differed markedly among the colonies, with obvious consequences on the attractiveness

of European settlement. Since, as we noted above, when Europeans settled, they established

institutions that they themselves had to live under, whether Europeans could settle or not

had a major effect on the subsequent path of institutional development. In other words, we

expect the disease environment 200 or more years ago, especially the prevalence of malaria

and yellow fever which crucially affected potential European mortality, to have shaped the

path of institutional development in the former European colonies and via this channel, cur-

rent institutions and current economic outcomes. If in addition, the disease environment of

the colonial times affects economic outcomes today only through its effect on institutions,

then we can use this historical disease environment as an exogenous source of variation in
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current institutions. From an econometric point of view, this will correspond to a valid

instrument to estimate the casual effect of economic institutions on prosperity. Although

mortality rates of potential European settlers could be correlated with indigenous mortality,

which may determine income today, in practice local populations had developed much greater

immunity to malaria and yellow fever. Acemoglu, Johnson and Robinson (2001) present a

variety of evidence suggesting that the major effect of European settler mortality is through

institutions.

In particular, Acemoglu, Johnson and Robinson (2001) argue that:

(1) There were different types of colonization policies which created different sets of in-

stitutions. At one extreme, European powers set up “extractive states”, exemplified

by the Belgian colonization of the Congo. These institutions did not introduce much

protection for private property, nor did they provide checks and balances against gov-

ernment expropriation. At the other extreme, many Europeans migrated and settled

in a number of colonies. The settlers in many areas tried to replicate European in-

stitutions, with strong emphasis on private property and checks against government

power. Primary examples of this include Australia, New Zealand, Canada, and the

United States.

(2) The colonization strategy was influenced by the feasibility of settlements. In places

where the disease environment was not favorable to European settlement, extractive

policies were more likely.

(3) The colonial state and institutions persisted to some degree and make it more likely

that former European colonies that suffered extractive colonization have worse in-

stitutions today.

Summarizing schematically, the argument is:

(potential) settler
mortality

⇒ settlements⇒ early
institutions

⇒ current
institutions

⇒ current
performance

Based on these three premises, Acemoglu, Johnson and Robinson (2001) use the mortal-

ity rates expected by the first European settlers in the colonies as an instrument for current

institutions in the sample of former European colonies. Their instrumental-variables esti-

mates show a large and robust effect of institutions on economic growth and income per

capita. Figures 4.10 and 4.11 provide an overview of the evidence. Figure 4.10 shows the

cross-sectional relationship between income per capita and the measure of economic institu-

tions we encountered in Figure 4.1, protection against expropriation risk. It shows a very

strong relationship between the historical mortality risk faced by Europeans and the current

extent to which property rights are enforced. A bivariate regression has an R2 of 0.26. It also

shows that there were very large differences in European mortality. Countries such as Aus-

tralia, New Zealand and the United States were very healthy, and existing evidence suggests
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that life expectancy in Australia and New Zealand was in fact greater than in Britain. In

contrast, all Europeans faced extremely high mortality rates in Africa, India and South-East

Asia. Differential mortality was largely due to tropical diseases such as malaria and yellow

fever and at the time it was not understood how these diseases arose nor how they could be

prevented or cured.
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Figure 4.10. The relationship between mortality of potential European set-
tlers and current economic institutions.

Figures 4.10 and 4.11 already show that, if we accept the exclusion restriction that the

mortality rates of potential European settlers should have no effect on current economic

outcomes other than through institutions, there is a large impact of economic institutions on

economic performance. This is documented in detail in Acemoglu, Johnson and Robinson

(2001), who present a range of robustness checks confirming this result. Their estimates

suggest that most of the gap between rich and poor countries today is due to differences

in economic institutions. For example, the evidence suggests that over 75% of the income

gap between relatively rich and relatively poor countries can be explained by differences in

their economic institutions (as proxied by security of property rights). Equally important,

the evidence indicates that once the effect of institutions is estimated via this methodology,

there appears to be no effect of geographical variables; neither latitude, nor whether or not

a country is land-locked nor the current disease environment appear to have much effect on

current economic outcomes. This evidence again suggests that institutional differences across
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Figure 4.11. The relationship between mortality of potential European set-
tlers and GDP per capita in 1995.

countries are a major determinant of their economic fortunes, while geographic differences

are much less important.

These results also provide an interpretation for why Figure 4.2 showed a significant cor-

relation between latitude and income per-capita. This is because of the correlation between

latitude and the determinants of European colonization strategies. Europeans did not have

immunity to tropical diseases during the colonial period and thus settler colonies tended,

other things equal, to be created in temperate latitudes. Thus the historical creation of eco-

nomic institutions was correlated with latitude. Without considering the role of economic

institutions, one would find a spurious relationship between latitude and income per capita.

However, once economic institutions are properly controlled for, these relationships go away

and there appears to be no causal effect of geography on prosperity today (though geography

may have been important historically in shaping economic institutions).

4.4.5. Culture, Colonial Identity and Economic Development. One might think

that culture may have played an important role in the colonial experience, since Europeans

not only brought new institutions, but also their own “cultures”. European culture might

have affected the economic development of former European colonies through three different

channels. First, as already mentioned above, cultures may be systematically related to the

national identity of the colonizing power. For example, the British may have implanted a

“good” Anglo-Saxon culture into colonies such as Australia and the United States, while
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the Spanish may have condemned Latin America by endowing it with an Iberian culture.

Second, Europeans may have had a culture, work ethic or set of beliefs that were conducive

to prosperity. Finally, Europeans also brought different religions with different implications

for prosperity. Many of these hypotheses have been suggested as explanations for why Latin

America, with its Roman Catholic religion and Iberian culture, is poor relative to the Anglo-

Saxon Protestant North America.

However, the econometric evidence in Acemoglu, Johnson and Robinson (2001) is not

consistent with any of these views either. Similar to the evidence related to geographical

variables, the econometric strategy discussed above suggests that, once the effect of economic

institutions is taken into account, neither the identity of the colonial power, nor the contem-

porary fraction of Europeans in the population, nor the proportions of the populations of

various religions appear to have a direct effect on economic growth and income per capita.

These econometric results are supported by historical examples. Although no Spanish

colony has been as successful economically as British colonies such as the United States, many

former British colonies, such as those in Africa, India and Bangladesh, are poor today. It is

also clear that the British in no way simply re-created British institutions in their colonies. For

example, by 1619 the North American colony of Virginia had a representative assembly with

universal male suffrage, something that did not arrive in Britain itself until 1919. Another

telling example is that of the Puritan colony in Providence Island in the Caribbean. While the

Puritan values are often credited with the arrival of democracy and equality of opportunity

in Northeastern United States, the Puritan colony in Providence Island quickly became just

like any other Caribbean slave colony despite its Puritanical inheritance.

Similarly, even though the 17th century Dutch had perhaps the best domestic economic

institutions in the world, their colonies in South-East Asia ended up with institutions designed

for the extraction of resources, providing little economic or civil rights to the indigenous

population. These colonies consequently experienced slow growth relative to other countries.

To emphasize that the culture or the religion of the colonizer was not at the root of the

divergent economic performances of the colonies, Figure 4.12 shows the reversal among the

British colonies (with population density in 1500 on the horizontal axis). Just as in Figure

4.6, there is a strong negative relationship between population density in 1500 and income

per capita today.

With respect to the role of Europeans, Singapore and Hong Kong are now two of the

richest countries in the world, despite having negligible numbers of Europeans. Moreover,

Argentina and Uruguay have as high proportions of people of European descent as the United

States and Canada, but are much less rich. To further document this, Figure 4.13 shows a

pattern similar to the Reversal of Fortune, but now among countries where the fraction of
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Figure 4.12. The Reversal of Fortune among British Colonies: population
density in 1500 versus GDP per capita in 1995 among former British colonies.

those of European descent in 1975 is less than 5 percent of the population–thus a sample of

countries in which European values or culture cannot have much direct effect today.

Overall, the evidence is not consistent with a major role of geography, religion or culture

transmitted by the identity of the colonizer or the presence of Europeans. Instead, differences

in economic institutions appear to be the robust causal factor underlying the differences in

income per capita across countries. Institutions therefore appear to be the most important

fundamental cause of income differences and long-run growth.

4.5. What Types of Institutions?

As already noted above the notion of institutions used in this chapter and in much of

the literature is rather broad. It encompasses different types of social arrangements, laws,

regulations, enforcement of property rights and so on. One may, perhaps rightly, complain

that we are learning relatively little by emphasizing the importance of such a broad cluster

of institutions. It is therefore important to try to understand what types of institutions

are more important. This will not only be useful in our empirical analysis of fundamental

causes, but can provide us a better sense of what types of models to develop in order to link

fundamental causes to growth mechanics and to ultimate economic outcomes.
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Figure 4.13. The Reversal of Fortune among former European colonies with
two current European inhabitants.

There is relatively little work on “unbundling” the broad cluster of institutions in order

to understand what specific types of institutions might be more important for economic out-

comes. Much of this type of work remains to be done in the future. Here we can mention

some existing work attempting to distinguish the impact of “contracting institutions” from

the influence of “property rights institutions”. One of the important roles of institutions is to

facilitate contracting between lenders and borrowers or between different firms, to facilitate

the functioning of markets and the allocation of resources. Such contracting is only possible

if laws, courts and regulations uphold contracts in the appropriate way. Let us refer to insti-

tutional arrangements of this sort that support private contracts as contracting institutions.

The other cluster of institutions emphasized above relates to those constraining government

and elite expropriation. Let us refer to these as property rights institutions. Although in

many situations contracting institutions and property right institutions will be intimately

linked, they are nonetheless conceptually different. While contracting institutions regulate

“horizontal” relationships in society between regular citizens, property rights institutions are

about the protection of citizens against the power of elites, politicians and privileged groups.

These two sets of institutions are potentially distinct and can thus have distinct effects.

Acemoglu and Johnson (2005) investigate the relative roles of these two sets of institu-

tions. Their strategy is again to make use of the natural experiment of colonial history. What

helps this particular unbundling exercise is that in the sample of former European colonies,
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the legal system imposed by colonial powers appears to have a strong effect on contracting

institutions, but little impact on the available measures of property rights institutions. At

the same time, both mortality rates for potential European settlers and population density in

1500, which we have seen above as important determinants of European colonization strategy,

have a large effect on current property rights institutions, and no impact on contracting insti-

tutions. Using these different sources of variation in the sample of former European colonies,

it is possible to estimate the separate effects of contracting institutions and property rights

institutions.

Consistent with the pattern shown in Figure 4.12, which suggests that the identity of the

colonizer is not a major determinant of future economic success of the colony, the empirical

evidence estimating the different sources of variation in colonial history finds that property

rights institutions are much more important for current economic outcomes than contracting

institutions. Countries with greater constraints on politicians and elites and more protection

against expropriation by these powerful groups appear to have substantially higher long-

run growth rates and higher levels of current income. They also have significantly greater

investment levels and generate more credit for the private sector. In contrast, the role of

contracting institutions is more limited. Once the effects of property rights institutions are

controlled for, contracting institutions seem to have no impact on income per capita, the

investment to GDP ratio, and the private credit to GDP ratio. Contracting institutions

appear to have some effect on stock market development, however.

These results suggest that contracting institutions affect the form of financial interme-

diation, but have less impact on economic growth and investment. It seems that economies

can function in the face of weak contracting institutions without disastrous consequences,

but not in the presence of a significant risk of expropriation from the government or other

powerful groups. A possible interpretation is that private contracts or other reputation-based

mechanisms can, at least in part, alleviate the problems originating from weak contracting

institutions. For example, when it is more difficult for lenders to collect on their loans,

interest rates increase, banks that can monitor effectively play a more important role, or

reputation-based credit relationships may emerge. In contrast, property rights institutions

relate to the relationship between the state and citizens. When there are no checks on the

state, on politicians, and on elites, private citizens do not have the security of property rights

necessary for investment.

Nevertheless, interpreting the evidence in Acemoglu and Johnson (2005) one should also

bear in mind that the sources of variation in income per capita and investment rates identi-

fying the different effects of contracting and property rights institutions relate to very large

differences discussed in Chapter 1. It is possible that contracting institutions have relatively
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small affects, so that they are hard to detect when we look at countries with thirty-fold dif-

ferences in income per capita. Therefore, this evidence should be interpreted as suggesting

that contracting institutions are less important in generating the large differences in eco-

nomic development than the property rights institutions, not necessarily as suggesting that

contracting institutions do not matter for economic outcomes.

4.6. Disease and Development

The evidence presented above already militates against a major role of geographic factors

in economic development. One version of the geography hypothesis deserves further analysis,

however. A variety of evidence suggests that unhealthy individuals are less productive and

often less successful in acquiring human capital. Could the differences in the disease environ-

ments across countries have an important effect on economic development? Could they be a

major factor in explaining the very large income differences across countries? A recent paper

by David Weil (2006), for example, argues that the framework used in the previous chap-

ter, with physical capital, human capital and technology, should be augmented by including

health capital. In other words, we may want to think over production function of the form

F (K,H,Z,A), where H denotes efficiency units of labor (human capital as conventionally

measured), while Z is “health capital”. Weil suggests a methodology for measuring the con-

tribution of health capital to productivity from micro estimates and argues that differences

in health capital emerge as an important factor in accounting for cross-country differences in

income levels.

The idea that part of the low productivity of less-developed nations is due to the unhealthy

state of their workforces has obvious appeal. The micro evidence and the work by David Weil

shows that it has some empirical validity as well. But does it imply that geographic factors are

an important fundamental cause of economic growth? Not necessarily. As already mentioned

above, the burden of disease is endogenous. Today’s unhealthy countries are unhealthy

precisely because they are poor and are unable to invest in health care, clean water and other

health-improving technologies. After all, much of Europe was very unhealthy and suffering

from low life expectancy only 200 years ago. This changed with economic growth. In this

sense, even if “health capital” is a useful concept and does contribute to accounting for cross-

country income differences, it may itself be a proximate cause, affected by other factors, such

as institutions or culture.

A recent paper by Acemoglu and Johnson (2006) directly investigates the impact of

changes in disease burdens on economic development. They exploit the large improvements

in life expectancy, particularly among the relatively poor nations, that took place starting

in the 1940s. These health improvements were the direct consequence of significant inter-

national health interventions, more effective public health measures, and the introduction of
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Figure 4.14. Evolution of life expectancy at birth among initially-poor,
initially-middle-income and initially-rich countries, 1940-2000.

new chemicals and drugs. More important for the purposes of understanding the effect of

disease on economic growth, these health improvements were by and large exogenous from

the viewpoint of individual nations. Moreover, their impact on specific nations also varied,

depending on whether the country in question was affected by the specific diseases for which

the cures and the drugs became internationally available. The impact of these health im-

provements was major, in fact so major that it may deserve to be called the international

epidemiological transition, since it led to an unprecedented improvement in life expectancy

in a large number of countries. Figure 4.14 shows this unprecedented convergence in life

expectancy by plotting life expectancy in countries that were initially (circa 1940) poor, mid-

dle income, and rich. It illustrates that while in the 1930s life expectancy was low in many

poor and middle-income countries, this transition brought their levels of life expectancy close

to those prevailing in richer parts of the world. As a consequence of these developments,

health conditions in many parts of the less-developed world today, though still in dire need

of improvement, are significantly better than the corresponding health conditions were in the

West at the same stage of development.

The international epidemiological transition allows a promising empirical strategy to iso-

late potentially-exogenous changes in health conditions. The effects of the international

epidemiological transition on a country’s life expectancy were related to the extent to which

its population was initially (circa 1940) affected by various specific diseases, for example,

tuberculosis, malaria, and pneumonia, and to the timing of the various health interventions.
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This reasoning suggests that potentially-exogenous variation in the health conditions of the

country can be measured by calculating a measure of predicted mortality, driven by the inter-

action of baseline cross-country disease prevalence with global intervention dates for specific

diseases. Acemoglu and Johnson (2006) show that such measures of predicted mortality have

a large and robust effect on changes in life expectancy starting in 1940, but have no effect on

changes in life expectancy prior to this date (i.e., before the key interventions). This suggests

that the large increases in life expectancy experience by many countries after 1940 were in

fact related to the global health interventions.

Perhaps not surprisingly, Acemoglu and Johnson (2006) find that predicted mortality and

the changes in life expectancy that it causes have a fairly large effect on population; a 1%

increase in life expectancy is related to an approximately 1.3-1.8% increase in population.

However, there is no evidence of a positive effect on GDP per capita. This is depicted

in Figure 4.15, shows no convergence in income per capita between initially-poor, initially-

middle-income and initially-rich countries. Similarly, there appears to be no evidence of an

increase in human capital investments associated with improvements in life expectancy.
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Figure 4.15. Evolution of GDP per capita among initially-poor, initially-
middle-income and initially-rich countries, 1940-2000.

Why did the very significant increases in life expectancy and health not cause improve-

ments in GDP per capita? The most natural answer to this question comes from neoclassical

growth theory (presented in the previous two chapters and in Chapter 8 below). The first-

order effect of increased life expectancy is to increase population, which initially reduces

capital-to-labor and land-to-labor ratios, depressing income per capita. This initial decline
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is later compensated by higher output as more people enter the labor force. However, there

is no reason to expect either a complete offset of the initial decline in income per capita or a

large significant increase, especially when many of the effect countries are heavily vested in

agriculture, so that land-to-labor ratios may change permanently. Consequently, small ben-

eficial effects of health on productivity may not be sufficient to offset or reverse the negative

effects of population pressures on income per capita.

4.7. Political Economy of Institutions: First Thoughts

The evidence presented in this chapter suggests that institutions are the most important

fundamental cause of economic growth. We must therefore think about why institutions and

policies differ across countries in order to understand why some countries are poor and some

are rich. We will also argue below that understanding institutional changes holds clues about

why the process of world economic growth started 200 years ago or so.

However, an explanation of differences in income across countries and over time in terms

of institutional differences is also incomplete. If, as this chapter has documented, some

institutions are conducive to rapid economic growth and others to stagnation, why would

any society collectively choose institutions that condemn them to stagnation? The answer to

this question relates to the nature of collective choices in societies. Institutions and policies,

like other collective choices, are not taken for the good of the society at large, but are a

result of a political equilibrium. In order to understand such political equilibria, we need

to understand the conflicting interests of different individuals and groups in societies, and

how they will be mediated by different political institutions. Thus, a proper understanding

of how institutions affect economic outcomes and why institutions differ across countries

(and why they sometimes change and pave the way for growth miracles) requires models of

political economy, which explicitly studies how the conflicting interests of different individuals

are aggregated into collective choices. Models of political economy also specify why certain

individuals and groups may be opposed to economic growth or prefer institutions that eschew

growth opportunities.

The discussion in this chapter therefore justifies why a study of political economy has

to be part of any investigation of economic growth. Much of the study of economic growth

has to be about the structure of models, so that we understand the mechanics of economic

growth and the proximate causes of income differences. But part of this broad study must

also confront the fundamental causes of economic growth, which relate to policies, institutions

and other factors that lead to different investment, accumulation and innovation decisions.
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4.8. Taking Stock

This chapter has emphasized the differences between the proximate causes of economic

growth, related to physical capital accumulation, human capital and technology, and the

fundamental causes, which influence the incentives to invest in these factors of production.

We have argued that many of the questions motivating our study of economic growth must

lead us to an investigation of the fundamental causes. But an understanding of fundamental

causes is most useful when we can link them to the parameters of fully-worked-out model of

economic growth to see how they affect the mechanics of growth and what types of predictions

they generate.

When we turn to the institutions hypothesis, which we have argued in this chapter that the

available evidence favors, the role of theory becomes even more important. As already pointed

out above, the institutions view makes sense only when there are groups in society that favor

institutions that do not necessarily enhance the growth potential of the economy. They will

do so because they will not directly or indirectly benefit from the process of economic growth.

Thus it is important to develop a good understanding of the distributional implications of

economic growth (for example, how it affects relative prices and relative incomes, and how

it may destroy the rents of incumbents). This theoretical understanding of the implications

of the growth process than needs to be combined with political economy models of collective

decision-making, to investigate under what circumstances groups opposed to economic growth

can be powerful enough to maintain non-growth-enhancing institutions in place.

In this chapter, our objective has been more limited (since many of the more interesting

growth models will be developed later in the book) and we have focused on the broad outlines

of a number of alternative fundamental causes of economic growth and had a first look at

the long-run empirical evidence relevance to these hypotheses. We argued that approaches

emphasizing institutional differences (and differences in policies, laws and regulations) across

societies are most promising for understanding both the current growth experiences of coun-

tries and the historical process of economic growth. We have also emphasized the importance

of studying the political economy of institutions, as a way of understanding why institutions

differ across societies and lead to divergent economic paths.

4.9. References and Literature

The early part of this chapter builds on Acemoglu, Johnson and Robinson (2006), who

discuss the distinction between proximate and fundamental causes and the various different

approaches to the fundamental causes of economic growth. North and Thomas (1973) appear

to be the first to implicitly criticize growth theory for focusing on proximate causes alone and
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ignoring fundamental cause of economic growth. Diamond (1997) also draws a distinction

between proximate and fundamental explanations.

The importance of population in generating economies of scale was first articulated by

Julian Simon (1990). The model presented in Section 4.2 draws on Simon’s work and work

by Michael Kremer (1993). Kremer (1993) argues for the importance of economies of scale

and increasing returns to population based on the acceleration in the growth rate of world

population. Another important argument relating population to technological change is pro-

posed by Esther Boserup (1965) and is based on the idea that increases in population creates

scarcity, inducing societies to increase their productivity. Other models that build economies

of scale to population and discuss the transition of the world economy from little or no growth

to one of rapid economic growth include Hanson and Prescott (2001), Galor and Weil (2001),

Galor and Moav (2002) and Jones (2004). Some of these papers also try to reconcile the

role of population in generating technological progress with the later demographic transition.

Galor (2006) provides an excellent summary of this literature and an extensive discussion.

McEvedy and Jones (1978) provide a concise history of world population and relatively reli-

able information going back to 10,000 B.C. Their data indicate that, as claimed in the text,

total population in Asia has been consistently greater than in Western Europe over this time

period.

The geography hypothesis has many proponents. In addition to Montesquieu, Machiavelli

was an early proponent of the importance of climate and geographic characteristics. Marshall

(1890), Kamarck (1976), and Myrdal (1986) are among the economists who have most clearly

articulated various different versions of the geography hypothesis. It has more recently been

popularized by Sachs (2000, 2001), Bloom and Sachs (1998) and Gallup and Sachs (2001).

Diamond (1997) offers a more sophisticated version of the geography hypothesis, where the

availability of different types of crops and animals, as well as the axes of communication of

continents, influence the timing of settled agriculture and thus the possibility of developing

complex societies. Diamond’s thesis is therefore based on geographic differences, but also

relies on such institutional factors as intervening variables.

Scholars emphasizing the importance of various types of institutions in economic devel-

opment include John Locke, Adam Smith, John Stuart Mill, Arthur Lewis, Douglass North

and Robert Thomas. The recent economics literature includes many models highlighting the

importance of property rights, for example, Skaperdas (1992), Tornell and Velasco (1992),

Acemoglu (1995), Grossman and Kim (1995, 1996), Hirsleifer (2001) and Dixit (2004). Other

models emphasize the importance of policies within a given institutional framework. Well-

known examples of this approach include Perotti (1993), Saint-Paul and Verdier (1993),

Alesina and Rodrik (1994), Persson and Tabellini (1994), Ades and Verdier (1996), Krusell
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and Rios-Rull (1999), and Bourguignon and Verdier (2000). There is a much smaller liter-

ature on endogenous institutions and the effect of these institutions on economic outcomes.

Surveys of this work can be found in Acemoglu (2007) and Acemoglu and Robinson (2006).

The literature on the effect of economic institutions on economic growth is summarized and

discussed in greater detail in Acemoglu, Johnson and Robinson (2006), which also provides

an overview of the empirical literature on the topic. We will return to many of these issues

and Part 8 of the book.

The importance of religion for economic development is most forcefully argued in Max

Weber’s work, for example (1930, 1958). Many other scholars since then have picked up on

this idea and have argued about the importance of religion. Prominent examples include

Huntington (2001) and Landes (2001). Landes, for example, tries to explain the rise of

the West based on cultural and religious variables. This evidence is criticized in Acemoglu,

Johnson and Robinson (2005). Barro and McCleary (2003) provide evidence of a positive

correlation between the prevalence of religious beliefs and economic growth. One has to be

careful in interpreting this evidence as showing a causal effect of religion on economic growth,

since religious beliefs are endogenous both to economic outcomes and to other fundamental

causes of income differences.

The emphasis on the importance of cultural factors or “social capital” goes back to

Banfield (1958), and is popularized by Putnam (1993). The essence of these interpretations

appears to be related to the role of culture or social capital in ensuring the selection of

better equilibrium. Similar ideas are also advanced in Greif (2006). Many scholars, including

Véliz (1994), North, Summerhill and Weingast (2000), and Wiarda (2001), emphasize the

importance of cultural factors in explaining the economic backwardness of Latin American

countries. Knack and Keefer (1997) and Durlauf and Fafchamps (2003) document positive

correlations between measures of social capital and various economic outcomes. None of

this work establishes a causal effect of social capital because of the potential endogeneity of

social capital and culture. A number of recent papers attempt to overcome these difficulties.

Notable contributions here include Guiso, Sapienza and Zingales (2004) and Tabellini (2006).

The discussion of the Puritan colony in the Providence Island is based on Newton (1914)

and Kupperman (1993).

The literature on the effect of economic institutions and policies on economic growth is

vast. Most growth regressions include some controls for institutions or policies and find them

to be significant (see, for example, those reported in Barro and Sala-i-Martin, 2004). One

of the first papers looking at the cross-country correlation between property rights measures

and economic growth is Knack and Keefer (1995). This literature does not establish causal

effect either, since simultaneity and endogeneity concerns are not dealt with. Mauro (1998)
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and Hall and Jones (1999) present the first instrumental-variable estimates on the effect of

institutions (or corruption) on long-run economic development.

The evidence reported here, which exploits differences in colonial experience to create an

instrumental-variables strategy, is based on Acemoglu, Johnson and Robinson (2001, 2002).

The urbanization and population density data used here are from Acemoglu, Johnson and

Robinson (2002), which compiled these based on work by Bairoch (1988), Bairoch, Batou

and Chèvre (1988), Chandler (1987), Eggimann (1999), McEvedy and Jones (1978). Further

details and econometric results are presented in Acemoglu, Johnson and Robinson (2002).

The data on mortality rates of potential settlers is from Acemoglu, Johnson and Robinson

(2001), who compiled the data based on work by Curtin (1989, 1998) and Gutierrez (1986).

That paper also provides a large number of robustness checks, documenting the influence

of economic institutions on economic growth and showing that other factors, including reli-

gion and geography, have little effect on long-run economic development once the effect of

institutions is controlled for.

The details of the Korean experiment and historical references are provided in Acemoglu

(2003) and Acemoglu, Johnson and Robinson (2006).

The discussion of distinguishing the effects of different types of institutions draws on

Acemoglu and Johnson (2005).

The discussion of the effect of disease on development is based on Weil (2006) and espe-

cially on Acemoglu and Johnson (2006), which used the econometric strategy described in the

text. Figures 4.14 and 4.15 are from Acemoglu and Johnson (2006). In these figures, initially-

poor countries are those that are poorer than Spain in 1940, and include China, Bangladesh,

India, Pakistan, Myanmar, Thailand, El Salvador, Honduras, Indonesia, Brazil, Sri Lanka,

Malaysia, Nicaragua, Korea, Ecuador, and the Philippines, while initially-rich countries are

those that are richer than Argentina in 1940 and include Belgium, Netherlands, Sweden, Den-

mark, Canada, Germany, Australia, New Zealand, Switzerland, the United Kingdom and the

United States. Young (2004) investigates the effect of the HIV epidemic in South Africa and

reaches a conclusion similar to that reported here, though his analysis relies on a calibration

of the neoclassical growth model rather than econometric estimation.

4.10. Exercises

Exercise 4.1. Derive equations (4.3) and (4.4).

Exercise 4.2. Derive equation (4.7). Explain how the behavior implied for technology by

this equation differs from (4.4). Why is this? Do you find the assumptions leading to (4.4)

or to (4.7) more plausible?

Exercise 4.3. (1) Show that the models leading to both (4.4) or to (4.7) imply a con-

stant income per capita throughout.
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(2) Modify equation (4.2) to

L (t) = φY (t)β ,

for some β ∈ (0, 1). Justify this equation and derive the law of motion technology
and income per capita under the two scenarios considered in the text. Are the

implications of this model more reasonable than those considered in the text?

Exercise 4.4. In his paper “Tropical Underdevelopment”, Jeff Sachs notes that differences

in income per capita between tropical and temperate zones have widened over the past 150

years. He interprets this pattern as evidence indicating that the “geographical burden” of the

tropical areas has been getting worse over the process of recent development. Discuss this

thesis. If you wish, offer alternative explanations. How would you go about testing different

approaches? (If possible, suggest original ways, rather than approaches that were already

tried).
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Part 2

Towards Neoclassical Growth



This part of the book is a preparation for what is going to come next. In some sense,

it can be viewed as the “preliminaries” for the rest of the book. Our ultimate purpose

is to enrich the basic Solow model by introducing well-defined consumer preferences and

consumer optimization, and in the process, clarify the relationship between growth theory

and general equilibrium theory. This will enable us to open the blackbox of savings and capital

accumulation, turning these decisions into forward-looking investment decisions. It will also

enable us to make welfare statements about whether the rate of growth of an economy is too

slow, too fast or just right from a welfare-maximizing (Pareto optimality) viewpoint. This

will then open the way for us to study technology as another forward-looking investment by

firms, researchers and individuals. However, much of this will have to wait for Parts 3 and 4

of the book, where we will study these models in detail. In the next three chapters, we will

instead do the work necessary to appreciate what is to come then. The next chapter will set

up the problem and make the relationship between models of economic growth and general

equilibrium theory more explicit. It will also highlight some of the assumptions implicit in

the growth models. The two subsequent chapters develop the mathematical tools for dynamic

optimization in discrete and continuous time. To avoid making these chapters purely about

mathematics, we will use a variety of economic models of some relevance to growth theory

as examples and also include the analysis of the equilibrium and optimal growth.



CHAPTER 5

Foundations of Neoclassical Growth

The Solow growth model is predicated on a constant saving rate. Instead, it would

be much more satisfactory to specify the preference orderings of individuals, as in standard

general equilibrium theory, and derive their decisions from these preferences. This will enable

us both to have a better understanding of the factors that affect savings decisions and also to

discuss the “optimality” of equilibria–in other words, to pose and answer questions related to

whether the (competitive) equilibria of growth models can be “improved upon”. The notion

of improvement here will be based on the standard concept of Pareto optimality, which

asks whether some households can be made better-off without others being made worse-off.

Naturally, we can only talk of individuals or households being “better-off” if we have some

information about well-defined preference orderings.

5.1. Preliminaries

To prepare for this analysis, let us consider an economy consisting of a unit measure of

infinitely-lived households. By a unit measure of households we mean an uncountable number

of households, for example, the set of households H could be represented by the unit interval

[0, 1]. This is an abstraction adopted for simplicity, to emphasize that each household is

infinitesimal and will have no effect on aggregates. Nothing we do in this book hinges on this

assumption. If the reader instead finds it more convenient to think of the set of households,

H, as a countable set of the form H = {1, 2, ...,M} with M = ∞, this can be done without
any loss of generality. The advantage of having a unit measure of households is that averages

and aggregates are the same, enabling us to economize on notation. It would be even simpler

to have H as a finite set in the form {1, 2, ...,M} with M large but finite. For many models,

this would also be acceptable, but as we will see below, models with overlapping generations

require the set of households to be infinite.

We can either assume that households are truly “infinitely lived” or that they consist of

overlapping generations with full (or partial) altruism linking generations within the house-

hold. Throughout, we equate households with individuals, and thus ignore all possible sources

of conflict or different preferences within the household. In other words, we assume that

households have well-defined preference orderings.
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As in basic general equilibrium theory, we make enough assumptions on preference or-

derings (in particular, reflexivity, completeness and transitivity) so that these preference

orderings can be represented by utility functions. In particular, suppose that each household

i has an instantaneous utility function given by

ui (ci (t)) ,

where ui : R+→ R is increasing and concave and ci (t) is the consumption of household i.

Here and throughout, we take the domain of the utility function to be R+ rather than R, so
that negative levels of consumption are not allowed. Even though some well-known economic

models allow negative consumption, this is not easy to interpret in general equilibrium or in

growth theory, thus this restriction is sensible.

The instantaneous utility function captures the utility that an individual derives from

consumption at time t. It is therefore not the same as a utility function specifying a com-

plete preference ordering over all commodities–here consumption levels in all dates. For

this reason, the instantaneous utility function is sometimes also referred to as the “felicity

function”.

There are two major assumptions in writing an instantaneous utility function. First, it

imposes that the household does not derive any utility from the consumption of other house-

holds, so consumption externalities are ruled out. Second, in writing the instantaneous utility

function, we have already imposed that overall utility is time separable, that is, instantaneous

utility at time t is independent of the consumption levels at past or future dates. This second

feature is important in enabling us to develop tractable models of dynamic optimization.

Finally, let us introduce a third assumption and suppose that households discount the

future “exponentially”–or “proportionally”. In discrete time, and ignoring uncertainty, this

implies that household preferences at time t = 0 can be represented as

(5.1)
∞X
t=0

βtiui (ci (t)) ,

where βi ∈ (0, 1) is the discount factor of household i. This functional form implies that the

weight given to tomorrow’s utility is a fraction βi of today’s utility, and the weight given to

the utility the day after tomorrow is a fraction β2i of today’s utility, and so on. Exponential

discounting and time separability are convenient for us because they naturally ensure “time-

consistent” behavior.

We call a solution {x (t)}Tt=0 (possibly with T =∞) to a dynamic optimization problem
time-consistent if the following is true: whenever {x (t)}Tt=0 is an optimal solution starting
at time t = 0, {x (t)}Tt=t0 is an optimal solution to the continuation dynamic optimization
problem starting from time t = t0 ∈ [0, T ]. If a problem is not time-consistent, we refer to

it as time-inconsistent. Time-consistent problems are much more straightforward to work
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with and satisfy all of the standard axioms of rational decision-making. Although time-

inconsistent preferences may be useful in the modeling of certain behaviors we observe in

practice, such as problems of addiction or self-control, time-consistent preferences are ideal

for the focus in this book, since they are tractable, relatively flexible and provide a good

approximation to reality in the context of aggregative models. It is also worth noting that

many classes of preferences that do not feature exponential and time separable discounting

nonetheless lead to time-consistent behavior. Exercise 5.1 discusses issues of time consistency

further and shows how certain other types of utility formulations lead to time-inconsistent

behavior, while Exercise 5.2 introduces some common non-time-separable preferences that

lead to time-consistent behavior.

There is a natural analog to (5.1) in continuous time, again incorporating exponential

discounting, which is introduced and discussed below (see Section 5.10 and Chapter 7).

The expression in (5.1) ignores uncertainty in the sense that it assumes the sequence of

consumption levels for individual i, {ci (t)}∞t=0 is known with certainty. If instead this sequence
were uncertain, we would need to look at expected utilitymaximization. Most growth models

do not necessitate an analysis of growth under uncertainty, but a stochastic version of the

neoclassical growth model is the workhorse of much of the rest of modern macroeconomics and

will be presented in Chapter 17. For now, it suffices to say that in the presence of uncertainty,

we interpret ui (·) as a Bernoulli utility function, so that the preferences of household i at

time t = 0 can be represented by the following von Neumann-Morgenstern expected utility

function:

Ei0
∞X
t=0

βtiui (ci (t)) ,

where Ei0 is the expectation operator with respect to the information set available to household
i at time t = 0.

The formulation so far indexes individual utility function, ui (·), and the discount factor,
βi, by “i” to emphasize that these preference parameters are potentially different across

households. Households could also differ according to their income processes. For example,

each household could have effective labor endowments of {ei (t)}∞t=0, thus a sequence of labor
income of {ei (t)w (t)}∞t=0, where w (t) is the equilibrium wage rate per unit of effective labor.

Unfortunately, at this level of generality, this problem is not tractable. Even though we

can establish some existence of equilibrium results, it would be impossible to go beyond that.

Proving the existence of equilibrium in this class of models is of some interest, but our focus is

on developing workable models of economic growth that generate insights about the process of

growth over time and cross-country income differences. We will therefore follow the standard

approach in macroeconomics and assume the existence of a representative household.
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5.2. The Representative Household

When we say that an economy admits a representative household, this means that the pref-

erence (demand) side of the economy can be represented as if there were a single household

making the aggregate consumption and saving decisions (and also the labor supply decisions

when these are endogenized) subject to a single budget constraint. The major convenience of

the representative household assumption is that instead of thinking of the preference side of

the economy resulting from equilibrium interactions of many heterogeneous households, we

will be able to model it as a solution to a single maximization problem. Note that, for now,

the description concerning a representative household is purely positive–it asks the question

of whether the aggregate behavior can be represented as if it were generated by a single

household. We can also explore the stronger notion of whether and when an economy admits

a “normative” representative household. If this is the case, not only aggregate behavior can

be represented as if it were generated by a single household, but we can also use the utility

function of the normative representative household for welfare comparisons. We return to a

further discussion of these issues below.

Let us start with the simplest case that will lead to the existence of a representative

household. Suppose that each household is identical, i.e., it has the same discount factor

β, the same sequence of effective labor endowments {e (t)}∞t=0 and the same instantaneous
utility function

u (ci (t))

where u : R+→ R is increasing and concave and ci (t) is the consumption of household

i. Therefore, there is really a representative household in this case. Consequently, again

ignoring uncertainty, the preference side of the economy can be represented as the solution

to the following maximization problem starting at time t = 0:

(5.2) max
∞X
t=0

βtu (c (t)) ,

where β ∈ (0, 1) is the common discount factor of all the households, and c (t) is the con-

sumption level of the representative household.

The economy described so far admits a representative household rather trivially; all house-

holds are identical. In this case, the representative household’s preferences, (5.2), can be used

not only for positive analysis (for example, to determine what the level of savings will be), but

also for normative analysis, such as evaluating the optimality of different types of equilibria.

Often, we may not want to assume that the economy is indeed inhabited by a set of

identical households, but instead assume that the behavior of the households can be modeled

as if it were generated by the optimization decision of a representative household. Naturally,

this would be more realistic than assuming that all households are identical. Nevertheless,
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this is not without any costs. First, in this case, the representative household will have

positive meaning, but not always a normative meaning (see below). Second, it is not in fact

true that most models with heterogeneity lead to a behavior that can be represented as if it

were generated by a representative household.

In fact most models do not admit a representative household. To illustrate this, let

us consider a simple exchange economy with a finite number of commodities and state an

important theorem from general equilibrium theory. In preparation for this theorem, recall

that in an exchange economy, we can think of the object of interest as the excess demand

functions (or correspondences) for different commodities. Let these be denoted by x (p) when

the vector of prices is p. An economy will admit a representative household if these excess

demands, x (p), can be modeled as if they result from the maximization problem of a single

consumer.

Theorem 5.1. (Debreu-Mantel-Sonnenschein Theorem) Let ε > 0 be a

scalar and N < ∞ be a positive integer. Consider a set of prices Pε =©
p∈RN

+ : pj/pj0 ≥ ε for all j and j0
ª
and any continuous function x : Pε → RN

+ that satis-

fies Walras’ Law and is homogeneous of degree 0. Then there exists an exchange economy

with N commodities and H < ∞ households, where the aggregate demand is given by x (p)

over the set Pε.

Proof. See Debreu (1974) or Mas-Colell, Winston and Green (1995), Proposition 17.E.3.

¤

This theorem states the following result: the fact that excess demands come from the

optimizing behavior of households puts no restrictions on the form of these demands. In

particular, x (p) does not necessarily possess a negative-semi-definite Jacobian or satisfy the

weak axiom of revealed preference (which are requirements of demands generated by individ-

ual households). This implies that, without imposing further structure, it is impossible to

derive the aggregate excess demand, x (p), from the maximization behavior of a single house-

hold. This theorem therefore raises a severe warning against the use of the representative

household assumption.

Nevertheless, this result is partly an outcome of very strong income effects. Special but

approximately realistic preference functions, as well as restrictions on the distribution of

income across individuals, enable us to rule out arbitrary aggregate excess demand functions.

To show that the representative household assumption is not as hopeless as Theorem 5.1

suggests, we will now show a special and relevant case in which aggregation of individual

preferences is possible and enables the modeling of the economy as if the demand side was

generated by a representative household.
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To prepare for this theorem, consider an economy with a finite number N of commodities

and recall that an indirect utility function for household i, vi
¡
p, yi

¢
, specifies the household’s

(ordinal) utility as a function of the price vector p = (p1, ..., pN) and the household’s income

yi. Naturally, any indirect utility function vi
¡
p, yi

¢
has to be homogeneous of degree 0 in p

and y.

Theorem 5.2. (Gorman’s Aggregation Theorem) Consider an economy with a finite

number N < ∞ of commodities and a set H of households. Suppose that the preferences of

household i ∈ H can be represented by an indirect utility function of the form

(5.3) vi
¡
p, yi

¢
= ai (p) + b (p) yi,

then these preferences can be aggregated and represented by those of a representative house-

hold, with indirect utility

v (p, y) =

Z
i∈H

ai (p) di+ b (p) y,

where y ≡
R
i∈H yidi is aggregate income.

Proof. See Exercise 5.3. ¤

This theorem implies that when preferences admit this special quasi-linear form, we can

represent aggregate behavior as if it resulted from the maximization of a single household.

This class of preferences are referred to as Gorman preferences after Terrence Gorman, who

was among the first economists studying issues of aggregation and proposed the special class

of preferences used in Theorem 5.2. The quasi-linear structure of these preferences limits

the extent of income effects and enables the aggregation of individual behavior. Notice that

instead of the summation, this theorem used the integral over the set H to allow for the

possibility that the set of households may be a continuum. The integral should be thought

of as the “Lebesgue integral,” so that when H is a finite or countable set,
R
i∈H yidi is indeed

equivalent to the summation
P

i∈H yi. Note also that this theorem is stated for an economy

with a finite number of commodities. This is only for simplicity, and the same result can be

generalized to an economy with an infinite or even a continuum of commodities. However,

for most of this chapter, we restrict attention to economies with either a finite or a countable

number of commodities to simplify notation and avoid technical details.

Note also that for preferences to be represented by an indirect utility function of the

Gorman form does not necessarily mean that this utility function will give exactly the indirect

utility in (5.3). Since in basic consumer theory a monotonic transformation of the utility

function has no effect on behavior (but affects the indirect utility function), all we require is

that there exists a monotonic transformation of the indirect utility function that takes the

form given in (5.3).
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Another attractive feature of Gorman preferences for our purposes is that they contain

some commonly-used preferences in macroeconomics. To illustrate this, let us start with the

following example:

Example 5.1. (Constant Elasticity of Substitution Preferences) A very common class

of preferences used in industrial organization and macroeconomics are the constant elasticity

of substitution (CES) preferences, also referred to as Dixit-Stiglitz preferences after the two

economists who first used these preferences. Suppose that each household denoted by i ∈ H
has total income yi and preferences defined over j = 1, ..., N goods given by

(5.4) U i
¡
xi1, ..., x

i
N

¢
=

⎡⎣ NX
j=1

¡
xij − ξij

¢σ−1
σ

⎤⎦ σ
σ−1

,

where σ ∈ (0,∞) and ξij ∈ [−ξ̄, ξ̄] is a household specific term, which parameterizes whether
the particular good is a necessity for the household. For example, ξij > 0 may mean that

household i needs to consume a certain amount of good j to survive. The utility function

(5.4) is referred to as constant elasticity of substitution (CES), since if we define the level of

consumption of each good as x̂ij = xij − ξij , the elasticity of substitution between any two x̂
i
j

and x̂ij0 would be equal to σ.

Each consumer faces a vector of prices p=(p1, ..., pN ), and we assume that for all i,

NX
j=1

pj ξ̄ < yi,

so that the household can afford a bundle such that x̂ij ≥ 0 for all j. In Exercise 5.6, you will
be asked to derive the optimal consumption levels for each household and show that their

indirect utility function is given by

(5.5) vi
¡
p,yi

¢
=

h
−
PN

j=1 pjξ
i
j + yi

i
hPN

j=1 p
1−σ
j

i 1
1−σ

,

which satisfies the Gorman form (and is also homogeneous of degree 0 in p and y). Therefore,

this economy admits a representative household with indirect utility:

v (p,y) =

h
−
PN

j=1 pjξj + y
i

hPN
j=1 p

1−σ
j

i 1
1−σ

where y is aggregate income given by y ≡
R
i∈H yidi and ξj ≡

R
i∈H ξijdi. It is also straightfor-

ward to verify that the utility function leading to this indirect utility function is

(5.6) U (x1, ..., xN ) =

⎡⎣ NX
j=1

¡
xj − ξj

¢σ−1
σ

⎤⎦ σ
σ−1

.
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We will see below that preferences closely related to the CES preferences will play a

special role not only in aggregation but also in ensuring balanced growth in neoclassical

growth models.

It is also possible to prove the converse to Theorem 5.2. Since this is not central to

our focus, we state this result in the text rather than stating and proving it formally. The

essence of this converse is that unless we put some restrictions on the distribution of income

across households, Gorman preferences are not only sufficient for the economy to admit a

representative household, but they are also necessary. In other words, if the indirect utility

functions of some households do not take the Gorman form, there will exist some distribution

of income such that aggregate behavior cannot be represented as if it resulted from the

maximization problem of a single representative household.

In addition to the aggregation result in Theorem 5.2, Gorman preferences also imply the

existence of a normative representative household. Recall that an allocation is Pareto optimal

if no household can be made strictly better-off without some other household being made

worse-off (see Definition 5.2 below). We then have:

Theorem 5.3. (Existence of a Normative Representative Household) Consider

an economy with a finite number N <∞ of commodities and a set H of households. Suppose

that the preferences of each household i ∈ H take the Gorman form, vi
¡
p, yi

¢
= ai (p)+b (p) yi.

(1) Then any allocation that maximizes the utility of the representative household,

v (p, y) =
P

i∈H ai (p) + b (p) y, with y ≡
P

i∈H yi, is Pareto optimal.

(2) Moreover, if ai (p) = ai for all p and all i ∈ H, then any Pareto optimal allocation
maximizes the utility of the representative household.

Proof. We will prove this result for an exchange economy. Suppose that the economy

has a total endowment vector of ω = (ω1, ..., ωN ). Then we can represent a Pareto optimal

allocation as:

max
{pj}Nj=1,{yi}i∈H

X
i∈H

αivi
¡
p, yi

¢
=
X
i∈H

αi
¡
ai (p) + b (p) yi

¢
subject to

−
ÃX
i∈H

∂ai (p)

∂pj
+

∂b (p)

∂pj
y

!
= b (p)ωj for j = 1, ...,N

NX
j=1

pjωj = y,

pj ≥ 0 for all j,

where
©
αi
ª
i∈H are nonnegative Pareto weights with

P
i∈H αi = 1. The first set of constraints

use Roy’s identity to express the total demand for good j and set it equal to the supply of

good j, which is the endowment ωj . The second equation makes sure that total income in
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the economy is equal to the value of the endowments. The third set of constraints requires

that all prices are nonnegative.

Now compare the above maximization problem to the following problem:

max
X
i∈H

ai (p) + b (p) y

subject to the same set of constraints. The only difference between the two problems is that

in the latter each household has been assigned the same weight.

Let (p∗, y∗) be a solution to the second problem. By definition it is also a solution to the

first problem with αi = α, and therefore it is Pareto optimal, which establishes the first part

of the theorem.

To establish the second part, suppose that ai (p) = ai for all p and all i ∈ H. To obtain
a contradiction, let y ∈R|H| and suppose that (p∗∗α ,y∗∗α ) is a solution to the first problem for

some weights
©
αi
ª
i∈H and suppose that it is not a solution to the second problem. Let

αM = max
i∈H

αi

and

HM = {i ∈ H |αi = αM}

be the set of households given the maximum Pareto weight. Let (p∗, y∗) be a solution to the

second problem such that

(5.7) yi = 0 for all i /∈ H.

Note that such a solution exists since the objective function and the constraint set in the

second problem depend only on the vector (y1, .., y|H|) through y =
P

i∈H yi.

Since, by definition, (p∗∗α ,y∗∗α ) is in the constraint set of the second problem and is not a

solution, we have X
i∈H

ai + b (p∗) y∗ >
X
i∈H

ai + b (p∗∗α ) y
∗∗
α

b (p∗) y∗ > b (p∗∗α ) y
∗∗
α .

The hypothesis that it is a solution to the first problem also implies thatX
i∈H

αiai +
X
i∈H

αib (p∗∗α ) (y
∗∗
α )

i ≥
X
i∈H

αiai +
X
i∈H

αib (p∗) (y∗)iX
i∈H

αib (p∗∗α ) (y
∗∗
α )

i ≥
X
i∈H

αib (p∗) (y∗)i .(5.8)

Then, it can be seen that the solution (p∗∗, y∗∗) to the Pareto optimal allocation problem

satisfies yi = 0 for any i /∈ HM . In view of this and the choice of (p∗, y∗) in (5.7), equation
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(5.8) implies

αMb (p∗∗α )
X
i∈H

(y∗∗α )
i ≥ αMb (p∗)

X
i∈H

(y∗)i

b (p∗∗α ) (y
∗∗
α ) ≥ b (p∗) (y∗) ,

which contradicts equation (5.8), and establishes that, under the stated assumptions, any

Pareto optimal allocation maximizes the utility of the representative household. ¤

5.3. Infinite Planning Horizon

Another important microfoundation for the standard preferences used in growth theory

and macroeconomics concerns the planning horizon of individuals. While, as we will see in

Chapter 9, some growth models are formulated with finitely-lived individuals, most growth

and macro models assume that individuals have an infinite-planning horizon as in equation

(5.2) or equation (5.22) below. A natural question to ask is whether this is a good approxi-

mation to reality. After all, most individuals we know are not infinitely-lived.

There are two reasonable microfoundations for this assumption. The first comes from

the “Poisson death model” or the perpetual youth model, which will be discussed in greater

detail in Chapter 9. The general justification for this approach is that, while individuals are

finitely-lived, they are not aware of when they will die. Even somebody who is 95 years old

will recognize that he cannot consume all his assets, since there is a fair chance that he will

live for another 5 or 10 years. At the simplest level, we can consider a discrete-time model

and assume that each individual faces a constant probability of death equal to ν. This is a

strong simplifying assumption, since the likelihood of survival to the next age in reality is not

a constant, but a function of the age of the individual (a feature best captured by actuarial

life tables, which are of great importance to the insurance industry). Nevertheless, this is a

good starting point, since it is relatively tractable and also implies that individuals have an

expected lifespan of 1/ν <∞ periods, which can be used to get a sense of what the value of

ν should be.

Suppose also that each individual has a standard instantaneous utility function u : R+ →
R, and a “true” or “pure” discount factor β̂, meaning that this is the discount factor that
he would apply between consumption today and tomorrow if he were sure to live between

the two dates. Moreover, let us normalize u (0) = 0 to be the utility of death. Now consider

an individual who plans to have a consumption sequence {c (t)}∞t=0 (conditional on living).
Clearly, after the individual dies, the future consumption plans do not matter. Standard
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arguments imply that this individual would have an expected utility at time t = 0 given by

U (0) = u (c (0)) + β̂ (1− ν)u (c (0)) + β̂νu (0)

+β̂
2
(1− ν)2 u (c (1)) + β̂

2
(1− ν) νu (0) + ...

=
∞X
t=0

³
β̂ (1− ν)

´t
u (c (t))

=
∞X
t=0

βtu (c (t)) ,(5.9)

where the second line collects terms and uses u (0) = 0, while the third line defines

β ≡ β̂ (1− ν) as the “effective discount factor” of the individual. With this formulation, the

model with finite-lives and random death, would be isomorphic to the model of infinitely-lived

individuals, but naturally the reasonable values of β may differ. Note also the emphasized

adjective “expected” utility here. While until now agents faced no uncertainty, the possi-

bility of death implies that there is a non-trivial (in fact quite important!) uncertainty in

individuals’ lives. As a result, instead of the standard ordinal utility theory, we have to use

the expected utility theory as developed by von Neumann and Morgenstern. In particular,

equation (5.9) is already the expected utility of the individual, since probabilities have been

substituted in and there is no need to include an explicit expectations operator. Throughout,

except in the stochastic growth analysis in Chapter 17, we do not introduce expectations

operators and directly specified the expected utility.

In Exercise 5.7, you are asked to derive a similar effective discount factor for an individual

facing a constant death rate in continuous time.

A second justification for the infinite planning horizon comes from intergenerational al-

truism or from the “bequest” motive. At the simplest level, imagine an individual who lives

for one period and has a single offspring (who will also live for a single period and will beget

a single offspring etc.). We may imagine that this individual not only derives utility from

his consumption but also from the bequest he leaves to his offspring. For example, we may

imagine that the utility of an individual living at time t is given by

u (c (t)) + U b (b (t)) ,

where c (t) is his consumption and b (t) denotes the bequest left to his offspring. For concrete-

ness, let us suppose that the individual has total income y (t), so that his budget constraint

is

c (t) + b (t) ≤ y (t) .

The function U b (·) contains information about how much the individual values bequests
left to his offspring. In general, there may be various reasons why individuals leave bequests
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(including accidental bequests like the individual facing random death probability just dis-

cussed). Nevertheless, a natural benchmark might be one in which the individual is “purely

altruistic” so that he cares about the utility of his offspring (with some discount factor).1 Let

the discount factor apply between generations be β. Also assume that the offspring will have

an income of w without the bequest. Then the utility of the individual can be written as

u (c (t)) + βV (b (t) + w) ,

where V (·) can now be interpreted as the continuation value, equal to the utility that the
offspring will obtain from receiving a bequest of b (t) (plus his own income of w). Naturally,

the value of the individual at time t can in turn be written as

V (y (t)) = max
c(t)+b(t)≤y(t)

{u (c (t)) + βV (b (t) + w (t+ 1))} ,

which defines the current value of the individual starting with income y (t) and takes into

account what the continuation value will be. We will see in the next chapter that this is the

canonical form of a dynamic programming representation of an infinite-horizon maximization

problem. In particular, under some mild technical assumptions, this dynamic programming

representation is equivalent to maximizing
∞X
s=0

βsu (ct+s)

at time t. Intuitively, while each individual lives for one period, he cares about the utility

of his offspring, and realizes that in turn his offspring cares about the utility of his own

offspring, etc. This makes each individual internalize the utility of all future members of

the “dynasty”. Consequently, fully altruistic behavior within a dynasty (so-called “dynastic”

preferences) will also lead to an economy in which decision makers act as if they have an

infinite planning horizon.

5.4. The Representative Firm

The previous section discussed how the general equilibrium economy admits a represen-

tative household only under special circumstances. The other assumption commonly used in

growth models, and already introduced in Chapter 2, is the “representative firm” assump-

tion. In particular, recall from Chapter 2 that the entire production side of the economy

was represented by an aggregate production possibilities set, which can be thought of as

the production facility set or the “production function” of a representative firm. One may

think that this representation also requires quite stringent assumptions on the production

structure of the economy. This is not the case, however. While not all economies would

1The alternative to “purely altruistic” preferences are those in which a parent receives utility from specific
types of bequests or from a subcomponent of the utility of his or her offspring. Models with such “impure
altruism” are sometimes quite convenient and will be discussed in Chapters 9 and 21.
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admit a representative household, the standard assumptions we adopt in general equilibrium

theory or a dynamic general equilibrium analysis (in particular no production externalities

and competitive markets) are sufficient to ensure that the formulation with a representative

firm is without loss of any generality.

This result is stated in the next theorem.

Theorem 5.4. (The Representative Firm Theorem) Consider a competitive produc-

tion economy with N ∈ N∪ {+∞} commodities and a countable set F of firms, each with a

convex production possibilities set Y f ⊂ RN . Let p ∈ RN
+ be the price vector in this economy

and denote the set of profit maximizing net supplies of firm f ∈ F by Ŷ f (p) ⊂ Y f (so that for

any ŷf ∈ Ŷ f (p), we have p · ŷf ≥ p · yf for all yf ∈ Y f). Then there exists a representative

firm with production possibilities set Y ⊂ RN and set of profit maximizing net supplies Ŷ (p)

such that for any p ∈ RN
+ , ŷ ∈ Ŷ (p) if and only if ŷ (p) =

P
f∈F ŷf for some ŷf ∈ Ŷ f (p) for

each f ∈ F.

Proof. Let Y be defined as follows:

Y =

⎧⎨⎩X
f∈F

yf : yf ∈ Y f for each f ∈ F

⎫⎬⎭ .

To prove the “if” part of the theorem, fix p ∈ RN
+ and construct ŷ =

P
f∈F ŷf for some

ŷf ∈ Ŷ f (p) for each f ∈ F . Suppose, to obtain a contradiction, that ŷ /∈ Ŷ (p), so that there

exists y0 such that p · y0 > p · ŷ. By definition of the set Y , this implies that there exists©
yf
ª
f∈F with yf ∈ Y f such that

p ·

⎛⎝X
f∈F

yf

⎞⎠ > p ·

⎛⎝X
f∈F

ŷf

⎞⎠
X
f∈F

p · yf >
X
f∈F

p · ŷf ,

so that there exists at least one f 0 ∈ F such that

p · yf 0 > p · ŷf 0 ,

which contradicts the hypothesis that ŷf ∈ Ŷ f (p) for each f ∈ F and completes this part of

the proof.

To prove the “only if” part of the theorem, let ŷ ∈ Ŷ (p) be a profit maximizing choice

for the representative firm. Then, since Ŷ (p) ⊂ Y , we have that

ŷ =
X
f∈F

yf
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for some yf ∈ Y f for each f ∈ F . Let ŷf ∈ Ŷ f (p). Then,X
f∈F

p · yf ≤
X
f∈F

p · ŷf ,

which implies that

(5.10) p · ŷ ≤ p ·
X
f∈F

ŷf .

Since, by hypothesis,
P

f∈F ŷf ∈ Y and ŷ ∈ Ŷ (p), we also have

p · ŷ ≥ p ·
X
f∈F

ŷf .

Therefore, inequality (5.10) must hold with equality, so that

p · yf = p · ŷf ,

for each f ∈ F , and thus yf ∈ Ŷ f (p). This completes the proof of the theorem. ¤

This theorem implies that, given the assumptions that there are “no externalities” and

that all factors are priced competitively, our focus on the aggregate production possibilities

set of the economy or on the representative firm is without loss of any generality. Why is

there such a difference between the representative household and representative firm assump-

tions? The answer is related to income effects. The reason why the representative household

assumption is restrictive is that changes in prices create income effects, which affect differ-

ent households differently. A representative household exists only when these income effects

can be ignored, which is what the Gorman preferences guarantee. Since there are no income

effects in producer theory, the representative firm assumption is without loss of any generality.

Naturally, the fact that we can represent the production side of an economy by a repre-

sentative firm does not mean that heterogeneity among firms is uninteresting or unimportant.

On the contrary, many of the models of endogenous technology we will see below will feature

productivity differences across firms as a crucial part of equilibrium process, and individual

firms’ attempts to increase their productivity relative to others will often be an engine of

economic growth. Theorem 5.4 simply says that when we take the production possibilities

sets of the firms in the economy as given, these can be equivalently represented by a single

representative firm or an aggregate production possibilities set.

5.5. Problem Formulation

Let us now consider a discrete time infinite-horizon economy and suppose that the econ-

omy admits a representative household. In particular, once again ignoring uncertainty, the

representative household has the t = 0 objective function

(5.11)
∞X
t=0

βtu (c (t)) ,
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with a discount factor of β ∈ (0, 1).
In continuous time, this utility function of the representative household becomes

(5.12)
Z ∞

0
exp (−ρt)u (c (t)) dt

where ρ > 0 is now the discount rate of the individuals.

Where does the exponential form of the discounting in (5.12) come from? At some level,

we called discounting in the discrete time case also “exponential”, so the link should be

apparent.

To see it more precisely, imagine we are trying to calculate the value of $1 in T periods,

and divide the interval [0, T ] into T/∆t equally-sized subintervals. Let the interest rate in

each subinterval be equal to ∆t · r. It is important that the quantity r is multiplied by

∆t, otherwise as we vary ∆t, we would be changing the interest rate. Using the standard

compound interest rate formula, the value of $1 in T periods at this interest rate is given by

v (T | ∆t) ≡ (1 +∆t · r)T/∆t .

Now we want to take the continuous time limit by letting ∆t→ 0, i.e., we wish to calculate

v (T ) ≡ lim
∆t→0

v (T | ∆t) ≡ lim
∆t→0

(1 +∆t · r)T/∆t .

Since the limit operator is continuous, we can write

v (T ) ≡ exp

∙
lim
∆t→0

ln (1 +∆t · r)T/∆t

¸
= exp

∙
lim
∆t→0

T

∆t
ln (1 +∆t · r)

¸
.

However, the term in square brackets has a limit of the form 0/0. Let us next write this as

lim
∆t→0

ln (1 +∆t · r)
∆t/T

= lim
∆t→0

r/ (1 +∆t · r)
1/T

= rT,

where the first equality follows from L’Hospital’s rule. Therefore,

v (T ) = exp (rT ) .

Conversely, $1 in T periods from now, is worth exp (−rT ) today. The same reasoning applies
to discounting utility, so the utility of consuming c (t) in period t evaluated at time t = 0 is

exp (−ρt)u (c (t)), where ρ denotes the (subjective) discount rate.

5.6. Welfare Theorems

We are ultimately interested in equilibrium growth. But in general competitive economies

such as those analyzed so far, we know that there should be a close connection between Pareto

optima and competitive equilibria. So far we did not exploit these connections, since without

explicitly specifying preferences we could not compare locations. We now introduce these
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theorems and develop the relevant connections between the theory of economic growth and

dynamic general equilibrium models.

Let us start with models that have a finite number of consumers, so that in terms of the

notation above, the set H is finite. However, we allow an infinite number of commodities,

since in dynamic growth models, we are ultimately interested in economies that have an

infinite number of time periods, thus an infinite number of commodities. The results stated

in this section have analogs for economies with a continuum of commodities (corresponding

to dynamic economies in continuous time), but for the sake of brevity and to reduce technical

details, we focus on economies with a countable number of commodities.

Therefore, let the commodities be indexed by j ∈ N and xi≡
n
xij

o∞
j=0

be the consumption

bundle of household i, and ωi≡
n
ωij

o∞
j=0

be its endowment bundle. In addition, let us assume

that feasible xi’s must belong to some consumption set Xi ⊂ R∞+ . The most relevant inter-
pretation for us is that at each date j = 0, 1, ..., each individual consumes a finite dimensional

vector of products, so that xij ∈ Xi
j ⊂ RK

+ for some integer K. I introduced the consumption

set in order to allow for situations in which an individual may not have negative consumption

of certain commodities. The consumption set is a subset of R∞+ since consumption bundles
are represented by infinite sequences and we have imposed the restriction that consumption

levels cannot be negative (this can be extended by allowing some components of the vector,

corresponding to different types of labor supply, to be negative; this is straightforward and I

do not do this to conserve notation).

Let X ≡
Q

i∈HXi be the Cartesian product of these consumption sets, which can be

thought of as the aggregate consumption set of the economy. We also use the notation

x ≡
©
xi
ª
i∈H and ω ≡

©
ωi
ª
i∈H to describe the entire consumption allocation and endowments

in the economy. Feasibility of a consumption allocation requires that x ∈ X.
Each household in H has a well defined preference ordering over consumption bundles.

At the most general level, this preference ordering can be represented by a relationship %i for

household i, such that x0 %i x implies that household i weakly prefers x0 to x. When these

preferences satisfy some relatively weak properties (completeness, reflexivity and transitivity),

they can equivalently be represented by a real-valued utility function ui : Xi → R, such that
whenever x0 %i x, we have ui (x0) ≥ ui (x). The domain of this function is Xi ⊂ R∞+ . Let
u ≡

©
ui
ª
i∈H be the set of utility functions.

Let us next describe the production side. As already noted before, everything in this

book can be done in terms of aggregate production sets. However, to keep in the spirit of

general equilibrium theory, let us assume that there is a finite number of firms represented by

the set F and that each firm f ∈ F is characterized by a production set Y f , which specifies

what levels of output firm f can produce from specified levels of inputs. In other words,
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yf≡
n
yfj

o∞
j=0

is a feasible production plan for firm f if yf ∈ Y f . For example, if there were

only two commodities, labor and a final good, Y f would include pairs (−l, y) such that with
labor input l (hence a negative sign), the firm can produce at most as much as y. As is

usual in general equilibrium theory, let us take each Y f to be a cone, so that if y ∈ Y f , then

λy ∈ Y f for any λ ∈ R+. This implies two important features: first, 0 ∈ Y f for each f ∈ F ;
second, each Y f exhibits constant returns to scale. If there are diminishing returns to scale

because of some scarce factors, such as entrepreneurial talent, this is added as an additional

factor of production and Y f is still interpreted as a cone.

Let Y ≡
Q

f∈F Y f represent the aggregate production set in this economy and

y ≡
©
yf
ª
f∈F such that y

f ∈ Y f for all f , or equivalently, y ∈ Y.
The final object that needs to be described is the ownership structure of firms. In par-

ticular, if firms make profits, they should be distributed to some agents in the economy. We

capture this by assuming that there exists a sequence of numbers (profit shares) represented

by θ ≡
©
θif
ª
f∈F ,i∈H such that θif ≥ 0 for all f and i, and

P
i∈H θif = 1 for all f ∈ F . The

number θif is the share of profits of firm f that will accrue to household i.

An economy E is described by preferences, endowments, production sets, consumption sets
and allocation of shares, i.e., E ≡ (H,F ,u,ω,Y,X,θ). An allocation in this economy is (x,y)

such that x and y are feasible, that is, x ∈ X, y ∈ Y, and
P

i∈H xij ≤
P

i∈H ωij +
P

f∈F yfj

for all j ∈ N. The last requirement implies that the total consumption of each commodity
has to be less than the sum of its total endowment and net production.

A price system is a sequence p≡ {pj}∞j=0, such that pj ≥ 0 for all j. We can choose one of
these prices as the numeraire and normalize it to 1. We also define p · x as the inner product
of p and x, i.e., p · x ≡

P∞
j=0 pjxj .

2

A competitive economy refers to an environment without any externalities and where

all commodities are traded competitively. In a competitive equilibrium, all firms maximize

profits, all consumers maximize their utility given their budget set and all markets clear.

More formally:

Definition 5.1. A competitive equilibrium for the economy E ≡ (H,F ,u,ω,Y,X,θ) is

given by an allocation
³
x∗ =

©
xi∗
ª
i∈H ,y∗ =

©
yf∗
ª
f∈F

´
and a price system p∗ such that

(1) The allocation (x∗,y∗) is feasible, i.e., xi∗ ∈ Xi for all i ∈ H, yf∗ ∈ Y f for all

f ∈ F and X
i∈H

xi∗j ≤
X
i∈H

ωij +
X
f∈F

yf∗j for all j ∈ N.

2You may note that such an inner product may not always exist in infinite dimensional spaces. But
this technical detail does not concern us here, since whenever p corresponds to equilibrium prices, this inner
product representation will exist.
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(2) For every firm f ∈ F , yf∗ maximizes profits, i.e.,

p∗ · yf∗ ≤ p∗ · y for all y ∈ Y f .

(3) For every consumer i ∈ H, xi∗ maximizes utility, i.e.,

ui
¡
xi∗
¢
≥ ui (x) for all x such that x ∈ Xi and p∗ · x ≤ p∗ ·

⎛⎝ωi +
X
f∈F

θify
f

⎞⎠ .

A major focus of general equilibrium theory is to establish the existence of a competitive

equilibrium under reasonable assumptions. When there is a finite number of commodities and

standard convexity assumptions are made on preferences and production sets, this is straight-

forward (in particular, the proof of existence involves simple applications of Theorems A.13,

A.14, and A.16 in Appendix Chapter A). When there is an infinite number of commodities,

as in infinite-horizon growth models, proving the existence of a competitive equilibrium is

somewhat more difficult and requires more sophisticated arguments. Nevertheless, for our

focus here proving the existence of a competitive equilibrium under general conditions is not

central (since the typical growth models will have sufficient structure to ensure the existence

of a competitive equilibrium in a relatively straightforward manner). Instead, the efficiency

properties of competitive equilibria, when they exist, and the decentralization of certain de-

sirable (efficient) allocations as competitive equilibria are more important. For this reason,

let us recall the standard definition of Pareto optimality.

Definition 5.2. A feasible allocation (x,y) for economy E ≡ (H,F ,u,ω,Y,X,θ) is

Pareto optimal if there exists no other feasible allocation (x̂, ŷ) such that x̂i ∈ Xi, ŷf ∈ Y f

for all f ∈ F , X
i∈H

x̂ij ≤
X
i∈H

ωij +
X
f∈F

ŷfj for all j ∈ N,

and

ui
¡
x̂i
¢
≥ ui

¡
xi
¢
for all i ∈ H

with at least one strict inequality.

Our next result is the celebrated First Welfare Theorem for competitive economies. Before

presenting this result, we need the following definition.

Definition 5.3. Household i ∈ H is locally non-satiated at xi if ui
¡
xi
¢
is strictly in-

creasing in at least one of its arguments at xi and ui
¡
xi
¢
<∞.

The latter requirement in this definition is already implied by the fact that ui : Xi → R,
but it is included for additional emphasis, since it is important for the proof and also because

if in fact we had ui
¡
xi
¢
= ∞, we could not meaningfully talk about ui

¡
xi
¢
being strictly

increasing.
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Theorem 5.5. (First Welfare Theorem I) Suppose that (x∗,y∗, p∗) is a competitive

equilibrium of economy E ≡ (H,F ,u,ω,Y,X,θ) with H finite. Assume that all households

are locally non-satiated at x∗. Then (x∗,y∗) is Pareto optimal.

Proof. To obtain a contradiction, suppose that there exists a feasible (x̂, ŷ) such that

ui
¡
x̂i
¢
≥ ui

¡
xi
¢
for all i ∈ H and ui

¡
x̂i
¢
> ui

¡
xi
¢
for all i ∈ H0, where H0 is a non-empty

subset of H.
Since (x∗,y∗, p∗) is a competitive equilibrium, it must be the case that for all i ∈ H,

p∗·x̂i ≥ p∗ · xi∗(5.13)

= p∗ ·

⎛⎝ωi +
X
f∈F

θify
f∗

⎞⎠
and for all i ∈ H0,

(5.14) p∗·x̂i > p∗ ·

⎛⎝ωi +
X
f∈F

θify
f∗

⎞⎠ .

The second inequality follows immediately in view of the fact that xi∗ is the utility

maximizing choice for household i, thus if x̂i is strictly preferred, then it cannot be in the

budget set. The first inequality follows with a similar reasoning. Suppose that it did not

hold. Then by the hypothesis of local-satiation, ui must be strictly increasing in at least

one of its arguments, let us say the j0th component of x. Then construct x̂i (ε) such that

x̂ij (ε) = x̂ij and x̂ij0 (ε) = x̂ij0 + ε. For ε ↓ 0, x̂i (ε) is in household i’s budget set and yields

strictly greater utility than the original consumption bundle xi, contradicting the hypothesis

that household i was maximizing utility.

Also note that local non-satiation implies that ui
¡
xi
¢
<∞, and thus the right-hand sides

of (5.13) and (5.14) are finite (otherwise, the income of household i would be infinite, and the

household would either reach a point of satiation or infinite utility, contradicting the local

non-satiation hypothesis).

Now summing over (5.13) and (5.14), we have

p∗·
X
i∈H

x̂i > p∗ ·
X
i∈H

⎛⎝ωi +
X
f∈F

θify
f∗

⎞⎠ ,(5.15)

= p∗ ·

⎛⎝X
i∈H

ωi +
X
f∈F

yf∗

⎞⎠ ,

where the second line uses the fact that the summations are finite, so that we can change the

order of summation, and that by definition of shares
P

i∈H θif = 1 for all f . Finally, since y
∗
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is profit-maximizing at prices p∗, we have that

(5.16) p∗ ·
X
f∈F

yf∗ ≥ p∗ ·
X
f∈F

yf for any
n
yf
o
f∈F

with yf ∈ Y f for all f ∈ F .

However, by feasibility of x̂i (Definition 5.1, part 1), we haveX
i∈H

x̂ij ≤
X
i∈H

ωij +
X
f∈F

ŷfj ,

and therefore, by multiplying both sides by p∗ and exploiting (5.16), we have

p∗ ·
X
i∈H

x̂ij ≤ p∗ ·

⎛⎝X
i∈H

ωij +
X
f∈F

ŷfj

⎞⎠
≤ p∗ ·

⎛⎝X
i∈H

ωij +
X
f∈F

yf∗j

⎞⎠ ,

which contradicts (5.15), establishing that any competitive equilibrium allocation (x∗,y∗) is

Pareto optimal. ¤

The proof of the First Welfare Theorem is both intuitive and simple. The proof is

based on two intuitive ideas. First, if another allocation Pareto dominates the competitive

equilibrium, then it must be non-affordable in the competitive equilibrium. Second, profit-

maximization implies that any competitive equilibrium already contains the maximal set

of affordable allocations. It is also simple since it only uses the summation of the values

of commodities at a given price vector. In particular, it makes no convexity assumption.

However, the proof also highlights the importance of the feature that the relevant sums exist

and are finite. Otherwise, the last step would lead to the conclusion that “∞ < ∞” which
may or may not be a contradiction. The fact that these sums exist, in turn, followed from two

assumptions: finiteness of the number of individuals and non-satiation. However, as noted

before, working with economies that have only a finite number of households is not always

sufficient for our purposes. For this reason, the next theorem turns to the version of the

First Welfare Theorem with an infinite number of households. For simplicity, here we take H
to be a countably infinite set, e.g., H = N. The next theorem generalizes the First Welfare

Theorem to this case. It makes use of an additional assumption to take care of infinite sums.

Theorem 5.6. (First Welfare Theorem II) Suppose that (x∗,y∗, p∗) is a competitive

equilibrium of the economy E ≡ (H,F ,u,ω,Y,X,θ) with H countably infinite. Assume that

all households are locally non-satiated at x∗ and that
P∞

j=0 p
∗
j < ∞. Then (x∗,y∗, p∗) is

Pareto optimal.

Proof. The proof is the same as that of Theorem 5.5, with a major difference. Local

non-satiation does not guarantee that the summations are finite (5.15), since we have the sum
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over an infinite number of households. However, since endowments are finite, the assumption

that
P∞

j=0 p
∗
j <∞ ensures that the sums in (5.15) are indeed finite and the rest of the proof

goes through exactly as in the proof of Theorem 5.5. ¤

Theorem 5.6 will be particularly useful when we discuss overlapping generation models.

We next briefly discuss the Second Welfare Theorem, which is the converse of the First

Welfare Theorem. It answers the question of whether a Pareto optimal allocation can be

decentralized as a competitive equilibrium. Interestingly, for the Second Welfare Theorem

whether or not H is finite is not as important as for the First Welfare Theorem. Nevertheless,
the SecondWelfare Theorem requires a number of assumptions on preferences and technology,

such as the convexity of consumption and production sets and preferences, and a number of

additional requirements (which are trivially satisfied when the number of commodities is

finite). This is because the Second Welfare Theorem implicitly contains an “existence of

equilibrium argument,” which runs into problems in the presence of non-convexities. Before

stating this theorem, recall that the consumption set of each individual i ∈ H is Xi ⊂ R∞+ ,
so a typical element of Xi is xi =

¡
xi0, x

i
1, x

i
2, ...

¢
, where xit can be interpreted as the vector

of consumption of individual i at time t. Similarly, a typical element of the production set

of firm f ∈ F , Y f , is yf =
³
yf1 , y

f
2 , ...

´
. Let us define xi [T ] =

¡
xi0, x

i
1, x

i
2, ..., x

i
T , 0, 0, ...

¢
and yf [T ] =

³
yf0 , y

f
1 , y

f
2 , ..., y

f
T , 0, 0, ...

´
. In other words, these are truncated sequences which

involves zero consumption or zero production after some date T . It can be verified that

limT→∞ xi [T ] = xi and limT→∞ yf [T ] = yf in the product topology (see Section A.4 in

Appendix Chapter A).

Theorem 5.7. (Second Welfare Theorem) Consider a Pareto optimal allocation

(x∗∗,y∗∗) in economy with endowment vector ω, production sets
©
Y f
ª
f∈F , consumption sets©

Xi
ª
i∈H, and utility functions

©
ui (·)

ª
i∈H. Suppose that all production and consumption sets

are convex, all production sets are cones, and all utility functions
©
ui (·)

ª
i∈H are continu-

ous and quasi-concave and satisfy local non-satiation. Moreover, suppose also that 0 ∈ Xi

for each i ∈ H, that for each x, x0 ∈ Xi with ui (x) > ui (x0) for all i ∈ H, there exists T̄
such that ui (x [T ]) > ui (x0 [T ]) for all T ≥ T̄ and for all i ∈ H and that for each y ∈ Y f ,

there exists T̃ such that y [T ] ∈ Y f for all T ≥ T̃ and for all f ∈ F . Then there exist a
price vector p∗∗ and an endowment and share allocations (ω∗∗,θ∗∗) such that in economy

E ≡ (H,F ,u,ω∗∗,Y,X,θ∗∗),

(1) the endowment allocation ω∗∗ satisfies ω =
P

i∈H ωi∗∗;

(2) for all f ∈ F ,

p∗∗ · yf∗∗ ≤ p∗∗ · y for all y ∈ Y f ;
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(3) for all i ∈ H,

if xi ∈ Xi involves ui
¡
xi
¢
> ui

¡
xi∗∗

¢
, then p∗∗ · xi ≥ p∗∗ · wi∗∗,

where wi∗∗ ≡ ωi∗∗ +
P

f∈F θi∗∗f yf∗∗.

Moreover, if p∗∗ · w∗∗ > 0 [i.e., p∗∗ · wi∗∗ > 0 for each i ∈ H], then economy E has a
competitive equilibrium (x∗∗,y∗∗,p∗∗).

The proof of this theorem involves the application of the Geometric Hahn-Banach Theo-

rem, Theorem A.25, from Appendix Chapter A. It is somewhat long and involved. For this

reason, a sketch of this proof as provided in the next (starred) section. Here notice that if

instead of an infinite-dimensional economy, we were dealing with an economy with a finite

commodity space, say with K commodities, then the hypothesis in the theorem, that 0 ∈ Xi

for each i ∈ H and that for each x, x0 ∈ Xi with ui (x) > ui (x0) for all i ∈ H, there exists
T̄ such that ui (x [T ]) > ui (x0 [T ]) for all T ≥ T̄ and for all i ∈ H (and also that for each

y ∈ Y f , there exists T̃ such that y [T ] ∈ Y f for all T ≥ T̃ and for all f ∈ F) would be satisfied
automatically, by taking T̄ = T̃ = K. In fact, this condition is not imposed in the statement

of the Second Welfare Theorem in economies with a finite number of commodities. Its role

in dynamic economies, with which we are concerned with in this book, is that changes in

allocations that are very far in the future should not have a “large” effect on preferences. This

is naturally satisfied when we look at infinite-horizon economies with discounted utility and

separable production structure. Intuitively, if a sequence of consumption levels x is strictly

preferred to x0, then setting the elements of x and x0 to 0 in the very far (and thus heavily

discounted) future should not change this conclusion (since discounting implies that x could

not be strictly preferred to x0 because of higher consumption under x in the arbitrarily far

future). Similarly, if some production vector y is feasible, the separable production structure

implies that y [T ], which involves zero production after some date T , must also be feasible.

Exercise 5.13 demonstrates these claims more formally. One difficulty in applying this theo-

rem is that ui may not be defined when x has zero elements (so that the consumption set Xi

does not contain 0). Exercise 5.14 shows that the theorem can be generalized to the case in

which there exists a strictly positive vector ε ∈ RK with each element sufficiently small and

with (ε, ..., ε) ∈ Xi for all i ∈ H.
The conditions for the Second Welfare Theorem are more difficult to satisfy than those

for the First Welfare Theorem because of the convexity requirements. In many ways, it is

also the more important of the two theorems. While the First Welfare Theorem is celebrated

as a formalization of Adam Smith’s invisible hand, the Second Welfare Theorem establishes

the stronger results that any Pareto optimal allocation can be decentralized as a competitive

equilibrium. An immediate corollary of this is an existence result; since the Pareto optimal
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allocation can be decentralized as a competitive equilibrium, a competitive equilibrium must

exist (at least for the endowments leading to Pareto optimal allocations).

The Second Welfare Theorem motivates many macroeconomists to look for the set of

Pareto optimal allocations instead of explicitly characterizing competitive equilibria. This

is especially useful in dynamic models where sometimes competitive equilibria can be quite

difficult to characterize or even to specify, while social welfare maximizing allocations are

more straightforward.

The real power of the Second Welfare Theorem in dynamic macro models comes when

we combine it with models that admit a representative household. Recall that Theorem

5.3 shows an equivalence between Pareto optimal allocations and optimal allocations for the

representative household. In certain models, including many–but not all–growth models

studied in this book, the combination of a representative household and the Second Welfare

Theorem enables us to characterize the optimal growth allocation that maximizes the utility of

the representative household and assert that this will correspond to a competitive equilibrium.

5.7. Sketch of the Proof of the Second Welfare Theorem, Theorem 5.7*

In this section, I provide a proof of the Second Welfare Theorem. The most important

part of the theorem is proved by using the Geometric Hahn-Banach Theorem, Theorem A.25,

from Appendix Chapter A

Proof of Theorem 5.7: (Sketch)

First, I establish that there exists a price vector p∗∗ and an endowment and share alloca-

tion (ω∗∗,θ∗∗) that satisfy conditions 1-3. This has two parts.

(Part 1) This part follows from the Geometric Hahn-Banach Theorem, Theorem A.25.

Define the “more preferred” sets for each i ∈ H:

P i =
©
xi ∈ Xi:ui

¡
xi
¢
> ui

¡
xi∗∗

¢ª
.

Clearly, each P i is convex. Let P =
P

i∈H P i and Y 0 =
P

f∈F Y f + {ω}, where recall that
ω =

P
i∈H ωi∗∗, so that Y 0 is the sum of the production sets shifted by the endowment vector.

Both P and Y 0 are convex (since each P i and each Y f are convex). Consider the sequences of

production plans for each firm to be subsets of K
∞, i.e., vectors of the form yf =

³
yf0 , y

f
1 , ...

´
,

with each yfj ∈ RK
+ . Moreover, since each production set is a cone, Y

0 =
P

f∈F Y f + {ω} has
an interior point (the argument is identical to that of Exercise A.32 in Appendix Chapter A).

Moreover, let x∗∗ =
P

i∈H xi∗∗. By feasibility and local non-satiation, x∗∗ =
P

f∈F yi∗∗ + ω.

Then x∗∗ ∈ Y 0 and also x∗∗ ∈ P (where recall that P is the closure of P ).

Next, observe that P ∩ Y 0 = ∅. Otherwise, there would exist ỹ ∈ Y 0, which is also in

P . This implies that if distributed appropriately across the households, ỹ would make all

households equally well off and at least one of them would be strictly better off (i.e., by the
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definition of the set P , there would exist
©
x̃i
ª
i∈H such that

P
i∈H x̃i = ỹ , x̃i ∈ Xi, and

ui
¡
x̃i
¢
≥ ui

¡
xi∗∗

¢
for all i ∈ H with at least one strict inequality). This would contradict

the hypothesis that (x∗∗, y∗∗) is a Pareto optimum.

Since Y 0 has an interior point, P and Y 0 are convex, and P ∩ Y 0 = ∅, Theorem A.25

implies that there exists a nonzero continuous linear functional φ such that

(5.17) φ (y) ≤ φ (x∗∗) ≤ φ (x) for all y ∈ Y 0 and all x ∈ P .

(Part 2) We next need to show that this linear functional can be interpreted as a price

vector (i.e., that it does have an inner product representation). Consider the functional

φ̄ (x) = lim
T→∞

φ (x [T ]) ,

where recall that for xi =
¡
xi0, x

i
1, x

i
2, ...

¢
, xi [T ] =

¡
xi0, x

i
1, x

i
2, ..., x

i
T , 0, 0, ...

¢
. Moreover, let x̄iT

be defined as x̄iJ =
¡
0, 0, ..., xiJ , 0, ...,

¢
, i.e., as the sequence xi with zeros everywhere except

its Jth element. Finally, define

z̄φt =

½
x̄t if φ (x̄t) ≥ 0
−x̄t if φ (x̄t) < 0

and z̄φ =
³
z̄φ0 , z̄

φ
1 , ...

´
. Then, by the linearity of φ, we have that

φ (x [T ]) =
TX
t=0

φ (x̄t) ≤
TX
t=0

|φ (x̄t)|

= φ
³
z̄φ [T ]

´
≤ kφk

°°°z̄φ [T ]°°°
= kφk kx [T ]k

≤ kφk kxk ,

where the first line holds by definition, the second line uses the definition of z̄φ introduced

above, the third line uses the fact that φ is a linear functional, the fourth line exploits the

fact that the norm k·k does not depend on whether the elements are negative or positive,
and the final line uses the fact that kxk ≥ kx [T ]k. This string of relationships implies that
the sequence

nPT
t=0 |φ (x̄t)|

o∞
T=1

dominates the sequence {φ (x [T ])}∞T=1 and is also bounded
by kφk kxk. Therefore, {φ (x [T ])}∞T=1 converges to some well-defined linear functional φ̄ (x).
The last inequality above also implies that φ̄ (x) ≤ kφk kxk, so φ̄ is a bounded and thus

continuous linear functional (Theorem A.24 in Appendix Chapter A).

Next, define φ̄J : RK→ R as φ̄J : xJ 7→ φ (x̄J). Clearly, φ̄J is a linear functional (since

φ is a linear) and moreover, since the domain of φ̄J is a Euclidean space, it has an inner

product representation, and in particular, there exists p∗∗J ∈ RK such that

φ̄J (xJ) = p∗∗J · xJ for all xJ ∈ RK .
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This also implies that

φ̄ (x) = lim
T→∞

φ (x [T ]) = lim
T→∞

TX
J=0

φ̄J (xJ)

= lim
T→∞

TX
J=0

p∗∗J · xJ ,

so that φ̄ is a continuous linear functional within inner productive presentation.

To complete this part of the proof, we only need to show that φ̄ (x) =
P∞

j=0 φ̄j (xj) can

be used instead of φ as the continuous linear functional in (5.17). This follows immediately

from the hypothesis that 0 ∈ Xi for each i ∈ H, that for each x, x0 ∈ Xi with ui (x) > ui (x0)

for all i ∈ H, there exists T̄ such that ui (x [T ]) > ui (x0 [T ]) for all T ≥ T̄ i and for all i ∈ H,
and that for each y ∈ Y f , there exists T̃ such that y [T ] ∈ Y f for all T ≥ T̃ f and for all

f ∈ F . In particular, take T 0 = max
n
T̄ i, T̃ f

o
and fix x ∈ P . Since x has the property that

ui
¡
xi
¢
> ui

¡
xi∗∗

¢
for all i ∈ H, we also have that ui

¡
xi [T ]

¢
> ui

¡
xi∗∗ [T ]

¢
for all i ∈ H and

T ≥ T 0. Therefore,

φ (x∗∗ [T ]) ≤ φ (x [T ]) for all x ∈ P.

Not taking limits, we obtain that

φ̄ (x∗∗) ≤ φ̄ (x) for all x ∈ P.

A similar argument establishes that φ̄ (x∗∗) ≥ φ̄ (y) for all y ∈ Y 0, so that φ̄ (x) can be used

as the continuous linear functional separating P and Y 0. Since φ̄j (xj) is a linear functional

on Xj ⊂ RK
+ , it has an inner product representation, φ̄j (xj) = p∗∗j · xj and therefore so does

φ̄ (x) =
P∞

j=0 φ̄j (xj) = p∗∗ · x.
Parts 1 and 2 have therefore established that there exists a price vector (functional) p∗∗

such that conditions 2 and 3 hold. Condition 1 is satisfied by construction. Condition 2 is

sufficient to establish that all firms maximize profits at the price vector p∗∗. To show that

all consumers maximize utility at the price vector p∗∗, use the hypothesis that p∗∗ ·wi∗∗ > 0

for each i ∈ H. We know from Condition 3 that if xi ∈ Xi involves ui
¡
xi
¢
> ui

¡
xi∗∗

¢
,

then p∗∗ · xi ≥ p∗∗ · wi∗∗. This implies that if there exists xi that is strictly preferred to

xi∗∗ and satisfies p∗∗ · xi = p∗∗ · wi∗∗ (which would amount to the consumer not maximizing

utility), then there exists xi − ε for ε small enough, such that ui
¡
xi − ε

¢
> ui

¡
xi∗∗

¢
, then

p∗∗ ·
¡
xi − ε

¢
< p∗∗ · wi∗∗, thus violating Condition 3. Therefore, consumers also maximize

utility at the price p∗∗, establishing that (x∗∗,y∗∗, p∗∗) is a competitive equilibrium. ¤

5.8. Sequential Trading

A final issue that is useful to discuss at this point relates to sequential trading. Standard

general equilibrium models assume that all commodities are traded at a given point in time–

and once and for all. That is, once trading takes place at the initial date, there is no more
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trade or production in the economy. This may be a good approximation to reality when

different commodities correspond to different goods. However, when different commodities

correspond to the same good in different time periods or in different states of nature, trading

once and for all at a single point is much less reasonable. In models of economic growth,

we typically assume that trading takes place at different points in time. For example, in

the Solow growth model of Chapter 2, we envisaged firms hiring capital and labor at each

t. Does the presence of sequential trading make any difference to the insights of general

equilibrium analysis? If the answer to this question were yes, then the applicability of the

lessons from general equilibrium theory to dynamic macroeconomic models would be limited.

Fortunately, in the presence of complete markets, which we assume in most of our models,

sequential trading gives the same result as trading at a single point in time.

More explicitly, the Arrow-Debreu equilibrium of a dynamic general equilibrium model

involves all the households trading at a single market at time t = 0 and purchasing and selling

irrevocable claims to commodities indexed by date and state of nature. This means that at

time t = 0, households agree on all future trades (including trades of goods that are not yet

produced). Sequential trading, on the other hand, corresponds to separate markets opening

at each t, and households trading labor, capital and consumption goods in each such market

at each period. Clearly, both for mathematical convenience and descriptive realism, we would

like to think of macroeconomic models as involving sequential trading, with separate markets

at each date.

The key result concerning the comparison of models with trading at a single point in

time and those with sequential trading is due to Arrow (1964). Arrow showed that with

complete markets (and time consistent preferences), trading at a single point in time and

sequential trading are equivalent. The easiest way of seeing this is to consider the Arrow

securities already discussed in Chapter 2. (Basic) Arrow Securities provide an economical

means of transferring resources across different dates and different states of nature. Instead

of completing all trades at a single point in time, say at time t = 0, households can trade

Arrow securities and then use these securities to purchase goods at different dates or after

different states of nature have been revealed. While Arrow securities are most useful when

there is uncertainty as well as a temporal dimension, for our purposes it is sufficient to focus

on the transfer of resources across different dates.

The reason why sequential trading with Arrow securities achieves the same result as

trading at a single point in time is simple: by the definition of a competitive equilibrium,

households correctly anticipate all the prices that they will be facing at different dates (and

under different states of nature) and purchase sufficient Arrow securities to cover the expenses

that they will incur once the time to trade comes. In other words, instead of buying claims

at time t = 0 for xhi,t0 units of commodity i = 1, ..., N at date t0 at prices
¡
p1,t0 , ..., pN,t

¢
, it is
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sufficient for household h to have an income of
PN

i=1 pi,t0x
h
i,t0 and know that it can purchase

as many units of each commodity as it wishes at time t0 at the price vector
¡
p1,t0 , ..., pN,t0

¢
.

This result can be stated in a slightly more formal manner. Let us consider a dynamic

exchange economy running across periods t = 0, 1, ..., T , possibly with T =∞.3 Nothing here
depends on the assumption that we are focusing on an exchange economy, but suppressing

production simplifies notation. Imagine that there are N goods at each date, denoted by

(x1,t, ..., xN,t), and let the consumption of good i by household h at time t be denoted by

xhi,t. Suppose that these goods are perishable, so that they are indeed consumed at time t.

Denote the set of households by H and suppose that each household h ∈ H has a vector of

endowment
³
ωh1,t, ..., ω

h
N,t

´
at time t, and preferences given by the time separable function of

the form
TX
t=0

βthu
h
³
xh1,t, ..., x

h
N,t

´
,

for some βh ∈ (0, 1). These preferences imply that there are no externalities and preferences
are time consistent. We also assume that all markets are open and competitive.

Let an Arrow-Debreu equilibrium be given by (p∗,x∗), where x∗ is the complete list of

consumption vectors of each household h ∈ H, that is,

x∗ = (x1,0, ...xN,0, ..., x1,T , ...xN,T ) ,

with xi,t =
n
xhi,t

o
h∈H

for each i and t, and p∗ is the vector of complete prices p∗ =³
p∗1,0, ..., p

∗
N,0, ..., p1,T , ..., pN,T

´
, with one of the prices, say p∗1,0, chosen as the numeraire,

i.e., p∗1,0 = 1. In the Arrow-Debreu equilibrium, each individual purchases and sells claims

on each of the commodities, thus engages in trading only at t = 0 and chooses an allocation

that satisfies the budget constraint
TX
t=0

NX
i=1

p∗i,tx
h
i,t ≤

TX
t=0

NX
i=1

p∗i,tω
h
i,t for each h ∈ H.

Market clearing then requiresX
h∈H

NX
i=1

xhi,t ≤
X
h∈H

NX
i=1

ωhi,t for each i = 1, ..., N and t = 0, 1, ..., T .

In the equilibrium with sequential trading, markets for goods dated t open at time t.

Instead, there are T bonds–Arrow securities–that are in zero net supply and can be traded

among the households at time t = 0. The bond indexed by t pays one unit of one of the

goods, say good i = 1 at time t. Let the prices of bonds be denoted by (q1, ..., qT ), again

expressed in units of good i = 1 (at time t = 0). This implies that a household can purchase

a unit of bond t at time 0 by paying qt units of good 1 and then will receive one unit of good

1 at time t (or conversely can sell short one unit of such a bond) The purchase of bond t by

3When T =∞, we assume that all the summations take a finite value.
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household h is denoted by bht ∈ R, and since each bond is in zero net supply, market clearing
requires that X

h∈H
bht = 0 for each t = 0, 1, ..., T .

Notice that in this specification we have assumed the presence of only T bonds (Arrow

securities). More generally, we could have allowed additional bonds, for example bonds

traded at time t > 0 for delivery of good 1 at time t0 > t. This restriction to only T bonds is

without loss of any generality (see Exercise 5.10).

Sequential trading corresponds to each individual using their endowment plus (or minus)

the proceeds from the corresponding bonds at each date t. Since there is a market for goods

at each t, it turns out to be convenient (and possible) to choose a separate numeraire for

each date t, and let us again suppose that this numeraire is good 0, so that p∗∗1,t = 1 for all t.

Therefore, the budget constraint of household h ∈ H at time t, given the equilibrium price

vector for goods and bonds, (p∗∗,q∗∗), can be written as:

(5.18)
NX
i=1

p∗∗i,tx
h
i,t ≤

NX
i=1

p∗∗i,tω
h
i,t + q∗∗t bht for t = 0, 1, ..., T ,

with the normalization that q∗∗0 = 1. Let an equilibrium of the sequential trading economy

be denoted by (p∗∗,q∗∗,x∗∗,b∗∗), where once again p∗∗ and x∗∗ denote the entire lists of

prices and quantities of consumption by each household, and q∗∗ and b∗∗ denote the vector

of bond prices and bond purchases by each household. Given this specification, the following

theorem can be established.

Theorem 5.8. (Sequential Trading) For the above-described economy, if (p∗,x∗)

is an Arrow-Debreu equilibrium, then there exists a sequential trading equilibrium

(p∗∗,q∗∗,x∗∗,b∗∗), such that x∗= x∗∗, p∗∗i,t = p∗i,t/p
∗
1,t for all i and t and q∗∗t = p∗1,t for

all t > 0. Conversely, if (p∗∗,q∗∗,x∗∗,b∗∗) is a sequential trading equilibrium, then there

exists an Arrow-Debreu equilibrium (p∗,x∗) with x∗= x∗∗, p∗i,t = p∗∗i,tp
∗
1,t for all i and t, and

p∗1,t = q∗∗t for all t > 0.

Proof. See Exercise 5.9. ¤

This theorem implies that all the results concerning Arrow—Debreu equilibria apply to

economies with sequential trading. In most of the models studied in this book (unless we

are explicitly concerned with endogenous financial markets), we will focus on economies with

sequential trading and assume that there exist Arrow securities to transfer resources across

dates. These securities might be riskless bonds in zero net supply, or in models without

uncertainty, this role will typically be played by the capital stock. We will also follow the

approach leading to Theorem 5.8 and normalize the price of one good at each date to 1. This

implies that in economies with a single consumption good, like the Solow or the neoclassical

206



Introduction to Modern Economic Growth

growth models, the price of the consumption good in each date will be normalized to 1 and

the interest rates will directly give the intertemporal relative prices. This is the justification

for focusing on interest rates as the key relative prices in macroeconomic (economic growth)

models.

5.9. Optimal Growth in Discrete Time

Motivated by the discussion in the previous section let us start with an economy char-

acterized by an aggregate production function, and a representative household. The optimal

growth problem in discrete time with no uncertainty, no population growth and no techno-

logical progress can be written as follows:

(5.19) max
{c(t),k(t)}∞t=0

∞X
t=0

βtu (c (t))

subject to

(5.20) k (t+ 1) = f(k (t)) + (1− δ) k (t)− c (t) ,

k (t) ≥ 0 and given k (0) = k0 > 0. The objective function is familiar and represents the

discounted sum of the utility of the representative household. The constraint (5.20) is also

straightforward to understand; total output per capita produced with capital-labor ratio k (t),

f (k (t)), together with a fraction 1− δ of the capital that is undepreciated make up the total

resources of the economy at date t. Out of this resources c (t) is spent as consumption per

capita c (t) and the rest becomes next period’s capital-labor ratio, k (t+ 1).

The optimal growth problem imposes that the social planner chooses an entire sequence of

consumption levels and capital stocks, only subject to the resource constraint, (5.20). There

are no additional equilibrium constraints.

We have also specified that the initial level of capital stock is k (0), but this gives a single

initial condition. We will see later that, in contrast to the basic Solow model, the solution to

this problem will correspond to two, not one, differential equations. We will therefore need

another boundary condition, but this will not take the form of an initial condition. Instead,

this additional boundary condition will come from the optimality of a dynamic plan in the

form of a transversality condition.

This maximization problem can be solved in a number of different ways, for example, by

setting up an infinite dimensional Lagrangian. But the most convenient and common way of

approaching it is by using dynamic programming.

It is also useful to note that even if we wished to bypass the Second Welfare Theorem

and directly solve for competitive equilibria, we would have to solve a problem similar to the

maximization of (5.19) subject to (5.20). In particular, to characterize the equilibrium, we

would need to start with the maximizing behavior of households. Since the economy admits a
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representative household, we only need to look at the maximization problem of this consumer.

Assuming that the representative household has one unit of labor supplied inelastically, this

problem can be written as:

max
{c(t),k(t)}∞t=0

∞X
t=0

βtu (c (t))

subject to some given a (0) and

(5.21) a (t+ 1) = r (t) [a (t)− c (t) + w (t)] ,

where a (t) denotes the assets of the representative household at time t, r (t) is the rate of

return on assets and w (t) is the equilibrium wage rate (and thus the wage earnings of the

representative household). The constraint, (5.21) is the flow budget constraint, meaning that

it links tomorrow’s assets to today’s assets. Here we need an additional condition so that

this flow budget constraint eventually converges (i.e., so that a (t) should not go to negative

infinity). This can be ensured by imposing a lifetime budget constraint. Since a flow budget

constraint in the form of (5.21) is both more intuitive and often more convenient to work

with, we will not work with the lifetime budget constraint, but augment the flow budget

constraint with another condition to rule out the level of wealth going to negative infinity.

This condition will be introduced below.

5.10. Optimal Growth in Continuous Time

The formulation of the optimal growth problem in continuous time is very similar. In

particular, we have

(5.22) max
[c(t),k(t)]∞t=0

Z ∞

0
exp (−ρt)u (c (t)) dt

subject to

(5.23) k̇ (t) = f (k (t))− c (t)− δk (t) ,

k (t) ≥ 0 and given k (0) = k0 > 0. The objective function (5.22) is the direct continuous-time

analog of (5.19), and (5.23) gives the resource constraint of the economy, similar to (5.20) in

discrete time.

Once again, this problem lacks one boundary condition which will come from the transver-

sality condition.

The most convenient way of characterizing the solution to this problem is via optimal

control theory. Dynamic programming and optimal control theory will be discussed briefly

in the next two chapters.
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5.11. Taking Stock

This chapter introduced the preliminaries necessary for an in-depth study of equilibrium

and optimal growth theory. At some level it can be thought of as an “odds and ends” chapter,

introducing the reader to the notions of representative household, dynamic optimization,

welfare theorems and optimal growth. However, what we have seen is more than odds and

ends, since a good understanding of the general equilibrium foundations on economic growth

and the welfare theorems should enable the reader to better understand and appreciate the

material that will be introduced in Part 3 below.

The most important take-away messages from this chapter are as follows. First, the set

of models we study in this book are examples of more general dynamic general equilibrium

models. It is therefore important to understand which features of the growth models are gen-

eral (in the sense that they do not depend on the specific simplifying assumptions we make)

and which results depend on the further simplifying assumptions we adopt. In this respect,

the First and the Second Welfare Theorems are essential. They show that provided that all

product and factor markets are competitive and there are no externalities in production or

consumption (and under some relatively mild technical assumptions), dynamic competitive

equilibrium will be Pareto optimal and that any Pareto optimal allocation can be decentral-

ized as a dynamic competitive equilibrium. These results will be relevant for the first part of

the book, where our focus will be on competitive economies. They will not be as relevant (at

least if used in their current form), when we turn to models of technological change, where

product markets will be monopolistic or when we study certain classes of models of economic

development, where various market imperfections will play an important role.

Second, the most general class of dynamic general equilibrium models will not be tractable

enough for us to derive sharp results about the process of economic growth. For this reason,

we we will often adopt a range of simplifying assumptions. The most important of those is

the representative household assumption, which enables us to model the demand side of the

economy as if it were generated by the optimizing behavior of a single household. We saw

how this assumption is generally not satisfied, but also how a certain class of preferences,

the Gorman preferences, enable us to model economies as if they admit a representative

household. We also discussed how typical general equilibrium economies can be modeled as

if they admit a representative firm.

In addition, in this chapter we introduced the first formulation of the optimal growth

problems in discrete and in continuous time, which will be useful as examples in the next

two chapters where we discuss the tools necessary for the study of dynamic optimization

problems.
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5.12. References and Literature

This chapter covered a lot of ground and in most cases, many details were omitted for

brevity. Most readers will be familiar with much of the material in this chapter. Mas-Colell,

Winston and Green (1995) have an excellent discussion of issues of aggregation and what types

of models admit representative households. They also have a version of the Debreu-Mantel-

Sonnenschein theorem, with a sketch proof. The representative firm theorem, Theorem 5.4,

presented here is rather straightforward, but I am not aware of any other discussion of this

theorem in the literature. It is important to distinguish the subject matter of this theorem

from the Cambridge controversy in early growth theory, which revolved around the issue of

whether different types of capital goods could be aggregated into a single capital index (see,

for example, Wan, 1969). The representative firm theorem says nothing about this issue.

The best reference for existence of competitive equilibrium and the welfare theorems with

a finite number of consumers and a finite number of commodities is still Debreu’s (1959)

Theory of Value. This short book introduces all of the mathematical tools necessary for

general equilibrium theory and gives a very clean exposition. Equally lucid and more modern

are the treatments of the same topics in Mas-Colell, Winston and Green (1995) and Bewley

(2006). The reader may also wish to consult Mas-Colell, Winston and Green (1995, Chapter

16) for a full proof of the Second Welfare Theorem with a finite number of commodities

(which was only sketched in Theorem 5.7 above). Both of these books also have an excellent

discussion of the necessary restrictions on preferences so that they can be represented by

utility functions. Mas-Colell, Winston and Green (1995) also has an excellent discussion

of expected utility theory of von Neumann and Morgenstern, which we have touched upon.

Mas-Colell, Winston and Green (1995, Chapter 19) also gives a very clear discussion of the

role of Arrow securities and the relationship between trading at the single point in time and

sequential trading. The classic reference on Arrow securities is Arrow (1964).

Neither of these two references discuss infinite-dimensional economies. The seminal refer-

ence for infinite dimensional welfare theorems is Debreu (1954). Stokey, Lucas and Prescott

(1989, Chapter 15) presents existence and welfare theorems for economies with a finite number

of consumers and countably infinite number of commodities. The mathematical prerequisites

for their treatment are greater than what has been assumed here, but their treatment is both

thorough and straightforward to follow once the reader makes the investment in the neces-

sary mathematical techniques. The most accessible reference for the Hahn-Banach Theorem,

which is necessary for a proof of Theorem 5.7 in infinite-dimensional spaces are Kolmogorov

and Fomin (1970), Kreyszig (1978) and Luenberger (1969). The latter is also an excellent

source for all the mathematical techniques used in Stokey, Lucas and Prescott (1989) and

also contains much material useful for appreciating continuous time optimization. Finally, a
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version of Theorem 5.6 is presented in Bewley (2006), which contains an excellent discussion

of overlapping generations models.

5.13. Exercises

Exercise 5.1. Recall that a solution {x (t)}Tt=0 to a dynamic optimization problem is time-

consistent if the following is true: whenever {x (t)}Tt=0 is an optimal solution starting at time
t = 0, {x (t)}Tt=t0 is an optimal solution to the continuation dynamic optimization problem
starting from time t = t0 ∈ [0, T ].

(1) Consider the following optimization problem

max
{x(t)}Tt=0

TX
t=0

βtu (x (t))

subject to

x (t) ∈ [0, x̄]

G (x (0) , ..., x (T )) ≤ 0.

Although you do not need to, you may assume that G is continuous and convex,

and u is continuous and concave.

Prove that any solution {x∗ (t)}Tt=0 to this problem is time consistent.

(2) Now Consider the optimization problem

max
{x(t)}Tt=0

u (x (0)) + δ
TX
t=1

βtu (x (t))

subject to

x (t) ∈ [0, x̄]

G (x (0) , ..., x (T )) ≤ 0.

Suppose that the objective function at time t = 1 becomes u (x (1)) +

δ
PT

t=2 β
t−1u (x (t)).

Interpret this objective function (sometimes referred to as “hyperbolic discount-

ing”).

(3) Let {x∗ (t)}Tt=0 be a solution to this maximization problem. Assume that the indi-
vidual chooses x∗ (0) at t = 0, and then is allowed to reoptimize at t = 1, i.e., solve
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the problem

max
{x(t)}Tt=1

u (x (1)) + δ
TX
t=2

βt−1u (x (t))

subject to

x (t) ∈ [0, x̄]

G (x∗ (0) , ..., x (T )) ≤ 0.

Prove that the solution from t = 1 onwards, {x∗∗ (t)}Tt=1 is not necessarily the same
as {x∗ (t)}Tt=1.

(4) Explain which standard axioms of preferences in basic general equilibrium theory

are violated by those in parts 2 and 3 of this exercise.

Exercise 5.2. This exercise asks you to work through an example that illustrates the dif-

ference between the coefficient of relative risk aversion and the intertemporal elasticity of

substitution. Consider a household with the following non-time-separable preferences over

consumption levels at two dates:

V (c1, c2) = E

⎡⎣Ãc1−θ1 − 1
1− θ

!α−1
α

+ β

Ã
c1−θ2 − 1
1− θ

!α−1
α

⎤⎦
α

α−1

,

where E is the expectations operator. The budget constraint of the household is

c1 +
1

1 + r
c2 ≤W,

where r is the interest rate and W is its total wealth, which may be stochastic.

(1) Let us first suppose that W is nonstochastic and equal to W0 > 0. Characterize the

utility maximizing choice of c1 and c2.

(2) Compute the intertemporal elasticity of substitution.

(3) Now suppose thatW is distributed over the support
£
W,W

¤
with some distribution

function G(W ), where 0 < W < W < ∞. Characterize the utility maximizing
choice of c1 and compute the coefficient of relative risk aversion. Provide conditions

under which the coefficient of relative risk aversion is the same as the intertemporal

elasticity of substitution. Explain why the two differ and interpret the conditions

under which they are the same.

Exercise 5.3. Prove Theorem 5.2.

Exercise 5.4. Prove Theorem 5.3 when there is also production.

Exercise 5.5. * Generalize Theorem 5.3 to an economy with a continuum of commodities.

Exercise 5.6. (1) Derive the utility maximizing demands for consumers in Example

5.1 and show that the resulting indirect utility function for each consumer is given

by (5.5).
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(2) Show that maximization of (5.6) leads to the indirect utility function corresponding

to the representative household.

(3) Now suppose that U i
¡
xi1, ..., x

i
N

¢
=
PN

j=1

³
xij − ξij

´σ−1
σ
. Repeat the same com-

putations and verify that the resulting indirect utility function is homogeneous of

degree 0 in p and y, but does not satisfy the Gorman form. Show, however, that a

monotonic transformation of the indirect utility function satisfies the Gorman form.

Is this sufficient to ensure that the economy admits a representative household?

Exercise 5.7. Construct a continuous-time version of the model with finite lives and random

death. In particular suppose that an individual faces a constant (Poisson) flow rate of death

equal to ν > 0 and has a true discount factor equal to ρ. Show that this individual will

behave as if he is infinitely lived with an effective discount factor of ρ+ ν.

Exercise 5.8. (1) Will dynastic preferences as those discussed in Section 5.2 lead to

infinite-horizon maximization if the instantaneous utility function of future genera-

tions are different (i.e., ut (·) potentially different for each generation t)?

(2) How would the results be different if an individual cares about the continuation

utility of his offspring with discount factor β, but also cares about the continuation

utility of the offspring of his offspring with a smaller discount factor δ?

Exercise 5.9. Prove Theorem 5.8.

Exercise 5.10. Consider the sequential trading model discussed above and suppose now

that individuals can trade bonds at time t that deliver one unit of good 0 at time t0. Denote

the price of such bonds by qt,t0 .

(1) Rewrite the budget constraint of household h at time t, (5.18), including these bonds.

(2) Prove an equivalent of Theorem 5.8 in this environment with the extended set of

bonds.

Exercise 5.11. Consider a two-period economy consisting of two types of households. NA

households have the utility function

u
¡
ci1
¢
+ βAu

¡
ci2
¢
,

where ci1 and ci2 denotes the consumption of household i into two periods. The remaining

NB households have the utility function

u
¡
ci1
¢
+ βBu

¡
ci2
¢
,

with βB < βA. Each group, respectively, has income yA and yB at date 1, and can save this

to the second date at some exogenously given gross interest rate R. Show that for general

u (·), this economy does not admit a representative household.
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Exercise 5.12. Consider an economy consisting of N households each with utility function

at time t = 0 given by
∞X
t=0

βtu
¡
ci (t)

¢
,

with β ∈ (0, 1), where ci (t) denotes the consumption of household i at time t. The economy

starts with an endowment of Y units of the final good and has access to no production

technology. This endowment can be saved without depreciating or gaining interest rate

between periods.

(1) What are the Arrow-Debreu commodities in this economy?

(2) Characterize the set of Pareto optimal allocations of this economy.

(3) Does Theorem 5.7 apply to this economy?

(4) Now consider an allocation of Y units to the households,
©
yi
ªN
i=1
, such thatPN

i=1 y
i = Y . Given this allocation, find the unique competitive equilibrium price

vector and the corresponding consumption allocations.

(5) Are all competitive equilibria Pareto optimal?

(6) Now derive a redistribution scheme for decentralizing the entire set of Pareto optimal

allocations?

Exercise 5.13. (1) Suppose that utility of individual i given by
P∞

t=0 β
tui
¡
xi (t)

¢
,

where xi (t) ∈ X ⊂ RK
+ , u

i is continuous, X is compact, and β < 1. Show that

the hypothesis that for any x, x0 ∈ Xi with ui (x) > ui (x0), there exists T̄ such that

ui (x [T ]) > ui (x0 [T ]) for all T ≥ T̄ in Theorem 5.7 is satisfied.

(2) Suppose that the production structure is given by a neoclassical production function,

where the production vector at time t is only a function of inputs at time t and

capital stock chosen at time t− 1, and that higher capital so contributes to greater
production and there is free disposal. Then show that the second hypothesis in

Theorem 5.7 that for each y ∈ Y f , there exists T̃ such that y [T ] ∈ Y f for all T ≥ T̃

is satisfied.

Exercise 5.14. *

(1) Show that Theorem 5.7 does not cover the one good neoclassical growth model with

instantaneous preferences given by u (c) =
¡
c1−θ − 1

¢
/ (1− θ) with θ ≥ 1.

(2) Prove Theorem 5.7 under the assumption that there exists a strictly positive vector

ε ∈ RK
+ with each element sufficiently small and (ε, ..., ε) ∈ Xi for all i ∈ H.

(3) Show that this modified version of Theorem 5.7 covers the economy in case 1 of this

exercise.
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CHAPTER 6

Dynamic Programming and Optimal Growth

This chapter will provide a brief introduction to infinite horizon optimization in discrete

time, focusing particularly on stationary dynamic programming problems under certainty.

The main purpose of the chapter is to introduce the reader to dynamic programming tech-

niques, which will be used in the rest of the book. Since dynamic programming has become

an important tool in many areas of economics and especially in macroeconomics, a good

understanding of these techniques is a prerequisite not only for economic growth, but also

for the study of many diverse topics in economics.

The material in this chapter is presented in three parts. The first part provides a num-

ber of results necessary for applications of dynamic programming techniques in infinite-

dimensional optimization problems. However, since understanding how these results are

derived is important for a more thorough appreciation of the theory of dynamic program-

ming and its applications, the second part, in particular, Sections 6.3 and 6.4, will provide

additional tools necessary for a deeper understanding of dynamic programming and for the

proofs of the main theorems. The material in these two sections is not necessary for the

rest of the course and it is clearly marked, so that those who only wish to acquire a working

knowledge of dynamic programming techniques can skip them. The third part then pro-

vides a more detailed discussion on how dynamic programming techniques can be used in

applications and also presents a number of results on optimal growth using these tools.

Throughout this chapter, the focus is on discounted maximization problems under cer-

tainty, similar to the maximization problems introduced in the previous chapter. Dynamic

optimization problems under uncertainty are discussed in Chapter 16.
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6.1. Brief Review of Dynamic Programming

Using abstract but simple notation, the canonical dynamic optimization program in dis-

crete time can be written as

Problem A1 :

V ∗ (x (0)) = sup
{x(t+1)}∞t=0

∞X
t=0

βtU(x (t) , x (t+ 1))

subject to

x (t+ 1) ∈ G(x (t)), for all t ≥ 0

x (0) given.

where β ∈ (0, 1), and x (t) is a vector of variables, or more formally, x (t) ∈ X ⊂ RK for some

K ≥ 1. G(x) is a set-valued mapping, or a correspondence, also written as

G : X ⇒ X

(see Appendix Chapter A), thus the first constraint basically specifies what values of x (t+ 1)

are allowed given the value x (t). For this reason, we can think of x (t) as the state variable

(state vector) of the problem, while x (t+ 1) plays the role of the control variable (control

vector) at time t. Therefore, the constraint x (t+ 1) ∈ G(x (t)) determines which control

variables can be chosen given the state variable. The real-valued function U : X ×X → R is
the instantaneous payoff function of this problem, and we have imposed that overall payoff

(objective function) is a discounted sum of instantaneous payoffs.

In the problem formulation, we used “sup,” i.e., the supremum, rather than max, since

there is no guarantee that the maximal value is attained by any feasible plan. However,

in all cases studied in this book the maximal value will be attained, so the reader may

wish to substitute “max” for “sup”. When the maximal value is attained by some sequence

{x∗ (t+ 1)}∞t=0 ∈ X∞, we refer to this as a solution or as an optimal plan (where X∞ is the

infinite product of the set X, so that an element of X∞ is a sequence with each member in

X).

Notice that this problem is stationary in the sense that the instantaneous payoff function

U is not time-dependent; it only depends on x (t) and x (t+ 1). A more general formulation

would be to have U (x (t) , x (t+ 1) , t), but for most economic problems this added level of

generality is not necessary. Yet another more general formulation would be to relax the

discounted objective function, and write the objective function as

sup
{x(t)}∞t=0

U(x (0) , x (1) , ...).
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Again the added generality in this case is not particularly useful for most of the problems we

are interested in, and the discounted objective function ensures time-consistency as discussed

in the previous chapter.

Of particular importance for us in this chapter is the function V ∗ (x (0)), which can be

thought of as the value function, meaning the value of pursuing the optimal strategy starting

with initial state x (0).

Problem A1 is somewhat abstract. However, it has the advantage of being tractable and

general enough to nest many interesting economic applications. The next example shows how

our canonical optimal growth problem can be put into this language.

Example 6.1. Recall the optimal growth problem from the previous chapter:

max
{c(t),k(t)}∞t=0

∞X
t=0

βtu (c (t))

subject to

k (t+ 1) = f(k (t))− c (t) + (1− δ) k (t) ,

k (t) ≥ 0 and given k (0). This problem maps into the general formulation here with a simple

one-dimensional state and control variables. In particular, let x (t) = k (t) and x (t+ 1) =

k (t+ 1). Then use the constraint to write:

c (t) = f(k (t))− k (t+ 1) + (1− δ) k (t) ,

and substitute this into the objective function to obtain:

max
{k(t+1)}∞t=0

∞X
t=0

βtu (f(k (t))− k (t+ 1) + (1− δ) k (t))

subject to k (t) ≥ 0. Now it can be verified that this problem is a special case of Problem

A1 with U (k (t) , k (t+ 1)) = u (f(k (t))− k (t+ 1) + (1− δ) k (t)) and with the constraint

correspondence G (k (t)) given by k (t+ 1) ∈ [0, f (k (t)) + (1− δ) k (t)].

Problem A1, also referred to as the sequence problem, is one of choosing an infinite

sequence {x (t)}∞t=0 from some (vector) space of infinite sequences (for example, {x (t)}∞t=0 ∈
X∞ ⊂ L∞, where L∞ is the vector space of infinite sequences that are bounded with the

k·k∞ norm, which we will denote throughout by the simpler notation k·k). Sequence problems
sometimes have nice features, but their solutions are often difficult to characterize both

analytically and numerically.

The basic idea of dynamic programming is to turn the sequence problem into a functional

equation. That is, it is to transform the problem into one of finding a function rather than a
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sequence. The relevant functional equation can be written as follows:

Problem A2 :

V (x) = sup
y∈G(x)

{U(x, y) + βV (y}), for all x ∈ X,(6.1)

where V : X → R is a real-valued function. Intuitively, instead of explicitly choosing the

sequence {x (t)}∞t=0, in (6.1), we choose a policy, which determines what the control vector
x (t+ 1) should be for a given value of the state vector x (t). Since instantaneous payoff

function U (·, ·) does not depend on time, there is no reason for this policy to be time-
dependent either, and we denote the control vector by y and the state vector by x. Then the

problem can be written as making the right choice of y for any value of x. Mathematically,

this corresponds to maximizing V (x) for any x ∈ X. The only subtlety in (6.1) is the presence

of the V (·) on the right-hand side, which will be explained below. This is also the reason
why (6.1) is also called the recursive formulation–the function V (x) appears both on the

left and the right-hand sides of equation (6.1) and is thus defined recursively.

The functional equation in Problem A2 is also called the Bellman equation, after Richard

Bellman, who was the first to introduce the dynamic programming formulation, though this

formulation was anticipated by the economist Lloyd Shapley in his study of stochastic games.

At first sight, the recursive formulation might appear not as a great advance over the

sequence formulation. After all, functions might be trickier to work with than sequences.

Nevertheless, it turns out that the functional equation of dynamic programming is easy

to work with in many instances. In applied mathematics and engineering, it is favored

because it is computationally convenient. In economics, perhaps the major advantage of the

recursive formulation is that it often gives better economic insights, similar to the logic of

comparing today to tomorrow. In particular, U (x, y) is the“ return for today” and βV (y)

is the continuation return from tomorrow onwards, equivalent to the “return for tomorrow”.

Consequently, in many applications we can use our intuitions from two-period maximization

or economic problems. Finally, in some special but important cases, the solution to Problem

A2 is simpler to characterize analytically than the corresponding solution of the sequence

problem, Problem A1.

In fact, the form of Problem A2 suggests itself naturally from the formulation Problem

A1. Suppose Problem A1 has a maximum starting at x (0) attained by the optimal sequence

{x∗ (t)}∞t=0 with x∗ (0) = x (0). Then under some relatively weak technical conditions, we
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have that

V ∗ (x (0)) =
∞X
t=0

βtU(x∗ (t) , x∗ (t+ 1))

= U(x (0) , x∗ (1)) + β
∞X
s=0

βsU(x∗ (s+ 1) , x∗ (s+ 2))

= U(x (0) , x∗ (1)) + βV ∗ (x∗ (1)) .

This equation encapsulates the basic idea of dynamic programming: the Principle of Opti-

mality, and it is stated more formally in Theorem 6.2.

Essentially, an optimal plan can be broken into two parts, what is optimal to do today, and

the optimal continuation path. Dynamic programming exploits this principle and provides us

with a set of powerful tools to analyze optimization in discrete-time infinite-horizon problems.

As noted above, the particular advantage of this formulation is that the solution can be

represented by a time invariant policy function (or policy mapping),

π : X → X,

determining which value of x (t+ 1) to choose for a given value of the state variable x (t). In

general, however, there will be two complications: first, a control reaching the optimal value

may not exist, which was the reason why we originally used the notation sup; second, we

may not have a policy function, but a policy correspondence, Π : X ⇒ X, because there may

be more than one maximizer for a given state variable. Let us ignore these complications for

now and present a heuristic exposition. These issues will be dealt with below.

Once the value function V is determined, the policy function is given straightforwardly.

In particular, by definition it must be the case that if optimal policy is given by a policy

function π (x), then

V (x) = U(x, π (x)) + βV (π (x)), for all x ∈ X,

which is one way of determining the policy function. This equation simply follows from the

fact that π (x) is the optimal policy, so when y = π (x), the right-hand side of (6.1) reaches

the maximal value V (x).

The usefulness of the recursive formulation in Problem A2 comes from the fact that

there are some powerful tools which not only establish existence of the solution, but also

some of its properties. These tools are not only employed in establishing the existence of a

solution to Problem A2, but they are also useful in a range of problems in economic growth,

macroeconomics and other areas of economic dynamics.

The next section states a number of results about the relationship between the solution

to the sequence problem, Problem A1, and the recursive formulation, Problem A2. These
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results will first be stated informally, without going into the technical details. Section 6.3

will then present these results in greater formality and provide their proofs.

6.2. Dynamic Programming Theorems

Let us start with a number of assumptions on Problem A1. Since these assumptions are

only relevant for this section, we number them separately from the main assumptions used

throughout the book. Consider first a sequence {x∗ (t)}∞t=0 which attains the supremum in

Problem A1. Our main purpose is to ensure that this sequence will satisfy the recursive

equation of dynamic programming, written here as

(6.2) V (x∗ (t)) = U(x∗ (t) , x∗ (t+ 1)) + βV (x∗ (t+ 1)), for all t = 0, 1, 2, ...,

and that any solution to (6.2) will also be a solution to Problem A1, in the sense that it will

attain its supremum. In other words, we are interested in in establishing equivalence results

between the solutions to Problem A1 and Problem A2.

To prepare for these results, let us define the set of feasible sequences or plans starting

with an initial value x (t) as:

Φ(x (t)) = {{x (s)}∞s=t : x (s+ 1) ∈ G(x (s)), for s = t, t+ 1, ...}.

Intuitively, Φ(x (t)) is the set of feasible choices of vectors starting from x (t). Let us denote

a typical element of the set Φ(x (0)) by x = (x (0) , x (1) , ...) ∈Φ(x (0)). Our first assumption
is:

Assumption 6.1. G (x) is nonempty for all x ∈ X; and for all x (0) ∈ X and x ∈Φ(x (0)),
limn→∞

Pn
t=0 β

tU(x (t) , x (t+ 1)) exists and is finite.

This assumption is stronger than what is necessary to establish the results that will

follow. In particular, for much of the theory of dynamic programming, it is sufficient that the

limit in Assumption 6.1 exists. However, in economic applications, we are not interested in

optimization problems where households or firms achieve infinite value. This is for two obvious

reasons. First, when some agents can achieve infinite value, the mathematical problems are

typically not well defined. Second, the essence of economics, tradeoffs in the face of scarcity,

would be absent in these cases. In cases, where households can achieve infinite value, economic

analysis is still possible, by using methods sometimes called “overtaking criteria,” whereby

different sequences that give infinite utility are compared by looking at whether one of them

gives higher utility than the other one at each date after some finite threshold. None of the

models we study in this book require us to consider these more general optimality concepts.

Assumption 6.2. X is a compact subset of RK , G is nonempty, compact-valued and

continuous. Moreover, U : XG → R is continuous, where XG = {(x, y) ∈ X ×X : y ∈ G(x)}.
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This assumption is also natural. We need to impose that G (x) is compact-valued, since

optimization problems with choices from non—compact sets are not well behaved (see Ap-

pendix Chapter A). In addition, the assumption that U is continuous leads to little loss of

generality for most economic applications. In all the models we will encounter in this book,

U will be continuous. The most restrictive assumption here is that the state variable lies in

a compact set, i.e., that X is compact. The most important results in this chapter can be

generalized to the case in which X is not compact, though this requires additional notation

and somewhat more difficult analysis. The case in which X is not compact is important in

the analysis of economic growth, since most interesting models of growth will involve the

state variable, e.g., the capital stock, growing steadily. In many cases, with a convenient

normalization, the mathematical problem can be turned in to one in which the state vari-

able lies in a compact set. One class of important problems that cannot be treated without

allowing for non-compact X are those with endogenous growth. However, since the methods

developed in the next chapter do not require this type of compactness assumption and since

I will often use continuous-time methods to study endogenous growth models, I simplify the

discussion here by assuming that X is compact.

Note also that since X is compact, G (x) is continuous and compact-valued, XG is also

compact. Since a continuous function from a compact domain is also bounded, Assumption

6.2 also implies that U is bounded, which will be important for some of the results below.

Assumptions 6.1 and 6.2 together ensure that in both Problems A1 and A2, the supremum

(the maximal value) is attained for some feasible plan x. We state all the relevant theorems

incorporating this fact.

To obtain sharper results, we will also impose:

Assumption 6.3. U is strictly concave, in the sense that for any α ∈ (0, 1) and any
(x, y), (x0, y0) ∈ XG, we have

U
¡
αx+ (1− α)x0, αy + (1− α)y0)

¢
≥ αU(x, y) + (1− α)U(x0, y0),

and if x 6= x0,

U
¡
αx+ (1− α)x0, αy + (1− α)y0)

¢
> αU(x, y) + (1− α)U(x0, y0).

Moreover, G is convex in the sense that for any α ∈ [0, 1], and x, x0 ∈ X, whenever y ∈ G(x)

and y0 ∈ G(x0), then we have

αy + (1− α)y0 ∈ G
¡
αx+ (1− α)x0

¢
.

This assumption imposes conditions similar to those used in many economic applications:

the constraint set is assumed to be convex and the objective function is concave or strictly

concave.
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Our next assumption puts some more structure on the objective function, in particular it

ensures that the objective function is increasing in the state variables (its first K arguments),

and that greater levels of the state variables are also attractive from the viewpoint of relaxing

the constraints; i.e., a greater x means more choice.

Assumption 6.4. For each y ∈ X, U(·, y) is strictly increasing in each of its first K
arguments, and G is monotone in the sense that x ≤ x0 implies G(x) ⊂ G(x0).

The final assumption we will impose is that of differentiability and is also common in

most economic models. This assumption will enable us to work with first-order necessary

conditions.

Assumption 6.5. U is continuously differentiable on the interior of its domain XG.

Given these assumptions, the following sequence of results can be established. The proofs

for these results are provided in Section 6.4.

Theorem 6.1. (Equivalence of Values) Suppose Assumptions 6.1 and 6.2 hold.

Then for any x ∈ X, V ∗ (x) defined in Problem A1 is also a solution to Problem A2.

Moreover, any V (x) defined in Problem A2 that satisfies limt→∞ βtV (x (t)) = 0 for all

(x, x (1) , x (2) , ...) ∈Φ(x) is also a solution to Problem A1, so that V ∗ (x) = V (x) for all

x ∈ X.

Therefore, both the sequence problem and the recursive formulation achieve the same

value. While important, this theorem is not of direct relevance in most economic applications,

since we do not care about the value but we care about the optimal plans (actions). This is

dealt with in the next theorem.

Theorem 6.2. (Principle of Optimality) Suppose Assumption 6.1 holds. Let

x∗ ∈Φ(x (0)) be a feasible plan that attains V ∗ (x (0)) in Problem A1. Then we have that

(6.3) V ∗(x∗ (t)) = U(x∗ (t) , x∗ (t+ 1)) + βV ∗(x∗ (t+ 1))

for t = 0, 1, ... with x∗ (0) = x (0).

Moreover, if any x∗ ∈Φ(x (0)) satisfies (6.3), then it attains the optimal value in Problem
A1.

This theorem is the major conceptual result in the theory of dynamic programming. It

states that the returns from an optimal plan (sequence) x∗ ∈Φ(x (0)) can be broken into two
parts; the current return, U(x∗ (t) , x∗ (t+ 1)), and the continuation return βV ∗(x∗ (t+ 1)),

where the continuation return is identically given by the discounted value of a problem
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starting from the state vector from tomorrow onwards, x∗ (t+ 1). In view of the fact that

V ∗ in Problem A1 and V in Problem A2 are identical from Theorem 6.1, (6.3) also implies

V (x∗ (t)) = U(x∗ (t) , x∗ (t+ 1)) + βV (x∗ (t+ 1)).

Notice also that the second part of Theorem 6.2 is equally important. It states that if

any feasible plan x∗ starting with x (0), that is, x∗ ∈Φ(x (0)), satisfies (6.3), then x∗ attains
V ∗ (x (0)).

Therefore, this theorem states that we can go from the solution of the recursive problem

to the solution of the original problem and vice versa. Consequently, under Assumptions 6.1

and 6.2, there is no risk of excluding solutions in writing the problem recursively.

The next results summarize certain important features of the value function V in Problem

A2. These results will be useful in characterizing qualitative features of optimal plans in

dynamic optimization problems without explicitly finding the solutions.

Theorem 6.3. (Existence of Solutions) Suppose that Assumptions 6.1 and 6.2 hold.

Then there exists a unique continuous and bounded function V : X → R that satisfies (6.1).
Moreover, an optimal plan x∗ ∈Φ(x (0)) exists for any x (0) ∈ X.

This theorem establishes two major results. The first is the uniqueness of the value

function (and hence of the Bellman equation) in dynamic programming problems. Combined

with Theorem 6.1, this result naturally implies that an optimal solution that achieves the

supremum V ∗ in Problem A1 and also that like V , V ∗ is continuous and bounded. The

optimal solution to Problem A1 or A2 may not be unique, however, even though the value

function is unique. This may be the case when two alternative feasible sequences achieve

the same maximal value. As in static optimization problems, non-uniqueness of solutions is

a consequence of lack of strict concavity of the objective function. When the conditions are

strengthened by including Assumption 6.3, uniqueness of the optimum will plan is guaranteed.

To obtain this result, we first prove:

Theorem 6.4. (Concavity of the Value Function) Suppose that Assumptions 6.1,

6.2 and 6.3 hold. Then the unique V : X → R that satisfies (6.1) is strictly concave.

Combining the previous two theorems we have:

Corollary 6.1. Suppose that Assumptions 6.1, 6.2 and 6.3 hold. Then there exists a

unique optimal plan x∗ ∈Φ(x (0)) for any x (0) ∈ X. Moreover, the optimal plan can be

expressed as x∗ (t+ 1) = π (x∗ (t)), where π : X → X is a continuous policy function.

The important result in this corollary is that the “policy function” π is indeed a function,

not a correspondence. This is a consequence of the fact that x∗ is uniquely determined. This

result also implies that the policy mapping π is continuous in the state vector. Moreover, if
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there exists a vector of parameters z continuously affecting either the constraint correspon-

dence Φ or the instantaneous payoff function U , then the same argument establishes that π

is also continuous in this vector of parameters. This feature will enable qualitative analysis

of dynamic macroeconomic models under a variety of circumstances.

Our next result shows that under Assumption 6.4, we can also establish that the value

function V is strictly increasing.

Theorem 6.5. (Monotonicity of the Value Function) Suppose that Assumptions

6.1, 6.2 and 6.4 hold and let V : X → R be the unique solution to (6.1). Then V is strictly

increasing in all of its arguments.

Finally, our purpose in developing the recursive formulation is to use it to characterize

the solution to dynamic optimization problems. As with static optimization problems, this

is often made easier by using differential calculus. The difficulty in using differential calculus

with (6.1) is that the right-hand side of this expression includes the value function V , which

is endogenously determined. We can only use differential calculus when we know from more

primitive arguments that this value function is indeed differentiable. The next theorem

ensures that this is the case and also provides an expression for the derivative of the value

function, which corresponds to a version of the familiar Envelope Theorem. Recall that IntX

denotes the interior of the set X, Dxf denotes the gradient of the function f with respect

to the vector x, and Df denotes the gradient of the function f with respect to all of its

arguments (see Appendix Chapter A).

Theorem 6.6. (Differentiability of the Value Function) Suppose that Assumptions

6.1, 6.2, 6.3 and 6.5 hold. Let π be the policy function defined above and assume that x0 ∈IntX
and π (x0) ∈IntG (x0), then V (x) is continuously differentiable at x0, with derivative given by

(6.4) DV
¡
x0
¢
= DxU

¡
x0, π

¡
x0
¢¢
.

These results will enable us to use dynamic programming techniques in a wide variety of

dynamic optimization problems. Before doing so, we discuss how these results are proved.

The next section introduces a number of mathematical tools from basic functional analysis

necessary for proving some of these theorems and Section 6.4 provides the proofs of all the

results stated in this section.

6.3. The Contraction Mapping Theorem and Applications*

In this section, I present a number of mathematical results that are necessary for making

progress with the dynamic programming formulation. In this sense, the current section is a

“digression” from the main story line. Therefore, this section and the next can be skipped

without interfering with the study of the rest of the book. Nevertheless, the material in this
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and the next section are useful for a good understanding of foundations of dynamic program-

ming and should enable the reader to achieve a better understanding of these methods. The

reader may also wish to consult Appendix Chapter A before reading this section.

Recall from Appendix Chapter A that (S, d) is a metric space, if S is a space and d is

a metric defined over this space with the usual properties. The metric is referred to as “d”

since it loosely corresponds to the “distance” between two elements of S. A metric space is

more general than a finite dimensional Euclidean space such as a subset of RK . But as with

the Euclidean space, we are most interested in defining “functions” from the metric space

into itself. We will refer to these functions as operators or mappings to distinguish them

from real-valued functions. Such operators are often denoted by the letter T and standard

notation often involves writing Tz for the image of a point z ∈ S under T (rather than

the more intuitive and familiar T (z)), and using the notation T (Z) when the operator T is

applied to a subset Z of S. We will use this standard notation here.

Definition 6.1. Let (S, d) be a metric space and T : S → S be an operator mapping S

into itself. T is a contraction mapping (with modulus β) if for some β ∈ (0, 1),

d(Tz1, T z2) ≤ βd(z1, z2), for all z1, z2 ∈ S.

In other words, a contraction mapping brings elements of the space S “closer” to each

other.

Example 6.2. Let us take a simple interval of the real line as our space, S = [a, b], with

usual metric of this space d(z1, z2) = |z1 − z2|. Then T : S → S is a contraction if for some

β ∈ (0, 1),
|Tz1 − Tz2|
|z1 − z2|

≤ β < 1, all z1, z2 ∈ S with z1 6= z2.

Definition 6.2. A fixed point of T is any element of S satisfying Tz = z.

Recall also that a metric space (S, d) is complete if every Cauchy sequence (whose elements

are getting closer) in S converges to an element in S (see Appendix Chapter A). Despite its

simplicity, the following theorem is one of the most powerful results in functional analysis.

Theorem 6.7. (Contraction Mapping Theorem) Let (S, d) be a complete metric

space and suppose that T : S → S is a contraction. Then T has a unique fixed point, ẑ, i.e.,

there exists a unique ẑ ∈ S such that

T ẑ = ẑ.

Proof. (Existence) Note Tnz = T (Tn−1z) for any n = 1, 2, .... Choose z0 ∈ S, and

construct a sequence {zn}∞n=0 with each element in S, such that zn+1 = Tzn so that

zn = Tnz0.
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Since T is a contraction, we have that

d(z2, z1) = d(Tz1, T z0) ≤ βd(z1, z0).

Repeating this argument

(6.5) d(zn+1, zn) ≤ βnd(z1, z0), n = 1, 2, ...

Hence, for any m > n,

d(zm, zn) ≤ d(zm, zm−1) + ...+ d(zn+2, zn+1) + d(zn+1, zn)(6.6)

≤
¡
βm−1 + ...+ βn+1 + βn

¢
d(z1, z0)

= βn
¡
βm−n−1 + ...+ β + 1

¢
d(z1, z0)

≤ βn

1− β
d(z1, z0),

where the first inequality uses the triangle inequality (which is true for any metric d, see

Appendix Chapter A). The second inequality uses (6.5). The last inequality uses the fact

that 1/ (1− β) = 1 + β + β2 + ... > βm−n−1 + ...+ β + 1.

The string of inequalities in (6.6) imply that as n → ∞, m → ∞, zm and zn will be

approaching each other, so that {zn}∞n=0 is a Cauchy sequence. Since S is complete, every
Cauchy sequence in S has an limit point in S, therefore:

zn → ẑ ∈ S.

The next step is to show that ẑ is a fixed point. Note that for any z0 ∈ S and any n ∈ N,
we have

d(T ẑ, ẑ) ≤ d(T ẑ, Tnz0) + d(Tnz0, ẑ)

≤ βd(ẑ, Tn−1z0) + d(Tnz0, ẑ),

where the first relationship again uses the triangle inequality, and the second inequality

utilizes the fact that T is a contraction. Since zn → ẑ, both of the terms on the right tend

to zero as n → ∞, which implies that d(T ẑ, ẑ) = 0, and therefore T ẑ = ẑ, establishing that

ẑ is a fixed point.

(Uniqueness) Suppose, to obtain a contradiction, that there exist ẑ, z ∈ S, such that

Tz = z and T ẑ = ẑ with ẑ 6= z. This implies

0 < d (ẑ, z) = d(T ẑ, Tz) ≤ βd(ẑ, z),

which delivers a contradiction in view of the fact that β < 1 and establishes uniqueness. ¤

The Contraction Mapping Theorem can be used to prove many well-known results. The

next example and Exercise 6.4 show how it can be used to prove existence of unique solutions

to differential equations. Exercise 6.5 shows how it can be used to prove the Implicit Function

Theorem (Theorem A.23 in Appendix Chapter A).
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Example 6.3. Consider the following one-dimensional differential equation

(6.7) ẋ (t) = f (x (t)) ,

with a boundary condition x (0) = c ∈ R. Suppose that f : R→ R is Lipschitz continuous
in the sense that it is continuous and also for some M <∞, it satisfies the following bound-
edness condition, |f (x00)− f (x0)| ≤M |x00 − x0| for all x0, x00 ∈ R. The Contraction Mapping
Theorem, Theorem 6.7, can be used to prove the existence of a continuous function x∗ (t)

that is the unique solution to this differential equation on any compact interval, in particular

on [0, s] for some s ∈ R+. To do this, consider the space of continuous functions on [0, s],
C [0, s], and define the following operator, T such that for any g ∈ C [0, s],

Tg (z) = c+

Z z

0
f (g (x)) dx.

Notice that T is a mapping from the space of continuous functions on [0, s] into itself, i.e.,

T : C [0, s]→ C [0, s]. Moreover, it can be verified T is a contraction for some s. This follows

because for any z ∈ [0, s], we have

(6.8)

¯̄̄̄Z z

0
f (g (x)) dx−

Z z

0
f (g̃ (x)) dx

¯̄̄̄
≤
Z z

0
M |g (x)− g̃ (x)| dx

by the Lipschitz continuity of f (·). This implies that

kTg (z)− T g̃ (z)k ≤M × s× kg − g̃k ,

where recall that k·k denotes the sup norm, now defined over the space of functions. Choosing
s < 1/M establishes that for s sufficiently small, T is indeed a contraction. Then applying

Theorem 6.7, we can conclude that there exists a unique fixed point of T over C [0, s]. This

fixed point is the unique solution to the differential equation and it is also continuous. Exercise

6.4 will ask you to verify some of these steps and also suggest how the result can be extended

so that it applies to C [0, s] for any s ∈ R+.

The main use of the Contraction Mapping Theorem for us is that it can be applied to

any metric space, so in particular to the space of functions. Applying it to equation (6.1)

will establish the existence of a unique value function V in Problem A2, greatly facilitating

the analysis of such dynamic models. Naturally, for this we have to prove that the recursion

in (6.1) defines a contraction mapping. We will see below that this is often straightforward.

Before doing this, let us consider another useful result. Recall that if (S, d) is a complete

metric space and S0 is a closed subset of S, then (S0, d) is also a complete metric space.

Theorem 6.8. (Applications of Contraction Mappings) Let (S, d) be a complete

metric space, T : S → S be a contraction mapping with T ẑ = ẑ.

(1) If S0 is a closed subset of S, and T (S0) ⊂ S0, then ẑ ∈ S0.

(2) Moreover, if T (S0) ⊂ S00 ⊂ S0, then ẑ ∈ S00.
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Proof. Take z0 ∈ S0, and construct the sequence {Tnz0}∞n=0. Each element of this

sequence is in S0 by the fact that T (S0) ⊂ S0. Theorem 6.7 implies that Tnz0 → ẑ. Since S0

is closed, ẑ ∈ S0, proving part 1 in the theorem.

We know that ẑ ∈ S0. Then the fact that T (S0) ⊂ S00 ⊂ S0 implies that ẑ = T ẑ ∈ T (S0) ⊂
S00, establishing part 2. ¤

The second part of this theorem is very important to prove results such as strict concavity

or that a function is strictly increasing. This is because the set of strictly concave functions

or the set of the strictly increasing functions are not closed (and complete). Therefore, we

cannot apply the Contraction Mapping Theorem to these spaces of functions. The second

part of this theorem enables us to circumvent this problem.

The previous two theorems show that the contraction mapping property is both simple

and powerful. We will see how powerful it is as we apply to obtain several important results

below. Nevertheless, beyond some simple cases, such as Example 6.2, it is difficult to check

whether an operator is indeed a contraction. This may seem particularly difficult in the case

of spaces whose elements correspond to functions, which are those that are relevant in the

context of dynamic programming. The next theorem provides us with sufficient conditions for

an operator to be a contraction that are typically straightforward to check. For this theorem,

let us use the following notation: for a real valued function f (·) and some constant c ∈ R we
define (f + c)(x) ≡ f(x) + c. Then:

Theorem 6.9. (Blackwell’s Sufficient Conditions For a Contraction) Let X ⊆
RK , and B(X) be the space of bounded functions f : X → R defined on X. Suppose that

T : B(X)→ B(X) is an operator satisfying the following two conditions:

(1) (monotonicity) For any f, g ∈ B(X) and f(x) ≤ g(x) for all x ∈ X implies

(Tf)(x) ≤ (Tg)(x) for all x ∈ X.

(2) (discounting) There exists β ∈ (0, 1) such that

[T (f + c)](x) ≤ (Tf)(x) + βc, for all f ∈ B(X), c ≥ 0 and x ∈ X.

Then, T is a contraction with modulus β.

Proof. Let k·k denote the sup norm, so that kf − gk = maxx∈X |f (x)− g (x)|. Then,
by definition for any f, g ∈ B(X),

f (x) ≤ g (x) + kf − gk for any x ∈ X,

(Tf) (x) ≤ T [g + kf − gk] (x) for any x ∈ X,

(Tf) (x) ≤ (Tg) (x) + β kf − gk for any x ∈ X,

where the second line applies the operator T on both sides and uses monotonicity, and the

third line uses discounting (together with the fact that kf − gk is simply a number). By the
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converse argument,

g (x) ≤ f (x) + kg − fk for any x ∈ X,

(Tg) (x) ≤ T [f + kg − fk] (x) for any x ∈ X,

(Tg) (x) ≤ (Tf) (x) + β kg − fk for any x ∈ X.

Combining the last two inequalities implies

kTf − Tgk ≤ β kf − gk ,

proving that T is a contraction. ¤

We will see that Blackwell’s sufficient conditions are straightforward to check in many

economic applications, including the models of optimal or equilibrium growth.

6.4. Proofs of the Main Dynamic Programming Theorems*

We now prove Theorems 6.1-6.6. We start with a straightforward lemma, which will be

useful in these proofs. For a feasible infinite sequence x = (x (0) , x (1) , ...) ∈Φ(x (0)) starting
at x (0), let

Ū (x) ≡
∞X
t=0

βtU (x (t) , x (t+ 1))

be the value of choosing this potentially non-optimal infinite feasible sequence. In view of

Assumption 6.1, Ū (x) exists and is finite. The next lemma shows that Ū (x) can be separated

into two parts, the current return and the continuation return.

Lemma 6.1. Suppose that Assumption 6.1 holds. Then for any x (0) ∈ X and any

x ∈Φ(x (0)), we have that

Ū (x) = U(x (0) , x (1)) + βŪ(x0)

where x0 = (x (1) , x (2) , ...).

Proof. Since under Assumption 6.1 Ū (x) exists and is finite, we have

Ū (x) =
∞X
t=0

βtU (x (t) , x (t+ 1))

= U (x (0) , x (1)) + β
∞X
s=0

βsU (x (s+ 1) , x (s+ 2))

= U (x (0) , x (1)) + βŪ(x0)

as defined in the lemma. ¤

We start with the proof of Theorem 6.1. Before providing this proof, it is useful to be

more explicit about what it means for V and V ∗ to be solutions to Problems A1 and A2. Let
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us start with Problem A1. Using the notation introduced in this section, we can write that

for any x (0) ∈ X,

V ∗(x (0)) = sup
x∈Φ(x(0))

Ū(x).

In view of Assumption 6.1, which ensures that all values are bounded, this immediately

implies

(6.9) V ∗(x (0)) ≥ Ū(x) for all x ∈ Φ(x (0)),

since no other feasible sequence of choices can give higher value than the supremum,

V ∗ (x (0)). However, if some function Ṽ satisfies condition (6.9), so will αṼ for α > 1.

Therefore, this condition is not sufficient. In addition, we also require that

(6.10) for any ε > 0, there exists x0 ∈ Φ(x (0)) s.t. V ∗(x (0)) ≤ Ū(x0) + ε,

The conditions for V (·) to be a solution to Problem A2 are similar. For any x (0) ∈ X,

(6.11) V (x (0)) ≥ U(x (0) , y) + βV (y), all y ∈ G(x (0)),

and

(6.12) for any ε > 0, there exists y0 ∈ G (x (0)) s.t. V (x (0)) ≤ U(x (0) , y0) + βV (y) + ε.

We now have:

Proof of Theorem 6.1. If β = 0, Problems A1 and A2 are identical, thus the result

follows immediately. Suppose that β > 0 and take an arbitrary x (0) ∈ X and some x (1) ∈
G (x (0)). The objective function in Problem A1 is continuous in the product topology in

view of Assumptions 6.1 and 6.2 (see Theorem A.11 in Appendix Chapter A). Moreover, the

constraint set Φ(x (0)) is a closed subset of X∞ (infinite product of X). From Assumption

6.1, X is compact. By Tychonoff’s Theorem, Theorem A.12, X∞ is compact in the product

topology. A closed subset of a compact set is compact (Fact A.2 in Appendix Chapter A),

which implies that Φ(x (0)) is compact. Thus we can apply Weierstrass’ Theorem, Theorem

A.9, to Problem A1, to conclude that there exists x ∈Φ(x (0)) attaining V ∗ (x (0)). Moreover,
the constraint set is a continuous correspondence (again in the product topology), so Berge’s

Maximum Theorem, Theorem A.13, implies that V ∗ (x(0)) is continuous. Since x (0) ∈ X and

X is compact, this implies that V ∗ (x (0)) is bounded (Corollary A.1 in Appendix Chapter

A). A similar reasoning implies that there exists x0∈Φ(x (1)) attaining V ∗ (x (1)). Next,

since (x (0) ,x0) ∈Φ(x (0)) and V ∗ (x (0)) is the supremum in Problem A1 starting with x (0),

Lemma 6.1 implies

V ∗ (x (0)) ≥ U (x (0) , x (1)) + βŪ(x0),

= U (x (0) , x (1)) + βV ∗ (x (1)) ,

thus verifying (6.11).
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Next, take an arbitrary ε > 0. By (6.10), there exists

x0ε=(x (0) , x
0
ε (1) , x

0
ε (2) , ...)∈Φ(x (0)) such that

Ū
¡
x0ε
¢
≥ V ∗ (x (0))− ε.

Now since x00ε=(x
0
ε (1) , x

0
ε (2) , ...) ∈Φ(x0ε (1)) and V ∗ (x0ε (1)) is the supremum in Problem A1

starting with x0ε (1), Lemma 6.1 implies

U
¡
x (0) , x0ε (1)

¢
+ βŪ

¡
x00ε
¢
≥ V ∗ (x (0))− ε

U
¡
x (0) , x0ε (1)

¢
+ βV ∗

¡
x0ε (1)

¢
≥ V ∗ (x (0))− ε,

The last inequality verifies (6.12) since x0ε (1) ∈ G (x (0)) for any ε > 0. This proves that any

solution to Problem A1 satisfies (6.11) and (6.12), and is thus a solution to Problem A2.

To establish the reverse, note that (6.11) implies that for any x (1) ∈ G (x (0)),

V (x (0)) ≥ U (x (0) , x (1)) + βV (x (1)) .

Now substituting recursively for V (x (1)), V (x (2)), etc., and defining x =(x (0) , x (1) , ...),

we have

V (x (0)) ≥
nX
t=0

U (x (t) , x (t+ 1)) + βn+1V (x (n+ 1)) .

Since n→∞,
Pn

t=0 U (x (t) , x (t+ 1))→ Ū (x) and βn+1V (x (n+ 1))→ 0 (by hypothesis),

we have that

V (x (0)) ≥ Ū (x) ,
for any x ∈Φ(x (0)), thus verifying (6.9).

Next, let ε > 0 be a positive scalar. From (6.12), we have that for any ε0 = ε (1− β) > 0,

there exists xε (1)∈G (x (0)) such that

V (x (0)) ≤ U (x (0) , xε (1)) + βV (xε (1)) + ε0.

Let xε (t) ∈ G (x (t− 1)), with xε (0) = x (0), and define xε ≡ (x (0) , xε (1) , xε (2) , ...). Again
substituting recursively for V (xε (1)), V (xε (2)),..., we obtain

V (x (0)) ≤
nX
t=0

U (xε (t) , xε (t+ 1)) + βn+1V (x (n+ 1)) + ε0 + ε0β + ...+ ε0βn

≤ Ū (xε) + ε,

where the last step follows using the definition of ε (in particular that ε = ε0
P∞

t=0 β
t) and

because as n→∞,
Pn

t=0 U (xε (t) , xε (t+ 1))→ Ū (xε). This establishes that V (0) satisfies

(6.10), and completes the proof. ¤

In economic problems, we are often interested not in the maximal value of the program but

in the optimal plans that achieve this maximal value. Recall that the question of whether the

optimal path resulting from Problems A1 and A2 are equivalent was addressed by Theorem

6.2. We now provide a proof of this theorem.
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Proof of Theorem 6.2. By hypothesis x∗ ≡ (x (0) , x∗ (1) , x∗ (2) , ...) is a solution

to Problem A1, i.e., it attains the supremum, V ∗ (x (0)) starting from x (0). Let x∗t ≡
(x∗ (t) , x∗ (t+ 1) , ...).

We first show that for any t ≥ 0, x∗t attains the supremum starting from x∗ (t), so that

(6.13) Ū(x∗t ) = V ∗ (x (t)) .

The proof is by induction. The base step of induction, for t = 0, is straightforward, since, by

definition, x∗0 = x
∗ attains V ∗ (x (0)).

Next suppose that the statement is true for t, so that (6.13) is true for t, and we will

establish it for t+ 1. Equation (6.13) implies that

V ∗(x∗ (t)) = Ū(x∗t )(6.14)

= U(x∗ (t) , x∗ (t+ 1)) + βŪ(x∗t+1).

Let xt+1 = (x∗ (t+ 1) , x (t+ 2) , ...) ∈Φ(x∗ (t+ 1)) be any feasible plan starting with

x∗ (t+ 1). By definition, xt = (x∗ (t) ,xt+1) ∈Φ(x∗ (t)). Since V ∗ (x∗ (t)) is the supremum
starting with x∗ (t), we have

V ∗ (x∗ (t)) ≥ Ū(xt)

= U(x∗ (t) , x∗ (t+ 1)) + βŪ(xt+1).

Combining this inequality with (6.14), we obtain

V ∗ (x∗ (t+ 1)) = Ū(x∗t+1) ≥ Ū(xt+1)

for all xt+1 ∈Φ(x∗ (t+ 1)). This establishes that x∗t+1 attains the supremum starting from

x∗ (t+ 1) and completes the induction step, proving that equation (6.13) holds for all t ≥ 0.
Equation (6.13) then implies that

V ∗ (x∗ (t)) = Ū(x∗t )

= U(x∗ (t) , x∗ (t+ 1)) + βŪ(x∗t+1)

= U(x∗ (t) , x∗ (t+ 1)) + βV ∗ (x∗ (t+ 1)) ,

establishing (6.3) and thus completing the proof of the first part of the theorem.

Now suppose that (6.3) holds for x∗ ∈Φ(x (0)). Then substituting repeatedly for x∗, we
obtain

V ∗ (x (0)) =
nX
t=0

βtU (x∗ (t) , x∗ (t+ 1)) + βn+1V ∗ (x (n+ 1)) .

In view of the fact that V ∗ (·) is bounded, we have that

Ū(x∗) = lim
n→∞

nX
t=0

βtU (x∗ (t) , x∗ (t+ 1))

= V ∗ (x (0)) ,
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thus x∗ attains the optimal value in Problem A1, completing the proof of the second part of

the theorem. ¤

We have therefore established that under Assumptions 6.1 and 6.2, we can freely inter-

change Problems A1 and A2. Our next task is to prove that a policy achieving the optimal

path exists for both problems. We will provide two alternative proofs for this to show how

this conclusion can be reached either by looking at Problem A1 or at Problem A2, and

then exploiting their equivalence. The first proof is more abstract and works directly on the

sequence problem, Problem A1.

Proof of Theorem 6.3. (Version 1) Consider Problem A1. The argument at the

beginning of the proof of Theorem 6.1 again enables us to apply Weierstrass’s Theorem,

Theorem A.9 to conclude that an optimal path x ∈Φ(0) exists. ¤

Proof of Theorem 6.3. (Version 2) Let C (X) be the set of continuous functions

defined on X, endowed with the sup norm, kfk = supx∈X |f(x)|. In view of Assumption 6.2,
the relevant set X is compact and therefore all functions in C (X) are bounded since they

are continuous and X is compact (Corollary A.1 in Chapter A). For V ∈ C (X), define the
operator T as

(6.15) TV (x) = max
y∈G(x)

{U(x, y) + βV (y)} .

A fixed point of this operator, V = TV , will be a solution to Problem A2. We first prove

that such a fixed point (solution) exists. The maximization problem on the right-hand side

of (6.15) is one of maximizing a continuous function over a compact set, and by Weierstrass’s

Theorem, Theorem A.9, it has a solution. Consequently, T is well-defined. Moreover, because

G (x) is a nonempty and continuous correspondence by Assumption 6.1 and U (x, y) and

V (y) are continuous by hypothesis, Berge’s Maximum Theorem, Theorem A.13, implies that

max
y∈G(x)

{U(x, y) + βV (y)} is continuous in x, thus TV (x) ∈ C (X) and T maps C (X) into

itself.

Next, it is also straightforward to verify that T satisfies Blackwell’s sufficient conditions

for a contraction in Theorem 6.9 (see Exercise 6.6). Therefore, applying Theorem 6.7, a

unique fixed point V ∈ C(X) to (6.15) exists and this is also the unique solution to Problem
A2.

Now consider the maximization in Problem A2. Since U and V are continuous and G (x)

is compact-valued, we can apply Weierstrass’s Theorem once more to conclude that y ∈ G (x)

achieving the maximum exists. This defines the set of maximizers Π (x) for Problem A2. Let

x∗ = (x (0) , x∗ (1) , ...) with x∗ (t+ 1) ∈ Π (x∗ (t)) for all t ≥ 0. Then from Theorems 6.1 and

6.2, x∗ is also and optimal plan for Problem A1. ¤
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These two proofs illustrate how different approaches can be used to reach the same con-

clusion, once the equivalences in Theorems 6.1 and 6.2 have been established.

An additional result that follows from the second version of the theorem (which can also

be derived from version 1, but would require more work), concerns the properties of the

correspondence of maximizing values

Π : X ⇒ X.

An immediate application of the Theorem of the Maximum, Theorem A.13 in Appendix

Chapter A, implies that Π is a upper hemi-continuous and compact-valued correspondence.

This observation will be used in the proof of Corollary 6.1. Before turning to this corollary, we

provide a proof of Theorem 6.4, which shows how Theorem 6.8 can be useful in establishing

a range of results in dynamic optimization problems.

Proof of Theorem 6.4. Recall that C (X) is the set of continuous (and bounded)

functions over the compact set X. Let C0(X) ⊂ C(X) be the set of bounded, continuous,
(weakly) concave functions on X, and let C00(X) ⊂ C0(X) be the set of strictly concave

functions. Clearly, C0(X) is a closed subset of the complete metric space C(X), but C00(X)

is not a closed subset. Let T be as defined in (6.15). Since it is a contraction, it has a unique

fixed point in C (X). By Theorem 6.8, proving that T [C0(X)] ⊂ C00(X) ⊂ C0 (X) would be
sufficient to establish that this unique fixed point is in C00 (X) and hence the value function

is strictly concave. Let V ∈ C0(X) and for x0 6= x00 and α ∈ (0, 1), let

xα ≡ αx0 + (1− α)x00.

Let y0 ∈ G(x0) and y00 ∈ G(x00) be solutions to Problem A2 with state vectors x0 and x00. This

implies that

TV (x0) = U
¡
x0, y0

¢
+ βV

¡
y0
¢
and

TV (x00) = U
¡
x00, y00

¢
+ βV

¡
y00
¢
.(6.16)

In view of Assumption 6.3 (that G is convex valued) yα ≡ αy0 + (1− α) y00 ∈ G(xα), so that

TV (xα) ≥ U(xα, yα) + βV (yα),

> α
£
U
¡
x0, y0

¢
+ βV

¡
y0
¢¤

+(1− α)[U
¡
x00, y00

¢
+ βV

¡
y00
¢
]

= αTV (x0) + (1− α)TV (x00),

where the first line follows by the fact that yα ∈ G (xα) is not necessarily the maximizer.

The second line uses Assumption 6.3 (strict concavity of U), and the third line is simply the

definition introduced in (6.16). This argument implies that for any V ∈ C0(X), TV is strictly
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concave, thus T [C0(X)] ⊂ C00(X). Then Theorem 6.8 implies that the unique fixed point V ∗

is in C00 (X), and hence it is strictly concave. ¤

proof of Corollary 6.1. Assumption 6.3 implies that U (x, y) is concave in y, and

under this assumption, Theorem 6.4 established that V (y) is strictly concave in y. The sum of

a concave function and a strictly concave function is strictly concave, thus the right-hand side

of Problem A2 is strictly concave in y. Therefore, combined with the fact that G (x) is convex

for each x ∈ X (again Assumption 6.3), there exists a unique maximizer y ∈ G (x) for each

x ∈ X. This implies that the policy correspondence Π (x) is single-valued, thus a function,

and can thus be expressed as π (x). Since Π (x) is upper hemi-continuous as observed above,

so is π(x). Since an upper hemi-continuous function is continuous, the corollary follows. ¤

proof of Theorem 6.5. The proof again follows from Theorem 6.8. LetC0(X) ⊂ C(X)
be the set of bounded, continuous, nondecreasing functions on X, and let C00(X) ⊂ C0(X) be
the set of strictly increasing functions. Since C0(X) is a closed subset of the complete metric

space C(X), Theorem 6.8 implies that if T [C0(X)] ⊂ C00(X), then the fixed point to (6.15),
i.e., V , is in C00 (X), and therefore, it is a strictly increasing function. To see that this is the

case, consider any V ∈ C0 (X), i.e., any nondecreasing function. In view of Assumption 6.4,
maxy∈G(x) {U (x, y) + βV (y)} is strictly increasing. This establishes that TV ∈ C00 (X) and
completes the proof. ¤

proof of Theorem 6.6. From Corollary 6.1, Π (x) is single-valued, thus a function that

can be represented by π (x). By hypothesis, π(x (0)) ∈ IntG(x (0)) and from Assumption 6.2

G is continuous. Therefore, there exists a neighborhoodN (x (0)) of x (0) such that π(x (0)) ∈
IntG(x), for all x ∈ N (x (0)). Define W (·) on N (x (0)) by

W (x) = U (x, π(x (0))) + βV (π(x (0))) .

In view of Assumptions 6.3 and 6.5, the fact that V [π(x (0))] is a number (independent of

x), and the fact that U is concave and differentiable, W (·) is concave and differentiable.
Moreover, since π(x (0)) ∈ G(x) for all x ∈ N (x (0)), it follows that

(6.17) W (x) ≤ max
y∈G(x)

{U(x, y) + βV (y)} = V (x), for all x ∈ N (x (0))

with equality at x (0).

Since V (·) is concave, −V (·) is convex, and by a standard result in convex analysis, it
possesses subgradients. Moreover, any subgradient p of −V at x (0) must satisfy

p · (x− x (0)) ≥ V (x)− V (x (0)) ≥W (x)−W (x (0)), for all x ∈ N (x (0)) ,

where the first inequality uses the definition of a subgradient and the second uses the fact

that W (x) ≤ V (x), with equality at x (0) as established in (6.17). This implies that every
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subgradient p of −V is also a subgradient of −W . Since W is differentiable at x (0), its

subgradient p must be unique, and another standard result in convex analysis implies that

any convex function with a unique subgradient at an interior point x (0) is differentiable at

x (0). This establishes that −V (·), thus V (·), is differentiable as desired.
The expression for the gradient (6.4) is derived in detail in the next section. ¤

6.5. Fundamentals of Dynamic Programming

In this section, we return to the fundamentals of dynamic programming and show how

they can be applied in a range of problems. The main result in this section is Theorem

6.10, which shows how dynamic first-order conditions, the Euler equations, together with the

transversality condition are sufficient to characterize solutions to dynamic optimization prob-

lems. This theorem is arguably more useful in practice than the main dynamic programming

theorems presented above.

6.5.1. Basic Equations. Consider the functional equation corresponding to Problem

A2:

(6.18) V (x) = max
y∈G(x)

{U(x, y) + βV (y)} , for all x ∈ X.

Let us assume throughout that Assumptions 6.1-6.5 hold. Then from Theorem 6.4, the

maximization problem in (6.18) is strictly concave, and from Theorem 6.6, the maximand

is also differentiable. Therefore for any interior solution y ∈IntG (x), the first-order condi-
tions are necessary and sufficient for an optimum. In particular, optimal solutions can be

characterized by the following convenient Euler equations:

(6.19) DyU(x, y
∗) + βDxV (y

∗) = 0,

where we use ∗’s to denote optimal values and once again D denotes gradients (recall that, in

the general case, x is a vector not a scalar, thus DxU is a vector of partial derivatives and we

denote the vector of partial derivatives of the value function V evaluated at y by DxV (y)).

The set of first-order conditions in equation (6.19) would be sufficient to solve for the

optimal policy, y∗, if we knew the form of the V (·) function. Since this function is determined
recursively as part of the optimization problem, there is a little more work to do before we

obtain the set of equations that can be solved for the optimal policy.

Fortunately, we can use the equivalent of the Envelope Theorem for dynamic programming

and differentiate (6.18) with respect to the state vector, x, to obtain:

(6.20) DxV (x) = DxU(x, y
∗).

The reason why this is the equivalent of the Envelope Theorem is that the term DyU (x, y
∗)+

βDxV (y
∗) times the induced change in y in response to the change in x is absent from the

expression. This is because the term DyU (x, y
∗) + βDxV (y

∗) = 0 from (6.19).
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Now using the notation y∗ = π (x) to denote the optimal policy function (which is single-

valued in view of Assumption 6.3) and the fact that DxV (y) = DxV (π (x)), we can combine

these two equations to write

(6.21) DyU(x, π (x)) + βDxU (π (x) , π (π (x))) = 0,

where DxU represents the gradient vector of U with respect to its first K arguments, and

DyU represents its gradient with respect to the second set of K arguments. Notice that

(6.21) is a functional equation in the unknown function π (·) and characterizes the optimal
policy function.

These equations become even simpler and more transparent in the case where both x and

y are scalars. In this case, (6.19) becomes:

(6.22)
∂U(x, y∗)

∂y
+ βV 0 (y∗) = 0,

where V 0 the notes the derivative of the V function with respect to it single scalar argument.

This equation is very intuitive; it requires the sum of the marginal gain today from

increasing y and the discounted marginal gain from increasing y on the value of all future

returns to be equal to zero. For instance, as in Example 6.1, we can think of U as decreasing

in y and increasing in x; equation (6.22) would then require the current cost of increasing y

to be compensated by higher values tomorrow. In the context of growth, this corresponds to

current cost of reducing consumption to be compensated by higher consumption tomorrow.

As with (6.19), the value of higher consumption in (6.22) is expressed in terms of the derivative

of the value function, V 0 (y∗), which is one of the unknowns. To make more progress, we use

the one-dimensional version of (6.20) to find an expression for this derivative:

(6.23) V 0 (x) =
∂U(x, y∗)

∂x
.

Now in this one-dimensional case, combining (6.23) together with (6.22), we have the

following very simple condition:

∂U(x, π (x))

∂y
+ β

∂U(π (x) , π (π (x)))

∂x
= 0

where ∂x denotes the derivative with respect to the first argument and ∂y with respect to

the second argument.

Alternatively, we could write the one-dimensional Euler equation with the time arguments

as

(6.24)
∂U(x (t) , x∗ (t+ 1))

∂x (t+ 1)
+ β

∂U(x∗ (t+ 1) , x∗ (t+ 2))

∂x (t+ 1)
= 0.

However, this Euler equation is not sufficient for optimality. In addition we need the transver-

sality condition. The transversality condition is essential in infinite-dimensional problems,

because it makes sure that there are no beneficial simultaneous changes in an infinite number
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of choice variables. In contrast, in finite-dimensional problems, there is no need for such a

condition, since the first-order conditions are sufficient to rule out possible gains when we

change many or all of the control variables at the same time. The role that the transversal-

ity condition plays in infinite-dimensional optimization problems will become more apparent

after we see Theorem 6.10 and after the discussion in the next subsection.

In the general case, the transversality condition takes the form:

(6.25) lim
t→∞

βtDx(t)U(x
∗ (t) , x∗ (t+ 1)) · x∗ (t) = 0,

where “·” denotes the inner product operator. In the one-dimensional case, we have the
simpler transversality condition:

(6.26) lim
t→∞

βt
∂U(x∗ (t) , x∗ (t+ 1))

∂x (t)
· x∗ (t) = 0.

In words, this condition requires that the product of the marginal return from the state

variable x times the value of this state variable does not increase asymptotically at a rate

faster than 1/β.

The next theorem shows that the transversality condition together with the transformed

Euler equations in (6.21) are sufficient to characterize an optimal solution to Problem A1 and

therefore to Problem A2. Exercise 6.11 in fact shows that a stronger version of this result

applies even when the problem is nonstationary, and I will discuss an application of this more

general version of the theorem below.

Theorem 6.10. (Euler Equations and the Transversality Condition) Let X ⊂
RK
+ , and suppose that Assumptions 6.1-6.5 hold. Then a sequence {x∗ (t+ 1)}∞t=0, with

x∗ (t+ 1) ∈IntG(x∗ (t)), t = 0, 1, . . . , is optimal for Problem A1 given x (0), if it satisfies

(6.21) and (6.25).

Proof. Consider an arbitrary x (0) and x∗ ≡ (x (0) , x∗ (1) , ...) ∈Φ(x (0)) be a feasible
(nonnegative) sequence satisfying (6.21) and (6.25). We first show that x∗ yields higher value

than any other x ≡ (x (0) , x (1) , ...) ∈Φ(x (0)). For any x ∈Φ(x (0)), define

∆x ≡ lim
T→∞

TX
t=0

βt[U(x∗ (t) , x∗ (t+ 1))− U(x (t) , x (t+ 1))]

as the difference of the objective function between the feasible sequences x∗ and x.

From Assumptions 6.2 and 6.5, U is continuous, concave, and differentiable. By definition

of a concave function, we have

∆x ≥ lim
T→∞

TX
t=0

βt[DxU(x
∗ (t) , x∗ (t+ 1)) · (x∗ (t)− x (t))

+DxU(x
∗ (t) , x∗ (t+ 1)) · (x∗ (t+ 1)− x (t+ 1))]
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for any x ∈Φ(x (0)). Using the fact that x∗ (0) = x (0) and rearranging terms, we obtain

∆x ≥

lim
T→∞

TX
t=0

βt [DyU(x
∗ (t) , x∗ (t+ 1)) + βDxU(x

∗ (t+ 1) , x∗ (t+ 2))] · (x∗ (t+ 1)− x (t+ 1))

− lim
T→∞

βTDxU(x
∗ (T ) , x∗ (T + 1)) · x∗ (T + 1)

+ lim
T→∞

βTDxU(x
∗ (T ) , x∗ (T + 1)) · x (T + 1)).

Since x∗ satisfies (6.21), the terms in first line are all equal to zero. Moreover, since it satisfies

(6.25), the second line is also equal to zero. Finally, from Assumption 6.4, U is increasing

in x, i.e., DxU ≥ 0 and x ≥ 0, so the last term is nonnegative, establishing that ∆x ≥ 0 for
any x ∈Φ(x (0)). Consequently, x∗ yields higher value than any feasible x ∈Φ(x (0)) and is
therefore optimal. ¤

We now illustrate how the tools that have been developed so far can be used in the context

of the problem of optimal growth, which will be further discussed in Section 6.6.

Example 6.4. Consider the following optimal growth, with log preferences, Cobb-Douglas

technology and full depreciation of capital stock

max
{c(t),k(t+1)}∞t=0

∞X
t=0

βt ln c (t)

subject to

k (t+ 1) = k (t)α − c (t)

k (0) = k0 > 0,

where, as usual, β ∈ (0, 1), k denotes the capital-labor ratio (capital stock), and the resource
constraint follows from the production function KαL1−α, written in per capita terms.

This is one of the canonical examples which admits an explicit-form characterization. To

derive this, let us follow Example 6.1 and set up the maximization problem in its recursive

form as

V (x) = max
y≥0

{ln (xα − y) + βV (y)} ,

with x corresponding to today’s capital stock and y to tomorrow’s capital stock. Our main

objective is to find the policy function y = π (x), which determines tomorrow’s capital stock

as a function of today’s capital stock. Once this is done, we can easily determine the level of

consumption as a function of today’s capital stock from the resource constraint.

It can be verified that this problem satisfies Assumptions 6.1-6.5. The only non-obvious

feature here is whether x and y indeed belong to a compact set. The argument used in

Section 6.6 for Proposition 6.1 can be used to verify that this is the case, and we will not

repeat the argument here. Consequently, Theorems 6.1-6.6 apply. In particular, since V (·)
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is differentiable, the Euler equation for the one-dimensional case, (6.22), implies
1

xα − y
= βV 0 (y) .

The envelope condition, (6.23), gives:

V 0 (x) =
αxα−1

xα − y
.

Thus using the notation y = π (x) and combining these two equations, we have

1

xα − π (x)
= β

απ (x)α−1

π (x)α − π (π (x))
for all x,

which is a functional equation in a single function, π (x). There are no straightforward ways

of solving functional equations, but in most cases guess-and-verify type methods are most

fruitful. For example in this case, let us conjecture that

(6.27) π (x) = axα.

Substituting for this in the previous expression, we obtain

1

xα − axα
= β

αaα−1xα(α−1)

aαxα2 − a1+αxα2
,

=
β

a

α

xα − axα
,

which implies that, with the policy function (6.28), a = βα satisfies this equation. Recall

from Corollary 6.1 that, under the assumptions here, there is a unique policy function. Since

we have established that the function

π (x) = βαxα

satisfies the necessary and sufficient conditions (Theorem 6.10), it must be the unique policy

function. This implies that the law of motion of the capital stock is

(6.28) k (t+ 1) = βαk (t)α

and the optimal consumption level is

c (t) = (1− βa) k (t)α .

Exercise 6.7 continues with some of the details of this example, and also shows how the

optimal growth equilibrium involves a sequence of capital-labor ratios converging to a unique

steady state.

Finally, we now have a brief look at the intertemporal utility maximization problem of a

consumer facing a certain income sequence.

Example 6.5. Consider the problem of an infinitely-lived consumer with instantaneous util-

ity function defined over consumption u (c), where u : R+ → R is strictly increasing, contin-
uously differentiable and strictly concave. The individual discounts the future exponentially

with the constant discount factor β ∈ (0, 1). He also faces a certain (nonnegative) labor
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income stream of {w (t)}∞t=0, and moreover starts life with a given amount of assets a (0). He
receives a constant net rate of interest r > 0 on his asset holdings (so that the gross rate of

return is 1 + r). To start with, let us suppose that wages are constant, that is, w (t) = w.

Then, the utility maximization problem of the individual can be written as

max
{c(t),a(t)}∞t=0

∞X
t=0

βtu (c (t))

subject to the flow budget constraint

a (t+ 1) = (1 + r) (a (t) + w − c (t)) ,

with a (0) > 0 given. In addition, we impose the assumption that the individual cannot have

a negative asset holdings, so a (t) ≥ 0 for all t. This example is one of the most common
applications of dynamic optimization in economics. Unfortunately, the reader will notice

that the feasible set for the state variable a (t) is not necessarily compact, so the theorems

developed so far cannot be directly applied to this problem. One way of proceeding is to

strengthen these theorems, so that they cover situations in which the feasible set (X in terms

of the notation above) is potentially unbounded. While such a strengthening is possible,

it requires additional arguments. An alternative approach is to make use of the economic

structure of the model. In particular, the following method works in general (but not always,

see Exercise 6.13). Let us choose some ā and limit a (t) to lie in the set [0, ā]. Solve the

problem and then verify that indeed a (t) is in the interior of this set. In this example, we

can choose ā ≡ a (0)+w/r, which is the sum of the net present discounted value of the labor

earnings of the individual and his initial wealth, and will be assumed to be finite below. This

strategy of finding an upper bound for the state variable and thus ensuring that it will lie in

a compact set is used often in applications.

A couple of additional comments are useful at this point. First the budget constraint

could have been written alternatively as a (t+ 1) = (1 + r) a (t) + w − c (t). The difference

between these two alternative budget constraints involes the timing of interest payments.

The first one presumes that the individual starts the period with assets a (t), then receives

his labor income, w (t), and then consumes c (t). Whatever is left is saved for the next date

and earns the gross interest rate (1 + r). In this formulation, a (t) refers to asset holdings

at the beginning of time t. The alternative formulation instead interprets a (t) as asset

holdings at the end of time t. The choice between these two formulations has no bearing

on the results. Observe also that the flow budget constraint does not capture all of the

constraints that individual must satisfy. In particular, an individual can satisfy the flow

budget constraint, but run his assets position to −∞. In general to prevent this, we need
to impose an additional restriction, for example, that the asset position of the individual
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does not become “too negative” at infinity. However, here we do not need this additional

restriction, since we have already imposed that a (t) ≥ 0 for all t.
Let us also focus on the case where the wealth of the individual is finite, so a (0) < ∞

and w/r < ∞. With these assumptions, let us now write the recursive formulation of the
individual’s maximization problem. The state variable is a (t), and consumption can be

expressed as

c (t) = a (t) +w − (1 + r)−1 a (t+ 1) .

With standard arguments and denoting the current value of the state variable by a and its

future value by a0, the recursive form of this dynamic optimization problem can be written

as

V (a) = max
a0∈[0,ā]

n
u
³
a+ w − (1 + r)−1 a0

´
+ βV

¡
a0
¢o

.

Clearly u (·) is strictly increasing in a, continuously differentiable in a and a0 and is strictly

concave in a. Moreover, since u (·) is continuously differentiable in a ∈ (0, ā) and the individ-
ual’s wealth is finite, V (a (0)) is also finite. Thus all of the results from our analysis above,

in particular Theorems 6.1-6.6, apply and imply that V (a) is differentiable and a continuous

solution a0 = π (a) exists. Moreover, we can use the Euler equation (6.19), or its more specific

form (6.22) for one-dimensional problems to characterize the optimal consumption plan. In

particular,

u0
³
a+ w − (1 + r)−1 a0

´
=(6.29)

u0 (c) = β (1 + r)V 0
¡
a0
¢
.

This important equation is often referred to as the “consumption Euler” equation. It states

that the marginal utility of current consumption must be equal to the marginal increase in

the continuation value multiplied by the product of the discount factor, β, and the gross

rate of return to savings, (1 + r). It captures the essential economic intuition of dynamic

programming approach, which reduces the complex infinite-dimensional optimization problem

to one of comparing today to “tomorrow”. Naturally, the only difficulty here is that tomorrow

itself will involve a complicated maximization problem and hence tomorrow’s value function

and its derivative are endogenous. But here the envelope condition, (6.23), again comes to

our rescue and gives us

V 0
¡
a0
¢
= u0

¡
c0
¢
,

where c0 refers to next period’s consumption. Using this relationship, the consumption Euler

equation becomes

(6.30) u0 (c) = β (1 + r)u0
¡
c0
¢
.

This form of the consumption Euler equation is more familiar and requires the marginal utility

of consumption today to be equal to the marginal utility of consumption tomorrow multiplied
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by the product of the discount factor and the gross rate of return. Since we have assumed that

β and (1 + r) are constant, the relationship between today’s and tomorrow’s consumption

never changes. In particular, since u (·) is assumed to be continuously differentiable and
strictly concave, u0 (·) always exists and is strictly decreasing. Therefore, the intertemporal
consumption maximization problem implies the following simple rule:

(6.31)
if r = β−1 − 1 c = c0 and consumption is constant over time
if r > β−1 − 1 c < c0 and consumption increases over time
if r < β−1 − 1 c > c0 and consumption decreases over time.

The remarkable feature is that these statements have been made without any reference to

the initial level of asset holdings a (0) and the wage rate w. It turns out that these only

determine the initial level of consumption. The “slope” of the optimal consumption path

is independent of the wealth of the individual. Exercise 6.12 asks you to determine the

level of initial consumption using the transversality condition and the intertemporal budget

constraint, while Exercise 6.13 asks you to verify that whenever r ≤ β − 1, a (t) ∈ (0, ā) for
all t (so that the artificial bounds on asset holdings that I imposed have no bearing on the

results).

The problem so far is somewhat restrictive, because of the assumption that wages are con-

stant over time. What happens if instead there is an arbitrary sequence of wages {w (t)}∞t=0?
Let us assume that these are known in advance, so that there is no uncertainty. Under this

assumption, all of the results derived in this example, in particular, the characterization in

(6.31), still apply, but some additional care is necessary, since in this case the budget con-

straint of the individual, thus the constraint correspondence G in terms of the general formu-

lation above, is no longer “autonomous” (independent of time). In this case, two approaches

are possible. The first is to introduce an additional state variable. For example, one can intro-

duce the net present discounted value of future labor earnings, h (t) =
P∞

s=0 (1 + r)−sw (s),

as an additional state variable. In this case, the budget constraint of the individual can be

written as

a (t+ 1) + h (t+ 1) ≤ (1 + r) (a (t) + h (t)− c (t)) ,

and a similar analysis can be applied with the value function defined over two state variables,

V (a, h). This approach is economically meaningful, since the net present discounted value of

future earnings is a relevant state variable. But it does not always solve our problems. First,

h (t) is now a state variable that has its own non-autonomous evolution (rather than being

directly controlled by the individual), so our previous analysis needs to be modified. Second,

in many problems, it is difficult to find an economically meaningful additional state variable.

Fortunately, however, one can directly apply Theorem 6.10, even when Theorems 6.1-6.6 do

not hold. Exercise 6.11 contains the generalization of Theorem 6.10 that enables us to do

that, and Exercise 6.12 applies this result to the consumption problem with a time-varying
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sequence of labor income {w (t)}∞t=0. It also shows that the exact shape of this labor income
sequence has no effect on the slope or level of the consumption profile.

6.5.2. Dynamic Programming Versus the Sequence Problem. To get more in-

sights into dynamic programming, let us return to the sequence problem. Also, let us suppose

that x is one dimensional and that there is a finite horizon T . Then the problem becomes

max
{x(t+1)}Tt=0

TX
t=0

βtU(x (t) , x (t+ 1))

subject to x (t+ 1) ≥ 0 with x (0) as given. Moreover, let U(x (T ) , x (T + 1)) be the last

period’s utility, with x (T + 1) as the state variable left after the last period (this utility could

be thought of as the “salvage value” for example).

In this case, we have a finite-dimensional optimization problem and we can simply look

at first-order conditions. Moreover, let us again assume that the optimal solution lies in

the interior of the constraint set, i.e., x∗ (t) > 0, so that we do not have to worry about

boundary conditions and complementary-slackness type conditions. Given these, the first-

order conditions of this finite-dimensional problem are exactly the same as the above Euler

equation. In particular, we have

for any 0 ≤ t ≤ T − 1, ∂U(x
∗ (t) , x∗ (t+ 1))

∂x (t+ 1)
+ β

∂U (x∗ (t+ 1) , x∗ (t+ 2))

∂x (t+ 1)
= 0,

which are identical to the Euler equations for the infinite-horizon case. In addition, for

x (T + 1), we have the following boundary condition

(6.32) x∗ (T + 1) ≥ 0, and βT
∂U(x∗ (T ) , x∗ (T + 1))

∂x (T + 1)
x∗ (T + 1) = 0.

Intuitively, this boundary condition requires that x∗ (T + 1) should be positive only if an

interior value of it maximizes the salvage value at the end. To provide more intuition for this

expression, let us return to the formulation of the optimal growth problem in Example 6.1.

Example 6.6. Recall that in terms of the optimal growth problem, we have

U (x (t) , x (t+ 1)) = u (f (x (t)) + (1− δ)x (t)− x (t+ 1)) ,

with x (t) = k (t) and x (t+ 1) = k (t+ 1). Suppose we have a finite-horizon optimal growth

problem like the one discussed above where the world comes to an end at date T . Then at

the last date T , we have

∂U(x∗ (T ) , x∗ (T + 1))

∂x (T + 1)
= −u0 (c∗ (T + 1)) < 0.

From (6.32) and the fact that U is increasing in its first argument (Assumption 6.4), an

optimal path must have k∗ (T + 1) = x∗ (T + 1) = 0. Intuitively, there should be no capital

left at the end of the world. If any resources were left after the end of the world, utility could

be improved by consuming them either at the last date or at some earlier date.

244



Introduction to Modern Economic Growth

Now, heuristically we can derive the transversality condition as an extension of condition

(6.32) to T →∞. Take this limit, which implies

lim
T→∞

βT
∂U(x∗ (T ) , x∗ (T + 1))

∂x (T + 1)
x∗ (T + 1) = 0.

Moreover, as T →∞, we have the Euler equation
∂U(x∗ (T ) , x∗ (T + 1))

∂x (T + 1)
+ β

∂U(x∗ (T + 1) , x∗ (T + 2))

∂x (T + 1)
= 0.

Substituting this relationship into the previous equation, we obtain

− lim
T→∞

βT+1
∂U(x∗ (T + 1) , x∗ (T + 2))

∂x (T + 1)
x∗ (T + 1) = 0.

Canceling the negative sign, and without loss of any generality, changing the timing:

lim
T→∞

βT
∂U(x∗ (T ) , x∗ (T + 1))

∂x (T )
x∗ (T ) = 0,

which is exactly the transversality condition in (6.26). This derivation also highlights that

alternatively we could have had the transversality condition as

lim
T→∞

βT
∂U(x∗ (T ) , x∗ (T + 1))

∂x (T + 1)
x∗ (T + 1) = 0,

which emphasizes that there is no unique transversality condition, but we generally need a

boundary condition at infinity to rule out variations that change an infinite number of control

variables at the same time. A number of different boundary conditions at infinity can play

this role. We will return to this issue when we look at optimal control in continuous time.

6.6. Optimal Growth in Discrete Time

We are now in a position to apply the methods developed so far to characterize the solution

to the standard discrete time optimal growth problem introduced in the previous chapter.

Example 6.4 already showed how this can be done in the special case with logarithmic utility,

Cobb-Douglas production function and full depreciation. In this section, we will see that the

results apply more generally to the canonical optimal growth model introduced in Chapter

5.

Recall the optimal growth problem for a one-sector economy admitting a representative

household with instantaneous utility function u and discount factor β ∈ (0, 1). This can be
written as

(6.33) max
{c(t),k(t)}∞t=0

∞X
t=0

βtu (c (t))

subject to

(6.34) k (t+ 1) = f(k (t)) + (1− δ) k (t)− c (t) and k (t) ≥ 0,

with the initial capital stock given by k (0).
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We continue to make the standard assumptions on the production function as in Assump-

tions 1 and 2. In addition, we assume that:

Assumption 30. u : [c,∞)→ R is continuously differentiable and strictly concave for

c ∈ [0,∞).
This is considerably stronger than what we need. In fact, concavity or even continuity

is enough for most of the results. But this assumption helps us avoid inessential technical

details. The lower bound on consumption is imposed to have a compact set of consumption

possibilities. We refer to this as Assumption 30 to distinguish it from the very closely related

Assumption 3 that will be introduced and used in Chapter 8 and thereafter.

The first step is to write the optimal growth problem as a (stationary) dynamic program-

ming problem. This can be done along the lines of the above formulations. In particular, let

the choice variable be next date’s capital stock, denoted by s. Then the resource constraint

(6.34) implies that current consumption is given by c = f (k)+(1− δ) k− s, and thus we can
write the open growth problem in the following recursive form:

(6.35) V (k) = max
s∈G(k)

{u (f (k) + (1− δ) k − s) + βV (s)}

where G (k) is the constraint correspondence, given by the interval [0, f (k) + (1− δ) k − c],

which imposes that consumption cannot fall below c and that the capital stock cannot be

negative.

It can be verified that under Assumptions 1, 2 and 30, the optimal growth problem satisfies

Assumptions 6.1-6.5 of the dynamic programming problems. The only non-obvious feature is

that the level of consumption and capital stock belong to a compact set. To verify that this

is the case, note that the economy can never settle into a level of capital-labor ratio greater

than k̄, defined by

δk̄ = f
¡
k̄
¢
,

since this is the capital-labor ratio that would sustain itself when consumption is set equal to

0. If the economy starts with k (0) < k̄, it can never exceed k̄. If it starts with k (0) > k̄, it

can never exceed k (0). Therefore, without loss of any generality, we can restrict consumption

and capital stock to lie in the compact set
h
0, k
i
, where

k ≡ f
¡
max

©
k (0) , k̄

ª¢
+ (1− δ)max

©
k (0) , k̄

ª
.

Consequently, Theorems 6.1-6.6 immediately apply to this problem and we can use these

results to derive the following proposition to characterize the optimal growth path of the

one-sector infinite-horizon economy.

Proposition 6.1. Given Assumptions 1, 2 and 30, the optimal growth model as specified

in (6.33) and (6.34) has a solution characterized by the value function V (k) and consumption
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function c (k). The capital stock of the next period is given by s (k) = f (k)+(1− δ) k−c (k).
Moreover, V (k) is strictly increasing and concave and s (k) is nondecreasing in k.

Proof. Optimality of the solution to the value function (6.35) for the problem (6.33)

and (6.34) follows from Theorems 6.1 and 6.2. That V (k) exists follows from Theorem 6.3,

and the fact that it is increasing and strictly concave, with the policy correspondence being

a policy function follows from Theorem 6.4 and Corollary 6.1.

Thus we only have to show that s (k) is nondecreasing. This can be proved by contradic-

tion. Suppose, to arrive at a contradiction, that s (k) is decreasing, i.e., there exists k and

k0 > k such that s (k) > s (k0). Since k0 > k, s (k) is feasible when the capital stock is k0.

Moreover, since, by hypothesis, s (k) > s (k0), s (k0) is feasible at capital stock k.

By optimality and feasibility, we must have:

V (k) = u (f (k) + (1− δ) k − s (k)) + βV (s (k))

≥ u
¡
f (k) + (1− δ) k − s

¡
k0
¢¢
+ βV

¡
s
¡
k0
¢¢

V
¡
k0
¢
= u

¡
f
¡
k0
¢
+ (1− δ) k0 − s

¡
k0
¢¢
+ βV

¡
s
¡
k0
¢¢

≥ u
¡
f
¡
k0
¢
+ (1− δ) k0 − s (k)

¢
+ βV (s (k)) .

Combining and rearranging these, we have

u (f (k) + (1− δ) k − s (k))− u
¡
f (k) + (1− δ) k − s

¡
k0
¢¢
≥ β

£
V
¡
s
¡
k0
¢¢
− V (s (k))

¤
≥ u

¡
f
¡
k0
¢
+ (1− δ) k0 − s (k)

¢
−u

¡
f
¡
k0
¢
+ (1− δ) k0 − s

¡
k0
¢¢
.

Or denoting z ≡ f (k) + (1− δ) k and x ≡ s (k) and similarly for z0 and x0, we have

(6.36) u
¡
z − x0

¢
− u (z − x) ≤ u

¡
z0 − x0

¢
− u

¡
z0 − x

¢
.

But clearly, ¡
z − x0

¢
− (z − x) =

¡
z0 − x0

¢
−
¡
z0 − x

¢
,

which combined with the fact that z0 > z (since k0 > k) and x > x0 by hypothesis, and that

u is strictly concave and increasing implies

u
¡
z − x0

¢
− u (z − x) > u

¡
z0 − x0

¢
− u

¡
z0 − x

¢
,

contradicting (6.36). This establishes that s (k) must be nondecreasing everywhere. ¤

In addition, Assumption 2 (the Inada conditions) imply that savings and consumption

levels have to be interior, thus Theorem 6.6 applies and immediately establishes:

Proposition 6.2. Given Assumptions 1, 2 and 30, the value function V (k) defined above

is differentiable.
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Consequently, from Theorem 6.10, we can look at the Euler equations. The Euler equation

from (6.35) takes the simple form:

u0 (c) = βV 0 (s)

where s denotes the next date’s capital stock. Applying the envelope condition, we have

V 0 (k) =
£
f 0 (k) + (1− δ)

¤
u0 (c) .

Consequently, we have the familiar condition

(6.37) u0 (c (t)) = β
£
f 0 (k (t+ 1)) + (1− δ)

¤
u0 (c (t+ 1)) .

As before, a steady state is as an allocation in which the capital-labor ratio and consumption

do not depend on time, so again denoting this by *, we have the steady state capital-labor

ratio as

(6.38) β
£
f 0 (k∗) + (1− δ)

¤
= 1,

which is a remarkable result, because it shows that the steady state capital-labor ratio does

not depend on preferences, but simply on technology, depreciation and the discount factor.

We will obtain an analog of this result in the continuous-time neoclassical model as well.

Moreover, since f (·) is strictly concave, k∗ is uniquely defined. Thus we have

Proposition 6.3. In the neoclassical optimal growth model specified in (6.33) and (6.34)

with Assumptions 1, 2 and 30, there exists a unique steady-state capital-labor ratio k∗ given by

(6.38), and starting from any initial k (0) > 0, the economy monotonically converges to this

unique steady state, i.e., if k (0) < k∗, then the equilibrium capital stock sequence k (t) ↑ k∗

and if k (0) > k∗, then the equilibrium capital stock sequence k (t) ↓ k∗.

Proof. Uniqueness and existence were established above. To establish monotone conver-

gence, we start with arbitrary initial capital stock k (0) and observe that k (t+ 1) = s (k (t))

for all t ≥ 0, where s (·) was defined and shown to be nondecreasing in Proposition 6.1. It
must be the case that either k (1) = s (k (0)) ≥ k (0) or k (1) = s (k (0)) < k (0).

Consider the first case. Since s (·) is nondecreasing and k (2) = s (k (1)), we must have

k (2) ≥ k (1). By induction, k (t) = s (k (t− 1)) ≥ k (t− 1) = s (k (t− 2)). Moreover, by
definition k (t) ∈

h
0, k
i
. Therefore, in this case {k (t)}∞t=0 is a nondecreasing sequence in a

compact set starting with k (0) > 0, thus it necessarily converges to some limit k (∞) > 0,

which by definition satisfies k (∞) = s (k (∞)). Since k∗ is the unique steady state (corre-
sponding to positive capital-labor ratio), this implies that k (∞) = k∗, and thus k (t) → k∗.

Moreover, since {k (t)}∞t=0 is nondecreasing, it must be the case that k (t) ↑ k∗, and thus this
corresponds to the case where k (0) ≤ k∗.

248



Introduction to Modern Economic Growth

Next consider the case in which k (1) = s (k (0)) < k (0). The same argument as above

applied in reverse now establishes that {k (t)}∞t=0 is a nonincreasing sequence in the compact
set

h
0, k
i
, thus it converges to a uniquely limit point k (∞). In this case, there are two

candidate values for k (∞), k (∞) = 0 or k (∞) = k∗. The former is not possible, since,

as Exercise 6.18 shows, Assumption 2 implies that s (ε) > ε for ε sufficiently small. Thus

k (∞) = k∗. Since {k (t)}∞t=0 is nonincreasing, in this case we must have k (0) > k∗ and thus

{k (t)}∞t=0 ↓ k∗, completing the proof. ¤

Consequently, in the optimal growth model there exists a unique steady state and the

economy monotonically converges to the unique steady state, for example by accumulating

more and more capital (if it starts with a too low capital-labor ratio).

We can also show that consumption also monotonically increases (or decreases) along the

path of adjustments to the unique-steady state:

Proposition 6.4. c (k) defined in Proposition 6.1 is nondecreasing. Moreover, if k0 < k∗,

then the equilibrium consumption sequence c (t) ↑ c∗ and if k0 > k∗, then c (t) ↓ c∗, where c∗

is given by

c∗ = f (k∗)− δk∗.

Proof. See Exercise 6.16. ¤

This discussion illustrates that the optimal growth model is very tractable, and we can

easily incorporate population growth and technological change as in the Solow growth model.

There is no immediate counterpart of a saving rate, since this depends on the utility function.

But interestingly and very differently from the Solow growth model, the steady state capital-

labor ratio and steady state income level do not depend on the saving rate anyway.

We will return to all of these issues, and provide a more detailed discussion of the equi-

librium growth in the context of the continuous time model. But for now, it is also useful

to see how this optimal growth allocation can be decentralized, i.e., in this particular case

we can use the Second Welfare Theorem to show that the optimal growth allocation is also

a competitive equilibrium.

Finally, it is worth noting that results concerning the convergence behavior of the optimal

growth model are sometimes referred to as the “Turnpike Theorem”. This term is motivated

by the study of finite-horizon versions of this model. In particular, suppose that the economy

ends at some date T > 0. How do optimal growth and capital accumulation look like in this

economy? The early literature on optimal growth showed that as T →∞, the optimal capital-
labor ratio sequence {k (t)}Tt=0 would become arbitrarily close to k∗ as defined by (6.38), but
then in the last few periods, it would sharply decline to zero to satisfy the transversality

condition (recall the discussion of the finite-horizon transversality condition in Section 6.5).
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k*

0 T

k(0)

Figure 6.1. Turnpike dynamics in a finite-horizon (T -periods) neoclassical
growth model starting with initial capital-labor ratio k (0).

The path of the capital-labor ratio thus resembles a turnpike approaching a highway as shown

in Figure 6.1 (see Exercise 6.17).

6.7. Competitive Equilibrium Growth

Our main interest is not optimal growth, but equilibrium growth. Nevertheless, the Sec-

ond Welfare Theorem, Theorem 5.7 of the previous chapter, implies that the optimal growth

path characterized in the previous section also corresponds to an equilibrium growth path

(in the sense that, it can be decentralized as a competitive equilibrium). In fact, since we

have focused on an economy admitting a representative household, the most straightforward

competitive allocation would be a symmetric one, where all households, each with the instan-

taneous utility function u (c), make the same decisions and receive the same allocations. We

now discuss this symmetric competitive equilibrium briefly.

Suppose that each household starts with an endowment of capital stock K0, meaning that

the initial endowments are also symmetric (recall that there is a mass 1 of households and

the total initial endowment of capital of the economy is K0). The other side of the economy

is populated by a large number of competitive firms, which are modeled using the aggregate

production function.

The definition of a competitive equilibrium in this economy is standard. In particular,

we have:
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Definition 6.3. A competitive equilibrium consists of paths of consumption, capital stock,

wage rates and rental rates of capital, {C (t) ,K (t) , w (t) , R (t)}∞t=0, such that the representa-
tive household maximizes its utility given initial capital stock K0 and the time path of prices

{w (t) , R (t)}∞t=0, and the time path of prices {w (t) , R (t)}
∞
t=0 is such that given the time path

of capital stock and labor {K (t) , L (t)}∞t=0 all markets clear.

Households rent their capital to firms. As in the basic Solow model, they will receive the

competitive rental price of

R (t) = f 0 (k (t)) ,

and thus face a gross rate of return equal to

(6.39) 1 + r (t+ 1) = f 0 (k (t)) + (1− δ)

for renting one unit of capital at time t in terms of date t + 1 goods. Notice that the gross

rate of return on assets is defined as 1 + r, since r often refers to the net interest rate. In

fact in the continuous time model, this is exactly what the term r will correspond to. This

notation should therefore minimize confusion.

In addition, to capital income, households in this economy will receive wage income for

supplying their labor at the market wage of w (t) = f (k (t))− k (t) f 0 (k (t)).

Now consider the maximization problem of the representative household:

max
{c(t),a(t)}∞t=0

∞X
t=0

βtu (c (t))

subject to the flow budget constraint

(6.40) a (t+ 1) = (1 + r (t+ 1)) a (t)− c (t) + w (t) ,

where a (t) denotes asset holdings at time t and as before, w (t) is the wage income of the

individual (since labor supply is normalized to 1). The timing underlying the flow budget

constraint (6.40) is that the individual rents his capital or asset holdings, a (t), to firms to be

used as capital at time t+1. Out of the proceeds, he consumes and whatever is left, together

with his wage earnings, w (t), make up his asset holdings at the next date, a (t+ 1).

In addition to this flow budget constraint, we have to impose a no Ponzi game constraint

to ensure that the individual asset holdings do not tend to minus infinity. Since this constraint

will be discussed in detail in Chapter 8, we do not introduce it here (though note that without

this constraint, there are other, superfluous solutions to the consumer maximization problem).

For now, it suffices to look at the Euler equation for the consumer maximization problem:

(6.41) u0 (c (t)) = (1 + r (t+ 1))βu0 (c (t+ 1)) .

Imposing steady state implies that c (t) = c (t+ 1). Therefore, in steady state we must have

(1 + r (t+ 1))β = 1.

251



Introduction to Modern Economic Growth

Next, market clearing immediately implies that 1+r (t+ 1) is given by (6.39), so the capital-

labor ratio of the competitive equilibrium is given by

β
£
f 0 (k (t+ 1)) + (1− δ)

¤
= 1,

The steady state is given by

β
£
f 0 (k∗) + (1− δ)

¤
= 1.

These two equations are identical to equations (6.38) and (6.39), which characterize the

solution to the optimum growth problem. In fact, a similar argument establishes that the

entire competitive equilibrium path is identical to the optimal growth path. Specifically,

substituting for 1 + r (t+ 1) from (6.39) into (6.41), we obtain

(6.42) u0 (c (t)) = β
£
f 0 (k (t+ 1)) + (1− δ)

¤
u0 (c (t+ 1)) ,

which is identical to (6.37). This condition also implies that given the same initial condition,

the trajectory of capital-labor ratio in the competitive equilibrium will be identical to the

behavior of the capital-labor ratio in the optimal growth path (see Exercise 6.20). This is, of

course, not surprising in view of the second (and first) welfare theorems we saw above.

We will discuss many of the implications of competitive equilibrium growth in the neo-

classical model once we go through the continuous time version as well.

6.8. Taking Stock

This chapter has been concerned with basic dynamic programming techniques for discrete

time infinite-dimensional problems. These techniques are not only essential for the study of

economic growth, but are widely used in many diverse areas of macroeconomics and economics

more generally. A good understanding of these techniques is essential for an appreciation of

the mechanics of economic growth, i.e., how different models of economic growth work, how

they can be improved and how they can be taken to the data. For this reason, this chapter

is part of the main body of the text, rather than relegated to the Mathematical Appendices.

This chapter also presented a number of applications of dynamic programming, including

a preliminary but detailed analysis of the one-sector optimal growth problem. The reader

will have already noted the parallels between this model and the basic Solow model discussed

in Chapter 2. These parallels will be developed further in Chapter 8. We have also briefly

discussed the decentralization of the optimal growth path and the problem of utility maxi-

mization in a dynamic competitive equilibrium. Finally, we presented a model of searching

for ideas or for better techniques. While this is not a topic typically covered in growth or

introductory macro textbooks, it provides a tractable application of dynamic programming

techniques and is also useful as an introduction to models in which ideas and technologies

are endogenous objects.
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It is important to emphasize that the treatment in this chapter has assumed away a

number of difficult technical issues. First, the focus has been on discounted problems, which

are simpler than undiscounted problems. In economics, very few situations call for modeling

using undiscounted objective functions (i.e., β = 1 rather than β ∈ (0, 1)). More important,
throughout we have assumed that payoffs are bounded and the state vector x belongs to a

compact subset of the Euclidean space, X. This rules out many interesting problems, such as

endogenous growth models, where the state vector grows over time. Almost all of the results

presented here have equivalents for these cases, but these require somewhat more advanced

treatments.

6.9. References and Literature

At some level the main idea of dynamic programming, the Principle of Optimality, is

a straightforward concept. Nevertheless, it is also a powerful concept and this will be best

appreciated once a number of its implications are derived. The basic ideas of dynamic pro-

gramming, including the Principle of Optimality, were introduced by Richard Bellman, in

his famous monograph, Bellman (1957). Most of the basic results about finite and infinite-

dimensional dynamic programming problems are contained in this monograph. Interestingly,

many of these ideas were anticipated by Shapley (1953) in his study of stochastic games.

Shapley analyzed the characterization of equilibrium points of zero-sum stochastic games.

His formulation of these games anticipated what later became known as Markov Decision

Problems, which are closely related to dynamic programming problems. Moreover, Shapley

used ideas similar to the Principle of Optimality and the Contraction Mapping Theorem to

show the existence of a unique solution to these dynamic zero-sum games. A more detailed

treatment of Markov Decision Problems can be found in Puterman (1994), who also discusses

the relationship between Shapley’s (1953) work, the general theory of Markov Decision Prob-

lems and dynamic programming.

To the best of my knowledge, Karlin (1955) was the first one to provide a simple formal

proof of the Principle of Optimality, which is similar to the one presented here. Denardo

(1967) developed the use of the contraction mappings in the theory of dynamic program-

ming. Howard (1960) contains a more detailed analysis of discounted stochastic dynamic

programming problems. Blackwell (1965) introduced the Blackwell’s sufficient conditions for

a contraction mapping and applied them in the context of stochastic discounted dynamic

programming problems. The result on the differentiability of the value function was first

proved in Benveniste and Scheinkman (1979).

The most complete treatment of discounted dynamic programming problems is in Stokey,

Lucas and Prescott (1989). My treatment here is heavily influenced by theirs and borrows

much from their insights. Relative to their treatment, some of the proofs have been simplified
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and we have limited the analysis to the case with compact sets and bounded payoff functions.

The reader can find generalizations of Theorems 6.1-6.6 to certain problems with unbounded

returns and choice sets in Stokey, Lucas and Prescott (1989), Chapter 4 for the deterministic

case, and the equivalent theorems for stochastic dynamic programming problems in their

Chapter 9.

A much simpler but insightful exposition of dynamic programming is in Sundaram (1996),

which also has a proof of Proposition 6.1 similar to the one given here.

Some useful references on the Contraction Mapping Theorem and its applications include

Denardo (1967), Kolmogorov and Fomin (1970), Kreyszig (1978) and the eminently readable

Bryant (1985), which contains applications of the Contraction Mapping Theorem to prove

existence and uniqueness of solutions to differential equations and the Implicit Function

Theorem.

Another excellent reference for applications of dynamic programming to economics prob-

lems is Ljungqvist and Sargent (2005), which also gives a more informal introduction to the

main results of dynamic programming.

6.10. Exercises

Exercise 6.1. Consider the formulation of the discrete time optimal growth model as in

Example 6.1. Show that with this formulation and Assumptions 1 and 2 from Chapter 2, the

discrete time optimal growth model satisfies Assumptions 6.1-6.5.

Exercise 6.2. * Prove that if for some n ∈ Z+ Tn is a contraction over a complete metric

space (S, d), then T has a unique fixed point in S.

Exercise 6.3. * Suppose that T is a contraction over the metric space (S, d) with modulus

β ∈ (0, 1). Prove that for any z, z0 ∈ S and n ∈ Z+, we have

d
¡
Tnz, z0

¢
≤ βnd

¡
z, z0

¢
.

Discuss how this result can be useful in numerical computations.

Exercise 6.4. *

(1) Prove the claims made in Example 6.3 and that the differential equation in (6.7) has

a unique continuous solution.

(2) Recall equation (6.8) from Example 6.3. Now apply the same argument to Tg and

T g̃ and prove that °°T 2g − T 2g̃
°° ≤M2 × s2

2
× kg − g̃k .

(3) Applying this argument recursively, prove that for any n ∈ Z+, we have

kTng − Tng̃k ≤Mn × sn

n!
× kg − g̃k .
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(4) Using the previous inequality, the fact that for any B < ∞, Bn/n! → 0 as n → 0

and the result in Exercise 6.2, prove that the differential equation has a unique

continuous solution on the compact interval [0, s] for any s ∈ R+.

Exercise 6.5. * Recall the Implicit Function Theorem, Theorem A.23 in Appendix Chapter

A. Here is a slightly simplified version of it: consider the function φ (y, x) such that that

φ : R× [a, b]→ R is continuously differentiable with bounded first derivatives. In particular,
there exists 0 < m < M <∞ such that

m ≤ ∂φ (y, x)

∂y
≤M

for all x and y. Then the Implicit Function Theorem states that there exists a continuously

differentiable function y : [a, b]→ R such that

φ (y (x) , x) = 0 for all x ∈ [a, b] .

Provide a proof for this theorem using the Contraction Mapping Theorem, Theorem 6.7 along

the following lines:

(1) Let C1 ([a, b]) be the space of continuously differentiable functions defined on[a, b].

Then for every y ∈ C1 ([a, b]), construct the operator

Ty = y (x)− φ (y (x) , x)

M
for x ∈ [a, b] .

Show that T : C1 ([a, b])→ C1 ([a, b]) and is a contraction.

(2) Applying Theorem 6.7 derive the Implicit Function Theorem.

Exercise 6.6. * Prove that T defined in (6.15) is a contraction.

Exercise 6.7. Let us return to Example 6.4.

(1) Prove that the law of motion of capital stock given by 6.28 monotonically converges

to a unique steady state value of k∗ starting with any k0 > 0. What happens to the

level of consumption along the transition path?

(2) Now suppose that instead of (6.28), you hypothesize that

π (x) = axα + bx+ c.

Verify that the same steps will lead to the conclusion that b = c = 0 and a = βa.

(3) Now let us characterize the explicit solution by guessing and verifying the form of

the value function. In particular, make the following guess: V (x) = A lnx, and

using this together with the first-order conditions derive the explicit form solution.

Exercise 6.8. Consider the following discrete time optimal growth model with full depreci-

ation:

max
{c(t),k(t)}∞t=0

∞X
t=0

βt
³
c (t)− a

2
[c (t)]2

´
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subject to

k (t+ 1) = Ak (t)− c (t)

and k (0) = k0. Assume that k (t) ∈
£
0, k̄
¤
and a < k̄−1, so that the utility function is always

increasing in consumption.

(1) Formulate this maximization problem as a dynamic programming problem.

(2) Argue without solving this problem that there will exist a unique value function

V (k) and a unique policy rule c = π (k) determining the level of consumption as a

function of the level of capital stock.

(3) Solve explicitly for V (k) and π (k) [Hint: guess the form of the value function V (k),

and use this together with the Bellman and Euler equations; verify that this guess

satisfies these equations, and argue that this must be the unique solution].

Exercise 6.9. Consider Problem A1 or A2 with x ∈ X ⊂ R and suppose that Assumptions
6.1-6.3 and 6.5 hold. Prove that the optimal policy function y = π (x) is nondecreasing if

∂2U (x, y) /∂x∂y ≥ 0.
Exercise 6.10. Show that in Theorem 6.10, a sequence {x0 (t)}∞t=0 that satisfies the Euler
equations, but not the transversality condition could yield a suboptimal plan.

Exercise 6.11. Consider the following modified version of Problem A1:

V ∗ (x (0)) = sup
{x(t+1)}∞t=0

∞X
t=0

βtU(x (t) , x (t+ 1))

subject to

x (t+ 1) ∈ G(x (t) , t), for all t ≥ 0

x (0) given,

where the main difference from Problem A1 is that the constraint correspondence is time-

varying. Suppose that x (t) ∈ X ⊂ RK
+ for all t, that U : R2K+ → RK

+ is continuously differen-

tiable, concave and strictly increasing an its first K arguments, and that the correspondence

G : RK+1
+ ⇒ RK

+ is continuous and convex-valued. Show that a sequence {x∗ (t+ 1)}∞t=0 with
x∗ (t+ 1) ∈IntG(x∗ (t) , t), t = 0, 1, . . . , is an optimal solution to this problem given x (0), if

it satisfies (6.21) and (6.25).

Exercise 6.12. Let us return to the problem discussed in Example 6.5.

(1) Show that even when the sequence of labor earnings {w (t)}∞t=0 is not constant over
time, the result in Exercise 6.11 can be applied to obtain exactly the same result

as in Example 6.5. In particular, show that the optimal consumption profile is still

given by (6.31).

(2) Using the transversality condition together with a (0) and {w (t)}∞t=0, find an expres-
sion implicitly determining the initial level of consumption, c (0). What happens to

this level of consumption when a (0) increases?
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(3) Consider the special case where u (c) = ln c. Provide a closed-form solution for c (0).

(4) Next, returning to the general utility function u (·), consider a change in the earnings
profile to a new sequence {w̃ (t)}∞t=0 such that for some T <∞, w (t) < w̃ (t) for all

t < T , w (t) ≥ w̃ (t) for all t ≥ T , and
P∞

t=0 (1 + r)−tw (t) =
P∞

t=0 (1 + r)−t w̃ (t).

What is the effect of this on the initial consumption level and the consumption path?

Provide a detailed economic intuition for this result.

Exercise 6.13. Consider again Example 6.5.

(1) Show that when r ≤ β − 1, a (t) ∈ (0, ā) for all t, where recall that ā ≡ a (0) +P∞
t=0 (1 + r)−tw (t).

(2) Show that when r > β − 1, there does not exist ā < ∞ such that a (t) ∈ (0, ā) for
all t.

Exercise 6.14. Consider the following discrete time optimal growth model

max
{c(t),k(t)}∞t=0

∞X
t=0

u (c (t))

subject to

k (t+ 1) = k (t)− c (t)

and

k (0) = k0 <∞.

Assume that u (·) is a strictly increasing, strictly concave and bounded function. Prove that
there exists no optimal solution to this problem. Explain why.

Exercise 6.15. Consider the following discrete time optimal growth model with full depre-

ciation:

max
{c(t),k(t)}∞t=0

∞X
t=0

βtu (c (t))

subject to

k (t+ 1) = f (k (t))− c (t)

and

k (0) = k0.

Assume that u (·) is strictly concave and increasing, and f (·) is concave and increasing.

(1) Formulate this maximization problem as a dynamic programming problem.

(2) Prove that there exists unique value function V (k) and a unique policy rule c =

π (k), and that V (k) is continuous and strictly concave and π (k) is continuous and

increasing.

(3) When will V (k) be differentiable?
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(4) Assuming that V (k) and all the other functions are differentiable, characterize the

Euler equation that determines the optimal path of consumption and capital accu-

mulation.

(5) Is this Euler equation enough to determine the path of k and c? If not, what other

condition do we need to impose? Write down this condition and explain intuitively

why it makes sense.

Exercise 6.16. Prove that, as claimed in Proposition 6.4, in the basic discrete-time optimal

growth model, the optimal consumption plan c (k) is nondecreasing, and when the economy

starts with k0 < k∗, the unique equilibrium involves c (t) ↑ c∗.
Exercise 6.17. Consider the finite-horizon optimal growth model described at the end of

Section 6.6. Let the optimal capital-labor ratio sequence of the economy with horizon T be

denoted by
©
kT (t)

ªT
t=0

with kT (0) = k0. Show that for every ε > 0, there exists T < ∞
and t0 < T such that

¯̄
kT (t0)− k∗

¯̄
< ε. Show that kT (T ) = 0. Then assuming that k0 is

sufficiently small, show that the optimal capital-labor ratio sequence looks as in Figure 6.1.

Exercise 6.18. Prove that as claimed in the proof of Proposition 6.3, Assumption 2 implies

that s (ε) > ε for ε sufficiently small. Provide an intuition for this result.

Exercise 6.19. * Provide a proof of Proposition 6.1 without the differentiability assumption

on the utility function u (·) imposed in Assumption 30.
Exercise 6.20. Prove that the optimal growth path starting with capital-labor ratio k0,

which satisfies (6.37) is identical to the competitive equilibrium starting with capital-labor

ratio and satisfying the same condition (or equivalently, equation (6.42)).
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CHAPTER 7

Review of the Theory of Optimal Control

The previous chapter introduced the basic tools of dynamic optimization in discrete time.

I will now review a number of basic results in dynamic optimization in continuous time–

particularly the so-called optimal control approach. Both dynamic optimization in discrete

time and in continuous time are useful tools for macroeconomics and other areas of dynamic

economic analysis. One approach is not superior to another; instead, certain problems become

simpler in discrete time while, certain others are naturally formulated in continuous time.

Continuous-time optimization introduces a number of new mathematical issues. The

main reason is that even with a finite horizon, the maximization is with respect to an infinite-

dimensional object (in fact an entire function, y : [t0, t1] → R). This requires a brief review
of some basic ideas from the calculus of variations and from the theory of optimal control.

Most of the tools and ideas that are necessary for this book are straightforward. Nevertheless,

a reader who simply wishes to apply these tools may decide skim most of this chapter,

focusing on the main theorems, especially Theorems 7.14 and 7.15, and their application to

the canonical continuous-time optimal growth problem in Section 7.7.

In the rest of this chapter, I first review the finite-horizon continuous-time maximization

problem and provide the simplest treatment of this problem (which is more similar to calculus

of variations than to optimal control). I then present the more powerful theorems from the

theory of optimal control as developed by Pontryagin and co-authors.

The canonical problem we are interested in can be written as

max
x(t),y(t)

W (x (t) ,y (t)) ≡
Z t1

0
f (t,x (t) ,y (t)) dt

subject to

ẋ (t) = g (t,x (t) ,y (t))

and

y (t) ∈ Y (t) for all t, x (0) = x0,

where for each t, x (t) and y (t) are finite-dimensional vectors (i.e., x (t) ∈ RKx and y (t) ∈
RKy , where Kx and Ky are integers). We refer to x as the state variable. Its behavior is

governed by a vector-valued differential equation (i.e., a set of differential equations) given

the behavior of the control variables y (t). The end of the planning horizon t1 can be equal

to infinity. The function W (x (t) ,y (t)) denotes the value of the objective function when
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controls are given by y (t) and the resulting behavior of the state variable is summarized by

x (t). We also refer to f as the objective function (or the payoff function) and to g as the

constraint function.

This problem formulation is general enough to incorporate discounting, since both the

instantaneous payoff function f and the constraint function g depend directly on time in

an arbitrary fashion. We will start with the finite-horizon case and then treat the infinite-

horizon maximization problem, focusing particularly on the case where there is exponential

discounting.

7.1. Variational Arguments

Consider the following finite-horizon continuous time problem

(7.1) max
x(t),y(t),x1

W (x (t) , y (t)) ≡
Z t1

0
f (t, x (t) , y (t)) dt

subject to

(7.2) ẋ (t) = g (t, x (t) , y (t))

and

(7.3) y (t) ∈ Y (t) for all t, x (0) = x0 and x (t1) = x1.

Here the state variable x (t) ∈ R is one-dimensional and its behavior is governed by the differ-
ential equation (7.2). The control variable y (t)must belong to the set Y (t) ⊂ R. Throughout,
we assume that Y (t) is nonempty and convex. We refer to a pair of functions (x (t) , y (t))
that jointly satisfy (7.2) and (7.3) as an admissible pair. Throughout, as in the previous

chapter, we assume the value of the objective function is finite, that is, W (x (t) , y (t)) <∞
for any admissible pair (x (t) , y (t)).

Let us first suppose that t1 <∞, so that we have a finite-horizon optimization problem.
Notice that there is also a terminal value constraint x (t1) = x1, but x1 is included as an

additional choice variable. This implies that the terminal value of the state variable x is free.

Below, we will see that in the context of finite-horizon economic problems, the formulation

where x1 is not a choice variable may be simpler (see Example 7.1), but the development in

this section is more natural when the terminal value x1 is free.

In addition, to simplify the exposition, throughout we assume that f and g are continu-

ously differentiable functions.

The difficulty in characterizing the optimal solution to this problem lies in two features:

(1) We are choosing a function y : [0, t1]→ Y rather than a vector or a finite dimensional
object.

(2) The constraint takes the form of a differential equation, rather than a set of inequal-

ities or equalities.
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These features make it difficult for us to know what type of optimal policy to look for.

For example, y may be a highly discontinuous function. It may also hit the boundary of

the feasible set–thus corresponding to a “corner solution”. Fortunately, in most economic

problems there will be enough structure to make optimal solutions continuous functions.

Moreover, in most macroeconomic and growth applications, the Inada conditions make sure

that the optimal solutions to the relevant dynamic optimization problems lie in the interior

of the feasible set. These features considerably simplify the characterization of the optimal

solution. In fact, when y is a continuous function of time and lies in the interior of the feasible

set, it can be characterized by using the variational arguments similar to those developed by

Euler, Lagrange and others in the context of the theory of calculus of variations. Since

these tools are not only simpler but also more intuitive, we start our treatment with these

variational arguments.

The variational principle of the calculus of variations simplifies the above maximization

problem by first assuming that a continuous solution (function) ŷ that lies everywhere in

the interior of the set Y exists, and then characterizes what features this solution must have
in order to reach an optimum (for the relationship of the results here to the calculus of

variations, see Exercise 7.3).

More formally let us assume that (x̂ (t) , ŷ (t)) is an admissible pair such that ŷ (·) is
continuous over [0, t1] and ŷ (t) ∈IntY (t), and we have

W (x̂ (t) , ŷ (t)) ≥W (x (t) , y (t))

for any other admissible pair (x (t) , y (t)).

The important and stringent assumption here is that (x̂ (t) , ŷ (t)) is an optimal solution

that never hits the boundary and that does not involve any discontinuities. Even though this

will be a feature of optimal controls in most economic applications, in purely mathematical

terms this is a strong assumption. Recall, for example, that in the previous chapter, we did

not make such an assumption and instead started with a result on the existence of solutions

and then proceeded to characterizing the properties of this solution (such as continuity and

differentiability of the value function). However, the problem of continuous time optimization

is sufficiently difficult that proving existence of solutions is not a trivial matter. We will return

to a further discussion of this issue below, but for now we follow the standard practice and

assume that an interior continuous solution ŷ (t) ∈IntY (t), together with the corresponding
law of motion of the state variable, x̂ (t), exists. Note also that since the behavior of the state

variable x is given by the differential equation (7.2), when y (t) is continuous, ẋ (t) will also

be continuous, so that x (t) is continuously differentiable. When y (t) is piecewise continuous,

x (t) will be, correspondingly, piecewise smooth.
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We now exploit these features to derive necessary conditions for an optimal path of this

form. To do this, consider the following variation

y (t, ε) ≡ ŷ (t) + εη (t) ,

where η (t) is an arbitrary fixed continuous function and ε ∈ R is a scalar. We refer to this
as a variation, because given η (t), by varying ε, we obtain different sequences of controls.

The problem, of course, is that some of these may be infeasible, i.e., y (t, ε) /∈ Y (t) for some
t. However, since ŷ (t) ∈IntY (t), and a continuous function over a compact set [0, t1] is
bounded, for any fixed η (·) function, we can always find εη > 0 such that

y (t, ε) ≡ ŷ (t) + εη (t) ∈ IntY (t)

for all ε ∈ [−εη, εη], so that y (t, ε) constitutes a feasible variation. Consequently, we can use
variational arguments for sufficiently small ε’s. The fact that we have to look at small ε’s is

not a drawback for deriving necessary conditions for optimality. In analogy with standard

calculus, necessary conditions require that there should be no small change in controls that

increase the value of the objective function, but this does not tell us that there are no non-

infinitesimal changes that might lead to a higher value of the objective function.

To prepare for these arguments, let us fix an arbitrary η (·), and define x (t, ε) as the path
of the state variable corresponding to the path of control variable y (t, ε). This implies that

x (t, ε) is given by:

(7.4) ẋ (t, ε) ≡ g (t, x (t, ε) , y (t, ε)) for all t ∈ [0, t1] , with x (0, ε) = x0.

For ε ∈ [−εη, εη], define:

W (ε) ≡ W (x (t, ε) , y (t, ε))(7.5)

=

Z t1

0
f (t, x (t, ε) , y (t, ε)) dt.

By the fact that ŷ (t) is optimal, and that for ε ∈ [−εη, εη], y (t, ε) and x (t, ε) are feasible,

we have that

W (ε) ≤W (0) for all ε ∈ [−εη, εη] .
Next, rewrite the equation (7.4), so that

g (t, x (t, ε) , y (t, ε))− ẋ (t, ε) ≡ 0

for all t ∈ [0, t1]. This implies that for any function λ : [0, t1]→ R, we have

(7.6)
Z t1

0
λ (t) [g (t, x (t, ε) , y (t, ε))− ẋ (t, ε)] dt = 0,

since the term in square brackets is identically equal to zero. In what follows, we suppose

that the function λ (·) is continuously differentiable. This function, when chosen suitably, will
be the costate variable, with a similar interpretation to the Lagrange multipliers in standard

(constrained) optimization problems. As with Lagrange multipliers, this will not be true for
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any λ (·) function, but only for a λ (·) that is chosen appropriately to play the role of the
costate variable.

Adding (7.6) to (7.5), we obtain

(7.7) W (ε) ≡
Z t1

0
{f (t, x (t, ε) , y (t, ε)) + λ (t) [g (t, x (t, ε) , y (t, ε))− ẋ (t, ε)]} dt.

To evaluate (7.7), let us first consider the integral
R t1
0 λ (t) ẋ (t, ε) dt. Integrating this expres-

sion by parts (see Appendix Chapter B), we obtainZ t1

0
λ (t) ẋ (t, ε) dt = λ (t1)x (t1, ε)− λ (0)x0 −

Z t1

0
λ̇ (t)x (t, ε) dt.

Substituting this expression back into (7.7), we obtain:

W (ε) ≡
Z t1

0

h
f (t, x (t, ε) , y (t, ε)) + λ (t) g (t, x (t, ε) , y (t, ε)) + λ̇ (t)x (t, ε)

i
dt

−λ (t1)x (t1, ε) + λ (0)x0.

Recall that f and g are continuously differentiable, and y (t, ε) is continuously differentiable

in ε by construction, which also implies that x (t, ε) is continuously differentiable in ε. Let us

denote the partial derivatives of x and y by xε and yε, and the partial derivatives of f and g

by ft, fx, fy, etc.. Differentiating the previous expression with respect to ε (making use of

Leibniz’s rule, Theorem B.4 in Appendix Chapter B), we obtain

W 0 (ε) ≡
Z t1

0

h
fx (t, x (t, ε) , y (t, ε)) + λ (t) gx (t, x (t, ε) , y (t, ε)) + λ̇ (t)

i
xε (t, ε) dt

+

Z t1

0
[fy (t, x (t, ε) , y (t, ε)) + λ (t) gy (t, x (t, ε) , y (t, ε))] η (t) dt

−λ (t1)xε (t1, ε) .

Let us next evaluate this derivative at ε = 0 to obtain:

W 0 (0) ≡
Z t1

0

h
fx (t, x̂ (t) , ŷ (t)) + λ (t) gx (t, x̂ (t) , ŷ (t)) + λ̇ (t)

i
xε (t, 0) dt

+

Z t1

0
[fy (t, x̂ (t) , ŷ (t)) + λ (t) gy (t, x̂ (t) , ŷ (t))] η (t) dt

−λ (t1)xε (t1, 0) .

where, as above, x̂ (t) = x (t, ε = 0) denotes the path of the state variable corresponding to

the optimal plan, ŷ (t). As with standard finite-dimensional optimization, if there exists some

function η (t) for whichW 0 (0) 6= 0, this means that W (x (t) , y (t)) can be increased and thus

the pair (x̂ (t) , ŷ (t)) could not be an optimal solution. Consequently, optimality requires

that

(7.8) W 0 (0) ≡ 0 for all η (t) .

Recall that the expression forW 0 (0) applies for any continuously differentiable λ (t) function.

Clearly, not all such functions λ (·) will play the role of a costate variable. Instead, as it is
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the case with Lagrange multipliers, the function λ (·) has to be chosen appropriately, and in
this case, it must satisfy

(7.9) fy (t, x̂ (t) , ŷ (t)) + λ (t) gy (t, x̂ (t) , ŷ (t)) ≡ 0 for all t ∈ [0, t1] .

This immediately implies thatZ t1

0
[fy (t, x̂ (t) , ŷ (t)) + λ (t) gy (t, x̂ (t) , ŷ (t))] η (t) dt = 0 for all η (t) .

Since η (t) is arbitrary, this implies that xε (t, 0) is also arbitrary. Thus the condition in (7.8)

can hold only if the first and the third terms are also (individually) equal to zero. The first

term, [fx (t, x̂ (t) , ŷ (t)) + λ (t) gx (t, x̂ (t) , ŷ (t)) + λ̇ (t)], will be equal to zero for all xε (t, 0),

if and only if

(7.10) λ̇ (t) = − [fx (t, x̂ (t) , ŷ (t)) + λ (t) gx (t, x̂ (t) , ŷ (t))] ,

while the third term will be equal to zero for all values of xε (t1, 0), if and only if λ (t1) = 0.

The last two steps are further elaborated in Exercise 7.1. We have therefore obtained the

result that the necessary conditions for an interior continuous solution to the problem of

maximizing (7.1) subject to (7.2) and (7.3) are such that there should exist a continuously

differentiable function λ (·) that satisfies (7.9), (7.10) and λ (t1) = 0.

The condition that λ (t1) = 0 is the transversality condition of continuous time optimiza-

tion problems, which is naturally related to the transversality condition we encountered in

the previous chapter. Intuitively, this condition captures the fact that after the planning

horizon, there is no value to having more x.

This derivation, which builds on the standard arguments of calculus of variations, has

therefore established the following theorem.1

Theorem 7.1. (Necessary Conditions) Consider the problem of maximizing (7.1)

subject to (7.2) and (7.3), with f and g continuously differentiable. Suppose that this problem

has an interior continuous solution ŷ (t) ∈IntY (t) with corresponding path of state variable
x̂ (t). Then there exists a continuously differentiable costate function λ (·) defined over t ∈
[0, t1] such that (7.2), (7.9) and (7.10) hold, and moreover λ (t1) = 0.

As noted above, (7.9) looks similar to the first-order conditions of the constrained max-

imization problem, with λ (t) playing the role of the Lagrange multiplier. We will return to

this interpretation of the costate variable λ (t) below.

Let us next consider a slightly different version of Theorem 7.1, where the terminal value

of the state variable, x1, is fixed, so that the maximization problem is

(7.11) max
x(t),y(t)

W (x (t) , y (t)) ≡
Z t1

0
f (t, x (t) , y (t)) dt,

1Below we present a more rigorous proof of Theorem 7.9, which generalizes the results in Theorem 7.2 in
a number of dimensions.
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subject to (7.2) and (7.3). The only difference is that there is no longer a choice over the

terminal value of the state variable, x1. In this case, we have:

Theorem 7.2. (Necessary Conditions II) Consider the problem of maximizing (7.11)

subject to (7.2) and (7.3), with f and g continuously differentiable. Suppose that this problem

has an interior continuous solution ŷ (t) ∈IntY (t) with corresponding path of state variable
x̂ (t). Then there exists a continuously differentiable costate function λ (·) defined over t ∈
[0, t1] such that (7.2), (7.9) and (7.10) hold.

Proof. The proof is similar to the arguments leading to Theorem 7.1, with the main

change that now x (t1, ε) must equal x1 for feasibility, so xε (t1, 0) = 0 and λ (t1) is unre-

stricted. Exercise 7.5 asks you to complete the details. ¤

The new feature in this theorem is that the transversality condition λ (t1) = 0 is no

longer present, but we need to know what the terminal value of the state variable x should

be.2 We first start with an application of the necessary conditions in Theorem 7.2 to a simple

economic problem. More interesting economic examples are provided later in the chapter and

in the exercises.

Example 7.1. Consider a relatively common application of the techniques developed so far,

which is the problem of utility-maximizing choice of consumption plan by an individual that

lives between dates 0 and 1 (perhaps the most common application of these techniques is a

physical one, that of finding the shortest curve between two points in the plane, see Exercise

7.4). The individual has an instantaneous utility function u (c) and discounts the future

exponentially at the rate ρ > 0. We assume that u : [0, 1] → R is a strictly increasing,

continuously differentiable and strictly concave function. The individual starts with a level

of assets equal to a (0) > 0, earns an interest rate r on his asset holdings and also has a

constant flow of labor earnings equal to w. Let us also suppose that the individual can

never have negative asset position, so that a (t) ≥ 0 for all t. Therefore, the problem of the

individual can be written as

max
[c(t),a(t)]1t=0

Z 1

0
exp (−ρt)u (c (t)) dt

subject to

ȧ (t) = r [a (t) + w − c (t)]

2It is also worth noting that the hypothesis that there exists an interior solution is more restrictive in this
case than in Theorem 7.1. This is because the set of controls, the equivalent of F defined in (7.59) in Section
7.6 below,

F = [y (t)]t1t=0 : ẋ (t) = g (t, x (t) , y (t)) with x (0) = x0 satisfies x (t1) = x1 ,

may have an empty interior, making it impossible that an interior solution exists. See Exercise 7.17 for an
example and Section 7.6 for a formal definition of the set F .
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and a (t) ≥ 0, with an initial value of a (0) > 0. In this problem, consumption is the control
variable, while the asset holdings of the individual are the state variable.

To be able to apply Theorem 7.2, we need a terminal condition for a (t), i.e., some value

a1 such that a (1) = a1. The economics of the problem makes it clear that the individual

would not like to have any positive level of assets at the end of his planning horizon (since

he could consume all of these at date t = 1 or slightly before, and u (·) is strictly increasing).
Therefore, we must have a (1) = 0.

With this observation, Theorem 7.2 provides the following the necessary conditions for

an interior continuous solution: there exists a continuously differentiable costate variable

λ (t) such that the optimal path of consumption and asset holdings, (ĉ (t) , â (t)), satisfy a

consumption Euler equation similar to equation (6.29) in Example 6.5 in the previous chapter:

exp (−ρt)u0 (ĉ (t)) = λ (t) r.

In particular, this equation can be rewritten as u0 (ĉ (t)) = βrλ (t), with β = exp (−ρt), and
would be almost identical to equation (6.29), except for the presence of λ (t) instead of the

derivative of the value function. But as we will see below, λ (t) is exactly the derivative

of the value function, so that the consumption Euler equations in discrete and continuous

time are identical. This is of course not surprising, since they capture the same economic

phenomenon, in slightly different mathematical formulations.

The next necessary condition determines the behavior of λ (t) as

λ̇ (t) = −r.

Now using this condition and differentiating u0 (ĉ (t)) = βrλ (t), we can obtain a differential

equation in consumption. This differential equation, derived in the next chapter in a some-

what more general context, will be the key consumption Euler equation in continuous time.

Leaving the derivation of this equation to the next chapter, we can make progress here by

simply integrating this condition to obtain

λ (t) = λ (0) exp (−rt) .

Combining this with the first-order condition for consumption yields a straightforward ex-

pression for the optimal consumption level at time t:

ĉ (t) = u0−1 [Rλ (0) exp ((ρ− r) t)] ,

where u0−1 [·] is the inverse function of the marginal utility u0. It exists and is strictly

decreasing in view of the fact that u is strictly concave. This equation therefore implies

that when ρ = r, so that the discount factor and the rate of return on assets are equal,

the individual will have a constant consumption profile. When ρ > r, the argument of u0−1

is increasing over time, so consumption must be declining. This reflects the fact that the

individual discounts the future more heavily than the rate of return, thus wishes to have a
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front-loaded consumption profile. In contrast, when ρ < r, the opposite reasoning applies and

the individual chooses a back-loaded consumption profile. These are of course identical to the

conclusions we reached in the discrete time intertemporal consumer optimization problem in

Example 6.5, in particular, equation (6.31).

The only variable to determine in order to completely characterize the consumption profile

is the initial value of the costate variable. This comes from the budget constraint of the

individual together with the observation that the individual will run down all his assets by

the end of his planning horizon, thus a (1) = 0. Now using the consumption rule, we have

ȧ (t) = R
©
a (t) + w − u0−1 [Rλ (0) exp ((ρ−R) t)]

ª
.

The initial value of the costate variable, λ (0), then has to be chosen such that a (1) = 0. You

are asked to complete the details of this step in Exercise 7.6.

Example 7.1 applied the results of Theorem 7.2. It may at first appear that Theorem 7.1

is more convenient to use than Theorem 7.2, since it would enable us to directly formulate the

problem as one of dynamic optimization rather than first argue about what the terminal value

of the state variable, a (1), should be (based on economic reasoning as we did in Example

7.1). However, as the continuation of the previous example illustrates, this is not necessarily

the case:

Example 7.1 (continued). Let us try to apply Theorem 7.1 to the economic environ-

ment in Example 7.1. The first-order necessary conditions still give

λ (t) = λ (0) exp (−Rt) .

However, since λ (1) = 0, this is only possible if λ (t) = 0 for all t ∈ [0, 1]. But then the Euler
equation

exp (−ρt)u0 (ĉ (t)) = λ (t)R,

which still applies from the necessary conditions, cannot be satisfied, since u0 > 0 by as-

sumption. This implies that when the terminal value of the assets, a (1), is a choice variable,

there exists no solution (at least no solution with an interior continuous control). How is this

possible?

The answer is that Theorem 7.1 cannot be applied to this problem, because there is an

additional constraint that a (t) ≥ 0. We would need to consider a version of Theorem 7.1

with inequality constraints. The necessary conditions with inequality constraints are messier

and more difficult to work with. Using a little bit of economic reasoning to observe that the

terminal value of the assets must be equal to zero and then applying Theorem 7.2 simplifies

the analysis considerably.
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7.2. The Maximum Principle: A First Look

7.2.1. The Hamiltonian and the Maximum Principle. By analogy with the La-

grangian, a much more economical way of expressing Theorem 7.2 is to construct the Hamil-

tonian:3

(7.12) H (t, x, y, λ) ≡ f (t, x (t) , y (t)) + λ (t) g (t, x (t) , y (t)) .

Since f and g are continuously differentiable, so is H. Denote the partial derivatives of the

Hamiltonian with respect to x (t), y (t) and λ (t), by Hx, Hy and Hλ. Theorem 7.2 then

immediately leads to the following result:

Theorem 7.3. (Maximum Principle) Consider the problem of maximizing (7.1) sub-

ject to (7.2) and (7.3), with f and g continuously differentiable. Suppose that this problem

has an interior continuous solution ŷ (t) ∈IntY (t) with corresponding path of state variable
x̂ (t). Then there exists a continuously differentiable function λ (t) such that the optimal con-

trol ŷ (t) and the corresponding path of the state variable x̂ (t) satisfy the following necessary

conditions: x (0) = x0,

(7.13) Hy (t, x̂ (t) , ŷ (t) , λ (t)) = 0 for all t ∈ [0, t1] ,

(7.14) λ̇ (t) = −Hx (t, x̂ (t) , ŷ (t) , λ (t)) for all t ∈ [0, t1] ,

(7.15) ẋ (t) = Hλ (t, x̂ (t) , ŷ (t) , λ (t)) for all t ∈ [0, t1] ,

and λ (t1) = 0, with the Hamiltonian H (t, x, y, λ) given by (7.12). Moreover, the Hamiltonian

H (t, x, y, λ) also satisfies the Maximum Principle that

H (t, x̂ (t) , ŷ (t) , λ (t)) ≥ H (t, x̂ (t) , y, λ (t)) for all y ∈ Y (t) ,

for all t ∈ [0, t1].

For notational simplicity, in equation (7.15), I wrote ẋ (t) instead of
·
x̂ (t) (= ∂x̂ (t) /∂t).

The latter notation is rather cumbersome, and we will refrain from using it as long as the

context makes it clear that ẋ (t) stands for this expression.

Theorem 7.3 is a simplified version of the celebrated Maximum Principle of Pontryagin.

The more general version of this Maximum Principle will be given below. For now, a couple

of features are worth noting:

3More generally, the Hamiltonian should be written as

H (t, x, y, λ) ≡ λ0f (t, x (t) , y (t)) + λ (t) g (t, x (t) , y (t)) .

for some λ0 ≥ 0. In some pathological cases λ0 may be equal to 0. However, in all economic applications this
will not be the case, and we will have λ0 > 0. When λ0 > 0, it can be normalized to 1 without loss of any
generality. Thus the definition of the Hamiltonian in (7.12) is appropriate for all of our economic applications.
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(1) As in the usual constrained maximization problems, we find the optimal solution by

looking jointly for a set of “multipliers” λ (t) and the optimal path of the control

and state variables, ŷ (t) and x̂ (t). Here the multipliers are referred to as the costate

variables.

(2) Again as with the Lagrange multipliers in the usual constrained maximization prob-

lems, the costate variable λ (t) is informative about the value of relaxing the con-

straint (at time t). In particular, we will see that λ (t) is the value of an infinitesimal

increase in x (t) at time t.

(3) With this interpretation, it makes sense that λ (t1) = 0 is part of the necessary

conditions. After the planning horizon, there is no value to having more x. This is

therefore the finite-horizon equivalent of the transversality condition we encountered

in the previous section.

While Theorem 7.3 gives necessary conditions, as in regular optimization problems, these

may not be sufficient. First, these conditions may correspond to stationary points rather than

maxima. Second, they may identify a local rather than a global maximum. Sufficiency is

again guaranteed by imposing concavity. The following theorem, first proved by Mangasarian,

shows that concavity of the Hamiltonian ensures that conditions (7.13)-(7.15) are not only

necessary but also sufficient for a maximum.

Theorem 7.4. (Mangasarian’s Sufficient Conditions) Consider the problem of

maximizing (7.1) subject to (7.2) and (7.3), with f and g continuously differentiable. Define

H (t, x, y, λ) as in (7.12), and suppose that an interior continuous solution ŷ (t) ∈IntY (t) and
the corresponding path of state variable x̂ (t) satisfy (7.13)-(7.15). Suppose also that given

the resulting costate variable λ (t), H (t, x, y, λ) is jointly concave in (x, y) for all t ∈ [0, t1],
then the ŷ (t) and the corresponding x̂ (t) achieve a global maximum of (7.1). Moreover, if

H (t, x, y, λ) is strictly jointly concave in (x, y) for all t ∈ [0, t1], then the pair (x̂ (t) , ŷ (t))
achieves the unique global maximum of (7.1).

The proof of Theorem 7.4 is similar to the proof of Theorem 7.5, which is provided below,

and is therefore left as an exercise (see Exercise 7.7).

The condition that the Hamiltonian H (t, x, y, λ) should be concave is rather demanding.

The following theorem, first derived by Arrow, weakens these conditions. Before stating this

result, let us define the maximized Hamiltonian as

(7.16) M (t, x, λ) ≡ max
y∈Y(t)

H (t, x, y, λ) ,

with H (t, x, y, λ) itself defined as in (7.12). Clearly, the necessary conditions for an inte-

rior maximum in (7.16) is (7.13). Therefore, an interior pair of state and control variables

(x̂ (t) , ŷ (t)) satisfies (7.13)-(7.15), then M (t, x̂, λ) ≡ H (t, x̂, ŷ, λ).
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Theorem 7.5. (Arrow’s Sufficient Conditions) Consider the problem of maximizing

(7.1) subject to (7.2) and (7.3), with f and g continuously differentiable. Define H (t, x, y, λ)

as in (7.12), and suppose that an interior continuous solution ŷ (t) ∈IntY (t) and the corre-
sponding path of state variable x̂ (t) satisfy (7.13)-(7.15). Given the resulting costate variable

λ (t), defineM (t, x̂, λ) as the maximized Hamiltonian as in (7.16). IfM (t, x̂, λ) is concave in

x for all t ∈ [0, t1], then ŷ (t) and the corresponding x̂ (t) achieve a global maximum of (7.1).

Moreover, if M (t, x̂, λ) is strictly concave in x for all t ∈ [0, t1], then the pair (x̂ (t) , ŷ (t))
achieves the unique global maximum of (7.1) and x̂ (t) is uniquely defined.

Proof. Consider the pair of state and control variables (x̂ (t) , ŷ (t)) that satisfy the

necessary conditions (7.13)-(7.15) as well as (7.2) and (7.3). Consider also an arbitrary pair

(x (t) , y (t)) that satisfy (7.2) and (7.3) and define M (t, x, λ) ≡ maxyH (t, x, y, λ). Since f
and g are differentiable, H and M are also differentiable in x. Denote the derivative of M

with respect to x by Mx. Then concavity implies that

M (t, x (t) , λ (t)) ≤M (t, x̂ (t) , λ (t)) +Mx (t, x̂ (t) , λ (t)) (x (t)− x̂ (t)) for all t ∈ [0, t1] .

Integrating both sides over [0, t1] yields

(7.17)Z t1

0
M (t, x (t) , λ (t)) dt ≤

Z t1

0
M (t, x̂ (t) , λ (t)) dt+

Z t1

0
Mx (t, x̂ (t) , λ (t)) (x (t)− x̂ (t)) dt.

Moreover, we have

Mx (t, x̂ (t) , λ (t)) = Hx (t, x̂ (t) , ŷ (t) , λ (t))(7.18)

= −λ̇ (t) ,

where the first line follows by an Envelope Theorem type reasoning (since Hy = 0 from

equation (7.13)), while the second line follows from (7.15). Next, exploiting the definition of

the maximized Hamiltonian, we haveZ t1

0
M (t, x (t) , λ (t)) dt =W (x (t) , y (t)) +

Z t1

0
λ (t) g (t, x (t) , y (t)) dt,

and Z t1

0
M (t, x̂ (t) , λ (t)) dt =W (x̂ (t) , ŷ (t)) +

Z t1

0
λ (t) g (t, x̂ (t) , ŷ (t)) dt.

Equation (7.17) together with (7.18) then implies

W (x (t) , y (t)) ≤ W (x̂ (t) , ŷ (t))(7.19)

+

Z t1

0
λ (t) [g (t, x̂ (t) , ŷ (t))− g (t, x (t) , y (t))] dt

−
Z t1

0
λ̇ (t) (x (t)− x̂ (t)) dt.

270



Introduction to Modern Economic Growth

Integrating the last term by parts and using the fact that by feasibility x (0) = x̂ (0) = x0

and by the transversality condition λ (t1) = 0, we obtainZ t1

0
λ̇ (t) (x (t)− x̂ (t)) dt = −

Z t1

0
λ (t)

µ
ẋ (t)−

·
x̂ (t)

¶
dt.

Substituting this into (7.19), we obtain

W (x (t) , y (t)) ≤ W (x̂ (t) , ŷ (t))(7.20)

+

Z t1

0
λ (t) [g (t, x̂ (t) , ŷ (t))− g (t, x (t) , y (t))] dt

+

Z t1

0
λ (t)

∙
ẋ (t)−

·
x̂ (t)

¸
dt.

Since by definition of the admissible pairs (x (t) , y (t)) and (x̂ (t) , ŷ (t)), we have
·
x̂ (t) = g (t, x̂ (t) , ŷ (t)) and ẋ (t) = g (t, x (t) , y (t)), (7.20) implies that W (x (t) , y (t)) ≤
W (x̂ (t) , ŷ (t)) for any admissible pair (x (t) , y (t)), establishing the first part of the theorem.

IfM is strictly concave in x, then the inequality in (7.17) is strict, and therefore the same

argument establishes W (x (t) , y (t)) < W (x̂ (t) , ŷ (t)), and no other x̂ (t) could achieve the

same value, establishing the second part. ¤

Theorems 7.4 and 7.5 play an important role in the applications of optimal control. They

ensure that a pair (x̂ (t) , ŷ (t)) that satisfies the necessary conditions specified in Theorem

7.3 and the sufficiency conditions in either Theorem 7.4 or Theorem 7.5 is indeed an optimal

solution. This is important, since without Theorem 7.4 and Theorem 7.5, Theorem 7.3 does

not tell us that there exists an interior continuous solution, thus an admissible pair that

satisfies the conditions of Theorem 7.3 may not constitute an optimal solution.

Unfortunately, however, both Theorem 7.4 and Theorem 7.5 are not straightforward to

check since neither concavity nor convexity of the g (·) function would guarantee the concavity
of the Hamiltonian unless we know something about the sign of the costate variable λ (t).

Nevertheless, in many economically interesting situations, we can ascertain that the costate

variable λ (t) is everywhere positive. For example, a sufficient (but not necessary) condition

for this would be fx (t, x̂ (t) , ŷ (t) , λ (t)) > 0 (see Exercise 7.9). Below we will see that λ (t) is

related to the value of relaxing the constraint on the maximization problems, which also gives

us another way of ascertaining that it is positive (or negative depending on the problem).

Once we know that λ (t) is positive, checking Theorem 7.4 is straightforward, especially when

f and g are concave functions.

7.2.2. Generalizations. The above theorems can be immediately generalized to the

case in which the state variable and the controls are vectors rather than scalars, and also

to the case in which there are other constraints. The constrained case requires constraint

qualification conditions as in the standard finite-dimensional optimization case (see, e.g.,

271



Introduction to Modern Economic Growth

Simon and Blume, 1994). These are slightly more messy to express, and since we will make no

use of the constrained maximization problems in this book, we will not state these theorems.

The vector-valued theorems are direct generalizations of the ones presented above and

are useful in growth models with multiple capital goods. In particular, let

(7.21) max
x(t),y(t)

W (x (t) ,y (t)) ≡
Z t1

0
f (t,x (t) ,y (t)) dt

subject to

(7.22) ẋ (t) = g (t,x (t) ,y (t)) ,

and

(7.23) y (t) ∈ Y (t) for all t, x (0) = x0 and x (t1) = x1.

Here x (t) ∈ RK for some K ≥ 1 is the state variable and again y (t) ∈ Y (t) ⊂ RN for some

N ≥ 1 is the control variable. In addition, we again assume that f and g are continuously

differentiable functions. We then have:

Theorem 7.6. (Maximum Principle for Multivariate Problems) Consider the

problem of maximizing (7.21) subject to (7.22) and (7.23), with f and g continuously differ-

entiable, has an interior continuous solution ŷ (t) ∈IntY (t) with corresponding path of state
variable x̂ (t). Let H (t,x,y,λ) be given by

(7.24) H (t,x,y,λ) ≡ f (t,x (t) ,y (t)) + λ (t) g (t,x (t) ,y (t)) ,

where λ (t) ∈ RK . Then the optimal control ŷ (t) and the corresponding path of the state

variable x (t) satisfy the following necessary conditions:

(7.25) DyH (t, x̂ (t) , ŷ (t) ,λ (t)) = 0 for all t ∈ [0, t1] .

(7.26) λ̇ (t) = −DxH (t, x̂ (t) , ŷ (t) ,λ (t)) for all t ∈ [0, t1] .

(7.27) ẋ (t) = DλH (t, x̂ (t) , ŷ (t) ,λ (t)) for all t ∈ [0, t1] , x (0) = x0 and x (1) = x1.

Proof. See Exercise 7.10. ¤

Moreover, we have straightforward generalizations of the sufficiency conditions. The

proofs of these theorems are very similar to those of Theorems 7.4 and 7.5 and are thus

omitted.

Theorem 7.7. (Mangasarian’s Sufficient Conditions) Consider the problem of

maximizing (7.21) subject to (7.22) and (7.23), with f and g continuously differentiable. De-

fine H (t,x,y,λ) as in (7.24), and suppose that an interior continuous solution ŷ (t) ∈IntY (t)
and the corresponding path of state variable x̂ (t) satisfy (7.25)-(7.27). Suppose also that for

the resulting costate variable λ (t), H (t,x,y,λ) is jointly concave in (x,y) for all t ∈ [0, t1],
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then ŷ (t) and the corresponding x̂ (t) achieves a global maximum of (7.21). Moreover, if

H (t,x,y,λ) is strictly jointly concave, then the pair (x̂ (t) , ŷ (t)) achieves the unique global

maximum of (7.21).

Theorem 7.8. (Arrow’s Sufficient Conditions) Consider the problem of maximiz-

ing (7.21) subject to (7.22) and (7.23), with f and g continuously differentiable. Define

H (t,x,y,λ) as in (7.24), and suppose that an interior continuous solution ŷ (t) ∈IntY (t)
and the corresponding path of state variable x̂ (t) satisfy (7.25)-(7.27). Suppose also that

for the resulting costate variable λ (t), define M (t,x,λ) ≡ maxy(t)∈Y(t)H (t,x,y,λ). If

M (t,x,λ) is concave in x for all t ∈ [0, t1], then ŷ (t) and the corresponding x̂ (t) achieve
a global maximum of (7.21). Moreover, if M (t,x,λ) is strictly concave in x, then the pair

(x̂ (t) , ŷ (t)) achieves the unique global maximum of (7.21).

The proofs of both of these Theorems are similar to that of Theorem 7.5 and are left to

the reader.

7.2.3. Limitations. The limitations of what we have done so far are obvious. First, we

have assumed that a continuous and interior solution to the optimal control problem exists.

Second, and equally important for our purposes, we have so far looked at the finite horizon

case, whereas analysis of growth models requires us to solve infinite horizon problems. To

deal with both of these issues, we need to look at the more modern theory of optimal control.

This is done in the next section.

7.3. Infinite-Horizon Optimal Control

The results presented so far are most useful in developing an intuition for how dynamic op-

timization in continuous time works. While a number of problems in economics require finite-

horizon optimal control, most economic problems–including almost all growth models–are

more naturally formulated as infinite-horizon problems. This is obvious in the context of

economic growth, but is also the case in repeated games, political economy or industrial or-

ganization, where even if individuals may have finite expected lifes, the end date of the game

or of their lives may be uncertain. For this reason, the canonical model of optimization and

economic problems is the infinite-horizon one.

7.3.1. The Basic Problem: Necessary and Sufficient Conditions. Let us focus

on infinite-horizon control with a single control and a single state variable. Using the same

notation as above, the problem is

(7.28) max
x(t),y(t)

W (x (t) , y (t)) ≡
Z ∞

0
f (t, x (t) , y (t)) dt
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subject to

(7.29) ẋ (t) = g (t, x (t) , y (t)) ,

and

(7.30) y (t) ∈ R for all t, x (0) = x0 and lim
t→∞

x (t) ≥ x1.

The main difference is that now time runs to infinity. Note also that this problem allows

for an implicit choice over the endpoint x1, since there is no terminal date. The last part of

(7.30) imposes a lower bound on this endpoint. In addition, we have further simplified the

problem by removing the feasibility requirement that the control y (t) should always belong

to the set Y, instead simply requiring this function to be real-valued. Notice also that we
have not assumed that the state variable x (t) lies in a compact set, thus the results developed

here can be easily applied to models with exogenous or endogenous growth.

For this problem, we call a pair (x (t) , y (t)) admissible if y (t) is a piecewise continuous

function of time, meaning that it has at most a finite number of discontinuities.4 Since x (t) is

given by a continuous differential equation, the piecewise continuity of y (t) ensures that x (t)

is piecewise smooth. Allowing for piecewise continuous controls is a significant generalization

of the above approach.

There are a number of technical difficulties when dealing with the infinite-horizon case,

which are similar to those in the discrete time analysis. Primary among those is the fact that

the value of the functional in (7.28) may not be finite. We will deal with some of these issues

below.

The main theorem for the infinite-horizon optimal control problem is the following more

general version of the Maximum Principle. Before stating this theorem, let us recall that the

Hamiltonian is defined by (7.12), with the only difference that the horizon is now infinite. In

addition, let us define the value function, which is the analog of the value function in discrete

time dynamic programming introduced in the previous chapter:

V (t0, x0) ≡ max
x(t)∈R,y(t)∈R

Z ∞

t0

f (t, x (t) , y (t)) dt(7.31)

subject to ẋ (t) = g (t, x (t) , y (t)) , x (t0) = x0 and lim
t→∞

x (t) ≥ x1.

In words, V (t0, x0) gives the optimal value of the dynamic maximization problem starting

at time t0 with state variable x0. Clearly, we have that

(7.32) V (t0, x0) ≥
Z ∞

t0

f (t, x (t) , y (t)) dt for any admissible pair (x (t) , y (t)) .

Note that as in the previous chapter, there are issues related to whether the “max” is reached.

When it is not reached, we should be using “sup” instead. However, recall that we have

4More generally, y (t) could be allowed to have a countable number of discontinuities, but this added
generality is not necessary for any economic application.
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assumed that all admissible pairs give finite value, so that V (t0, x0) < ∞, and our focus
throughout will be on admissible pairs (x̂ (t) , ŷ (t)) that are optimal solutions to (7.28) subject

to (7.29) and (7.30), and thus reach the value V (t0, x0).

Our first result is a weaker version of the Principle of Optimality, which we encountered

in the context of discrete time dynamic programming in the previous chapter:

Lemma 7.1. (Principle of Optimality) Suppose that the pair (x̂ (t) , ŷ (t)) is an optimal

solution to (7.28) subject to (7.29) and (7.30), i.e., it reaches the maximum value V (t0, x0).

Then,

(7.33) V (t0, x0) =

Z t1

t0

f (t, x̂ (t) , ŷ (t)) dt+ V (t1, x̂ (t1)) for all t1 ≥ t0.

Proof. We have

V (t0, x0) ≡
Z ∞

t0

f (t, x̂ (t) , ŷ (t)) dt

=

Z t1

t0

f (t, x̂ (t) , ŷ (t)) dt+

Z ∞

t1

f (t, x̂ (t) , ŷ (t)) dt.

The proof is completed if V (t1, x̂ (t1)) =
R∞
t1

f (t, x̂ (t) , ŷ (t)) dt. By definition V (t1, x̂ (t1)) ≥R∞
t1

f (t, x (t) , y (t)) dt for all admissible (x (t) , y (t)). Thus this equality can only fail if

V (t1, x̂ (t1)) >
R∞
t1

f (t, x̂ (t) , ŷ (t)) dt. To obtain a contradiction, suppose that this is

the case. Then there must exist an admissible pair from t1 onwards, (x̃ (t) , ỹ (t)) with

x̃ (t1) = x̂ (t1) such that
R∞
t1

f (t, x̃ (t) , ỹ (t)) dt >
R∞
t1

f (t, x̂ (t) , ŷ (t)) dt. Then construct the

pair (x (t) , y (t)) such that (x (t) , y (t)) = (x̂ (t) , ŷ (t)) for all t ∈ [t0, t1] and (x (t) , y (t)) =
(x̃ (t) , ỹ (t)) for all t ≥ t1. Since (x̃ (t) , ỹ (t)) is admissible from t1 onwards with x̃ (t1) = x̂ (t1),

(x (t) , y (t)) is admissible, and moreover,Z ∞

t0

f (t, x (t) , y (t)) dt =

Z t1

t0

f (t, x (t) , y (t)) dt+

Z ∞

t1

f (t, x (t) , y (t)) dt

=

Z t1

t0

f (t, x̂ (t) , ŷ (t)) dt+

Z ∞

t1

f (t, x̃ (t) , ỹ (t)) dt

>

Z t1

t0

f (t, x̂ (t) , ŷ (t)) dt+

Z ∞

t1

f (t, x̂ (t) , ŷ (t)) dt

=

Z ∞

t0

f (t, x̂ (t) , ŷ (t)) dt

= V (t0, x0) ,

which contradicts (7.32) establishing that V (t1, x̂ (t1)) =
R∞
t1

f (t, x̂ (t) , ŷ (t)) dt and thus

(7.33). ¤

Two features in this version of the Principle of Optimality are noteworthy. First, in

contrast to the similar equation in the previous chapter, it may appear that there is no

275



Introduction to Modern Economic Growth

discounting in (7.33). This is not the case, since the discounting is embedded in the instanta-

neous payoff function f , and is thus implicit in V (t1, x̂ (t1)). Second, this lemma may appear

to contradict our discussion of “time consistency” in the previous chapter, since the lemma

is stated without additional assumptions that ensure time consistency. The important point

here is that in the time consistency discussion, the decision-maker considered updating his or

her plan, with the payoff function being potentially different after date t1 (at least because

bygones were bygones). In contrast, here the payoff function remains constant. The issue of

time consistency is discussed further in Exercise 7.21. We now state one of the main results

of this chapter.

Theorem 7.9. (Infinite-Horizon Maximum Principle) Suppose that problem of

maximizing (7.28) subject to (7.29) and (7.30), with f and g continuously differentiable,

has a piecewise continuous solution ŷ (t) with corresponding path of state variable x̂ (t). Let

H (t, x, y, λ) be given by (7.12). Then the optimal control ŷ (t) and the corresponding path

of the state variable x̂ (t) are such that the Hamiltonian H (t, x, y, λ) satisfies the Maximum

Principle, that

H (t, x̂ (t) , ŷ (t) , λ (t)) ≥ H (t, x̂ (t) , y, λ (t)) for all y (t) ,

for all t ∈ R. Moreover, whenever ŷ (t) is continuous, the following necessary conditions are
satisfied:

(7.34) Hy (t, x̂ (t) , ŷ (t) , λ (t)) = 0,

(7.35) λ̇ (t) = −Hx (t, x̂ (t) , ŷ (t) , λ (t)) ,

(7.36) ẋ (t) = Hλ (t, x̂ (t) , ŷ (t) , λ (t)) , with x (0) = x0 and lim
t→∞

x (t) ≥ x1,

for all t ∈ R+.

The proof of this theorem is relatively long and will be provided later in this section.5 No-

tice that whenever an optimal solution of the specified form exists, it satisfies the Maximum

Principle. Thus in some ways Theorem 7.9 can be viewed as stronger than the theorems

presented in the previous chapter, especially since it does not impose compactness type

conditions. Nevertheless, this theorem only applies when the maximization problem has a

piecewise continuous solution ŷ (t). Sufficient conditions to ensure that such a solution ex-

ist are somewhat involved and are discussed further in Appendix Chapter A. In addition,

5The reader may also wonder when an optimal piecewise continuous solution will exist as hypothesized in
the theorem. Theorem 7.17 below will provide the conditions to ensure that a solution exists, though checking
the conditions of this theorem is not always a trivial task. Ensuring the existence of a solution that is piecewise
continuous is considerably harder. Nevertheless, in most economic problems there will be enough structure
to ensure the existence of an interior solution and this structure will also often guarantee that the solution is
also piecewise continuous and in fact fully continuous.
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Theorem 7.9 states that if the optimal control, ŷ (t), is a continuous function of time, the

conditions (7.34)-(7.36) are also satisfied. This qualification is necessary, since we now allow

ŷ (t) to be a piecewise continuous function of time. The fact that ŷ (t) is a piecewise contin-

uous function implies that the optimal control may include discontinuities, but these will be

relatively “rare”–in particular, it will be continuous “most of the time”. More important,

the added generality of allowing discontinuities is somewhat superfluous in most economic

applications, because economic problems often have enough structure to ensure that ŷ (t) is

indeed a continuous function of time. Consequently, in most economic problems (and in all

of the models studied in this book) it will be sufficient to focus on the necessary conditions

(7.34)-(7.36).

It is also useful to have a different version of the necessary conditions in Theorem 7.9,

which are directly comparable to the necessary conditions generated by dynamic program-

ming in the discrete time dynamic optimization problems studied in the previous chapter.

In particular, the necessary conditions can also be expressed in the form of the so-called

Hamilton-Jacobi-Bellman (HJB) equation.

Theorem 7.10. (Hamilton-Jacobi-Bellman Equations) Let V (t, x) be as defined

in (7.31) and suppose that the hypotheses in Theorem 7.9 hold. Then whenever V (t, x) is

differentiable in (t, x), the optimal pair (x̂ (t) , ŷ (t)) satisfies the HJB equation:

(7.37) f (t, x̂ (t) , ŷ (t)) +
∂V (t, x̂ (t))

∂t
+

∂V (t, x̂ (t))

∂x
g (t, x̂ (t) , ŷ (t)) = 0 for all t ∈ R.

Proof. From Lemma 7.1, we have that for the optimal pair (x̂ (t) , ŷ (t)),

V (t0, x0) =

Z t

t0

f (s, x̂ (s) , ŷ (s)) ds+ V (t, x̂ (t)) for all t.

Differentiating this with respect to t and using the differentiability of V and Leibniz’s rule

(Theorem B.4 in Appendix Chapter B), we obtain

f (t, x̂ (t) , ŷ (t)) +
∂V (t, x̂ (t))

∂t
+

∂V (t, x̂ (t))

∂x
ẋ (t) = 0 for all t.

Setting ẋ (t) = g (t, x̂ (t) , ŷ (t)) gives (7.37). ¤

The HJB equation will be useful in providing an intuition for the Maximum Principle,

in the proof of Theorem 7.9 and also in many of the endogenous technology models studied

below. For now it suffices to note a few important features. First, given that the continuous

differentiability of f and g, the assumption that V (t, x) is differentiable is not very restrictive,

since the optimal control ŷ (t) is piecewise continuous. From the definition (7.31), at all t

where ŷ (t) is continuous, V (t, x) will also be differentiable in t. Moreover, an envelope

theorem type argument also implies that when ŷ (t) is continuous, V (t, x) should also be

differentiable in x (though the exact conditions to ensure differentiability in x are somewhat

involved). Second, (7.37) is a partial differential equation, since it features the derivative of
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V with respect to both time and the state variable x. Third, this partial differential equation

also has a similarity to the Euler equation derived in the context of discrete time dynamic

programming. In particular, the simplest Euler equation (6.22) required the current gain

from increasing the control variable to be equal to the discounted loss of value. The current

equation has a similar interpretation, with the first term corresponding to the current gain

and the last term to the potential discounted loss of value. The second term results from the

fact that the maximized value can also change over time.

Since in Theorem 7.9 there is no boundary condition similar to x (t1) = x1, we may

expect that there should be a transversality condition similar to the condition that λ (t1) = 0

in Theorem 7.1. One might be tempted to impose a transversality condition of the form

(7.38) lim
t→∞

λ (t) = 0,

which would be generalizing the condition that λ (t1) = 0 in Theorem 7.1. But this is not

in general the case. We will see an example where this does not apply soon. A milder

transversality condition of the form

(7.39) lim
t→∞

H (t, x, y, λ) = 0

always applies, but is not easy to check. Stronger transversality conditions apply when we

put more structure on the problem. We will discuss these issues in Section 7.4 below. Before

presenting these results, there are immediate generalizations of the sufficiency theorems to

this case.

Theorem 7.11. (Mangasarian’s Sufficient Conditions for Infinite Horizon)

Consider the problem of maximizing (7.28) subject to (7.29) and (7.30), with f and g continu-

ously differentiable. Define H (t, x, y, λ) as in (7.12), and suppose that a piecewise continuous

solution ŷ (t) and the corresponding path of state variable x̂ (t) satisfy (7.34)-(7.36). Suppose

also that for the resulting costate variable λ (t), H (t, x, y, λ) is jointly concave in (x, y) for all

t ∈ R+ and that limt→∞ λ (t) (x̂ (t)− x̃ (t)) ≤ 0 for all x̃ (t) implied by an admissible control
path ỹ (t), then ŷ (t) and the corresponding x̂ (t) achieve the unique global maximum of (7.28).

Theorem 7.12. (Arrow’s Sufficient Conditions for Infinite Horizon) Consider

the problem of maximizing (7.28) subject to (7.29) and (7.30), with f and g continuously

differentiable. Define H (t, x, y, λ) as in (7.12), and suppose that a piecewise continuous

solution ŷ (t) and the corresponding path of state variable x̂ (t) satisfy (7.34)-(7.36). Given

the resulting costate variable λ (t), defineM (t, x, λ) ≡ maxy(t)∈Y(t)H (t, x, y, λ). IfM (t, x, λ)

is concave in x and limt→∞ λ (t) (x̂ (t)− x̃ (t)) ≤ 0 for all x̃ (t) implied by an admissible control
path ỹ (t), then the pair (x̂ (t) , ŷ (t)) achieves the unique global maximum of (7.28).

The proofs of both of these theorems are similar to that of Theorem 7.5 and are left for the

reader (See Exercise 7.11). Since x (t) can potentially grow without bounds and we require
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only concavity (not strict concavity), Theorems 7.11 and 7.12 can be applied to models with

constant returns and endogenous growth, thus will be particularly useful in later chapters.

Notice that both of these sufficiency theorems involve the difficult to check condition that

limt→∞ λ (t) (x (t)− x̃ (t)) ≤ 0 for all x̃ (t) implied by an admissible control path ỹ (t). This

condition will disappear when we can impose a proper transversality condition.

7.3.2. Economic Intuition. The Maximum Principle is not only a powerful mathe-

matical tool, but from an economic point of view, it is the right tool, because it captures the

essential economic intuition of dynamic economic problems. In this subsection, we provide

two different and complementary economic intuitions for the Maximum Principle. One of

them is based on the original form as stated in Theorem 7.3 or Theorem 7.9, while the other

is based on the dynamic programming (HJB) version provided in Theorem 7.10.

To obtain the first intuition consider the problem of maximizing

(7.40)
Z t1

0
H (t, x̂ (t) , y (t) , λ (t)) dt =

Z t1

0
[f (t, x̂ (t) , y (t)) + λ (t) g (t, x̂ (t) , y (t))] dt

with respect to the entire function y (t) for given λ (t) and x̂ (t), where t1 can be finite or

equal to +∞. The condition Hy (t, x̂ (t) , y (t) , λ (t)) = 0 would then be a necessary condition

for this alternative maximization problem. Therefore, the Maximum Principle is implicitly

maximizing the sum the original maximand
R t1
0 f (t, x̂ (t) , y (t)) dt plus an additional termR t1

0 λ (t) g (t, x̂ (t) , y (t)) dt. Understanding why this is true provides much of the intuition for

the Maximum Principle.

First recall that V (t, x̂ (t)) is defined in equation (7.33) as the value of starting at time

t with state variable x̂ (t) and pursuing the optimal policy from then on. We will see in the

next subsection, in particular in equation (7.44), that

λ (t) =
∂V (t, x̂ (t))

∂x
.

Therefore, similar to the Lagrange multipliers in the theory of constraint optimization, λ (t)

measures the impact of a small increase in x on the optimal value of the program. Conse-

quently, λ (t) is the (shadow) value of relaxing the constraint (7.29) by increasing the value

of x (t) at time t.6 Moreover, recall that ẋ (t) = g (t, x̂ (t) , y (t)), so that the second term in

the Hamiltonian is equivalent to
R t1
0 λ (t) ẋ (t) dt. This is clearly the shadow value of x (t) at

time t and the increase in the stock of x (t) at this point. Moreover, recall that x (t) is the

state variable, thus we can think of it as a “stock” variable in contrast to the control y (t),

which corresponds to a “flow” variable.

6Here I am using the language of “relaxing the constraint” implicitly presuming that a high value of x (t)
contributes to increasing the value of the objective function. This simplifies terminology, but is not necessary
for any of the arguments, since λ (t) can be negative.
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Therefore, maximizing (7.40) is equivalent to maximizing instantaneous returns as given

by the function f (t, x̂ (t) , y (t)), plus the value of stock of x (t), as given by λ (t), times the

increase in the stock, ẋ (t). This implies that the essence of the Maximum Principle is to

maximize the flow return plus the value of the current stock of the state variable. This

stock-flow type maximization has a clear economic logic.

Let us next turn to the interpreting the costate equation,

λ̇ (t) = −Hx (t, x̂ (t) , ŷ (t) , λ (t))

= −fx (t, x̂ (t) , ŷ (t))− λ (t) gx (t, x̂ (t) , ŷ (t)) .

This equation is also intuitive. Since λ (t) is the value of the stock of the state variable, x (t),

λ̇ (t) is the appreciation in this stock variable. A small increase in x will change the current

flow return plus the value of the stock by the amount Hx, but it will also affect the value of

the stock by the amount λ̇ (t). The Maximum Principle states that this gain should be equal

to the depreciation in the value of the stock, −λ̇ (t), since, otherwise, it would be possible to
change the x (t) and increase the value of H (t, x (t) , y (t)).

The second and complementary intuition for the Maximum Principle comes from the

HJB equation (7.37) in Theorem 7.10. In particular, let us consider an exponentially dis-

counted problem like those discussed in greater detail in Section 7.5 below. In particu-

lar, suppose that the payoff function is exponentially discounted, i.e., f (t, x (t) , y (t)) =

exp (−ρt) f (x (t) , y (t)), and the law of motion of the state variable is given by an au-

tonomous differential equation, i.e., g (t, x (t) , y (t)) = g (x (t) , y (t)). In this case, one can

easily verify that if an admissible pair (x̂ (t) , ŷ (t))t≥0 is optimal starting at t = 0 with ini-

tial condition x (0) = x0, then it is also optimal starting at s > 0, starting with the same

initial condition, that is, (x̂ (t) , ŷ (t))t≥s is optimal for the problem with initial condition

x (s) = x0 (see Exercise 7.15). In view of this, let us define V (x) ≡ V (0, x), that is, the

value of pursuing the optimal plan (x̂ (t) , ŷ (t)) starting with initial condition x, evaluated at

t = 0. Since (x̂ (t) , ŷ (t)) is an optimal plan irrespective of the starting date, we have that

V (t, x (t)) ≡ exp (−ρt)V (x (t)). Then, by definition,
∂V (t, x (t))

∂t
= − exp (−ρt) ρV (x (t)) .

Moreover, let V̇ (x (t)) ≡ (∂V (t, x (t)) /∂x) ẋ (t) the change in the function V over time, which
results from the change in the unique state variable x (t) over time. Now substituting these

expressions into (7.37) and noting that ẋ (t) = g (x̂ (t) , ŷ (t)), we obtain the “stationary” form

of the Hamilton-Jacobi-Bellman equation takes

(7.41) ρV (x (t)) = f (x̂ (t) , ŷ (t)) + V̇ (x (t)) .

This is a very important and widely used equation in dynamic economic analysis and can be

interpreted as a “no-arbitrage asset value equation,” and given its importance, an alternative
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derivation is provided in Exercise 7.16. Intuitively, we can think of V as the value of an

asset traded in the stock market and ρ as the required rate of return for (a large number

of) investors. When will investors be happy to hold this asset? Loosely speaking, they will

do so when the asset pays out at least the required rate of return. In contrast, if the asset

pays out more than the required rate of return, there would be excess demand for it from

the investors until its value adjusts so that its rate of return becomes equal to the required

rate of return. Therefore, we can think of the return on this asset in “equilibrium” being

equal to the required rate of return, ρ. The return on the assets come from two sources:

first, “dividends,” that is current returns paid out to investors. In the current context, this

corresponds to the flow payoff f (x̂ (t) , ŷ (t)). If this dividend were constant and equal to d,

and there were no other returns, then we would naturally have that V = d/ρ or

ρV = d.

However, in general the returns to the holding an asset come not only from dividends but

also from capital gains or losses (appreciation or depreciation of the asset). In the current

context, this is equal to V̇ . Therefore, instead of ρV = d, we have

ρV (x (t)) = d+ V̇ (x (t)) .

Thus, at an intuitive level, the Maximum Principle amounts to requiring that the maximized

value of dynamic maximization program, V (x (t)), and its rate of change, V̇ (x (t)), should

be consistent with this no-arbitrage condition.

7.3.3. Proof of Theorem 7.9*. In this subsection, we provide a sketch of the proof

of Theorems 7.9. A fully rigorous proof of Theorem 7.9 is quite long and involved. It can

be found in a number of sources mentioned in the references below. The version provided

here contains all the basic ideas, but is stated under the assumption that V (t, x) is twice

differentiable in t and x. As discussed above, the assumption that V (t, x) is differentiable

in t and x is not particularly restrictive, though the additional assumption that it is twice

differentiable is quite stringent.

The main idea of the proof is due to Pontryagin and co-authors. Instead of smooth

variations from the optimal pair (x̂ (t) , ŷ (t)), the method of proof considers “needle-like”

variations, that is, piecewise continuous paths for the control variable that can deviate from

the optimal control path by an arbitrary amount for a small interval of time.

Sketch Proof of Theorem 7.9: Suppose that the admissible pair (x̂ (t) , ŷ (t)) is a

solution and attains the maximal value V (0, x0). Take an arbitrary t0 ∈ R+. Construct
the following perturbation: yδ (t) = ŷ (t) for all t ∈ [0, t0) and for some sufficiently small ∆t
and δ ∈ R, yδ (t) = δ for t ∈ [t0, t0 +∆t] for all t ∈ [t0, t0 +∆t]. Moreover, let yδ (t) for
t ≥ t0 +∆t be the optimal control for V (t0 +∆t, xδ (t0 +∆t)), where xδ (t) is the value of
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the state variable resulting from the perturbed control yδ, with xδ (t0 +∆t) being the value

at time t0 +∆t. Note by construction xδ (t0) = x̂ (t0) (since yδ (t) = ŷ (t) for all t ∈ [0, t0]).
Since the pair (x̂ (t) , ŷ (t)) is optimal, we have that

V (t0, x̂ (t0)) =

Z ∞

t0

f (t, x̂ (t) , ŷ (t)) dt

≥
Z ∞

t0

f (t, xδ (t) , yδ (t)) dt

=

Z t0+∆t

t0

f (t, xδ (t) , yδ (t)) dt+ V (t0 +∆t, xδ (t0 +∆t)) ,

where the last equality uses the fact that the admissible pair (xδ (t) , yδ (t)) is optimal starting

with state variable xδ (t0 +∆t) at time t0+∆t. Rearranging terms and dividing by ∆t yields

V (t0 +∆t, xδ (t0 +∆t))− V (t0, x̂ (t0))

∆t
≤ −

R t0+∆t
t0

f (t, xδ (t) , yδ (t)) dt

∆t
for all ∆t ≥ 0.

Now take limits as ∆t→ 0 and note that xδ (t0) = x̂ (t0) and that

lim
∆t→0

R t0+∆t
t0

f (t, xδ (t) , yδ (t)) dt

∆t
= f (t, xδ (t) , yδ (t)) .

Moreover, let T ⊂ R+ be the set of points where the optimal control ŷ (t) is a continuous
function of time. Note that T is a dense subset of R+ since ŷ (t) is a piecewise continuous
function. Let us now take V to be a differentiable function of time at all t ∈ T , so that

lim
∆t→0

V (t0 +∆t, xδ (t0 +∆t))− V (t0, x̂ (t0))

∆t
=

∂V (t, xδ (t))

∂t
+

∂V (t, xδ (t))

∂x
ẋδ (t) ,

=
∂V (t, xδ (t))

∂t
+

∂V (t, xδ (t))

∂x
g (t, xδ (t) , yδ (t)) ,

where ẋδ (t) = g (t, xδ (t) , yδ (t)) is the law of motion of the state variable given by (7.29)

together with the control yδ. Putting all these together, we obtain that

f (t0, xδ (t0) , yδ (t0)) +
∂V (t0, xδ (t0))

∂t
+

∂V (t0, xδ (t0))

∂x
g (t0, xδ (t0) , yδ (t0)) ≤ 0

for all t0 ∈ T (which correspond to points of continuity of ŷ (t)) and for all admissible

perturbation pairs (xδ (t) , yδ (t)). Moreover, from Theorem 7.10, which applies at all t0 ∈ T ,

(7.42) f (t0, x̂ (t0) , ŷ (t0)) +
∂V (t0, x̂ (t0))

∂t
+

∂V (t0, x̂ (t0))

∂x
g (t0, x̂ (t0) , ŷ (t0)) = 0.

Once more using the fact that xδ (t0) = x̂ (t0), this implies that

f (t0, x̂ (t0) , ŷ (t0)) +
∂V (t0, x̂ (t0))

∂x
g (t0, x̂ (t0) , ŷ (t0)) ≥(7.43)

f (t0, xδ (t0) , yδ (t0)) +
∂V (t0, x̂ (t0))

∂x
g (t0, xδ (t0) , yδ (t0))

for all t0 ∈ T and for all admissible perturbation pairs (xδ (t) , yδ (t)). Now defining

(7.44) λ (t0) ≡
∂V (t0, x̂ (t0))

∂x
,
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inequality (7.43) can be written as

f (t0, x̂ (t0) , ŷ (t0)) + λ (t0) g (t0, x̂ (t0) , ŷ (t0)) ≥ f (t0, xδ (t0) , yδ (t0))

+λ (t0) g (t0, xδ (t0) , yδ (t0)) ,

or equivalently,

H (t0, x̂ (t0) , ŷ (t0)) ≥ H (t0, xδ (t0) , yδ (t0))

for all admissible (xδ (t0) , yδ (t0)) .

Therefore,

H (t, x̂ (t) , ŷ (t)) ≥ max
y

H (t, x̂ (t) , y) .

This establishes the Maximum Principle.

The necessary condition (7.34) directly follows from the Maximum Principle together

with the fact that H is differentiable in x and y (a consequence of the fact that f and g are

differentiable in x and y). Condition (7.36) holds by definition. Finally, (7.35) follows from

differentiating (7.42) with respect to x at all points of continuity of ŷ (t), which gives

∂f (t, x̂ (t) , ŷ (t))

∂x
+

∂2V (t, x̂ (t))

∂t∂x

+
∂2V (t, x̂ (t))

∂x2
g (t, x̂ (t) , ŷ (t)) +

∂V (t, x̂ (t))

∂x

∂g (t, x̂ (t) , ŷ (t))

∂x
= 0,

for all for all t ∈ T . Using the definition of the Hamiltonian, this gives (7.35). ¤

7.4. More on Transversality Conditions

We next turn to a study of the boundary conditions at infinity in infinite-horizon maxi-

mization problems. As in the discrete time optimization problems, these limiting boundary

conditions are referred to as “transversality conditions”. As mentioned above, a natural con-

jecture might be that, as in the finite-horizon case, the transversality condition should be sim-

ilar to that in Theorem 7.1, with t1 replaced with the limit of t→∞, that is, limt→∞ λ (t) = 0.

The following example, which is very close to the original Ramsey model, illustrates that this

is not the case; without further assumptions, the valid transversality condition is given by

the weaker condition (7.39).

Example 7.2. Consider the following problem:

max

Z ∞

0
[log (c (t))− log c∗] dt

subject to

k̇ (t) = [k (t)]α − c (t)− δk (t)

k (0) = 1

and

lim
t→∞

k (t) ≥ 0
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where c∗ ≡ [k∗]α − δk∗ and k∗ ≡ (α/δ)1/(1−α). In other words, c∗ is the maximum level of

consumption that can be achieved in the steady state of this model and k∗ is the corresponding

steady-state level of capital. This way of writing the objective function makes sure that the

integral converges and takes a finite value (since c (t) cannot exceed c∗ forever).

The Hamiltonian is straightforward to construct; it does not explicitly depend on time

and takes the form

H (k, c, λ) = [log c (t)− log c∗] + λ [k (t)α − c (t)− δk (t)] ,

and implies the following necessary conditions (dropping time dependence to simplify the

notation):

Hc (k, c, λ) =
1

c (t)
− λ (t) = 0

Hk (k, c, λ) = λ (t)
³
αk (t)α−1 − δ

´
= −λ̇ (t) .

It can be verified that any optimal path must feature c (t) → c∗ as t → ∞. This, however,
implies that

lim
t→∞

λ (t) =
1

c∗
> 0 and lim

t→∞
k (t) = k∗.

Therefore, the equivalent of the standard finite-horizon transversality conditions do not hold.

It can be verified, however, that along the optimal path we have

lim
t→∞

H (k (t) , c (t) , λ (t)) = 0.

We will next see that this is indeed the relevant transversality condition.

Theorem 7.13. (Transversality Condition for Infinite-Horizon Problems) Sup-

pose that problem of maximizing (7.28) subject to (7.29) and (7.30), with f and g continuously

differentiable, has an interior piecewise continuous solution ŷ (t) with corresponding path of

state variable x̂ (t). Suppose moreover that limt→∞ V (t, x̂ (t)) exists (where V (t, x (t)) is de-

fined in (7.33)). Let H (t, x, y, λ) be given by (7.12). Then the optimal control ŷ (t) and the

corresponding path of the state variable x̂ (t) satisfy the necessary conditions (7.34)-(7.36)

and the transversality condition

(7.45) lim
t→∞

H (t, x̂ (t) , ŷ (t) , λ (t)) = 0.

Proof. Let us focus on points where V (t, x) is differentiable in t and x so that the

Hamilton-Jacobi-Bellman equation, (7.37) holds. Noting that ∂V (t, x̂ (t)) /∂x = λ (t), this

equation can be written as

∂V (t, x̂ (t))

∂t
+ f (t, x̂ (t) , ŷ (t)) + λ (t) g (t, x̂ (t) , ŷ (t)) = 0 for all t

∂V (t, x̂ (t))

∂t
+H (t, x̂ (t) , ŷ (t) , λ (t)) = 0 for all t.(7.46)
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Now take the limit as t → ∞. Since limt→∞ V (t, x̂ (t)) exists, we have that either

limt→∞ ∂V (t, x̂ (t)) /∂t > 0, so that limt→∞ V (t, x̂ (t)) = +∞, or limt→∞ ∂V (t, x̂ (t)) /∂t < 0

everywhere, so that limt→∞ V (t, x̂ (t)) = −∞ or limt→∞ ∂V (t, x̂ (t)) /∂t = 0. The first two

possibilities are ruled out by the hypothesis that an optimal solution that reaches the maxi-

mum exists. Thus we must have limt→∞ ∂V (t, x̂ (t)) /∂t = 0. (7.46) then implies (7.45). ¤

The transversality condition (7.45) is not particularly convenient to work with. In the

next section, we will see that as we consider discounted infinite-horizon problems stronger

and more useful versions of this transversality condition can be developed.

7.5. Discounted Infinite-Horizon Optimal Control

Part of the difficulty, especially regarding the absence of a transversality condition, comes

from the fact that we did not impose enough structure on the functions f and g. As discussed

above, our interest is with the growth models where the utility is discounted exponentially.

Consequently, economically interesting problems often take the following more specific form:

(7.47) max
x(t),y(t)

W (x (t) , y (t)) ≡
Z ∞

0
exp (−ρt) f (x (t) , y (t)) dt with ρ > 0,

subject to

(7.48) ẋ (t) = g (x (t) , y (t)) ,

and

(7.49) y (t) ∈ R for all t, x (0) = x0 and lim
t→∞

x (t) ≥ x1.

Notice that throughout we assume ρ > 0, so that there is indeed discounting.

The special feature of this problem is that the objective function, f , depends on time

only through exponential discounting, while the constraint equation, g, is not a function of

time directly. The Hamiltonian in this case would be:

H (t, x (t) , y (t) , λ (t)) = exp (−ρt) f (x (t) , y (t)) + λ (t) g (x (t) , y (t))

= exp (−ρt) [f (x (t) , y (t)) + μ (t) g (x (t) , y (t))] ,

where the second line defines

(7.50) μ (t) ≡ exp (ρt)λ (t) .

This equation makes it clear that the Hamiltonian depends on time explicitly only through

the exp (−ρt) term.
In fact, in this case, rather than working with the standard Hamiltonian, we can work

with the current-value Hamiltonian, defined as

(7.51) Ĥ (x (t) , y (t) , μ (t)) ≡ f (x (t) , y (t)) + μ (t) g (x (t) , y (t))

which is “autonomous” in the sense that it does not directly depend on time.
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The following result establishes the necessity of a stronger transversality condition under

some additional assumptions, which are typically met in economic applications. In prepa-

ration for this result, let us refer to the functions f (x, y) and g (x, y) as weakly monotone,

if each one is monotone in each of its arguments (for example, nondecreasing in x and non-

increasing in y). Furthermore, let us simplify the statement of this theorem by assuming

that the optimal control ŷ (t) is everywhere a continuous function of time (though this is not

necessary for any of the results).

Theorem 7.14. (Maximum Principle for Discounted Infinite-Horizon Prob-

lems) Suppose that problem of maximizing (7.47) subject to (7.48) and (7.49), with f and g

continuously differentiable, has a solution ŷ (t) with corresponding path of state variable x̂ (t).

Suppose moreover that limt→∞ V (t, x̂ (t)) exists (where V (t, x (t)) is defined in (7.33)). Let

Ĥ (x̂, ŷ, μ) be the current-value Hamiltonian given by (7.51). Then the optimal control ŷ (t)

and the corresponding path of the state variable x̂ (t) satisfy the following necessary conditions:

(7.52) Ĥy (x̂ (t) , ŷ (t) , μ (t)) = 0 for all t ∈ R+,

(7.53) ρμ (t)− μ̇ (t) = Ĥx (x̂ (t) , ŷ (t) , μ (t)) for all t ∈ R+,

(7.54) ẋ (t) = Ĥμ (x̂ (t) , ŷ (t) , μ (t)) for all t ∈ R+, x (0) = x0 and lim
t→∞

x (t) ≥ x1,

and the transversality condition

(7.55) lim
t→∞

exp (−ρt) Ĥ (x̂ (t) , ŷ (t) , μ (t)) = 0.

Moreover, if f and g are weakly monotone, the transversality condition can be strengthened

to:

(7.56) lim
t→∞

[exp (−ρt)μ (t) x̂ (t)] = 0.

Proof. The derivation of the necessary conditions (7.52)-(7.54) and the transversality

condition (7.55) follows by using the definition of the current-value Hamiltonian and from

Theorem 7.13. They are left for as an exercise (see Exercise 7.13).

We therefore only give the proof for the stronger transversality condition (7.56). The

weaker transversality condition (7.55) can be written as

lim
t→∞

exp (−ρt) f (x̂ (t) , ŷ (t)) + lim
t→∞

exp (−ρt)μ (t) g (x̂ (t) , ŷ (t)) = 0.

The first term must be equal to zero, since otherwise limt→∞ V (t, x̂ (t)) = ∞ or −∞, and
the pair (x̂ (t) , ŷ (t)) cannot be reaching the optimal solution. Therefore

(7.57) lim
t→∞

exp (−ρt)μ (t) g (x̂ (t) , ŷ (t)) = lim
t→∞

exp (−ρt)μ (t) ẋ (t) = 0.

Since limt→∞ V (t, x̂ (t)) exists and f and g are weakly monotone, limt→∞ ŷ (t) and

limt→∞ x̂ (t) must exist, though they may be infinite (otherwise the limit of V (t, x̂ (t)) would

286



Introduction to Modern Economic Growth

fail to exist). The latter fact also implies that limt→∞ ẋ (t) exists (though it may also be infi-

nite). Moreover, limt→∞ ẋ (t) is nonnegative, since otherwise the condition limt→∞ x (t) ≥ x1

would be violated. From (7.53), (7.55) implies that as t→∞, λ (t) ≡ exp(−ρt)μ(t)→ κ for

some κ ∈ R+.
Suppose first that limt→∞ ẋ (t) = 0. Then limt→∞ x̂ (t) = x̂∗ ∈ R (i.e., a finite value). This

also implies that f (x̂ (t) , ŷ (t)), g (x̂ (t) , ŷ (t)) and therefore fy (x̂ (t) , ŷ (t)) and gy (x̂ (t) , ŷ (t))

limit to constant values. Then from (7.52), we have that as t → ∞, μ (t) → μ∗ ∈ R (i.e., a
finite value). This implies that κ = 0 and

(7.58) lim
t→∞

exp (−ρt)μ (t) = 0,

and moreover since limt→∞ x̂ (t) = x̂∗ ∈ R, (7.56) also follows.
Suppose now that limt→∞ ẋ (t) = gx̂ (t), where g ∈ R+, so that x̂ (t) grows at an expo-

nential rate. Then substituting this into (7.57) we obtain (7.56).

Next, suppose that 0 < limt→∞ ẋ (t) < gx̂ (t), for any g > 0, so that x̂ (t) grows at less

than an exponential rate. In this case, since ẋ (t) is increasing over time, (7.57) implies that

(7.58) must hold and thus again we must have that as t → ∞, λ (t) ≡ exp(−ρt)μ(t) → 0,

i.e., κ = 0 (otherwise limt→∞ exp (−ρt)μ (t) ẋ (t) = limt→∞ ẋ (t) > 0, violating (7.57)) and

thus limt→∞ μ̇ (t) /μ (t) < ρ. Since x̂ (t) grows at less than an exponential rate, we also have

limt→∞ exp (−gt) x̂ (t) = 0 for any g > 0, and in particular for g = ρ − limt→∞ μ̇ (t) /μ (t).

Consequently, asymptotically μ (t) x̂ (t) grows at a rate lower than ρ and we again obtain

(7.56).

Finally, suppose that limt→∞ ẋ (t) > gx̂ (t) for any g <∞, i.e., x̂ (t) grows at more than
an exponential rate. In this case, for any g > 0, we have that

lim
t→∞

exp(−ρt)μ(t)ẋ(t) ≥ g lim
t→∞

exp(−ρt)μ(t)x̂(t) ≥ gκ lim
t→∞

x̂(t) ≥ 0,

where the first inequality exploits the fact that limt→∞ ẋ (t) > gx̂ (t) and the second,

the fact that λ (t) ≡ exp(−ρt)μ(t) → λ and that x̂(t) is increasing. But from (7.57),

limt→∞ exp(−ρt)μ(t)ẋ(t) = 0, so that all the inequalities in this expression must hold as

equality, and thus (7.56) must be satisfied, completing the proof of the theorem. ¤

The proof of Theorem 7.14 also clarifies the importance of discounting. Without dis-

counting the key equation, (7.57), is not necessarily true, and the rest of the proof does not

go through.

Theorem 7.14 is the most important result of this chapter and will be used in almost

all continuous time optimizations problems in this book. Throughout, when we refer to a

discounted infinite-horizon optimal control problem, we mean a problem that satisfies all

the assumptions in Theorem 7.14, including the weak monotonicity assumptions on f and

g. Consequently, for our canonical infinite-horizon optimal control problems the stronger
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transversality condition (7.56) will be necessary. Notice that compared to the transversality

condition in the finite-horizon case (e.g., Theorem 7.1), there is the additional term exp (−ρt).
This is because the transversality condition applies to the original costate variable λ (t), i.e.,

limt→∞ [x (t)λ (t)] = 0, and as shown above, the current-value costate variable μ (t) is given

by μ (t) = exp (ρt)λ (t). Note also that the stronger transversality condition takes the form

limt→∞ [exp (−ρt)μ (t) x̂ (t)] = 0, not simply limt→∞ [exp (−ρt)μ (t)] = 0. Exercise 7.19

illustrates why this is.

The sufficiency theorems can also be strengthened now by incorporating the transversality

condition (7.56) and expressing the conditions in terms of the current-value Hamiltonian:

Theorem 7.15. (Mangasarian Sufficient Conditions for Discounted Infinite-

Horizon Problems) Consider the problem of maximizing (7.47) subject to (7.48) and

(7.49), with f and g continuously differentiable and weakly monotone. Define Ĥ (x, y, μ)

as the current-value Hamiltonian as in (7.51), and suppose that a solution ŷ (t) and the

corresponding path of state variable x̂ (t) satisfy (7.52)-(7.54) and (7.56). Suppose also

that limt→∞ V (t, x̂ (t)) exists and that for the resulting current-value costate variable μ (t),

Ĥ (x, y, μ) is jointly concave in (x, y) for all t ∈ R+, then ŷ (t) and the corresponding x̂ (t)

achieve the unique global maximum of (7.47).

Theorem 7.16. (Arrow Sufficient Conditions for Discounted Infinite-Horizon

Problems) Consider the problem of maximizing (7.47) subject to (7.48) and (7.49), with

f and g continuously differentiable and weakly monotone. Define Ĥ (x, y, μ) as the current-

value Hamiltonian as in (7.51), and suppose that a solution ŷ (t) and the corresponding path

of state variable x̂ (t) satisfy (7.52)-(7.54) and which leads to (7.56). Given the resulting

current-value costate variable μ (t), define M (t, x, μ) ≡ maxy(t)∈Y(t) Ĥ (x, y, μ). Suppose that
limt→∞ V (t, x̂ (t)) exists (where V (t, x (t)) is defined in (7.33)) and thatM (t, x, μ) is concave

in x. Then ŷ (t) and the corresponding x̂ (t) achieve the unique global maximum of (7.47).

The proofs of these two theorems are again omitted and left as exercises (see Exercise

7.12).

We next provide a simple example of discounted infinite-horizon optimal control.

Example 7.3. One of the most common examples of this type of dynamic optimization prob-

lem is that of the optimal time path of consuming a non-renewable resource. In particular,

imagine the problem of an infinitely-lived individual that has access to a non-renewable or

exhaustible resource of size 1. The instantaneous utility of consuming a flow of resources y

is u (y), where u : [0, 1] → R is a strictly increasing, continuously differentiable and strictly
concave function. The individual discounts the future exponentially with discount rate ρ > 0,
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so that his objective function at time t = 0 is to maximizeZ ∞

0
exp (−ρt)u (y (t)) dt.

The constraint is that the remaining size of the resource at time t, x (t) evolves according to

ẋ (t) = −y (t) ,

which captures the fact that the resource is not renewable and becomes depleted as more of

it is consumed. Naturally, we also need that x (t) ≥ 0.
The current-value Hamiltonian takes the form

Ĥ (x (t) , y (t) , μ (t)) = u (y (t))− μ (t) y (t) .

Theorem 7.14 implies the following necessary condition for an interior continuously differen-

tiable solution (x̂ (t) , ŷ (t)) to this problem. There should exist a continuously differentiable

function μ (t) such that

u0 (ŷ (t)) = μ (t) ,

and

μ̇ (t) = ρμ (t) .

The second condition follows since neither the constraint nor the objective function depend

on x (t). This is the famous Hotelling rule for the exploitation of exhaustible resources. It

charts a path for the shadow value of the exhaustible resource. In particular, integrating

both sides of this equation and using the boundary condition, we obtain that

μ (t) = μ (0) exp (ρt) .

Now combining this with the first-order condition for y (t), we obtain

ŷ (t) = u0−1 [μ (0) exp (ρt)] ,

where u0−1 [·] is the inverse function of u0, which exists and is strictly decreasing by virtue
of the fact that u is strictly concave. This equation immediately implies that the amount of

the resource consumed is monotonically decreasing over time. This is economically intuitive:

because of discounting, there is preference for early consumption, whereas delayed consump-

tion has no return (there is no production or interest payments on the stock). Nevertheless,

the entire resource is not consumed immediately, since there is also a preference for smooth

consumption arising from the fact that u (·) is strictly concave.
Combining the previous equation with the resource constraint gives

ẋ (t) = −u0−1 [μ (0) exp (ρt)] .

Integrating this equation and using the boundary condition that x (0) = 1, we obtain

x̂ (t) = 1−
Z t

0
u0−1 [μ (0) exp (ρs)] ds.
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Since along any optimal path we must have limt→∞ x̂ (t) = 0, we have thatZ ∞

0
u0−1 [μ (0) exp (ρs)] ds = 1.

Therefore, the initial value of the costate variable μ (0) must be chosen so as to satisfy this

equation.

Notice also that in this problem both the objective function, u (y (t)), and the constraint

function, −y (t), are weakly monotone in the state and the control variables, so the stronger
form of the transversality condition, (7.56), holds. You are asked to verify that this condition

is satisfied in Exercise 7.22.

7.6. Existence of Solutions∗

The theorems presented so far characterize the properties of a (piecewise continuous)

solution to a continuous-time maximization problem. The question of when a solution exists

arises naturally. I provide a brief discussion on this topic in this section. Let us focus on

discounted infinite-horizon problems, in particular, the problem of maximizing (7.47) subject

to (7.48) and (7.49). To state the simplest result on existence of solutions, suppose that

y (t) ∈ Y ⊂ R for all t, x (t) ∈ X ⊂ R, and define
(7.59)

F =
n
[y (t)]∞t=0 ∈ L (R+) : ẋ (t) = g (x (t) , y (t)) with x (0) = x0 and lim

t→∞
x (t) ≥ x1

o
,

where L (R+) denotes the set of functions y : R+ → Y that are Lebesgue integrable. There-
fore, F denotes the set of Lebesgue integrable controls that are “feasible”. The basic result

is the following:

Theorem 7.17. (Existence of Solutions) Consider the maximization of (7.47) subject

to (7.48) and (7.49). Suppose that f and g are continuous in all of their arguments, ρ > 0, Y
and X are compact and F is nonempty. Then a solution to the maximization problem exists.

Proof. The proof follows from the results developed in Appendix Chapter A. In par-

ticular, from Part 2 of Theorem A.11, the objective function (7.47) is continuous in the

product topology (since the instantaneous payoff function f is the same at each date and is

defined over the compact set Y ×X , thus is uniformly bounded). The constraint set F is also
bounded, since Y is compact and is defined by a continuous function, and is therefore, closed
and hence also compact in the product topology (see Exercise A.21 in Appendix Chapter A).

It is also nonempty by hypothesis. Then by Weierstrass’s Theorem, Theorem A.9, a solution

exists. ¤

Unfortunately, providing sufficient conditions for the solution to be continuous or piece-

wise continuous is much harder. Nevertheless, most economic problems possess enough
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structure to ensure this. For example, in most of the problems we will encounter Inada-

type conditions ensure that optimal controls remain within the interior of the feasible set and

consumption-smoothing and no-arbitrage arguments rule out discontinuous controls. In these

cases, continuous solutions can be shown to exist. Moreover, using Theorem 7.15, we can

often establish that these solutions are unique. Throughout the rest of the book, I will follow

the standard practice and assume that it continues solution to this type of maximization

problem exists.

7.7. A First Look at Optimal Growth in Continuous Time

In this section, we briefly show that the main theorems developed so far apply to the

problem of optimal growth, which was introduced in Chapter 5 and then analyzed in discrete

time in the previous chapter. We will not provide a full treatment of this model here, since

this is the topic of the next chapter.

Consider the neoclassical economy without any population growth and without any tech-

nological progress. In this case, the optimal growth problem in continuous time can be written

as:

max
[k(t),c(t)]∞t=0

Z ∞

0
exp (−ρt)u (c (t)) dt,

subject to

k̇ (t) = f (k (t))− δk (t)− c (t)

and k (0) > 0. Recall that u : R+ → R is strictly increasing, continuously differentiable and
strictly concave, while f (·) satisfies our basic assumptions, Assumptions 1 and 2. Clearly,
the objective function u (c) is weakly monotone. The constraint function, f (k) − δk − c, is

decreasing in c, but may be nonmonotone in k. However, without loss of any generality we

can restrict attention to k (t) ∈
£
0, k̄
¤
, where k̄ is defined such that f 0

¡
k̄
¢
= δ. Increasing the

capital stock above this level would reduce output and thus consumption both today and in

the future. When k (t) ∈
£
0, k̄
¤
, the constraint function is also weakly monotone in k and we

can apply Theorem 7.14.

Let us first set up the current-value Hamiltonian, which, in this case, takes the form

(7.60) Ĥ (k, c, μ) = u (c (t)) + μ (t) [f (k (t))− δk (t)− c (t)] ,

with state variable k, control variable c and current-value costate variable μ.

From Theorem 7.14, the following are the necessary conditions:

Ĥc (k, c, μ) = u0 (c (t))− μ (t) = 0

Ĥk (k, c, μ) = μ (t)
¡
f 0 (k (t))− δ

¢
= ρμ (t)− μ̇ (t)

lim
t→∞

[exp (−ρt)μ (t) k (t)] = 0.
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Moreover, the first necessary condition immediately implies that μ (t) > 0 (since u0 > 0

everywhere). Consequently, the current-value Hamiltonian given in (7.60) consists of the

sum of two strictly concave functions and is itself strictly concave and thus satisfies the

conditions of Theorem 7.15. Therefore, a solution that satisfies these necessary conditions in

fact gives a global maximum. Characterizing the solution of these necessary conditions also

establishes the existence of a solution in this case.

Since an analysis of optimal growth in the neoclassical model is more relevant in the

context of the next chapter, we do not provide further details here.

7.8. The q-Theory of Investment

As another application of the methods developed in this chapter, we consider the canonical

model of investment under adjustment costs, also known as the q-theory of investment. This

problem is not only useful as an application of optimal control techniques, but it is one of

the basic models of standard macroeconomic theory.

The economic problem is that of a price-taking firm trying to maximize the present

discounted value of its profits. The only twist relative to the problems we have studied so

far is that this firm is subject to “adjustment” costs when it changes its capital stock. In

particular, let the capital stock of the firm be k (t) and suppose that the firm has access

to a production function f (k (t)) that satisfies Assumptions 1 and 2. For simplicity, let us

normalize the price of the output of the firm to 1 in terms of the final good at all dates. The

firm is subject to adjustment costs captured by the function φ (i), which is strictly increasing,

continuously differentiable and strictly convex, and satisfies φ (0) = φ0 (0) = 0. This implies

that in addition to the cost of purchasing investment goods (which given the normalization

of price is equal to i for an amount of investment i), the firm incurs a cost of adjusting its

production structure given by the convex function φ (i). In some models, the adjustment cost

is taken to be a function of investment relative to capital, i.e., φ (i/k) instead of φ (i), but this

makes no difference for our main focus. We also assume that installed capital depreciates at

an exponential rate δ and that the firm maximizes its net present discounted earnings with

a discount rate equal to the interest rate r, which is assumed to be constant.

The firm’s problem can be written as

max
k(t),i(t)

Z ∞

0
exp (−rt) [f (k (t))− i (t)− φ (i (t))] dt

subject to

(7.61) k̇ (t) = i (t)− δk (t)

and k (t) ≥ 0, with k (0) > 0 given. Clearly, both the objective function and the constraint

function are weakly monotone, thus we can apply Theorem 7.14.

292



Introduction to Modern Economic Growth

Notice that φ (i) does not contribute to capital accumulation; it is simply a cost. More-

over, since φ is strictly convex, it implies that it is not optimal for the firm to make “large”

adjustments. Therefore it will act as a force towards a smoother time path of investment.

To characterize the optimal investment plan of the firm, let us write the current-value

Hamiltonian:

Ĥ (k, i, q) ≡ [f (k (t))− i (t)− φ (i (t))] + q (t) [i (t)− δk (t)] ,

where we used q (t) instead of the familiar μ (t) for the costate variable, for reasons that will

be apparent soon.

The necessary conditions for this problem are standard (suppressing the “^” to denote

the optimal values in order to reduce notation):

Ĥi (k, i, q) = −1− φ0 (i (t)) + q (t) = 0

Ĥk (k, i, q) = f 0 (k (t))− δq (t) = rq (t)− q̇ (t)

lim
t→∞

exp (−rt) q (t) k (t) = 0.

The first necessary condition implies that

(7.62) q (t) = 1 + φ0 (i (t)) for all t.

Differentiating this equation with respect to time, we obtain

(7.63) q̇ (t) = φ00 (i (t)) i̇ (t) .

Substituting this into the second necessary condition, we obtain the following law of motion

for investment:

(7.64) i̇ (t) =
1

φ00 (i (t))

£
(r + δ)

¡
1 + φ0 (i (t))

¢
− f 0 (k (t))

¤
.

A number of interesting economic features emerge from this equation. First, as φ00 (i) tends to

zero, it can be verified that i̇ (t) diverges, meaning that investment jumps to a particular value.

In other words, it can be shown that this value is such that the capital stock immediately

reaches its state-state value (see Exercise 7.24). This is intuitive. As φ00 (i) tends to zero,

φ0 (i) becomes linear. In this case, adjustment costs simply increase the cost of investment

linearly and do not create any need for smoothing. In contrast, when φ00 (i (t)) > 0, there will

be a motive for smoothing, i̇ (t) will take a finite value, and investment will adjust slowly.

Therefore, as claimed above, adjustment costs lead to a smoother path of investment.

We can now analyze the behavior of investment and capital stock using the differential

equations (7.61) and (7.64). First, it can be verified easily that there exists a unique steady-

state solution with k > 0. This solution involves a level of capital stock k∗ for the firm and

investment just enough to replenish the depreciated capital, i∗ = δk∗. This steady-state level
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of capital satisfies the first-order condition (corresponding to the right-hand side of (7.64)

being equal to zero):

f 0 (k∗) = (r + δ)
¡
1 + φ0 (δk∗)

¢
.

This first-order condition differs from the standard “modified golden rule” condition, which

requires the marginal product of capital to be equal to the interest rate plus the depreciation

rate, because an additional cost of having a higher capital stock is that there will have to

be more investment to replenish depreciated capital. This is captured by the term φ0 (δk∗).

Since φ is strictly convex and f is strictly concave and satisfies the Inada conditions (from

Assumption 2), there exists a unique value of k∗ that satisfies this condition.

The analysis of dynamics in this case requires somewhat different ideas than those used

in the basic Solow growth model (cf., Theorems 2.4 and 2.5). In particular, instead of global

stability in the k-i space, the correct concept is one of saddle-path stability. The reason for

this is that instead of an initial value constraint, i (0) is pinned down by a boundary condition

at “infinity,” that is, to satisfy the transversality condition,

lim
t→∞

exp (−rt) q (t) k (t) = 0.

This implies that in the context of the current theory, with one state and one control variable,

we should have a one-dimensional manifold (a curve) along which capital-investment pairs

tend towards the steady state. This manifold is also referred to as the “stable arm”. The

initial value of investment, i (0), will then be determined so that the economy starts along

this manifold. In fact, if any capital-investment pair (rather than only pairs along this one

dimensional manifold) were to lead to the steady state, we would not know how to determine

i (0); in other words, there would be an “indeterminacy” of equilibria. Mathematically, rather

than requiring all eigenvalues of the linearized system to be negative, what we require now

is saddle-path stability, which involves the number of negative eigenvalues to be the same as

the number of state variables.

This notion of saddle path stability will be central in most of growth models we will study.

Let this now make these notions more precise by considering the following generalizations of

Theorems 2.4 and 2.5 (see Appendix Chapter B):

Theorem 7.18. Consider the following linear differential equation system

(7.65) ẋ (t) = Ax (t)+b

with initial value x (0), where x (t) ∈ Rn for all t and A is an n × n matrix. Let x∗ be the

steady state of the system given by Ax∗ + b = 0. Suppose that m ≤ n of the eigenvalues

of A have negative real parts. Then there exists an m-dimensional subspace M of Rn such

that starting from any x (0) ∈M , the differential equation (7.65) has a unique solution with

x (t)→ x∗.
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Figure 7.1. Dynamics of capital and investment in the q-theory.

Theorem 7.19. Consider the following nonlinear autonomous differential equation

(7.66) ẋ (t) = G [x (t)]

where G : Rn → Rn and suppose that G is continuously differentiable, with initial value x (0).

Let x∗ be a steady-state of this system, given by F (x∗) = 0. Define

A =DG (x∗) ,

and suppose that m ≤ n of the eigenvalues of A have negative real parts and the rest have

positive real parts. Then there exists an open neighborhood of x∗, B (x∗) ⊂ Rn and an m-

dimensional manifold M ⊂ B (x∗) such that starting from any x (0) ∈ M , the differential

equation (7.66) has a unique solution with x (t)→ x∗.

Put differently, these two theorems state that when only a subset of the eigenvalues have

negative real parts, a lower-dimensional subset of the original space leads to stable solutions.

Fortunately, in this context this is exactly what we require, since i (0) should adjust in order

to place us on exactly such a lower-dimensional subset of the original space.

Armed with these theorems, we can now investigate the transitional dynamics in the

q-theory of investment. To see that the equilibrium will tend to this steady-state level of

capital stock it suffices to plot (7.61) and (7.64) in the k-i space. This is done in Figure 7.1.
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The curve corresponding to k̇ = 0, (7.61), is upward sloping, since a greater level of capital

stock requires more investment to replenish the depreciated capital. When we are above this

curve, there is more investment than necessary for replenishment, so that k̇ > 0. When we

are below this curve, then k̇ < 0. On the other hand, the curve corresponding to i̇ = 0, (7.64),

can be nonmonotonic. Nevertheless, it is straightforward to verify that in the neighborhood

of the steady-state it is downward sloping (see Exercise 7.24). When we are to the right of

this curve, f 0 (k) is lower, thus i̇ > 0. When we are to its left, i̇ < 0. The resulting phase

diagram, together with the one-dimensional stable manifold, is shown in Figure 7.1 (see again

Exercise 7.24 for a different proof).

Starting with an arbitrary level of capital stock, k (0) > 0, the unique optimal solution

involves an initial level of investment i (0) > 0, followed by a smooth and monotonic approach

to the steady-state investment level of δk∗. In particular, it can be shown easily that when

k (0) < k∗, i (0) > i∗ and it monotonically decreases towards i∗ (see Exercise 7.24). This

is intuitive. Adjustment costs discourage large values of investment, thus the firm cannot

adjust its capital stock to its steady-state level immediately. However, because of diminishing

returns, the benefit of increasing the capital stock is greater when the level of capital stock is

low. Therefore, at the beginning the firm is willing to incur greater adjustment costs in order

to increase its capital stock and i (0) is high. As capital accumulates and k (t) > k (0), the

benefit of boosting the capital stock declines and the firm also reduces investment towards

the steady-state investment level.

It is also informative to see why a level of initial investment other than i (0) would

violate either the transversality condition or the first-order necessary conditions. Consider,

for example, i0 (0) > i (0) as the initial level. The phase diagram in Figure 7.1 makes it clear

that starting from such a level of investment, i (t) and k (t) would tend to infinity. It can be

verified that in this case q (t) k (t) would tend to infinity at a rate faster than r, thus violating

the transversality condition, limt→∞ exp (−rt) q (t) k (t) = 0. To see this more explicitly, note
that since along a trajectory starting at i0 (0), k̇ (t) /k (t) > 0, and thus we have

d(q(t)k(t))/dt

q(t)k(t)
≥ q̇(t)

q(t)

=
i̇(t)φ00(i(t))

1 + φ0(i(t))

= r + δ − f 0(k(t))/(1 + φ0(i(t))),

where the second line uses (7.62) and (7.63), while the third line substitutes from (7.64). As

k (t)→∞, we have that f 0 (k (t))→ 0, implying that

lim
t→∞

exp (−rt) q (t) k (t) ≥ lim
t→∞

exp (−rt) exp ((r + δ) t) = lim
t→∞

exp (δt) > 0,
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violating the transversality condition. In contrast, if we start with i00 (0) < i (0) as the initial

level, i (t) would tend to 0 in finite time (as shown by the fact that the trajectories hit

the horizontal axis) and k (t) would also tend towards zero (though not reaching it in finite

time). After the time where i (t) = 0, we also have q (t) = 1 and thus q̇ (t) = 0 (from (7.62)).

Moreover, by the Inada conditions, as k (t) → 0, f 0 (k (t)) → ∞. Consequently, after i (t)
reaches 0, the necessary condition q̇ (t) = (r + δ) q (t)−f 0 (k (t)) is necessarily violated. This
proves that the unique optimal path involves investment starting at i (0).

We next turn to the “q-theory” aspects. James Tobin argued that the value of an extra

unit of capital to the firm divided by its replacement cost is a measure of the “value of invest-

ment to the firm”. In particular, when this ratio is high, the firm would like to invest more.

In steady state, the firm will settle where this ratio is 1 or close to 1. In our formulation, the

costate variable q (t) measures Tobin’s q. To see this, let us denote the current (maximized)

value of the firm when it starts with a capital stock of k (t) by V (k (t)). The same arguments

as above imply that

(7.67) V 0 (k (t)) = q (t) ,

so that q (t) measures exactly by how much one dollar increase in capital will raise the value

of the firm.

In steady state, we have q̇ (t) = 0, so that q∗ = f 0 (k∗) / (r + δ), which is approximately

equal to 1 when φ0 (δk∗) is small. Nevertheless, out of steady state, q (t) can be significantly

greater than this amount, signaling that there is need for greater investments. Therefore, in

this model Tobin’s q, or alternatively the costate variable q (t), will play the role of signaling

when investment demand is high.

The q-theory of investment is one of the workhorse models of macroeconomics and finance,

since proxies for Tobin’s q can be constructed using stock market prices and book values of

firms. When stock market prices are greater than book values, this corresponds to periods in

which the firm in question has a high Tobin’s q–meaning that the value of installed capital is

greater than its replacement cost, which appears on the books. Nevertheless, whether this is

a good approach in practice is intensely debated, in part because Tobin’s q does not contain

all the relevant information when there are irreversibilities or fixed costs of investment, and

also perhaps more importantly, what is relevant is the “marginal q,” which corresponds to

the marginal increase in value (as suggested by equation (7.67)), whereas we can typically

only measure “average q”. The discrepancy between these two concepts can be large.

7.9. Taking Stock

This chapter has reviewed the basic tools of dynamic optimization in continuous time.

By its nature, this has been a technical (and unfortunately somewhat dry) chapter. The
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material covered here may have been less familiar than the discrete time optimization methods

presented in the previous chapter. Part of the difficulty arises from the fact that optimization

here is with respect to functions, even when the horizon is finite (rather than with respect

to vectors or infinite sequences as in the discrete time case). This introduces a range of

complications and some technical difficulties, which are not of great interest in the context

of economic applications. As a result, this chapter has provided an overview of the main

results, with an emphasis on those that are most useful in economic applications, together

with some of the proofs. These proofs are included to provide the readers with a sense of

where the results come from and to enable them to develop a better feel for their intuition.

While the basic ideas of optimal control may be a little less familiar than those of dis-

crete time dynamic programming, these methods are used in much of growth theory and in

other areas of macroeconomics. Moreover, while some problems naturally lend themselves

to analysis in discrete time, other problems become easier in continuous time. Some argue

that this is indeed the case for growth theory. Irrespective of whether one agrees with this

assessment, it is important to have a good command of both discrete time and continuous

time models in macroeconomics, since it should be the context and economic questions that

dictate which type of model one should write down, not the force of habit. This motivated

our choice of giving roughly equal weight to the two sets of techniques.

There is another reason for studying optimal control. The most powerful theorem in

optimal control, Pontryagin’s Maximum Principle, is as much an economic result as a mathe-

matical result. As discussed above, the Maximum Principle has a very natural interpretation

both in terms of maximizing flow returns plus the value of the stock, and also in terms of

an asset value equation for the value of the maximization problem. These economic intu-

itions are not only useful in illustrating the essence of this mathematical technique, but they

also provide a useful perspective on a large set of questions that involve the use of dynamic

optimization techniques in macroeconomics, labor economics, finance and other fields.

Finally, to avoid having the current chapter just on techniques, we also introduced a

number of economically substantive applications of optimal control. These include the in-

tertemporal problem of a consumer, the problem of finding the optimal consumption path

of a non-renewable resource and the q-theory of investment. We also used the q-theory of

investment to illustrate how transitional dynamics can be analyzed in economic problems

involving dynamic optimization (and corresponding boundary conditions at infinity). A de-

tailed analysis of optimal and equilibrium growth is left for the next chapter.

This chapter also concludes our exposition of the “foundations” of growth theory, which

comprised general equilibrium foundations of aggregative models as well as an introduction to

mathematical tools necessary for dynamic economic analysis. We next turn to economically

more substantive issues.
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7.10. References and Literature

The main material covered in this chapter is the topic of many excellent applied mathe-

matics and engineering books. The purpose here has been to provide a review of the results

that are most relevant for economists, together with simplified versions of the most important

proofs. The first part of the chapter is closer to the calculus of variations theory, because it

makes use of variational arguments combined with continuity properties. Nevertheless, most

economists do not need to study the calculus of variations in detail, both because it has been

superseded by optimal control theory and also because most of the natural applications of the

calculus of variations are in physics and other natural sciences. The interested reader can look

at Gelfand and Fomin (2000). Chiang (1992) provides a readable and simple introduction to

the calculus of variations with economic examples.

The theory of optimal control was originally developed by Pontryagin et al. (1962). For

this reason, the main necessary condition is also referred to as the Pontryagin’s (Maximum)

Principle. The type of problem considered here (and in economics more generally) is referred

to as the Lagrange problem in optimal control theory. The Maximum Principle is generally

stated either for the somewhat simpler Meyer problem or the more general Bolza problem,

though all of these problems are essentially equivalent, and when the problem is formulated

in vector form, one can easily go back and forth between these different problems by simple

transformations.

There are several books with varying levels of difficulty dealing with optimal control.

Many of these books are not easy to read, but are also not entirely rigorous in their proofs.

An excellent source that provides an advanced and complete treatment is Fleming and Rishel

(1975). The first part of this book provides a complete (but rather different) proof of Pontrya-

gin’s Maximum Principle and various applications. It also provides a number of theorems on

existence and continuity of optimal controls. A deeper understanding of sufficient conditions

for existence of solution and the structure of necessary conditions can be gained from the

excellent (but abstract and difficult) book by Luenberger (1969). The results in this book are

general enough to cover both discrete time and continuous time dynamic optimization. This

book also gives a very good sense of why maximization in function spaces is different from

finite-dimensional maximization, and when such infinite-dimensional maximization problems

may fail to have solutions.

For economists, books that develop the theory of optimal control with economic applica-

tions may be more appropriate. Here the best reference is Seierstad and Sydsaeter (1987).

While not as rigorous as Fleming and Rishel (1975), this book also has a complete proof of

the main results and is also easier and more interesting to read for economists. It also shows

how the results can be applied to economic problems. Other references in economics are
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Kamien and Schwartz (1991) and Leonard and Van Long (1992). Another classic is Arrow

and Kurz’s (1970) book, which covers the same material and also presents rich economic

insight on growth theory and related problems. This book also states and provides a proof

of Arrow’s sufficiency theorem, which also appears in Arrow (1968).

Two recent books on applications of optimal control in economics, Caputo (2005) and

Weitzman (2003), might be more readable. My treatment of the sufficiency results here is very

similar to Caputo (2005). Weitzman (2003) provides a lively discussion of the applications of

the Maximum Principle, especially in the context of environmental economics and depletion

of natural resources.

There is some confusion in the literature over the role of the transversality condition.

As commented in the previous chapter, in general there need not be a single transversality

condition, since the transversality condition represents the necessary conditions obtained

from specific types of variations. The example provided in Section 7.4 shows that the stronger

transversality condition, which is very useful in many applications, does not always hold. This

example is a variant of the famous example by Halkin (1974). The interested reader should

look at Michel (1982), which contains the original result on the transversality condition

of (7.45) for discounted infinite horizon optimal control problems and also a discussion of

when the stronger condition (7.56) holds. The results presented here are closely related to

Michel’s (1982) results, but are stated under assumptions that are more relevant in economic

situations. Michel assumes that the objective function is nonnegative, which is violated by

many of the common utility functions used in economic growth models, and also imposes

an additional technical assumption that is not easy to verify; instead the results here are

stated under the assumption of weak monotonicity, which is satisfied in almost all economic

applications.

The original economic interpretation of the Maximum Principle appeared in Dorfman

(1969). The interpretation here builds on the discussion by Dorfman, but extends this based

on the no-arbitrage interpretation of asset values in the Hamilton-Jacobi-Bellman equation.

This interpretation of Hamilton-Jacobi-Bellman is well known in many areas of macroeco-

nomics and labor economics, but is not often used to provide a general economic interpreta-

tion for the Maximum Principle. Weitzman (2003) also provides an economic interpretation

for the Maximum Principle related to the Hamilton-Jacobi-Bellman equation.

The classic reference for exploitation of a non-renewable resource is Hotelling (1931).

Weitzman (2003) provides a detailed treatment and a very insightful discussion. Dasgupta

and Heal (1979) and Conrad (1999) are also useful references for applications of similar ideas

to sustainability and environmental economics. Classic references on investment with costs

of adjustment and the q-theory of investment include Eisner and Strotz (1963), Lucas (1967),

Tobin (1969) and Hayashi (1982). Detailed treatments of the q-theory of investment can be
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found in any graduate-level economics textbook, for example, Blanchard and Fisher (1989) or

Romer (1996), as well as in Dixit and Pindyck’s (1994) book on investment under uncertainty

and Caballero’s (1999) survey. Caballero (1999) also includes a critique of the q-theory.

7.11. Exercises

Exercise 7.1. Consider the problem of maximizing (7.1) subject to (7.2) and (7.3) as in

Section 7.1. Suppose that for the pair (x̂ (t) , ŷ (t)) there exists a time interval (t0, t00) with

t0 < t00 such that

λ̇ (t) 6= − [fx (t, x̂ (t) , ŷ (t)) + λ (t) gx (t, x̂ (t) , ŷ (t))] for all t ∈
¡
t0, t00

¢
.

Prove that the pair (x̂ (t) , ŷ (t)) could not attain the optimal value of (7.1).

Exercise 7.2. * Prove that, given in optimal solution x̂ (t) , ŷ (t) to (7.1), the maximized

Hamiltonian defined in (7.16) and evaluated at x̂ (t), M (t, x̂ (t) , λ (t)), is differentiable in x

and satisfies λ̇ (t) = −Mx (t, x̂ (t) , λ (t)) for all t ∈ [0, t1] .
Exercise 7.3. The key equation of the calculus of variations is the Euler-Legrange equation,

which characterizes the solution to the following problem (under similar regularity conditions

to those of Theorem 7.2):

max
x(t)

Z t1

0
F (t, x (t) , ẋ (t)) dx

subject to x (t) = 0. Suppose that F is differentiable in all of its arguments and an interior

continuously differentiable solution exists. The so-called Euler-Legrange equation, which

provides the necessary conditions for an optimal solution, is

∂F (t, x (t) , ẋ (t))

∂x (t)
− ∂2F (t, x (t) , ẋ (t))

∂ẋ (t) ∂t
= 0.

Derive this equation from Theorem 7.2. [Hint: define y (t) ≡ ẋ (t)].

Exercise 7.4. This exercise asks you to use the Euler-Legrange equation derived in Exercise

7.3 to solve the canonical problem that motivated Euler and Legrange, that of finding the

shortest distance between two points in a plane. In particular, consider a two dimensional

plane and two points on this plane with coordinates (z0, u0) and (z1, u1). We would like to

find the curve that has the shortest length that connects these two points. Such a curve can

be represented by a function x : R→ R such that u = x (z), together with initial and terminal

conditions u0 = x (z0) and u1 = x (z1). It is also natural to impose that this curve u = x (z)

be smooth, which corresponds to requiring that the solution be continuously differentiable so

that x0 (z) exists.

To solve this problem, observe that the (arc) length along the curve x can be represented

as

A [x (z)] ≡
Z z2

z1

q
1 + [x0 (z)]2dz.

The problem is to minimize this object by choosing x (z).
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Now, without loss of any generality let us take (z0, u0) = (0, 0) and let t = z to transform

the problem into a more familiar form, which becomes that of maximizing

−
Z t1

0

q
1 + [x0 (t)]2dt.

Prove that the solution to this problem requires

d
h
x0 (t)

³
1 + (x0 (t))2

´i
dt

= 0.

Show that this is only possible if x00 (t) = 0, so that the shortest path between two points is

a straight-line.

Exercise 7.5. Prove Theorem 7.2, in particular, paying attention to constructing feasible

variations that ensure x (t1, ε) = x1 for all ε in some neighborhood of 0. What happens if

there are no such feasible variations?

Exercise 7.6. (1) Provide an expression for the initial level of consumption c (0) as a

function of a (0), w, r and β in Example 7.1.

(2) What is the effect of an increase in a (0) on the initial level of consumption c (0)?

What is the effect on the consumption path?

(3) How would the consumption path change if instead of a constant level of labor earn-

ings, w, the individual faced a time-varying labor income profile given by [w (t)]1t=0?

Explain the reasoning for the answer in detail.

Exercise 7.7. Prove Theorem 7.4.

Exercise 7.8. * Prove a version of Theorem 7.5 corresponding to Theorem 7.2. [Hint:

instead of λ (t1) = 0, the proof should exploit the fact that x (1) = x̂ (1) = x1].

Exercise 7.9. * Prove that in the finite-horizon problem of maximizing (7.1) or (7.11)

subject to (7.2) and (7.3), fx (t, x̂ (t) , ŷ (t) , λ (t)) > 0 for all t ∈ [0, t1] implies that λ (t) > 0

for all t ∈ [0, t1].
Exercise 7.10. * Prove Theorem 7.6.

Exercise 7.11. Prove Theorem 7.11.

Exercise 7.12. Provide a proof of Theorem 7.15.

Exercise 7.13. Prove that in the discounted infinite-horizon optimal control problem con-

sidered in Theorem 7.14 conditions (7.52)-(7.54) are necessary.

Exercise 7.14. Consider a finite horizon continuous time maximization problem, where the

objective function is

W (x (t) , y (t)) =

Z t1

0
f (t, x (t) , y (t)) dt

with x (0) = x0 and t1 <∞, and the constraint equation is

ẋ (t) = g (t, x (t) , y (t)) .

Imagine that t1 is also a choice variable.
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(1) Show that W (x (t) , y (t)) can be written as

W (x (t) , y (t)) =

Z t1

0

h
H (t, x (t) , y (t)) + λ̇ (t)x (t)

i
dt− λ (t1)x (t1) + λ (0)x0,

where H (t, x, y) ≡ f (t, x (t) , y (t)) + λ (t) g (t, x (t) , y (t)) is the Hamiltonian and

λ (t) is the costate variable.

(2) Now suppose that the pair (x̂ (t) , ŷ (t)) together with terminal date t̂1 constitutes

an optimal solution for this problem. Consider the following class of variations:

y (t, ε) = ŷ (t) + εη (t) for t ∈
£
0, t̂1

¤
and y (t, ε) = ŷ

¡
t̂1
¢
+ εη (t) for t ∈

£
t̂1, t̂1 + ε∆t

¤
,

t1 = t̂1 + ε∆t.

Denote the corresponding path of the state variable by x (t, ε). Evaluate

W (x (t, ε) , y (t, ε)) at this variation. Explain why this variation is feasible for ε

small enough.

(3) Show that for a feasible variation,

dW (x (t, ε) , y (t, ε))

dε

¯̄̄̄
ε=0

=

Z t̂1

0

h
Hx (t, x̂ (t) , ŷ (t)) + λ̇ (t)

i ∂x (t, ε)
∂ε

dt

+

Z t̂1

0
Hy (t, x̂ (t) , ŷ (t)) η (t) dt

+H
¡
t̂1, x̂

¡
t̂1
¢
, ŷ
¡
t̂1
¢¢
∆t− λ

¡
t̂1
¢ ∂x ¡t̂1, ε¢

∂ε
.

(4) Explain why the previous expression has to be equal to 0.

(5) Now taking the limit as t̂1 → ∞, derive the weaker form of the transversality con-

dition (7.45).

(6) What are the advantages and disadvantages of this method of derivation relative to

that used in the proof of Theorem 7.13.

Exercise 7.15. Consider the discounted infinite-horizon problem, with f (t, x (t) , y (t)) =

exp (−ρt) f (x (t) , y (t)), and g (t, x (t) , y (t)) = g (x (t) , y (t)). Prove that if an admissible

pair (x̂ (t) , ŷ (t))t≥0 is optimal starting at t = 0 with initial condition x (0) = x0, then

(x̂ (t) , ŷ (t))t≥s is also admissible and optimal for the problem starting at t = s with initial

condition x (s) = x0.

Exercise 7.16. This exercise contains an alternative derivation of the stationary form of HJB

equation, (7.41). Consider the discounted infinite-horizon problem, with f (t, x (t) , y (t)) =

exp (−ρt) f (x (t) , y (t)), and g (t, x (t) , y (t)) = g (x (t) , y (t)). Suppose that the admissible

pair (x̂ (t) , ŷ (t)) is optimal starting at t = 0 with initial condition x (0) = x0. Let

V (x (0)) =

Z ∞

0
exp (−ρt) f ((x̂ (t) , ŷ (t))) dt,
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which is well defined in view of Exercise 7.15. Now write

V (x (0)) = f ((x̂ (t) , ŷ (t)))∆t+ o (∆t) +

Z ∞

∆t
exp (−ρt) f ((x̂ (t) , ŷ (t))) dt,

where o (∆t) denotes second-order terms that satisfy lim∆t→0 o (∆t) /∆t = 0. Explain why

this equation can be written as

V (x (0)) = f ((x̂ (t) , ŷ (t)))∆t+ o (∆t) + exp (−ρ∆t)V (x (∆t))

[Hint: again use Exercise 7.15]. Now subtract V (x (∆t)) from both sides and divide both

sides by ∆t to obtain

V (x (0))− V (x (∆t))

∆t
= f ((x̂ (t) , ŷ (t))) +

o (∆t)

∆t
+
exp (−ρ∆t)− 1

∆t
V (x (∆t)) .

Show that taking the limit as ∆t→ 0 gives (7.41).

Exercise 7.17. * Consider the following maximization problem:

max
x(t),y(t)

Z 1

0
f (x (t) , y (t)) dt

subject to

ẋ (t) = y (t)2

x (0) = 0 and x (1) = 1, where y (t) ∈ R and f is an arbitrary continuously differentiable

function. Show that the unique solution to this maximization problem does not satisfy the

necessary conditions in Theorem 7.2. Explain why this is.

Exercise 7.18. * Consider the following maximization problem:

max
x(t),y(t)

−
Z 1

0
x (t)2 dt

subject to

ẋ (t) = y (t)2

x (0) = 0 and x (1) = 1, where y (t) ∈ R. Show that there does not exist a continuously

differentiable solution to this problem.

Exercise 7.19. Consider the following discounted infinite-horizon maximization problem

max

Z ∞

0
exp (−ρt)

∙
2y (t)1/2 +

1

2
x (t)2

¸
dt

subject to

ẋ (t) = −ρx (t) y (t)
and x (0) = 1.

(1) Show that this problem satisfies all the assumptions of Theorem 7.14.

(2) Set up at the current-value Hamiltonian and derive the necessary conditions, with

the costate variable μ (t).

(3) Show that the following is an optimal solution y (t) = 1, x (t) = exp (−ρt), and
μ (t) = exp (ρt) for all t.
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(4) Show that this optimal solution violates the condition that limt→∞ exp (−ρt)μ (t),
but satisfies (7.56).

Exercise 7.20. Consider the following optimal growth model without discounting:

max

Z ∞

0
[u (c (t))− u (c∗)] dt

subject to

k̇ (t) = f (k (t))− c (t)− δk (t)

with initial condition k (0) > 0, and c∗ defined as the golden rule consumption level

c∗ = f (k∗)− δk∗

where k∗ is the golden rule capital-labor ratio given by f 0 (k∗) = δ.

(1) Set up the Hamiltonian for this problem with costate variable λ (t).

(2) Characterize the solution to this optimal growth program.

(3) Show that the standard transversality condition that limt→∞ λ (t) k (t) = 0 is not

satisfied at the optimal solution. Explain why this is the case.

Exercise 7.21. Consider the infinite-horizon optimal control problem given by the maximiza-

tion of (7.28) subject to (7.29) and (7.30). Suppose that the problem has a quasi-stationary

structure, so that

f (t, x, y) ≡ β (t) f (x, y)

g (t, x, y) ≡ g (x, y) ,

where β (t) is the discount factor that applies to returns that are an interval of time t away

from the present.

(1) Set up Hamiltonian and characterize the necessary conditions for this problem.

(2) Prove that the solution to this problem is time consistent (meaning that the solution

chosen at some date s cannot be improved upon at some future date s0 by changing

the continuation plans after this date) if and only if β (t) = exp (−ρt) for some ρ ≥ 0.
(3) Interpret this result and explain in what way the conclusion is different from that

of Lemma 7.1.

Exercise 7.22. Consider the problem of consuming a non-renewable resource in Example

7.3. Show that the solution outlined their satisfies the stronger transversality condition (7.56).

Exercise 7.23. Consider the following continuous time discounted infinite horizon problem:

max

Z ∞

0
exp (−ρt)u (c (t)) dt

subject to

ẋ (t) = g (x (t))− c (t)

with initial condition x (0) > 0.
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Suppose that u (·) is strictly increasing and strictly concave, with limc→∞ u0 (c) = 0 and

limc→0 u0 (c) = ∞, and g (·) is increasing and strictly concave with limx→∞ g0 (x) = 0 and

limx→0 g0 (x) =∞.
(1) Set up the current value Hamiltonian and derive the Euler equations for an optimal

path.

(2) Show that the standard transversality condition and the Euler equations are neces-

sary and sufficient for a solution.

(3) Characterize the optimal path of solutions and their limiting behavior.

Exercise 7.24. (1) In the q-theory of investment, prove that when φ00 (i) = 0 (for

all i), investment jumps so that the capital stock reaches its steady-state value k∗

immediately.

(2) Prove that as shown in Figure 7.1, the curve for (7.64) is downward sloping in the

neighborhood of the steady state.

(3) As an alternative to the diagrammatic analysis of Figure 7.1, linearize (7.61) and

(7.64), and show that in the neighborhood of the steady state this system has one

positive and one negative eigenvalue. Explain why this implies that optimal invest-

ment plans will tend towards the stationary solution (steady state).

(4) Prove that when k (0) < k∗, i (0) > i∗ and i (t) ↓ i∗.
(5) Derive the equations for the q-theory of investment when the adjustment cost takes

the form φ (i/k). How does this affect the steady-state marginal product of capital?

(6) Derive the optimal equation path when investment is irreversible, in the sense that

we have the additional constraint i̇ ≥ 0.

306



Part 3

Neoclassical Growth



This part of the book covers the basic workhorse models of the theory of economic growth.

We start with the infinite-horizon neoclassical growth model, which we have already encoun-

tered in the previous chapters. A closely related model is the baseline overlapping-generations

model of Samuelson and Diamond, and this is the topic of Chapter 9. Despite the similarities

between the two models, they have quite different normative and positive implications, and

each model may be appropriate for different sets of issues. It is therefore important to have

a detailed discussion of both.

This part of the book also presents the basic economic growth model with human cap-

ital investments. The inclusion of this model is motivated both because of the increasingly

important role of human capital in economic growth and macroeconomics, and also as a way

of linking macroeconomic approaches to microdata on schooling and returns to schooling.

Finally, Chapter 11 introduces the first models of sustained economic growth. These are

contained in this part of the book rather than the next, because they are models of sustained

growth without technological change. Despite their simplicity, these models lead to a number

of important economic insights and provide a good introduction to the set of issues we will

encounter in the next part of the book.



CHAPTER 8

The Neoclassical Growth Model

We are now ready to start our analysis of the standard neoclassical growth model (also

known as the Ramsey or Cass-Koopmans model). This model differs from the Solow model

only in one crucial respect: it explicitly models the consumer side and endogenizes savings.

In other words, it allows consumer optimization. Beyond its use as a basic growth model,

this model has become a workhorse for many areas of macroeconomics, including the analysis

of fiscal policy, taxation, business cycles, and even monetary policy.

Since both the basic equilibrium and optimal growth models in discrete time were already

presented as applications of dynamic programming in Chapter 6, this chapter focuses on the

continuous time neoclassical growth model (returning to discrete time examples in exercises).

8.1. Preferences, Technology and Demographics

Consider an infinite-horizon economy in continuous time. We assume that the economy

admits a representative household with instantaneous utility function

(8.1) u (c (t)) ,

and we make the following standard assumptions on this utility function:

Assumption 3. u (c) is strictly increasing, concave, twice continuously differentiable with

derivatives u0 and u00, and satisfies the following Inada type assumptions:

lim
c→0

u0 (c) =∞ and lim
c→∞

u0 (c) = 0.

More explicitly, let us suppose that this representative household represents a set of

identical households (with measure normalized to 1). Each household has an instantaneous

utility function given by (8.1). Population within each household grows at the rate n, starting

with L (0) = 1, so that total population is

(8.2) L (t) = exp (nt) .

All members of the household supply their labor inelastically.

Our baseline assumption is that the household is fully altruistic towards all of its future

members, and always makes the allocations of consumption (among household members)
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cooperatively. This implies that the objective function of each household at time t = 0,

U (0), can be written as

(8.3) U (0) ≡
Z ∞

0
exp (− (ρ− n) t)u (c (t)) dt,

where c (t) is consumption per capita at time t, ρ is the subjective discount rate, and the

effective discount rate is ρ−n, since it is assumed that the household derives utility from the

consumption per capita of its additional members in the future as well (see Exercise 8.1).

It is useful to be a little more explicit about where the objective function (8.3) is coming

from. First, given the strict concavity of u (·) and the assumption that within-household
allocation decisions are cooperative, each household member will have an equal consumption

(Exercise 8.1). This implies that each member will consume

c (t) ≡ C (t)

L (t)

at date t, where C (t) is total consumption and L (t) is the size of the representative household

(equal to total population, since the measure of households is normalized to 1). This implies

that the household will receive a utility of u (c (t)) per household member at time t, or a total

utility of L (t)u (c (t)) = exp (nt)u (c (t)). Since utility at time t is discounted back to time 0

with a discount rate of exp (−ρt), we obtain the expression in (8.3).
We also assume throughout that

Assumption 40.

ρ > n.

This assumption ensures that there is in fact discounting of future utility streams. Oth-

erwise, (8.3) would have infinite value, and standard optimization techniques would not be

useful in characterizing optimal plans. Assumption 40 makes sure that in the model without

growth, discounted utility is finite. When there is growth, we will strengthen this assumption

and introduce Assumption 4.

We start with an economy without any technological progress. Factor and product mar-

kets are competitive, and the production possibilities set of the economy is represented by

the aggregate production function

Y (t) = F [K (t) , L (t)] ,

which is a simplified version of the production function (2.1) used in the Solow growth model

in Chapter 2. In particular, there is now no technology term (labor-augmenting technological

change will be introduced below). As in the Solow model, we impose the standard constant

returns to scale and Inada assumptions embedded in Assumptions 1 and 2. The constant

returns to scale feature enables us to work with the per capita production function f (·) such
310



Introduction to Modern Economic Growth

that, output per capita is given by

y (t) ≡ Y (t)

L (t)

= F

∙
K (t)

L (t)
, 1

¸
≡ f (k (t)) ,

where, as before,

(8.4) k (t) ≡ K (t)

L (t)
.

Competitive factor markets then imply that, at all points in time, the rental rate of capital

and the wage rate are given by:

(8.5) R (t) = FK [K(t), L(t)] = f 0 (k(t)).

and

(8.6) w (t) = FL[K(t), L(t)] = f (k (t))− k (t) f 0 (k(t)).

The household optimization side is more complicated, since each household will solve a

continuous time optimization problem in deciding how to use their assets and allocate con-

sumption over time. To prepare for this, let us denote the asset holdings of the representative

household at time t by A (t). Then we have the following law of motion for the total assets
of the household

Ȧ (t) = r (t)A (t) +w (t)L (t)− c (t)L (t)

where c (t) is consumption per capita of the household, r (t) is the risk-free market flow rate

of return on assets, and w (t)L (t) is the flow of labor income earnings of the household.

Defining per capita assets as

a (t) ≡ A (t)
L (t)

,

we obtain:

(8.7) ȧ (t) = (r (t)− n) a (t) + w (t)− c (t) .

In practice, household assets can consist of capital stock, K (t), which they rent to firms

and government bonds, B (t). In models with uncertainty, households would have a portfolio

choice between the capital stock of the corporate sector and riskless bonds. Government

bonds play an important role in models with incomplete markets, allowing households to

smooth idiosyncratic shocks. But in representative household models without government,

their only use is in pricing assets (for example riskless bonds versus equity), since they have

to be in zero net supply, i.e., total supply of bonds has to be B (t) = 0. Consequently, assets
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per capita will be equal to the capital stock per capita (or the capital-labor ratio in the

economy), that is,

a (t) = k (t) .

Moreover, since there is no uncertainty here and a depreciation rate of δ, the market rate of

return on assets will be given by

(8.8) r (t) = R (t)− δ.

The equation (8.7) is only a flow constraint. As already noted above, it is not sufficient

as a proper budget constraint on the individual (unless we impose a lower bound on assets,

such as a (t) ≥ 0 for all t). To see this, let us write the single budget constraint of the form:Z T

0
c (t)L(t) exp

µZ T

t
r (s) ds

¶
dt+A (T )(8.9)

=

Z T

0
w (t)L (t) exp

µZ T

t
r (s) ds

¶
dt+A (0) exp

µZ T

0
r (s) ds

¶
,

for some arbitrary T > 0. This constraint states that the household’s asset position at time

T is given by his total income plus initial assets minus expenditures, all carried forward to

date T units. Differentiating this expression with respect to T and dividing L(t) gives (8.7)

(see Exercise 8.2).

Now imagine that (8.9) applies to a finite-horizon economy ending at date T . In this

case, it becomes clear that the flow budget constraint (8.7) by itself does not guarantee that

A (T ) ≥ 0. Therefore, in the finite-horizon, we would simply impose this lifetime budget

constraint as a boundary condition.

In the infinite-horizon case, we need a similar boundary condition. This is generally

referred to as the no-Ponzi-game condition, and takes the form

(8.10) lim
t→∞

a (t) exp

µ
−
Z t

0
(r (s)− n) ds

¶
≥ 0.

This condition is stated as an inequality, to ensure that the individual does not asymptotically

tend to a negative wealth. Exercise 8.3 shows why this no-Ponzi-game condition is necessary.

Furthermore, the transversality condition ensures that the individual would never want to

have positive wealth asymptotically, so the no-Ponzi-game condition can be alternatively

stated as:

(8.11) lim
t→∞

a (t) exp

µ
−
Z t

0
(r (s)− n) ds

¶
= 0.

In what follows we will use (8.10), and then derive (8.11) using the transversality condition

explicitly.

The name no-Ponzi-game condition comes from the chain-letter or pyramid schemes,

which are sometimes called Ponzi games, where an individual can continuously borrow from

a competitive financial market (or more often, from unsuspecting souls that become part of
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the chain-letter scheme) and pay his or her previous debts using current borrowings. The

consequence of this scheme would be that the asset holding of the individual would tend to

−∞ as time goes by, clearly violating feasibility at the economy level.

To understand where this form of the no-Ponzi-game condition comes from, multiply both

sides of (8.9) by exp
³
−
R T
0 r (s) ds

´
to obtainZ T

0
c (t)L(t) exp

µ
−
Z t

0
r (s) ds

¶
dt+ exp

µ
−
Z T

0
r (s) ds

¶
A (T )

=

Z T

0
w (t)L (t) exp

µ
−
Z t

0
r (s) ds

¶
dt+A (0) ,

then divide everything by L (0) and note that L(t) grows at the rate n, to obtainZ T

0
c (t) exp

µ
−
Z t

0
(r (s)− n) ds

¶
dt+ exp

µ
−
Z T

0
(r (s)− n) ds

¶
a (T )

=

Z T

0
w (t) exp

µ
−
Z t

0
(r (s)− n) ds

¶
dt+ a (0) .

Now take the limit as T →∞ and use the no-Ponzi-game condition (8.11) to obtainZ ∞

0
c (t) exp

µ
−
Z t

0
(r (s)− n) ds

¶
dt = a (0) +

Z ∞

0
w (t) exp

µ
−
Z t

0
(r (s)− n) ds

¶
dt,

which requires the discounted sum of expenditures to be equal to initial income plus the

discounted sum of labor income. Therefore this equation is a direct extension of (8.9) to

infinite horizon. This derivation makes it clear that the no-Ponzi-game condition (8.11)

essentially ensures that the individual’s lifetime budget constraint holds in infinite horizon.

8.2. Characterization of Equilibrium

8.2.1. Definition of Equilibrium. We are now in a position to define an equilibrium

in this dynamic economy. We will provide two definitions, the first is somewhat more formal,

while the second definition will be more useful in characterizing the equilibrium below.

Definition 8.1. A competitive equilibrium of the Ramsey economy consists of paths of

consumption, capital stock, wage rates and rental rates of capital,

[C (t) ,K (t) , w (t) , R (t)]∞t=0, such that the representative household maximizes its utility given

initial capital stock K (0) and the time path of prices [w (t) , R (t)]∞t=0, and all markets clear.

Notice that in equilibrium we need to determine the entire time path of real quantities

and the associated prices. This is an important point to bear in mind. In dynamic models

whenever we talk of “equilibrium”, this refers to the entire path of quantities and prices. In

some models, we will focus on the steady-state equilibrium, but equilibrium always refers to

the entire path.

Since everything can be equivalently defined in terms of per capita variables, we can state

an alternative and more convenient definition of equilibrium:
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Definition 8.2. A competitive equilibrium of the Ramsey economy consists of paths

of per capita consumption, capital-labor ratio, wage rates and rental rates of capital,

[c (t) , k (t) , w (t) , R (t)]∞t=0, such that the representative household maximizes (8.3) subject

to (8.7) and (8.10) given initial capital-labor ratio k (0), factor prices [w (t) , R (t)]∞t=0 as in

(8.5) and (8.6), and the rate of return on assets r (t) given by (8.8).

8.2.2. Household Maximization. Let us start with the problem of the representative

household. From the definition of equilibrium we know that this is to maximize (8.3) subject

to (8.7) and (8.11). Let us first ignore (8.11) and set up the current-value Hamiltonian:

Ĥ (a, c, μ) = u (c (t)) + μ (t) [w (t) + (r (t)− n) a (t)− c (t)] ,

with state variable a, control variable c and current-value costate variable μ. This problem

is closely related to the intertemporal utility maximization examples studied in the previous

two chapters, with the main difference being that the rate of return on assets is also time

varying. It can be verified that this problem satisfies all the assumptions of Theorem 7.14,

including weak monotonicity.

Thus applying Theorem 7.14, we obtain the following necessary conditions:

Ĥc (a, c, μ) = u0 (c (t))− μ (t) = 0

Ĥa (a, c, μ) = μ (t) (r (t)− n) = −μ̇ (t) + (ρ− n)μ (t)

lim
t→∞

[exp (− (ρ− n) t)μ (t) a (t)] = 0.

and the transition equation (8.7).

Notice that the transversality condition is written in terms of the current-value costate

variable, which is more convenient given the rest of the necessary conditions.

Moreover, as discussed in the previous chapter, for any μ (t) > 0, Ĥ (a, c, μ) is a concave

function of (a, c). The first necessary condition (and equation (8.13) below), in turn, imply

that μ (t) > 0 for all t. Therefore, Theorem 7.15 implies that these conditions are sufficient

for a solution.

We can next rearrange the second condition to obtain:

(8.12)
μ̇ (t)

μ (t)
= − (r (t)− ρ) ,

which states that the multiplier changes depending on whether the rate of return on assets

is currently greater than or less than the discount rate of the household.

Next, the first necessary condition above implies that

(8.13) u0 (c (t)) = μ (t) .
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To make more progress, let us differentiate this with respect to time and divide by μ (t),

which yields

u00 (c (t)) c (t)

u0 (c (t))

ċ (t)

c (t)
=

μ̇ (t)

μ (t)
.

Substituting this into (8.12), we obtain another form of the famous consumer Euler equation:

(8.14)
ċ (t)

c (t)
=

1

εu (c(t))
(r (t)− ρ)

where

(8.15) εu (c (t)) ≡ −
u00 (c (t)) c (t)

u0 (c (t))

is the elasticity of the marginal utility u0 (c(t)). This equation is closely related to the con-

sumer Euler equation we derived in the context of the discrete time problem, equation (6.30),

as well as to the consumer Euler equation in continuous time with constant interest rates in

Example 7.1 in the previous chapter. As with equation (6.30), it states that consumption will

grow over time when the discount rate is less than the rate of return on assets. It also specifies

the speed at which consumption will grow in response to a gap between this rate of return

and the discount rate, which is related to the elasticity of marginal utility of consumption,

εu (c (t)).

Notice that εu (c (t)) is not only the elasticity of marginal utility, but even more impor-

tantly, it is the inverse of the intertemporal elasticity of substitution, which plays a crucial role

in most macro models. The intertemporal elasticity of substitution regulates the willingness

of individuals to substitute consumption (or labor or any other attribute that yields utility)

over time. The elasticity between the dates t and s > t is defined as

σu (t, s) = −
d log (c (s) /c (t))

d log (u0 (c (s)) /u0 (c (t)))
.

As s ↓ t, we have

(8.16) σu (t, s)→ σu (t) = −
u0 (c (t))

u00 (c (t)) c (t)
=

1

εu (c (t))
.

This is not surprising, since the concavity of the utility function u (·)–or equivalently, the
elasticity of marginal utility–determines how willing individuals are to substitute consump-

tion over time.

Next, integrating (8.12), we have

μ (t) = μ (0) exp

µ
−
Z t

0
(r (s)− ρ) ds

¶
= u0 (c (0)) exp

µ
−
Z t

0
(r (s)− ρ) ds

¶
,
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where the second line uses the first optimality condition of the current-value Hamiltonian at

time t = 0. Now substituting into the transversality condition, we have

lim
t→∞

∙
exp (− (ρ− n) t) a (t)u0 (c (0)) exp

µ
−
Z t

0
(r (s)− ρ) ds

¶¸
= 0,

lim
t→∞

∙
a (t) exp

µ
−
Z t

0
(r (s)− n) ds

¶¸
= 0,

which implies that the strict no-Ponzi condition, (8.11) has to hold. Also, for future reference,

notes that, since a (t) = k (t), the transversality condition is also equivalent to

lim
t→∞

∙
exp

µ
−
Z t

0
(r (s)− n) ds

¶
k (t)

¸
= 0,

which requires that the discounted market value of the capital stock in the very far future

is equal to 0. This “market value” version of the transversality condition is sometimes more

convenient to work with.

We can derive further results on the consumption behavior of households. In particular,

notice that the term exp
³
−
R t
0 r (s) ds

´
is a present-value factor that converts a unit of income

at time t to a unit of income at time 0. In the special case where r (s) = r, this factor would

be exactly equal to exp (−rt). But more generally, we can define an average interest rate
between dates 0 and t as

(8.17) r̄ (t) =
1

t

Z t

0
r (s) ds.

In that case, we can express the conversion factor between dates 0 and t as

exp (−r̄ (t) t) ,

and the transversality condition can be written as

(8.18) lim
t→∞

[exp (− (r̄ (t)− n) t) a (t)] = 0.

Now recalling that the solution to the differential equation

ẏ (t) = b (t) y (t)

is

y (t) = y (0) exp

µZ t

0
b (s) ds

¶
,

we can integrate (8.14), to obtain

c (t) = c (0) exp

µZ t

0

r (s)− ρ

εu (c (s))
ds

¶
as the consumption function. Once we determine c (0), the initial level of consumption, the

path of consumption can be exactly solved out. In the special case where εu (c (s)) is constant,
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for example, εu (c (s)) = θ, this equation simplifies to

c (t) = c (0) exp

µµ
r̄ (t)− ρ

θ

¶
t

¶
,

and moreover, the lifetime budget constraint simplifies toZ ∞

0
c (t) exp (− (r̄ (t)− n) t) dt = a (0) +

Z ∞

0
w (t) exp (− (r̄ (t)− n) t) dt,

and substituting for c (t) into this lifetime budget constraint in this iso-elastic case, we obtain

(8.19)

c (0) =

Z ∞

0
exp

µ
−
µ
(1− θ) r̄ (t)

θ
− ρ

θ
+ n

¶
t

¶
dt

∙
a (0) +

Z ∞

0
w (t) exp (− (r̄ (t)− n) t) dt

¸
as the initial value of consumption.

8.2.3. Equilibrium Prices. Equilibrium prices are straightforward and are given by

(8.5) and (8.6). This implies that the market rate of return for consumers, r (t), is given by

(8.8), i.e.,

r (t) = f 0 (k (t))− δ.

Substituting this into the consumer’s problem, we have

(8.20)
ċ (t)

c (t)
=

1

εu (c (t))

¡
f 0 (k (t))− δ − ρ

¢
as the equilibrium version of the consumption growth equation, (8.14). Equation (8.19)

similarly generalizes for the case of iso-elastic utility function.

8.3. Optimal Growth

Before characterizing the equilibrium further, it is useful to look at the optimal growth

problem, defined as the capital and consumption path chosen by a benevolent social planner

trying to achieve a Pareto optimal outcome. In particular, recall that in an economy that

admits a representative household, the optimal growth problem simply involves the maxi-

mization of the utility of the representative household subject to technology and feasibility

constraints. That is,

max
[k(t),c(t)]∞t=0

Z ∞

0
exp (− (ρ− n) t)u (c (t)) dt,

subject to

k̇ (t) = f (k (t))− (n+ δ)k (t)− c (t) ,

and k (0) > 0.1 As noted in Chapter 5, versions of the First and Second Welfare Theorems for

economies with a continuum of commodities would imply that the solution to this problem

should be the same as the equilibrium growth problem of the previous section. However, we

1In the case where the infinite-horizon problem represents dynastic utilities as discussed in Chapter 5,
this specification presumes that the social planner gives the same weight to different generations as does the
current dynastic decision-maker.
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do not need to appeal to these theorems since in this together case it is straightforward to

show the equivalence of the two problems.

To do this, let us once again set up the current-value Hamiltonian, which in this case

takes the form

Ĥ (k, c, μ) = u (c (t)) + μ (t) [f (k (t))− (n+ δ)k (t)− c (t)] ,

with state variable k, control variable c and current-value costate variable μ. As noted in

the previous chapter, in the relevant range for the capital stock, this problem satisfies all the

assumptions of Theorem 7.14. Consequently, the necessary conditions for an optimal path

are:

Ĥc (k, c, μ) = 0 = u0 (c (t))− μ (t) ,

Ĥk (k, c, μ) = −μ̇ (t) + (ρ− n)μ (t) = μ (t)
¡
f 0 (k (t))− δ − n

¢
,

lim
t→∞

[exp (− (ρ− n) t)μ (t) k (t)] = 0.

Repeatingthe same steps as before, it is straightforward to see that these optimality conditions

imply
ċ (t)

c (t)
=

1

εu (c (t))

¡
f 0 (k (t))− δ − ρ

¢
,

which is identical to (8.20), and the transversality condition

lim
t→∞

∙
k (t) exp

µ
−
Z t

0

¡
f 0 (k (s))− δ − n

¢
ds

¶¸
= 0,

which is, in turn, identical to (8.11).

This establishes that the competitive equilibrium is a Pareto optimum and that the Pareto

allocation can be decentralized as a competitive equilibrium. This result is stated in the next

proposition:

Proposition 8.1. In the neoclassical growth model described above, with Assumptions

1, 2, 3 and 40, the equilibrium is Pareto optimal and coincides with the optimal growth path

maximizing the utility of the representative household.

8.4. Steady-State Equilibrium

Now let us characterize the steady-state equilibrium and optimal allocations. A steady-

state equilibrium is defined as in Chapter 2 as an equilibrium path in which capital-labor

ratio, consumption and output are constant. Therefore,

ċ (t) = 0.

From (8.20), this implies that as long as f (k∗) > 0, irrespective of the exact utility function,

we must have a capital-labor ratio k∗ such that

(8.21) f 0 (k∗) = ρ+ δ,
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which is the equivalent of the steady-state relationship in the discrete-time optimal growth

model.2 This equation pins down the steady-state capital-labor ratio only as a function of

the production function, the discount rate and the depreciation rate. This corresponds to

the modified golden rule, rather than the golden rule we saw in the Solow model (see Exercise

8.8). The modified golden rule involves a level of the capital stock that does not maximize

steady-state consumption, because earlier consumption is preferred to later consumption.

This is because of discounting, which means that the objective is not to maximize steady-

state consumption, but involves giving a higher weight to earlier consumption.

Given k∗, the steady-state consumption level is straightforward to determine as:

(8.22) c∗ = f (k∗)− (n+ δ)k∗,

which is similar to the consumption level in the basic Solow model. Moreover, given Assump-

tion 40, a steady state where the capital-labor ratio and thus output are constant necessarily

satisfies the transversality condition.

This analysis therefore establishes:

Proposition 8.2. In the neoclassical growth model described above, with Assumptions

1, 2, 3 and 40, the steady-state equilibrium capital-labor ratio, k∗, is uniquely determined by

(8.21) and is independent of the utility function. The steady-state consumption per capita,

c∗, is given by (8.22).

As with the basic Solow growth model, there are also a number of straightforward com-

parative static results that show how the steady-state values of capital-labor ratio and con-

sumption per capita change with the underlying parameters. For this reason, let us again

parameterize the production function as follows

f (k) = af̃ (k) ,

where a > 0, so that a is again a shift parameter, with greater values corresponding to greater

productivity of factors. Since f (k) satisfies the regularity conditions imposed above, so does

f̃ (k).

Proposition 8.3. Consider the neoclassical growth model described above, with Assump-

tions 1, 2, 3 and 40, and suppose that f (k) = af̃ (k). Denote the steady-state level of the

capital-labor ratio by k∗ (a, ρ, n, δ) and the steady-state level of consumption per capita by

2In addition, if f (0) = 0, there exists another, economically uninteresting steady state at k = 0. As
in Chapter 2, we ignore this steady state throughout. Moreover, we will see below that starting with any
k (0) > 0, the economy will always tend to the steady-state capital-labor ratio k∗ given by (8.21).
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c∗ (a, ρ, n, δ) when the underlying parameters are a, ρ, n and δ. Then we have

∂k∗ (a, ρ, n, δ)

∂a
> 0,

∂k∗ (a, ρ, n, δ)

∂ρ
< 0,

∂k∗ (a, ρ, n, δ)

∂n
= 0 and

∂k∗ (a, ρ, n, δ)

∂δ
< 0

∂c∗ (a, ρ, n, δ)

∂a
> 0,

∂c∗ (a, ρ, n, δ)

∂ρ
< 0,

∂c∗ (a, ρ, n, δ)

∂n
< 0 and

∂c∗ (a, ρ, n, δ)

∂δ
< 0.

Proof. See Exercise 8.5. ¤

The new results here relative to the basic Solow model concern the comparative statics

with respect the discount factor. In particular, instead of the saving rate, it is now the

discount factor that affects the rate of capital accumulation. There is a close link between

the discount rate in the neoclassical growth model and the saving rate in the Solow model.

Loosely speaking, a lower discount rate implies greater patience and thus greater savings. In

the model without technological progress, the steady-state saving rate can be computed as

(8.23) s∗ =
δk∗

f (k∗)
.

Exercise 8.7 looks at the relationship between the discount rate, the saving rate and the

steady-state per capita consumption level.

Another interesting result is that the rate of population growth has no impact on the

steady state capital-labor ratio, which contrasts with the basic Solow model. We will see in

Exercise 8.4 that this result depends on the way in which intertemporal discounting takes

place. Another important result, which is more general, is that k∗ and thus c∗ do not depend

on the instantaneous utility function u (·). The form of the utility function only affects the

transitional dynamics (which we will study next), but has no impact on steady states. This

is because the steady state is determined by the modified golden rule. This result will not be

true when there is technological change, however.

8.5. Transitional Dynamics

Next, we can determine the transitional dynamics of this model. Recall that transitional

dynamics in the basic Solow model were given by a single differential equation with an initial

condition. This is no longer the case, since the equilibrium is determined by two differential

equations, repeated here for convenience:

(8.24) k̇ (t) = f (k (t))− (n+ δ)k (t)− c (t)

and

(8.25)
ċ (t)

c (t)
=

1

εu (c (t))

¡
f 0 (k (t))− δ − ρ

¢
.

Moreover, we have an initial condition k (0) > 0, also a boundary condition at infinity, of the

form

lim
t→∞

∙
k (t) exp

µ
−
Z t

0

¡
f 0 (k (s))− δ − n

¢
ds

¶¸
= 0.
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As we already discussed in the context of the q-theory of investment, this combination of an

initial condition and a transversality condition is quite typical for economic optimal control

problems where we are trying to pin down the behavior of both state and control variables.

This means that we will again use the notion of saddle-path stability introduced in Theorems

7.18 and 7.19 instead of those in Theorems 2.4, 2.5 and 2.6. In particular, the consumption

level (or equivalently the costate variable μ) is the control variable, and its initial value c (0)

(or equivalently μ (0)) is free. It has to adjust so as to satisfy the transversality condition (the

boundary condition at infinity). Since c (0) or μ (0) can jump to any value, we again need

that there exists a one-dimensional curve (manifold) tending to the steady state. In fact, as

in the q-theory of investment, if there were more than one paths tending to the steady state,

the equilibrium would be indeterminate, since there would be multiple values of c(0) that

could be consistent with equilibrium. Therefore, the correct notion of stability in models with

state and control variables is one in which the dimension of the stable curve (manifold) is the

same as that of the state variables, requiring the control variables jump on to this curve.

Fortunately, the economic forces are such that the correct notion of stability is guaranteed

and indeed there will be a one-dimensional manifold of stable solutions tending to the unique

steady state. There are two ways of seeing this. The first one simply involves studying the

above system diagrammatically. This is done in Figure 8.1.

The vertical line is the locus of points where ċ = 0. The reason why the ċ = 0 locus is

just a vertical line is that in view of the consumer Euler equation (8.25), only the unique

level of k∗ given by (8.21) can keep per capita consumption constant. The inverse U-shaped

curve is the locus of points where k̇ = 0 in (8.24). The intersection of these two loci defined

the steady state. The shape of the k̇ = 0 locus can be understood by analogy to the diagram

where we discussed the golden rule in Chapter 2. If the capital stock is too low, steady-state

consumption is low, and if the capital stock is too high, then the steady-state consumption

is again low. There exists a unique level, kgold that maximizes the state-state consumption

per capita. The ċ = 0 locus intersects the k̇ = 0 locus always to the left of kgold (see Exercise

8.8). Once these two loci are drawn, the rest of the diagram can be completed by looking

at the direction of motion according to the differential equations. Given this direction of

movements, it is clear that there exists a unique stable arm, the one-dimensional manifold

tending to the steady state. All points away from this stable arm diverge, and eventually

reach zero consumption or zero capital stock as shown in the figure. To see this, note that

if initial consumption, c (0), started above this stable arm, say at c0 (0), the capital stock

would reach 0 in finite time, while consumption would remain positive. But this would

violate feasibility. Therefore, initial values of consumption above this stable arm cannot be

part of the equilibrium (or the optimal growth solution). If the initial level of consumption

were below it, for example, at c00 (0), consumption would reach zero, thus capital would
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c(t)

kgold0
k(t)

k(0)

c’(0)

c’’(0)

c(t)=0

k(t)=0

k*

c(0)

c*

k

Figure 8.1. Transitional dynamics in the baseline neoclassical growth model.

accumulate continuously until the maximum level of capital (reached with zero consumption)

k̄ > kgold. Continuous capital accumulation towards k̄ with no consumption would violate the

transversality condition. This establishes that the transitional dynamics in the neoclassical

growth model will take the following simple form: c (0) will “jump” to the stable arm, and

then (k, c) will monotonically travel along this arm towards the steady state. This establishes:

Proposition 8.4. In the neoclassical growth model described above, with Assumptions 1,

2, 3 and 40, there exists a unique equilibrium path starting from any k (0) > 0 and converging

to the unique steady-state (k∗, c∗) with k∗ given by (8.21). Moreover, if k (0) < k∗, then

k (t) ↑ k∗ and c (t) ↑ c∗, whereas if k (0) > k∗, then k (t) ↓ k∗ and c (t) ↓ c∗ .

An alternative way of establishing the same result is by linearizing the set of differential

equations, and looking at their eigenvalues. Recall the two differential equations determining

the equilibrium path:

k̇ (t) = f (k (t))− (n+ δ)k (t)− c (t)
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and
ċ (t)

c (t)
=

1

εu (c (t))

¡
f 0 (k (t))− δ − ρ

¢
.

Linearizing these equations around the steady state (k∗, c∗), we have (suppressing time de-

pendence)

k̇ = constant+
¡
f 0 (k∗)− n− δ

¢
(k − k∗)− c

ċ = constant+
c∗f 00 (k∗)

εu (c∗)
(k − k∗) .

Moreover, from (8.21), f 0 (k∗) − δ = ρ, so the eigenvalues of this two-equation system are

given by the values of ξ that solve the following quadratic form:

det

Ã
ρ− n− ξ −1
c∗f 00(k∗)
εu(c∗)

0− ξ

!
= 0.

It is straightforward to verify that, since c∗f 00 (k∗) /εu (c∗) < 0, there are two real eigenval-

ues, one negative and one positive. This implies that there exists a one-dimensional stable

manifold converging to the steady state, exactly as the stable arm in the above figure (see

Exercise 8.11). Therefore, the local analysis also leads to the same conclusion. However, the

local analysis can only establish local stability, whereas the above analysis established global

stability.

8.6. Technological Change and the Canonical Neoclassical Model

The above analysis was for the neoclassical growth model without any technological

change. As with the basic Solow model, the neoclassical growth model would not be able

to account for the long-run growth experience of the world economy without some type of

exogenous technological change. Therefore, the more interesting version of this model is the

one that incorporates technological change. We now analyze the neoclassical model with

exogenous technological change.

We extend the production function to:

(8.26) Y (t) = F [K (t) , A (t)L (t)] ,

where

A (t) = exp (gt)A (0) .

Notice that the production function (8.26) imposes purely labor-augmenting–Harrod-

neutral–technological change. This is a consequence of Theorem 2.7 above, which was

proved in the context of the constant saving rate model, but equally applies in this context.

Only purely labor-augmenting technological change is consistent with balanced growth.

We continue to adopt all the other assumptions, in particular Assumptions 1, 2 and 3.

Assumption 40 will be strengthened further in order to ensure finite discounted utility in the

presence of sustained economic growth.
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The constant returns to scale feature again enables us to work with normalized variables.

Now let us define

ŷ (t) ≡ Y (t)

A (t)L (t)

= F

∙
K (t)

A (t)L (t)
, 1

¸
≡ f (k (t)) ,

where

(8.27) k (t) ≡ K (t)

A (t)L (t)
.

is the capital to effective capital-labor ratio, which is defined taking into account that effective

labor is increasing because of labor-augmenting technological change. Naturally, this is similar

to the way that the effective capital-labor ratio was defined in the basic Solow growth model.

In addition to the assumptions on technology, we also need to impose a further assumption

on preferences in order to ensure balanced growth. Again as in the basic Solow model, we

define balanced growth as a pattern of growth consistent with the Kaldor facts of constant

capital-output ratio and capital share in national income. These two observations together

also imply that the rental rate of return on capital, R (t), has to be constant, which, from

(8.8), implies that r (t) has to be constant. Be again refer to an equilibrium path that

satisfies these conditions as a balanced growth path (BGP). Balanced growth also requires

that consumption and output grow at a constant rate. The Euler equation implies that

ċ (t)

c (t)
=

1

εu (c (t))
(r (t)− ρ) .

If r (t) → r∗, then ċ (t) /c (t) → gc is only possible if εu (c (t)) → εu, i.e., if the elasticity of

marginal utility of consumption is asymptotically constant. Therefore, balanced growth is

only consistent with utility functions that have asymptotically constant elasticity of marginal

utility of consumption. Since this result is important, we state it as a proposition:

Proposition 8.5. Balanced growth in the neoclassical model requires that asymptotically

(as t→∞) all technological change is purely labor-augmenting and the elasticity of intertem-
poral substitution, εu (c (t)), tends to a constant εu.

The next example shows the family of utility functions with constant intertemporal elas-

ticity of substitution, which are also those with a constant coefficient of relative risk aversion.

Example 8.1. (CRRA Utility) Recall that the Arrow-Pratt coefficient of relative risk

aversion for a twice-continuously differentiable concave utility function U (c) is

R = −U
00 (c) c

U 0 (c)
.
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Constant relative risk aversion (CRRA) utility function satisfies the property that R is con-

stant. Now integrating both sides of the previous equation, setting R to a constant, implies

that the family of CRRA utility functions is given by

U (c) =

½
c1−θ−1
1−θ if θ 6= 1 and θ ≥ 0
ln c if θ = 1

,

with the coefficient of relative risk aversion given by θ. In writing this expression, we separated

the case where θ = 1, since
¡
c1−θ − 1

¢
/ (1− θ) is undefined at θ = 1. However, it can be

shown that ln c is indeed the right limit when θ → 1 (see Exercise 5.4).

With time separable utility functions, the inverse of the elasticity of intertemporal sub-

stitution (defined in equation (8.16)) and the coefficient of relative risk aversion are identical.

Therefore, the family of CRRA utility functions are also those with constant elasticity of

intertemporal substitution.

Now to link this utility function to the Gorman preferences discussed in Chapter 5, let

us consider a slightly different problem in which an individual has preferences defined over

the consumption of N commodities {c1, ..., cN} given by

(8.28) U ({c1, ..., cN}) =
( PN

j=1

c1−θj

1−θ if θ 6= 1 and θ ≥ 0PN
j=1 ln cj if θ = 1

.

Suppose also that this individual faces a price vector p =(p1, ..., pN) and has income y, so

that his budget constraint can be expressed as

(8.29)
NX
j=1

pjcj ≤ y.

Maximizing utility subject to this budget constraint leads of the following indirect utility

function

v (p,y) =
y
σ−1
σhPN

j=1 p
1−σ
j

i1/σ
(see Exercise 5.6). Although this indirect utility function does not satisfy the Gorman form

in Theorem 5.2, a monotonic transformation thereof does (that is, we simply raise it to the

power σ/ (σ − 1)).
This establishes that CRRA utility functions are within the Gorman class, and if all indi-

viduals have CRRA utility functions, then we can aggregate their preferences and represent

them as if it belonged to a single individual.

Now consider a dynamic version of these preferences (defined over infinite horizon):

U =

( P∞
t=0 β

t c(t)
1−θ−1
1−θ if θ 6= 1 and θ ≥ 0P∞

t=0 β
t ln c (t) if θ = 1

.

The important feature of these preferences for us is not that the coefficient of relative risk

aversion constant per se, but that the intertemporal elasticity of substitution is constant. This
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is the case because most of the models we focus on in this book do not feature uncertainty,

so that attitudes towards risk are not important. However, as noted before and illustrated

in Exercise 5.2 in Chapter 5, with time-separable utility functions the coefficient of relative

risk aversion in the inverse of the intertemporal elasticity of substitution are identical. The

intertemporal elasticity of substitution is particularly important in growth models because it

will regulate how willing individuals are to substitute consumption over time, thus their sav-

ings and consumption behavior. In view of this, it may be more appropriate to refer to CRRA

preferences as “constant intertemporal elasticity of substitution” preferences. Nevertheless,

we follow the standard convention in the literature and stick to the term CRRA.

Given the restriction that balanced growth is only possible with preferences featuring a

constant elasticity of intertemporal substitution, we might as well start with a utility function

that has this feature throughout. As noted above, the unique time-separable utility function

with this feature is the CRRA preferences, given by

u (c (t)) =

(
c(t)1−θ−1
1−θ if θ 6= 1 and θ ≥ 0
ln c(t) if θ = 1

,

where the elasticity of marginal utility of consumption, εu, is given by the constant θ. When

θ = 0, these represent linear preferences, whereas when θ = 1, we have log preferences. As

θ →∞, these preferences become infinitely risk-averse, and infinitely unwilling to substitute
consumption over time.

More specifically, we now assume that the economy admits a representative household

with CRRA preferences

(8.30)
Z ∞

0
exp (−(ρ− n)t)

c̃ (t)1−θ − 1
1− θ

dt,

where c̃ (t) ≡ C (t) /L (t) is per capita consumption. We used to notation c̃ (t) in order to

preserve c (t) for a further normalization.

We refer to this model, with labor-augmenting technological change and CRRA preference

as given by (8.30) as the canonical model, since it is the model used in almost all applications

of the neoclassical growth model. The Euler equation in this case takes the simpler form:

(8.31)

·
c̃ (t)

c̃ (t)
=
1

θ
(r (t)− ρ) .

Let us first characterize the steady-state equilibrium in this model with technological

progress. Since with technological progress there will be growth in per capita income, c̃ (t)

will grow. Instead, in analogy with k (t), let us define

c (t) ≡ C (t)

A (t)L (t)

≡ c̃ (t)

A (t)
.
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We will see that this normalized consumption level will remain constant along the BGP. In

particular, we have

ċ (t)

c (t)
≡

·
c̃ (t)

c̃ (t)
− g

=
1

θ
(r (t)− ρ− θg) .

Moreover, for the accumulation of capital stock, we have

k̇ (t) = f (k (t))− c (t)− (n+ g + δ) k (t) ,

where recall that k (t) ≡ K (t) /A (t)L (t).

The transversality condition, in turn, can be expressed as

(8.32) lim
t→∞

½
k (t) exp

µ
−
Z t

0

£
f 0 (k (s))− g − δ − n

¤
ds

¶¾
= 0.

In addition, the equilibrium interest rate, r (t), is still given by (8.8), so

r (t) = f 0 (k (t))− δ

Since in steady state c (t) must remain constant, we also have

r (t) = ρ+ θg

or

(8.33) f 0 (k∗) = ρ+ δ + θg,

which pins down the steady-state value of the normalized capital ratio k∗ uniquely, in a way

similar to the model without technological progress. The level of normalized consumption is

then given by

(8.34) c∗ = f (k∗)− (n+ g + δ) k∗,

while per capita consumption grows at the rate g.

The only additional condition in this case is that because there is growth, we have to make

sure that the transversality condition is in fact satisfied. Substituting (8.33) into (8.32), we

have

lim
t→∞

½
k (t) exp

µ
−
Z t

0
[ρ− (1− θ) g − n] ds

¶¾
= 0,

which can only hold if the integral within the exponent goes to zero, i.e., if ρ−(1− θ) g−n > 0,

or alternatively if the following assumption is satisfied:

Assumption 4.

ρ− n > (1− θ) g.
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Note that this assumption strengthens Assumption 40 when θ < 1. Alternatively, recall

that in steady state we have r = ρ + θg and the growth rate of output is g + n. Therefore,

Assumption 4 is equivalent to requiring that r > g + n. We will encounter conditions like

this all throughout, and they will also be related to issues of “dynamic efficiency” as we will

see below.

The following is an immediate generalization of Proposition 8.2:

Proposition 8.6. Consider the neoclassical growth model with labor-augmenting techno-

logical progress at the rate g and preferences given by (8.30). Suppose that Assumptions 1,

2, 3 and 4 hold. Then there exists a unique balanced growth path with a normalized capital to

effective labor ratio of k∗, given by (8.33), and output per capita and consumption per capita

grow at the rate g.

As noted above, the result that the steady-state capital-labor ratio was independent of

preferences is no longer the case, since now k∗ given by (8.33) depends on the elasticity of

marginal utility (or the inverse of the intertemporal elasticity of substitution), θ. The reason

for this is that there is now positive growth in output per capita, and thus in consumption

per capita. Since individuals face an upward-sloping consumption profile, their willingness

to substitute consumption today for consumption tomorrow determines how much they will

accumulate and thus the equilibrium effective capital-labor ratio.

Perhaps the most important implication of Proposition 8.6 is that, while the steady-state

effective capital-labor ratio, k∗, is determined endogenously, the steady-state growth rate of

the economy is given exogenously and is equal to the rate of labor-augmenting technological

progress, g. Therefore, the neoclassical growth model, like the basic Solow growth model,

endogenizes the capital-labor ratio, but not the growth rate of the economy. The advantage

of the neoclassical growth model is that the capital-labor ratio and the equilibrium level of

(normalized) output and consumption are determined by the preferences of the individuals

rather than an exogenously fixed saving rate. This also enables us to compare equilibrium

and optimal growth (and in this case conclude that the competitive equilibrium is Pareto

optimal and any Pareto optimum can be decentralized). But the determination of the rate

of growth of the economy is still outside the scope of analysis.

A similar analysis to before also leads to a generalization of Proposition 8.4.

Proposition 8.7. Consider the neoclassical growth model with labor-augmenting techno-

logical progress at the rate g and preferences given by (8.30). Suppose that Assumptions 1,

2, 3 and 4 hold. Then there exists a unique equilibrium path of normalized capital and con-

sumption, (k (t) , c (t)) converging to the unique steady-state (k∗, c∗) with k∗ given by (8.33).

Moreover, if k (0) < k∗, then k (t) ↑ k∗ and c (t) ↑ c∗, whereas if k (0) > k∗, then c (t) ↓ k∗

and c (t) ↓ c∗.
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Proof. See Exercise 8.9. ¤

It is also useful to briefly look at an example with Cobb-Douglas technology.

Example 8.2. Consider the model with CRRA utility and labor-augmenting technologi-

cal progress at the rate g. Assume that the production function is given by F (K,AL) =

Kα (AL)1−α, so that

f (k) = kα,

and thus r = αkα−1 − δ. In this case, suppressing time dependence to simplify notation, the

Euler equation becomes:
ċ

c
=
1

θ

¡
αkα−1 − δ − ρ− θg

¢
,

and the accumulation equation can be written as

k̇

k
= kα−1 − δ − g − n− c

k
.

Now define z ≡ c/k and x ≡ kα−1, which implies that ẋ/x = (α− 1) k̇/k. Therefore, these
two equations can be written as

(8.35)
ẋ

x
= − (1− α) (x− δ − g − n− z)

ż

z
=

ċ

c
− k̇

k
,

thus
ż

z
=

1

θ
(αx− δ − ρ− θg)− x+ δ + g + n+ z

=
1

θ
((α− θ)x− (1− θ)δ + θn)− ρ

θ
+ z.(8.36)

The two differential equations (8.35) and (8.36) together with the initial condition x (0) and

the transversality condition completely determine the dynamics of the system. In Exercise

8.12, you are asked to complete this example for the special case in which θ → 1 (i.e., log

preferences).

8.7. Comparative Dynamics

We now briefly discuss how comparative dynamics are different in the neoclassical growth

model than those in the basic Solow model. Recall that while comparative statics refer to

changes in steady state in response to changes in parameters, comparative dynamics look

at how the entire equilibrium path of variables changes in response to a change in policy or

parameters. Since the purpose here is to give a sense of how these results are different, we

will only look at the effect of a change in a single parameter, the discount rate ρ. Imagine a

neoclassical growth economy with population growth at the rate n, labor-augmenting tech-

nological progress at the rate g and a discount rate ρ that has settled into a steady state
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represented by (k∗, c∗). Now imagine that the discount rate declines to ρ0 < ρ. How does the

equilibrium path change?

We know from Propositions 8.6 and 8.7 that at the new discount rate ρ0 > 0, there exists

a unique steady state equilibrium that is saddle path stable. Let this steady state be de-

noted by (k∗∗, c∗∗). Therefore, the equilibrium will ultimately tend to this new steady-state

equilibrium. Moreover, since ρ0 < ρ, we know that the new steady-state effective capital-

labor ratio has to be greater than k∗, that is, k∗∗ > k∗ (while the equilibrium growth rate

will remain unchanged). Figure 8.2 shows diagrammatically how the comparative dynamics

work out. This figure is drawn under the assumption that the change in the discount rate

(corresponding to the change in the preferences of the representative household in the econ-

omy) is unanticipated and occurs at some date T . At this point, the curve corresponding

to ċ/c = 0 shifts to the right and together with this, the laws of motion represented by the

phase diagram change (in the figure, the arrows represents the dynamics of the economy after

the change). It can be seen that following this decline in the discount factor, the previous

steady-state level of consumption, c∗, is above the stable arm of the new dynamical system.

Therefore, consumption must drop immediately to reach the news stable arm, so that capi-

tal can accumulate towards its new steady-state level. This is shown in the figure with the

arc representing the jump in consumption immediately following the decline in the discount

rate. Following this initial reaction, consumption slowly increases along the stable arm to

a higher level of (normalized) consumption. Therefore, a decline in the discount rate lead

to a temporary decline in consumption, associated with a long-run increase in consumption.

We know that the overall level of normalized consumption will necessarily increase, since the

intersection between the curve for ċ/c = 0 and the inverse U-shaped curve for k̇/k = 0 will

necessarily be to the left side of kgold.

Comparative dynamics in response to changes in other parameters, including the rate

of labor-augmenting technological progress g, the rate of population growth n, and other

aspects of the utility function, can also be analyzed similarly. Exercise 8.13 asks you to work

through the comparative dynamics in response to a change in the rate of labor-augmenting

technological progress, g, and in response to an anticipated future change in ρ.

8.8. The Role of Policy

In the above model, the rate of growth of per capita consumption and output per worker

(per capita) are determined exogenously, by the growth rate of labor-augmenting technolog-

ical progress. The level of income, on the other hand, depends on preferences, in particular,

on the intertemporal elasticity of substitution, 1/θ, the discount rate, ρ, the depreciation

rate, δ, the population growth rate, n, and naturally the form of the production function

f (·).
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k**

c**

c*

k

Figure 8.2. The dynamic response of capital and consumption to a decline
in the discount rate from ρ to ρ0 < ρ.

If we were to go back to the proximate causes of differences in income per capita of

economic growth across countries, this model would give us a way of understanding those

differences only in terms of preference and technology parameters. However, as already

discussed in Chapter 4, and we would also like to link the proximate causes of economic

growth to potential fundamental causes. The intertemporal elasticity of substitution and the

discount rate can be viewed as potential determinants of economic growth related to cultural

or geographic factors. However, an explanation for cross-country and over-time differences in

economic growth based on differences or changes in preferences is unlikely to be satisfactory.

A more appealing direction may be to link the incentives to accumulate physical capital

(and later to accumulate human capital and technology) to the institutional environment of

an economy. We will discuss how institutions might affect various investment decisions in

detail in Part 8 of the book. For now, it is useful to focus on a particularly simple way in

which institutional differences might affect investment decisions, which is through differences

in policies. To do this, let us extend the above framework in a simple way and introduce
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linear tax policy. Suppose that returns on capital net of depreciation are taxed at the rate

τ and the proceeds of this are redistributed back to the consumers. In that case, the capital

accumulation equation, in terms of normalized capital, still remains as above:

k̇ (t) = f (k (t))− c (t)− (n+ g + δ) k (t) ,

but the net interest rate faced by households now changes to:

r (t) = (1− τ)
¡
f 0 (k (t))− δ

¢
,

because of the taxation of capital returns. The growth rate of normalized consumption is

then obtained from the consumer Euler equation, (8.31), as

ċ (t)

c (t)
=

1

θ
(r (t)− ρ− θg) .

=
1

θ

¡
(1− τ)

¡
f 0 (k (t))− δ

¢
− ρ− θg

¢
.

An identical argument to that we have used above immediately implies that the steady-state

capital to effective labor ratio is given by

(8.37) f 0 (k∗) = δ +
ρ+ θg

1− τ
.

This equation shows the effects of taxes on steady-state capital tp effective labor ratio

and output per capita. A higher tax rate τ increases the right-hand side of (8.37), and

since from Assumption 1, f 0 (·) is decreasing, it reduces k∗. Therefore, higher taxes on

capital have the effect of depressing capital accumulation and reducing income per capita.

This shows one channel through which policy (thus institutional) differences might affect

economic performance. We can also note that similar results would be obtained if instead of

taxes being imposed on returns from capital, they were imposed on the amount of investment

(see next section). Naturally, we have not so far offered a reason why some countries may

tax capital at a higher rate than others, which is again a topic that will be discussed later.

Before doing this, in the next section we will also discuss how large these effects can be and

whether they could account for the differences in cross-country incomes.

8.9. A Quantitative Evaluation

As a final exercise, let us investigate whether the quantitative implications of the neo-

classical growth model are reasonable. For this purpose, consider a world consisting of a

collection J of closed neoclassical economies (with all the caveats of ignoring technological,

trade and financial linkages across countries, already discussed in Chapter 3; see also Chap-

ter 19). Suppose that each country j ∈ J admits a representative household with identical

preferences, given by

(8.38)
Z ∞

0
exp (−ρt)

C1−θj − 1
1− θ

dt.
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Let us assume that there is no population growth, so that cj is both total or per capita

consumption. Equation (8.38) imposes that all countries have the same discount rate ρ (see

Exercise 8.16).

All countries also have access to the same production technology given by the Cobb-

Douglas production function

(8.39) Yj = K1−α
j (AHj)

α ,

with Hj representing the exogenously given stock of effective labor (human capital). The

accumulation equation is

K̇j = Ij − δKj .

The only difference across countries is in the budget constraint for the representative

household, which takes the form

(8.40) (1 + τ j) Ij + Cj ≤ Yj ,

where τ j is the tax on investment. This tax varies across countries, for example because

of policies or differences in institutions/property rights enforcement. Notice that 1 + τ j is

also the relative price of investment goods (relative to consumption goods): one unit of

consumption goods can only be transformed into 1/ (1 + τ j) units of investment goods.

Note that the right-hand side variable of (8.40) is still Yj , which implicitly assumes that

τ jIj is wasted, rather than simply redistributed to some other agents in the economy. This

is without any major consequence, since, as noted in Theorem 5.2 above, CRRA preferences

as in (8.38) have the nice feature that they can be exactly aggregated across individuals, so

we do not have to worry about the distribution of income in the economy.

The competitive equilibrium can be characterized as the solution to the maximization of

(8.38) subject to (8.40) and the capital accumulation equation.

With the same steps as above, the Euler equation of the representative household is

Ċj

Cj
=
1

θ

µ
(1− α)

(1 + τ j)

µ
AHj

Kj

¶α

− δ − ρ

¶
.

Consider the steady state. Because A is assumed to be constant, the steady state corre-

sponds to Ċj/Cj = 0. This immediately implies that

Kj =
(1− α)1/αAHj

[(1 + τ j) (ρ+ δ)]1/α

So countries with higher taxes on investment will have a lower capital stock in steady state.

Equivalently, they will also have lower capital per worker, or a lower capital output ratio

(using (8.39) the capital output ratio is simply K/Y = (K/AH)α).
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Now substituting this into (8.39), and comparing two countries with different taxes (but

the same human capital), we obtain the relative incomes as

(8.41)
Y (τ)

Y (τ 0)
=

µ
1 + τ 0

1 + τ

¶1−α
α

So countries that tax investment, either directly or indirectly, at a higher rate will be poorer.

The advantage of using the neoclassical growth model for quantitative evaluation relative

to the Solow growth model is that the extent to which different types of distortions (here

captured by the tax rates on investment) will affect income and capital accumulation is

determined endogenously. In contrast, in the Solow growth model, what matters is the

saving rate, so we would need other evidence to link taxes or distortions to savings (or to

other determinants of income per capita such as technology).

How large will be the effects of tax distortions captured by equation (8.41)? Put dif-

ferently, can the neoclassical growth model combined with policy differences account for

quantitatively large cross-country income differences?

The advantage of the current approach is its parsimony. As equation (8.41) shows, only

differences in τ across countries and the value of the parameter α matter for this comparison.

Recall also that a plausible value for α is 2/3, since this is the share of labor income in national

product which, with Cobb-Douglas production function, is equal to α, so this parameter can

be easily mapped to data.

Where can we obtain estimates of differences in τ ’s across countries? There is no obvious

answer to this question. A popular approach in the literature is to obtain estimates of τ from

the relative price of investment goods (as compared to consumption goods), motivated by

the fact that in equation (8.40) τ corresponds to a distortion directly affecting investment

expenditures. Therefore, we may expect τ to have an effect on the market price of investment

goods. Data from the Penn World tables suggest that there is a large amount of variation

in the relative price of investment goods. For example, countries with the highest relative

price of investment goods have relative prices almost eight times as high as countries with

the lowest relative price.

Then, using α = 2/3, equation (8.41) implies that the income gap between two such

countries should be approximately threefolds:

Y (τ)

Y (τ 0)
≈ 81/2 ≈ 3.

Therefore, differences in capital-output ratios or capital-labor ratios caused by taxes or

tax-type distortions, even by very large differences in taxes or distortions, are unlikely to

account for the large differences in income per capita that we observe in practice. This is

of course not surprising and parallels our discussion of the Mankiw-Romer-Weil approach in

Chapter 3. In particular, recall that the discussion in Chapter 3 showed that differences in
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income per capita across countries are unlikely to be accounted for by differences in capital per

worker alone. Instead, to explain such large differences in income per capita across countries,

we need sizable differences in the efficiency with which these factors are used. Such differences

do not feature in this model. Therefore, the simplest neoclassical model does not generate

sufficient differences in capital-labor ratios to explain cross-country income differences.

Nevertheless, many economists have tried (and still try) to use versions of the neoclassical

model to go further. The motivation is simple. If instead of using α = 2/3, we take α = 1/3

from the same ratio of distortions, we obtain

Y (τ)

Y (τ 0)
≈ 82 ≈ 64.

Therefore, if there is any way of increasing the responsiveness of capital or other factors to

distortions, the predicted differences across countries can be made much larger. How could

we have a model in which α = 1/3? Such a model must have additional accumulated factors,

while still keeping the share of labor income in national product roughly around 2/3. One

possibility might be to include human capital (see Chapter 10 below). Nevertheless, the

discussion in Chapter 3 showed that human capital differences appear to be insufficient to

explain much of the income per capita differences across countries. Another possibility is to

introduce other types of capital or perhaps technology that responds to distortions in the

same way as capital. While these are all logically possible, a serious analysis of these issues

requires models of endogenous technology, which will be our focus in the next part of the

book.

8.10. Extensions

There are many empirically and theoretically relevant extensions of the neoclassical

growth model. We will not present these here for the sake of brevity. But the most im-

portant ones are presented as exercises. In particular, Exercise 8.17 endogenizes the labor

supply decisions on individuals by introducing leisure in the utility function. The model

presented in this exercise is particularly important, since it corresponds to the version of

the neoclassical growth model most often employed in short-run and medium-run macroeco-

nomic analyses. This exercise also shows that further restrictions on the form of the utility

function need to be imposed in order to preserve the balanced growth structure. Exercise

8.18 introduces government expenditures and taxation into the basic model. Exercise 8.20

looks at the behavior of the basic neoclassical growth model with a free capital account, rep-

resenting borrowing and lending opportunities for the economy at some exogenously given

international interest rate r∗. Exercise 8.21 combines the costs of adjustments in investment

as in the q-theory with the basic neoclassical model. Finally, Exercise 8.22 looks at a version

of the neoclassical model with multiple sectors.
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8.11. Taking Stock

This chapter presented arguably the most important model in macroeconomics; the one-

sector neoclassical growth model. Recall that our study of the basic models of economic

growth started in Chapter 2, with the Solow growth model. We saw that while this model

gives a number of important insights, it treats much of the mechanics of economic growth

as a “black box”. Growth can only be generated by technological progress (unless we are in

the special AK model without diminishing returns to capital), but technological progress is

outside the model. The next important element in determining cross-country differences in

income is the saving rate, but in the Solow growth model this was also taken as exogenous.

The major contribution of the current chapter has been to open the black box of capital

accumulation by specifying the preferences of consumers. Consequently, we can link the

saving rates to the instantaneous utility function, to the discount rate and also to technology

and prices in the economy. Moreover, as Exercise 8.23 shows the implications of policy on

equilibrium quantities are different in the neoclassical model than in the Solow growth model

with exogenously given saving rates.

Another major advantage of the neoclassical growth model is that by specifying individual

preferences we can explicitly compare equilibrium and optimal growth.

Perhaps the most important contribution of this model is that it paves the way for further

analysis of capital accumulation, human capital and endogenous technological progress, which

will be our topic in the next few chapters (starting with human capital in Chapter 10).

Therefore, this chapter is the first, and perhaps conceptually most important, step towards

opening the black box of economic growth and providing us with the tools and perspectives

for modeling capital accumulation, human capital accumulation and technological change

endogenously.

Did our study of the neoclassical growth model generate new insights about the sources of

cross-country income differences and economic growth relative to the Solow growth model?

The answer here is largely no. While the current model is an important milestone in our

study of the mechanics of economic growth, as with the Solow growth model, the focus is on

the proximate causes of these differences–we are still looking at differences in saving rates,

investments in human capital and technology, perhaps as determined by preferences and other

dimensions of technology (such as the rate of labor-augmenting technological change). It is

therefore important to bear in mind that this model, by itself, does not enable us to answer

questions about the fundamental causes of economic growth. What it does, however, is to

clarify the nature of the economic decisions so that we are in a better position to ask such

questions.
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8.12. References and Literature

The neoclassical growth model goes back to Frank Ramsey’s (1928) classic treatment and

for that reason is often referred to as the “Ramsey model”. Ramsey’s model is very similar to

standard neoclassical growth model, except that it did not feature discounting. Another early

optimal growth model was presented by John von Neumann (1935), focusing more on the

limiting behavior of the dynamics in a linear model. The current version of the neoclassical

growth model is most closely related to the analysis of optimal growth by David Cass (1965)

and Tjalling Koopmans (1960, 1965). An excellent discussion of equilibrium and optimal

growth is provided in Arrow and Kurz’s (1970) volume.

All growth and macroeconomic textbooks cover the neoclassical growth model. Barro and

Sala-i-Martin (2004, Chapter 2) provides a detailed treatment focusing on the continuous time

economy. Blanchard and Fisher (1989, Chapter 2) and Romer (2006, Chapter 2) also present

the continuous time version of the neoclassical growth model. Sargent and Ljungqvist (2004,

Chapter 14) provides an introductory treatment of the neoclassical growth model in discrete

time.

Ricardian Equivalence discussed in Exercise 8.19 was first proposed by Barro (1974). It

is further discussed in Chapter 9.

A systematic quantitative evaluation of the effects of policy differences is provided in

Chari, Kehoe and McGrattan (1997). These authors follow Jones (1995) in emphasizing

differences in the relative prices of investment goods (compared to consumption goods) in

the Penn Worlds tables and interpret these as due to taxes and other distortions. This

interpretation is not without any problems. In particular, in the presence of international

trade, these relative price differences will reflect other technological factors or possible factor

proportion differences (see Chapter 19, and also Acemoglu and Ventura (2002) and Hsieh

and Klenow (2006)). Parente and Prescott (1994) use an extended version of the neoclassical

growth model (where the “stock of technology,” which is costly to adopt from the world

frontier, is interpreted as a capital good) to perform similar quantitative exercises. Other

authors have introduced yet other accumulable factors in order to increase the elasticity of

output to distortions (that is, to reduce the α parameter above). Pete Klenow has dubbed

these various accumulable factors introduced in the models to increase this elasticity the

“mystery capital” to emphasize the fact that while they may help the quantitative match of

the neoclassical-type models, they are not directly observable in the data.

8.13. Exercises

Exercise 8.1. Consider the consumption allocation decision of an infinitely-lived household

with (a continuum of) L (t) members at time t, with L (0) = 1. Suppose that the household
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has total consumption C (t) to allocate at time t. The household has “utilitarian” preferences

with instantaneous utility function u (c) and discount the future at the rate ρ > 0.

(1) Show that the problem of the household can be written as

max

Z ∞

0
exp (−ρt)

"Z L(t)

0
u (ci (t)) di

#
dt,

subject to Z L(t)

0
ci (t) di ≤ C (t) ,

and subject to the budget constraint of the household,

Ȧ (t) = r (t)A (t) +W (t)− C (t) ,

where i denotes a generic member of the household, A (t) is the total asset holding
of the household, r (t) is the rate of return on assets andW (t) is total labor income.

(2) Show that as long as u (·) is strictly concave, this problem becomes

max

Z ∞

0
exp (− (ρ− n) t)u (c (t)) dt,

subject to

ȧ (t) = (r (t)− n) a (t) + w (t)− c (t) ,

where w (t) ≡ W (t) /L (t) and a (t) ≡ A (t) /L (t). Provide an intuition for this
transformed problem.

Exercise 8.2. Derive (8.7) from (8.9).

Exercise 8.3. Suppose that the consumer problem is formulated without the no-Ponzi game

condition. Construct a sequence of feasible consumption decisions that provides strictly

greater utility than those characterized in the text.

Exercise 8.4. Consider a variant of the neoclassical model (with constant population growth

at the rate n)in which preferences are given by

max

Z ∞

0
exp (−ρt)u (c (t)) dt,

and there is population growth at the constant rate n. How does this affect the equilibrium?

How does the transversality condition need to be modified? What is the relationship between

the rate of population growth, n, and the steady-state capital labor ratio k∗?

Exercise 8.5. Prove Proposition 8.3.

Exercise 8.6. Explain why the steady state capital-labor ratio k∗ does not depend on the

form of the utility function without technological progress but depends on the intertemporal

elasticity of substitution when there is positive technological progress.

Exercise 8.7. (1) Show that the steady-state saving rate s∗ defined in (8.23) is de-

creasing in ρ, so that lower discount rates lead to higher steady-state savings.
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(2) Show that in contrast to the Solow model, the saving rate s∗ can never be so high

that a decline in savings (or an increase in ρ) can raise the steady-state level of

consumption per capita.

Exercise 8.8. In the dynamics of the basic neoclassical growth model, depicted in Figure

8.1, prove that the ċ = 0 locus intersects the k̇ = 0 locus always to the left of kgold. Based

on this analysis, explain why the modified golden rule capital-labor ratio, k∗, given by (8.21)

differs from kgold.

Exercise 8.9. Prove that, as stated in Proposition 8.7, in the neoclassical model with labor-

augmenting technological change and the standard assumptions, starting with k (0) > 0,

there exists a unique equilibrium path where normalized consumption and capital-labor ratio

monotonically converge to the balanced growth path. [Hint: use Figure 8.1].

Exercise 8.10. Consider a neoclassical economy, with a representative household with pref-

erences at time t = 0:

U (0) =

Z ∞

0
exp (−ρt) c (t)

1−θ − 1
1− θ

.

There is no population growth and labor is supplied inelastically. Assume that the aggregate

production function is given by Y (t) = F [A (t)K(t), L (t)] where F satisfies the standard

assumptions (constant returns to scale, differentiability, Inada conditions).

(1) Define a competitive equilibrium for this economy.

(2) Suppose that A (t) = A (0) and characterize the steady-state equilibrium. Explain

why the steady-state capital-labor ratio is independent of θ.

(3) Now assume that A (t) = exp (gt)A (0), and show that a balanced growth path (with

constant capital share in national income and constant and equal rates of growth

of output, capital and consumption) exists only if F takes the Cobb-Douglas form,

Y (t) = (A (t)K(t))γ (L (t))1−γ .

(4) Characterize the balanced growth path in the Cobb-Douglas case. Derive the com-

mon growth rate of output, capital and consumption. Explain why the (normalized)

steady-state capital-labor ratio now depends on θ.

Exercise 8.11. Consider the baseline neoclassical model with no technological progress.

(1) Show that in the neighborhood of the steady state k∗, the law of motion of k (t) ≡
K (t) /L (t) can be written as

log [k (t)] = log [k∗] + η1 exp (ξ1t) + η2 exp (ξ2t) ,

where ξ1 and ξ2 are the eigenvalues of the linearized system.

(2) Compute these eigenvalues show that one of them, say ξ2, is positive.

(3) What does this imply about the value of η2?

(4) How is the value of η1 determined?
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(5) What determines the speed of adjustment of k (t) towards its steady-state value k∗?

Exercise 8.12. Derive closed-form equations for the solution to the differential equations of

transitional dynamics presented in Example 8.2 with log preferences.

Exercise 8.13. (1) Analyze the comparative dynamics of the basic model in response

to unanticipated increase in the rate of labor-augmenting technological progress will

increase to g0 > g. Does consumption increase or decrease upon impact?

(2) Analyze the comparative dynamics in response to the announcement at time T

that at some future date T 0 > T the discount rate will decline to ρ0 < ρ. Does

consumption increase or decrease at time T . Explain.

Exercise 8.14. Consider the basic neoclassical growth model with technological change and

CRRA preferences (8.30). Explain why θ > 1 ensures that the transversality condition is

always satisfied.

Exercise 8.15. Consider a variant of the neoclassical economy with preferences given by

U (0) =

Z ∞

0
exp (−ρt) (c (t)− γ)1−θ − 1

1− θ

with γ > 0. There is no population growth. Assume that the production function is given

by Y (t) = F [K(t), A (t)L (t)], which satisfies all the standard assumptions and A (t) =

exp (gt)A (0).

(1) Interpret the utility function.

(2) Define the competitive equilibrium for this economy.

(3) Characterize the equilibrium of this economy. Does a balanced growth path with

positive growth in consumption exist? Why or why not?

(4) Derive a parameter restriction ensuring that the standard transversality condition

is satisfied.

(5) Characterize the transitional dynamics of the economy.

Exercise 8.16. Consider a world consisting of a collection of closed neoclassical economies

J . Each j ∈ J has access to the same neoclassical production technology and admits a rep-

resentative household with preferences (1− θ)−1
R∞
0 exp

¡
−ρjt

¢ ³
c1−θj − 1

´
dt. Characterize

the cross-country differences in income per capita in this economy. What is the effect of the

10% difference in discount factor (e.g., a difference between a discount rate of 0.02 versus

0.022) on steady-state per capita income differences? [Hint: use the fact that the capital

share of income is about 1/3].

Exercise 8.17. Consider the standard neoclassical growth model augmented with labor

supply decisions. In particular, there is a total population normalized to 1, and all individuals

have utility function

U (0) =

Z ∞

0
exp (−ρt)u (c (t) , 1− l (t)) ,
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where l (t) ∈ (0, 1) is labor supply. In a symmetric equilibrium, employment L (t) is equal
to l (t). Assume that the production function is given by Y (t) = F [K(t), A (t)L (t)], which

satisfies all the standard assumptions and A (t) = exp (gt)A (0).

(1) Define a competitive equilibrium.

(2) Set up the current value Hamiltonian that each household solves taking wages and

interest rates as given, and determine first-order conditions for the allocation of

consumption over time and leisure-labor trade off.

(3) Set up the current value Hamiltonian for a planner maximizing the utility of the

representative household, and derive the necessary conditions for an optimal solu-

tion.

(4) Show that the two problems are equivalent given competitive markets.

(5) Show that unless the utility function is asymptotically equal to

u (c (t) , 1− l (t)) =

(
Ac(t)1−θ

1−θ h(1− l(t)) for θ 6= 1,
A log c (t) +Bh (1− l (t)) for θ = 1,

for some h(·) with h0 (·) > 0, there will not exist a balanced growth path with

constant and equal rates of consumption and output growth, and a constant level

of labor supply.

Exercise 8.18. Consider the standard neoclassical growth model with a representative

household with preferences

U (0) =

Z ∞

0
exp (−ρt)

"
c (t)1−θ − 1
1− θ

+G (t)

#
,

where G (t) is a public good financed by government spending. Assume that the production

function is given by Y (t) = F [K(t), L (t)], which satisfies all the standard assumptions, and

the budget set of the representative household is C (t) + I (t) ≤ Y (t), where I (t) is private

investment. Assume that G (t) is financed by taxes on investment. In particular, the capital

accumulation equation is

K̇ (t) = (1− τ (t)) I (t)− δK (t) ,

and the fraction τ (t) of the private investment I (t) is used to finance the public good, i.e.,

G (t) = τ (t) I (t).

Take the sequence of tax rates [τ (t)]∞t=0 as given.

(1) Define a competitive equilibrium.

(2) Set up the individual maximization problem and characterize consumption and in-

vestment behavior.

(3) Assuming that limt→∞ τ (t) = τ , characterize the steady state.
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(4) What value of τ maximizes the level of utility at the steady state. Starting away

from the state state, is this also the tax rate that would maximize the initial utility

level? Why or why not?

Exercise 8.19. Consider the neoclassical growth model with a government that needs to

finance a flow expenditure of G. Suppose that government spending does not affect utility

and that the government can finance this expenditure by using lump-sum taxes (that is,

some amount T (t) imposed on each household at time t irrespective of their income level
and capital holdings) and debt, so that the government budget constraint takes the form

ḃ (t) = r (t) b (t) + g − T (t) ,

where b (t) denotes its debt level. The no-Ponzi-game condition for the government is

lim
t→∞

∙
b (t) exp

µ
−
Z t

0
(r (s)− n) ds

¶¸
= 0.

Prove the following Ricardian equivalence result: for any sequence of lump-sum

taxes [T (t)]∞t=0 that satisfy the government’s budget constraint (together with the no-Ponzi-
game condition) leads of the same equilibrium sequence of capital-labor ratio and consump-

tion. Interpret this result.

Exercise 8.20. Consider the baseline neoclassical growth model with no population growth

and no technological change, and preferences given by the standard CRRA utility function

(8.30). Assume, however, that the representative household can borrow and lend at the

exogenously given international interest rate r∗. Characterize the steady state equilibrium

and transitional dynamics in this economy. Show that if the economy starts with less capital

than its steady state level it will immediately jump to the steady state level by borrowing

internationally. How will the economy repay this debt?

Exercise 8.21. Modify the neoclassical economy (without technological change) by intro-

ducing cost of adjustment in investment as in the q-theory of investment studied in the

previous chapter. Characterize the steady-state equilibrium and the transitional dynamics.

What are the differences between the implications of this model and those of the baseline

neoclassical model?

Exercise 8.22. * Consider a version of the neoclassical model that admits a representa-

tive household with preferences given by (8.30), no population growth and no technological

progress. The main difference from the standard model is that there are multiple capital

goods. In particular, suppose that the production function of the economy is given by

Y (t) = F (K1 (t) , ...,KM (t) , L (t)) ,
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where Km denotes the mth type of capital and L is labor. F is homogeneous of degree 1 in

all of its variables. Capital in each sector accumulates in the standard fashion, with

K̇m (t) = Im (t)− δmKm (t) ,

for m = 1, ...,M . The resource constraint of the economy is

C (t) +
MX

m=1

Im (t) ≤ Y (t)

for all t.

(1) Write budget constraint of the representative household in this economy. Show that

this can be done in two alternative and equivalent ways; first, with M separate

assets, and second with only a single asset that is a claim to all of the capital in the

economy.

(2) Define an equilibrium.

(3) Characterize the equilibrium by specifying the profit-maximizing decision of firms

in each sector and the dynamic optimization problem of consumers.

(4) Write down the optimal growth problem in the form of a multi-dimensional current-

value Hamiltonian and show that the optimum growth problem coincides with the

equilibrium growth problem. Interpret this result.

(5) Characterize the transitional dynamics in this economy. Define and discuss the

appropriate notion of saddle-path stability and show that the equilibrium is always

saddle-path stable and the equilibrium dynamics can be reduced to those in the

one-sector neoclassical growth model.

(6) Characterize the transitional dynamics under the additional assumption that invest-

ment is irreversible in each sector, i.e., Im (t) ≥ 0 for all t and each m = 1, ...,M .

Exercise 8.23. Contrast the effects of taxing capital income at the rate τ in the Solow

growth model and the neoclassical growth model. Show that capital income taxes have no

effect in the former, while they depress the effective capital-labor ratio in the latter. Explain

why there is such a difference.

Exercise 8.24. Let us return to the discrete time version of the neoclassical growth model.

Suppose that the economy admits a representative household with log preferences (i.e., θ = 1

in terms of (8.30)) and the production function is Cobb-Douglas. Assume also that δ = 1,

so that there is full depreciation. Characterize the steady-state equilibrium and derive a

difference equation that explicitly characterizes the behavior of capital stock away from the

steady state.
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Exercise 8.25. Again in the discrete time version of the neoclassical growth model, suppose

that there is labor-augmenting technological progress at the rate g, i.e.,

A (t+ 1) = (1 + g)A (t) .

For simplicity, suppose that there is no population growth.

(1) Prove that balanced growth requires preferences to take the CRRA form

U (0) =

( P∞
t=0 β

t [c(t)]
1−θ−1
1−θ if θ 6= 1 and θ ≥ 0P∞

t=0 β
t ln c (t) if θ = 1

.

(2) Assuming this form of preferences, prove that there exists a unique steady-state

equilibrium in which effective capital-labor ratio remains constant.

(3) Prove that this steady-state equilibrium is globally stable and convergence to this

steady-state starting from a non-steady-state level of effective capital-labor ratio is

monotonic.
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CHAPTER 9

Growth with Overlapping Generations

A key feature of the neoclassical growth model analyzed in the previous chapter is that

it admits a representative household. This model is useful as it provides us with a tractable

framework for the analysis of capital accumulation. Moreover, it enables us to appeal to the

First and Second Welfare Theorems to establish the equivalence between equilibrium and

optimum growth problems. In many situations, however, the assumption of a representative

household is not appropriate. One important set of circumstances where we may wish to

depart from this assumption is in the analysis of an economy in which new households arrive

(or are born) over time. The arrival of new households in the economy is not only a realistic

feature, but it also introduces a range of new economic interactions. In particular, decisions

made by older “generations” will affect the prices faced by younger “generations”. These

economic interactions have no counterpart in the neoclassical growth model. They are most

succinctly captured in the overlapping generations models introduced and studied by Paul

Samuelson and then later Peter Diamond.

These models are useful for a number of reasons; first, they capture the potential interac-

tion of different generations of individuals in the marketplace; second they provide a tractable

alternative to the infinite-horizon representative agent models; third, as we will see, some of

their key implications are different from those of the neoclassical growth model; fourth, the

dynamics of capital accumulation and consumption in some special cases of these models will

be quite similar to the basic Solow model rather than the neoclassical model; and finally

these models generate new insights about the role of national debt and Social Security in the

economy.

We start with an illustration of why the First Welfare Theorem cannot be applied in

overlapping generations models. We then discuss the baseline overlapping generations model

and and a number of applications of this framework. Finally, we will discuss the overlapping

generations model in continuous time. This latter model, originally developed by Menahem

Yaari and Olivier Blanchard and also referred to as the perpetual youth model, is a tractable

alternative to the basic overlapping generations model and also has a number of different

implications. It will also be used in the context of human capital investments in the next

chapter.
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9.1. Problems of Infinity

Let us discuss the following abstract general equilibrium economy introduced by Karl

Shell. We will see that the baseline overlapping generations model of Samuelson and Diamond

is very closely related to this abstract economy.

Consider the following static economy with a countably infinite number of households,

each denoted by i ∈ N, and a countably infinite number of commodities, denoted by j ∈ N.
Assume that all households behave competitively (alternatively, we can assume that there

areM households of each type, andM is a large number). Household i has preferences given

by:

ui = cii + cii+1,

where cij denotes the consumption of the jth type of commodity by household i. These

preferences imply that household i enjoys the consumption of the commodity with the same

index as its own index and the next indexed commodity (i.e., if an individual’s index is 3,

she only derives utility from the consumption of goods indexed 3 and 4, etc.).

The endowment vector ω of the economy is as follows: each household has one unit

endowment of the commodity with the same index as its index. Let us choose the price of

the first commodity as the numeraire, i.e., p0 = 1.

The following proposition characterizes a competitive equilibrium. Exercise 9.1 asks you

to prove that this is the unique competitive equilibrium in this economy.

Proposition 9.1. In the above-described economy, the price vector p̄ such that p̄j = 1

for all j ∈ N is a competitive equilibrium price vector and induces an equilibrium with no

trade, denoted by x̄.

Proof. At p̄, each household has income equal to 1. Therefore, the budget constraint

of household i can be written as

cii + cii+1 ≤ 1.

This implies that consuming own endowment is optimal for each household, establishing that

the price vector p̄ and no trade, x̄, constitute a competitive equilibrium. ¤

However, the competitive equilibrium in Proposition 9.1 is not Pareto optimal. To see

this, consider the following alternative allocation, x̃. Household i = 0 consumes one unit of

good j = 0 and one unit of good j = 1, and household i > 0 consumes one unit of good i+1.

In other words, household i = 0 consumes its own endowment and that of household 1, while

all other households, indexed i > 0, consume the endowment of than neighboring household,

i + 1. In this allocation, all households with i > 0 are as well off as in the competitive

equilibrium (p̄, x̄), and individual i = 0 is strictly better-off. This establishes:
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Proposition 9.2. In the above-described economy, the competitive equilibrium at (p̄, x̄)

is not Pareto optimal.

So why does the First Welfare Theorem not apply in this economy? Recall that the first

version of this theorem, Theorem 5.5, was stated under the assumption of a finite number of

commodities, whereas we have an infinite number of commodities here. Clearly, the source

of the problem must be related to the infinite number of commodities. The extended version

of the First Welfare Theorem, Theorem 5.6, covers the case with an infinite number of

commodities, but only under the assumption that
P∞

j=0 p
∗
j <∞, where p∗j refers to the price

of commodity j in the competitive equilibrium in question. It can be immediately verified

that this assumption is not satisfied in the current example, since the competitive equilibrium

in question features p∗j = 1 for all j ∈ N, so that
P∞

j=0 p
∗
j = ∞. As discussed in Chapter 5,

when the sum of prices is equal to infinity, there can be feasible allocations for the economy

as a whole that Pareto dominate the competitive equilibrium. The economy discussed here

gives a simple example where this happens.

If the failure of the First Welfare Theorem were a specific feature of this abstract (perhaps

artificial) economy, it would not have been of great interest to us. However, this abstract

economy is very similar (in fact “isomorphic”) to the baseline overlapping generations model.

Therefore, the source of inefficiency (Pareto suboptimality of the competitive equilibrium) in

this economy will be the source of potential inefficiencies in the baseline overlapping genera-

tions model.

It is also useful to recall that, in contrast to Theorem 5.6, the Second Welfare Theorem,

Theorem 5.7, did not make use of the assumption that
P∞

j=0 p
∗
j <∞ even when the number

of commodities was infinite. Instead, this theorem made use of the convexity of preferences,

consumption sets and production possibilities sets. So one might conjecture that in this

model, which is clearly an exchange economy with convex preferences and convex consumption

sets, Pareto optima must be decentralizable by some redistribution of endowments (even

though competitive equilibrium may be Pareto suboptimal). This is in fact true, and the

following proposition shows how the Pareto optimal allocation x̃ described above can be

decentralized as a competitive equilibrium:

Proposition 9.3. In the above-described economy, there exists a reallocation of the en-

dowment vector ω to ω̃, and an associated competitive equilibrium (p̄, x̃) that is Pareto opti-

mal where x̃ is as described above, and p̄ is such that p̄j = 1 for all j ∈ N.

Proof. Consider the following reallocation of the endowment vector ω: the endowment

of household i ≥ 1 is given to household i− 1. Consequently, at the new endowment vector
ω̃, household i = 0 has one unit of good j = 0 and one unit of good j = 1, while all other
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households i have one unit of good i+1. At the price vector p̄, household 0 has a budget set

c00 + c11 ≤ 2,

thus chooses c00 = c01 = 1. All other households have budget sets given by

cii + cii+1 ≤ 1,

thus it is optimal for each household i > 0 to consume one unit of the good cii+1, which is

within its budget set and gives as high utility as any other allocation within his budget set,

establishing that x̃ is a competitive equilibrium. ¤

9.2. The Baseline Overlapping Generations Model

We now discuss the baseline two-period overlapping generation economy.

9.2.1. Demographics, Preferences and Technology. In this economy, time is dis-

crete and runs to infinity. Each individual lives for two periods. For example, all individuals

born at time t live for dates t and t+ 1. For now let us assume a general (separable) utility

function for individuals born at date t, of the form

(9.1) U (t) = u (c1 (t)) + βu (c2 (t+ 1)) ,

where u : R+ → R satisfies the conditions in Assumption 3, c1 (t) denotes the consumption of
the individual born at time t when young (which is at date t), and c2 (t+ 1) is the individual’s

consumption when old (at date t+ 1). Also β ∈ (0, 1) is the discount factor.
Factor markets are competitive. Individuals can only work in the first period of their

lives and supply one unit of labor inelastically, earning the equilibrium wage rate w (t).

Let us also assume that there is exponential population growth, so that total population

is

(9.2) L (t) = (1 + n)t L (0) .

The production side of the economy is the same as before, characterized by a set of com-

petitive firms, and is represented by a standard constant returns to scale aggregate production

function, satisfying Assumptions 1 and 2;

Y (t) = F (K (t) , L (t)) .

To simplify the analysis let us assume that δ = 1, so that capital fully depreciates after use

(see Exercise 9.3). Thus, again defining k ≡ K/L, the (gross) rate of return to saving, which

equals the rental rate of capital, is given by

(9.3) 1 + r(t) = R (t) = f 0 (k (t)) ,
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where f (k) ≡ F (k, 1) is the standard per capita production function. As usual, the wage

rate is

(9.4) w (t) = f (k (t))− k (t) f 0 (k (t)) .

9.2.2. Consumption Decisions. Let us start with the individual consumption deci-

sions. Savings by an individual of generation t, s (t), is determined as a solution to the

following maximization problem

max
c1(t),c2(t+1),s(t)

u (c1 (t)) + βu (c2 (t+ 1))

subject to

c1 (t) + s (t) ≤ w (t)

and

c2 (t+ 1) ≤ R (t+ 1) s (t) ,

where we are using the convention that old individuals rent their savings of time t as capital

to firms at time t + 1, so they receive the gross rate of return R (t+ 1) = 1 + r (t+ 1) (we

use R instead of 1 + r throughout to simplify notation). The second constraint incorporates

the notion that individuals will only spend money on their own end of life consumption

(since there is no altruism or bequest motive). There is no need to introduce the additional

constraint that s (t) ≥ 0, since negative savings would violate the second-period budget

constraint (given that c2 (t+ 1) ≥ 0).
Since the utility function u (·) is strictly increasing (Assumption 3), both constraints will

hold as equalities. Therefore, the first-order condition for a maximum can be written in

the familiar form of the consumption Euler equation (for the discrete time problem, recall

Chapter 6),

(9.5) u0 (c1 (t)) = βR (t+ 1)u0 (c2 (t+ 1)) .

Moreover, since the problem of each individual is strictly concave, this Euler equation is

sufficient to characterize an optimal consumption path given market prices.

Solving this equations for consumption and thus for savings, we obtain the following

implicit function that determines savings per person as

(9.6) s (t) = s (w (t) , R (t+ 1)) ,

where s : R2+ → R is strictly increasing in its first argument and may be increasing or

decreasing in its second argument (see Exercise 9.4). Total savings in the economy will be

equal to

S (t) = s (t)L (t) ,
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where L (t) denotes the size of generation t, who are saving for time t + 1. Since capital

depreciates fully after use and all new savings are invested in the only productive asset of the

economy, capital, the law of motion of the capital stock is given by

(9.7) K (t+ 1) = L (t) s (w (t) , R (t+ 1)) .

9.2.3. Equilibrium. A competitive equilibrium in the overlapping generations economy

can be defined as follows:

Definition 9.1. A competitive equilibrium can be represented by a sequence of aggregate

capital stocks, individual consumption and factor prices,

{K (t) , c1 (t) , c2 (t) , R (t) , w (t)}∞t=0, such that the factor price sequence {R (t) , w (t)}
∞
t=0 is

given by (9.3) and (9.4), individual consumption decisions {c1 (t) , c2 (t)}∞t=0 are given by (9.5)
and (9.6), and the aggregate capital stock, {K (t)}∞t=0, evolves according to (9.7).

A steady-state equilibrium is defined in the usual fashion, as an equilibrium in which the

capital-labor ratio k ≡ K/L is constant.

To characterize the equilibrium, divide (9.7) by labor supply at time t + 1, L(t + 1) =

(1 + n)L (t), to obtain the capital-labor ratio as

k (t+ 1) =
s (w (t) , R (t+ 1))

1 + n
.

Now substituting for R (t+ 1) and w (t) from (9.3) and (9.4), we obtain

(9.8) k (t+ 1) =
s (f (k (t))− k (t) f 0 (k (t)) , f 0 (k (t+ 1)))

1 + n

as the fundamental law of motion of the overlapping generations economy. A steady state is

given by a solution to this equation such that k (t+ 1) = k (t) = k∗, i.e.,

(9.9) k∗ =
s (f (k∗)− k∗f 0 (k∗) , f 0 (k∗))

1 + n

Since the savings function s (·, ·) can take any form, the difference equation (9.8) can
lead to quite complicated dynamics, and multiple steady states are possible. The next figure

shows some potential forms that equation (9.8) can take. The figure illustrates that the

overlapping generations model can lead to a unique stable equilibrium, to multiple equilibria,

or to an equilibrium with zero capital stock. In other words, without putting more structure

on utility and/or production functions, the model makes few predictions.

9.2.4. Restrictions on Utility and Production Functions. In this subsection, we

characterize the steady-state equilibrium and transition dynamics when further assumptions

are imposed on the utility and production functions. In particular, let us suppose that the

utility functions take the familiar CRRA form:

(9.10) U (t) =
c1 (t)

1−θ − 1
1− θ

+ β

Ã
c2 (t+ 1)

1−θ − 1
1− θ

!
,
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45°

0

k(t+1)

k(t)k3* k2* k4*k1*

Figure 9.1. Various types of steady-state equilibria in the baseline overlap-
ping generations model.

where θ > 0 and β ∈ (0, 1). Furthermore, assume that technology is Cobb-Douglas, so that

f (k) = kα

The rest of the environment is as described above. The CRRA utility simplifies the first-order

condition for consumer optimization and implies

c2 (t+ 1)

c1 (t)
= (βR (t+ 1))1/θ .

Once again, this expression is the discrete-time consumption Euler equation from Chapter

6, now for the CRRA utility function. This Euler equation can be alternatively expressed in

terms of savings as

(9.11) s (t)−θ βR (t+ 1)1−θ = (w (t)− s (t))−θ,

which gives the following equation for the saving rate:

(9.12) s (t) =
w (t)

ψ (t+ 1)
,

where

ψ (t+ 1) ≡ [1 + β−1/θR (t+ 1)−(1−θ)/θ] > 1,
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which ensures that savings are always less than earnings. The impact of factor prices on

savings is summarized by the following and derivatives:

sw ≡ ∂s (t)

∂w (t)
=

1

ψ (t+ 1)
∈ (0, 1) ,

sr ≡
∂s (t)

∂R (t+ 1)
=

µ
1− θ

θ

¶
(βR (t+ 1))−1/θ

s (t)

ψ (t+ 1)
.

Since ψ (t+ 1) > 1, we also have that 0 < sw < 1. Moreover, in this case sr > 0 if θ < 1,

sr < 0 if θ > 1, and sr = 0 if θ = 1. The relationship between the rate of return on savings

and the level of savings reflects the counteracting influences of income and substitution effects.

The case of θ = 1 (log preferences) is of special importance and is often used in many applied

models. This special case is sufficiently common that it may deserve to be called the canonical

overlapping generations model and will be analyzed separately in the next section.

In the current somewhat more general context, equation (9.8) implies

k (t+ 1) =
s(t)

(1 + n)
(9.13)

=
w(t)

(1 + n)ψ (t+ 1)
,

or more explicitly,

(9.14) k (t+ 1) =
f (k (t))− k (t) f 0 (k (t))

(1 + n) [1 + β−1/θf 0 (k(t+ 1))−(1−θ)/θ]

The steady state then involves a solution to the following implicit equation:

k∗ =
f (k∗)− k∗f 0 (k∗)

(1 + n) [1 + β−1/θf 0(k∗)−(1−θ)/θ]
.

Now using the Cobb-Douglas formula, we have that the steady state is the solution to the

equation

(9.15) (1 + n)
h
1 + β−1/θ

¡
α(k∗)α−1

¢(θ−1)/θi
= (1− α)(k∗)α−1.

For simplicity, define R∗ ≡ α(k∗)α−1 as the marginal product of capital in steady-state, in

which case, equation (9.15) can be rewritten as

(9.16) (1 + n)
h
1 + β−1/θ (R∗)(θ−1)/θ

i
=
1− α

α
R∗.

The steady-state value of R∗, and thus k∗, can now be determined from equation (9.16),

which always has a unique solution. We can next investigate the stability of this steady

state. To do this, substitute for the Cobb-Douglas production function in (9.14) to obtain

(9.17) k (t+ 1) =
(1− α) k (t)α

(1 + n) [1 + β−1/θ (αk(t+ 1)α−1)−(1−θ)/θ]
.

Using (9.17), we can establish the following proposition can be proved:1

1In this proposition and throughout the rest of this chapter, we again ignore the trivial steady state with
k = 0.
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Proposition 9.4. In the overlapping-generations model with two-period lived households,

Cobb-Douglas technology and CRRA preferences, there exists a unique steady-state equilib-

rium with the capital-labor ratio k∗ given by (9.15) and as long as θ ≥ 1, this steady-state
equilibrium is globally stable for all k (0) > 0.

Proof. See Exercise 9.5 ¤

In this particular (well-behaved) case, equilibrium dynamics are very similar to the basic

Solow model, and are shown in Figure 9.2, which is specifically drawn for the canonical

overlapping generations model of the next section. The figure shows that convergence to the

unique steady-state capital-labor ratio, k∗, is monotonic. In particular, starting with an initial

capital-labor ratio k (0) < k∗, the overlapping generations economy steadily accumulates more

capital and converge to k∗. Starting with k0 (0) > k∗, the equilibrium involves lower and lower

levels of capital-labor ratio, ultimately converging to k∗.

9.3. The Canonical Overlapping Generations Model

Even the model with CRRA utility and Cobb-Douglas production function is relatively

messy. For this reason, many of the applications of the overlapping generations model use

an even more specific utility function, log preferences (or equivalently θ = 1 in terms of the

CRRA preferences of the last section). Log preferences are particularly useful in this context,

since they ensure that income and substitution effects exactly cancel each other out, so that

changes in the interest rate (and therefore changes in the capital-labor ratio of the economy)

have no effect on the saving rate.

Since this version of the model is sufficiently common, it may deserve to be called the

canonical overlapping generations model and will be the focus of this section. Another inter-

esting feature of this model is that the structure of the equilibrium is essentially identical to

the basic Solow model we studied in Chapter 2.

Suppose that the utility of the household and generation t is given by

(9.18) U (t) = log c1 (t) + β log c2 (t+ 1) ,

where as before β ∈ (0, 1) (even though β ≥ 1 could be allowed here without any change in the
analysis). The aggregate production technology is again Cobb-Douglas, that is, f (k) = kα.

The consumption Euler equation now becomes even simpler:

c2 (t+ 1)

c1 (t)
= βR (t+ 1)

and implies that savings should satisfy the equation

(9.19) s (t) =
β

1 + β
w (t) ,
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Figure 9.2. Equilibrium dynamics in the canonical overlapping generations model.

which corresponds to a constant saving rate, equal to β/ (1 + β), out of labor income for each

individual. This constant saving rate makes this model very similar to the baseline Solow

growth model of Chapter 2.

Now combining this with the capital accumulation equation (9.8), we obtain

k (t+ 1) =
s(t)

(1 + n)

=
βw(t)

(1 + n) (1 + β)

=
β (1− α) [k(t)]α

(1 + n) (1 + β)
,

where the second line uses (9.19) and the last line uses the fact that, given competitive factor

markets, the wage rate is equal to w (t) = (1− α) [k(t)]α.

It is straightforward to verify that there exists a unique steady state with capital-labor

ratio given by

(9.20) k∗ =

∙
β (1− α)

(1 + n) (1 + β)

¸ 1
1−α

.

Moreover, starting with any k (0) > 0, equilibrium dynamics are identical to those of the

basic Solow model and monotonically converge to k∗. This is illustrated in Figure 9.2 and

stated in the next proposition:

354



Introduction to Modern Economic Growth

Proposition 9.5. In the canonical overlapping generations model with log preferences

and Cobb-Douglas technology, there exists a unique steady state, with capital-labor ratio k∗

given by (9.20). Starting with any k (0) ∈ (0, k∗), equilibrium dynamics are such that k (t) ↑
k∗, and starting with any k0 (0) > k∗, equilibrium dynamics involve k (t) ↓ k∗.

Exercise 9.6 asks you to introduce technological progress into this canonical model and

to conduct a range of comparative static exercises. Exercise 9.7, on the other hand, asks you

to analyze the same economy without the Cobb-Douglas technology assumption.

9.4. Overaccumulation and Pareto Optimality of Competitive Equilibrium in

the Overlapping Generations Model

Let us now return to the general problem, and compare the overlapping-generations

equilibrium to the choice of a social planner wishing to maximize a weighted average of all

generations’ utilities. In particular, suppose that the social planner maximizes
∞X
t=0

βtSU (t)

where βS is the discount factor of the social planner, which reflects how she values the utilities

of different generations. Substituting from (9.1), this implies:

∞X
t=0

βtS (u (c1 (t)) + βu (c2 (t+ 1)))

subject to the resource constraint

F (K (t) , L (t)) = K (t+ 1) + L (t) c1 (t) + L (t− 1) c2 (t) .

Dividing this by L (t) and using (9.2), the resource constraint can be written in per capita

terms as

f (k (t)) = (1 + n) k (t+ 1) + c1 (t) +
c2 (t)

1 + n
.

The social planner’s maximization problem then implies the following first-order necessary

condition:

u0 (c1 (t)) = βf 0 (k (t+ 1))u0 (c2 (t+ 1)) .

Since R (t+ 1) = f 0 (k (t+ 1)), this is identical to (9.5). This result is not surprising; the

social planner prefers to allocate consumption of a given individual in exactly the same way

as the individual himself would do; there are no “market failures” in the over-time allocation

of consumption at given prices.

However, the social planner’s and the competitive economy’s allocations across genera-

tions will differ, since the social planner is giving different weights to different generations
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as captured by the parameter βS . In particular, it can be shown that the socially planned

economy will converge to a steady state with capital-labor ratio kS such that

βSf
0 ¡kS¢ = 1 + n,

which is similar to the modified golden rule we saw in the context of the Ramsey growth model

in discrete time (cf., Chapter 6). In particular, the steady-state level of capital-labor ratio

kS chosen by the social planner does not depend on preferences (i.e., on the utility function

u (·)) and does not even depend on the individual rate of time preference, β. Clearly, kS will
typically differ from the steady-state value of the competitive economy, k∗, given by (9.9).

More interesting is the question of whether the competitive equilibrium is Pareto optimal.

The example in Section 9.1 suggests that it may not be. Exactly as in that example, we

cannot use the First Welfare Theorem, Theorem 5.6, because there is an infinite number of

commodities and the sum of their prices is not necessarily less than infinity.

In fact, the competitive equilibrium is not in general Pareto optimal. The simplest way

of seeing this is that the steady state level of capital stock, k∗, given by (9.9), can be so high

that it is in fact greater than kgold. Recall that kgold is the golden rule level of capital-labor

ratio that maximizes the steady-state level of consumption (recall, for example, Figure 8.1 in

Chapter 8 for the discussion in Chapter 2). When k∗ > kgold, reducing savings can increase

consumption for every generation.

More specifically, note that in steady state we have

f (k∗)− (1 + n)k∗ = c∗1 + (1 + n)−1 c∗2

≡ c∗,

where the first line follows by national income accounting, and the second defines c∗ as the

total steady-state consumption. Therefore

∂c∗

∂k∗
= f 0 (k∗)− (1 + n)

and kgold is defined as

f 0 (kgold) = 1 + n.

Now if k∗ > kgold, then ∂c∗/∂k∗ < 0, so reducing savings can increase (total) consumption

for everybody. If this is the case, the economy is referred to as dynamically inefficient–it

involves overaccumulation. Another way of expressing dynamic inefficiency is that

r∗ < n,

that is, the steady-state (net) interest rate r∗ = R∗ − 1 is less than the rate of population
growth. Recall that in the infinite-horizon Ramsey economy, the transversality condition

(which follows from individual optimization) required that r > g + n, therefore, dynamic

inefficiency could never arise in this Ramsey economy. Dynamic inefficiency arises because of
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the heterogeneity inherent in the overlapping generations model, which removes the transver-

sality condition.

In particular, suppose we start from steady state at time T with k∗ > kgold. Consider

the following variation where the capital stock for next period is reduced by a small amount.

In particular, change next period’s capital stock by −∆k, where ∆k > 0, and from then on,

imagine that we immediately move to a new steady state (which is clearly feasible). This

implies the following changes in consumption levels:

∆c (T ) = (1 + n)∆k > 0

∆c (t) = −
¡
f 0 (k∗ −∆k)− (1 + n)

¢
∆k for all t > T

The first expression reflects the direct increase in consumption due to the decrease in savings.

In addition, since k∗ > kgold, for small enough ∆k, f 0 (k∗ −∆k)−(1+n) < 0, thus ∆c (t) > 0

for all t ≥ T , and explains the second expression. The increase in consumption for each

generation can be allocated equally during the two periods of their lives, thus necessarily

increasing the utility of all generations. This variation clearly creates a Pareto improvement

in which all generations are better-off. This establishes:

Proposition 9.6. In the baseline overlapping-generations economy, the competitive equi-

librium is not necessarily Pareto optimal. More specifically, whenever r∗ < n and the economy

is dynamically inefficient, it is possible to reduce the capital stock starting from the competitive

steady state and increase the consumption level of all generations.

As the above derivation makes it clear, Pareto inefficiency of the competitive equilibrium

is intimately linked with dynamic inefficiency. Dynamic inefficiency, the rate of interest being

less than the rate of population growth, is not a theoretical curiosity. Exercise 9.8 shows that

dynamic inefficiency can arise under reasonable circumstances.

Loosely speaking, the intuition for dynamic inefficiency can be given as follows. Individu-

als who live at time t face prices determined by the capital stock with which they are working.

This capital stock is the outcome of actions taken by previous generations. Therefore, there

is a pecuniary externality from the actions of previous generations affecting the welfare of the

current generation. Pecuniary externalities are typically second-order and do not matter for

welfare (in a sense this could be viewed as the essence of the First Welfare Theorem). This

ceases to be the case, however, when there are an infinite stream of newborn agents joining

the economy. These agents are affected by the pecuniary externalities created by previous

generations, and it is possible to rearrange accumulation decisions and consumption plans in

such a way that these pecuniary externalities can be exploited.

A complementary intuition for dynamic inefficiency, which will be particularly useful in

the next section, is as follows. Dynamic inefficiency arises from overaccumulation, which,
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in turn, is a result of the fact that the current young generation needs to save for old age.

However, the more they save, the lower is the rate of return to capital and this may encourage

them to save even more. Once again, the effect of the savings by the current generation on

the future rate of return to capital is a pecuniary externality on the next generation. We

may reason that this pecuniary externality should not lead to Pareto suboptimal allocations,

as in the equilibria of standard competitive economies with a finite number of commodities

and households. But this reasoning is no longer correct when there are an infinite number

of commodities and an infinite number of households. This second intuition also suggests

that if, somehow, alternative ways of providing consumption to individuals in old age were

introduced, the overaccumulation problem could be solved or at least ameliorated. This is

the topic of the next section.

9.5. Role of Social Security in Capital Accumulation

We now briefly discuss how Social Security can be introduced as a way of dealing with

overaccumulation in the overlapping-generations model. We first consider a fully-funded

system, in which the young make contributions to the Social Security system and their con-

tributions are paid back to them in their old age. The alternative is an unfunded system or

a pay-as-you-go Social Security system, where transfers from the young directly go to the

current old. We will see that, as is typically presumed, pay-as-you-go (unfunded) Social Secu-

rity discourages aggregate savings. However, when there is dynamic inefficiency, discouraging

savings may lead to a Pareto improvement.

9.5.1. Fully Funded Social Security. In a fully funded Social Security system, the

government at date t raises some amount d (t) from the young, for example, by compulsory

contributions to their Social Security accounts. These funds are invested in the only pro-

ductive asset of the economy, the capital stock, and pays the workers when they are old an

amount R (t+ 1) d (t). This implies that the individual maximization problem under a fully

funded social security system becomes

max
c1(t),c2(t+1),s(t)

u (c1 (t)) + βu (c2 (t+ 1))

subject to

c1 (t) + s (t) + d (t) ≤ w (t)

and

c2 (t+ 1) ≤ R (t+ 1) (s (t) + d (t)) ,

for a given choice of d (t) by the government. Notice that now the total amount invested in

capital accumulation is s (t) + d (t) = (1 + n) k (t+ 1).
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It is also no longer the case that individuals will always choose s (t) > 0, since they

have the income from Social Security. Therefore this economy can be analyzed under two

alternative assumptions, with the constraint that s (t) ≥ 0 and without.
It is clear that as long as s (t) is free, whatever the sequence of feasible Social Security

payments {d (t)}∞t=0, the competitive equilibrium applies. When s (t) ≥ 0 is imposed as

a constraint, then the competitive equilibrium applies if given the sequence {d (t)}∞t=0, the
privately-optimal saving sequence {s (t)}∞t=0 is such that s (t) > 0 for all t. Consequently, we
have the following straightforward results:

Proposition 9.7. Consider a fully funded Social Security system in the above-described

environment whereby the government collects d (t) from young individuals at date t.

(1) Suppose that s (t) ≥ 0 for all t. If given the feasible sequence {d (t)}∞t=0 of Social
Security payments, the utility-maximizing sequence of savings {s (t)}∞t=0 is such that
s (t) > 0 for all t, then the set of competitive equilibria without Social Security are

the set of competitive equilibria with Social Security.

(2) Without the constraint s (t) ≥ 0, given any feasible sequence {d (t)}∞t=0 of Social
Security payments, the set of competitive equilibria without Social Security are the

set of competitive equilibria with Social Security.

Proof. See Exercise 9.10. ¤

This is very intuitive: the d (t) taken out by the government is fully offset by a decrease

in s (t) as long as individuals were performing enough savings (or always when there are no

constraints to force positive savings privately). Exercise 9.11 shows that even when there

is the restriction that s (t) ≥ 0, a funded Social Security program cannot lead to the Pareto

improvement.

9.5.2. Unfunded Social Security. The situation is different with unfunded Social

Security. Now we have that the government collects d (t) from the young at time t and

distributes this to the current old with per capita transfer b (t) = (1 + n) d (t) (which takes

into account that there are more young than old because of population growth). Therefore,

the individual maximization problem becomes

max
c1(t),c2(t+1),s(t)

u (c1 (t)) + βu (c2 (t+ 1))

subject to

c1 (t) + s (t) + d (t) ≤ w (t)

and

c2 (t+ 1) ≤ R (t+ 1) s (t) + (1 + n) d (t+ 1) ,

for a given feasible sequence of Social Security payment levels {d (t)}∞t=0.
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What this implies is that the rate of return on Social Security payments is n rather than

r (t+ 1) = R (t+ 1) − 1, because unfunded Social Security is a pure transfer system. Only
s (t)–rather than s (t) plus d (t) as in the funded scheme–goes into capital accumulation.

This is the basis of the claim that unfunded Social Security systems discourage aggregate

savings. Of course, it is possible that s (t) will change in order to compensate this effect,

but such an offsetting change does not typically take place. Consequently, unfunded Social

Security reduces capital accumulation. Discouraging capital accumulation can have negative

consequences for growth and welfare. In fact, the empirical evidence we have seen in Chap-

ters 1-4 suggests that there are many societies in which the level of capital accumulation is

suboptimally low. In contrast, in the current model reducing aggregate savings and capital

accumulation may be a good thing when the economy exhibits dynamic inefficiency (and

overaccumaltion). This leads to the following proposition.

Proposition 9.8. Consider the above-described overlapping generations economy and

suppose that the decentralized competitive equilibrium is dynamically inefficient. Then there

exists a feasible sequence of unfunded Social Security payments {d (t)}∞t=0 which will lead
to a competitive equilibrium starting from any date t that Pareto dominates the competitive

equilibrium without Social Security.

Proof. See Exercise 9.13. ¤

Unfunded Social Security reduces the overaccumulation and improves the allocation of

resources. The similarity between the way in which unfunded Social Security achieves a

Pareto improvement in this proposition and the way in which the Pareto optimal allocation

was decentralized in the example economy of Section 9.1 is apparent. In essence, unfunded

Social Security is transferring resources from future generations to initial old generation, and

when designed appropriately, it can do so without hurting the future generations. Once again,

this depends on dynamic inefficiency; when there is no dynamic inefficiency, any transfer of

resources (and any unfunded Social Security program) would make some future generation

worse-off. You are asked to prove this result in Exercise 9.14.

9.6. Overlapping Generations with Impure Altruism

Section 5.3 in Chapter 5 demonstrate that altruism within families (for example of par-

ents towards their offspring) can lead to a structure of preferences identical to those of the

representative household in the neoclassical growth model. In contrast, in this section we

have so far ignored altruistic preferences in order to emphasize the effect of finite lives and

the economic implications of the arrival of new agents in the economy. As briefly noted in

Section 5.3, the exact form of altruism within a family matters for whether the representa-

tive household would provide a good approximation. In particular, a potentially empirically
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relevant form of altruism is one in which parents care about certain dimensions of the con-

sumption vector of their offspring instead of their total utility. These types of preferences are

often referred to as “impure altruism” to distinguish it from the pure altruism discussed in

Section 5.3. A particular type of impure altruism, commonly referred to as “warm glow pref-

erences”, plays an important role in many growth models because of its tractability. Warm

glow preferences assume that parents derive utility from (the warm glow of) their bequest,

rather than the utility or the consumption of their offspring. This class of preferences turn

out to constitute another very tractable alternative to the neoclassical growth and the base-

line overlapping generations models. It has some clear parallels to the canonical overlapping

generations model of last section, since it will also lead to equilibrium dynamics very similar

to that of the Solow growth model. Given the importance of this class of preferences in many

applied growth models, it is useful to review them briefly. These preferences will also be used

in the next chapter and again in Chapter 21.

Suppose that the production side of the economy is given by the standard neoclassical

production function, satisfying Assumptions 1 and 2. We write this in per capita form as

f (k).

The economy is populated by a continuum of individuals of measure 1. Each individual

lives for two periods, childhood and adulthood. In second period of his life, each individual

begets an offspring, works and then his life comes to an end. For simplicity, let us assume

that there is no consumption in childhood (or that this is incorporated in the parent’s con-

sumption). There are no new households, so population is constant at 1. Each individual

supplies 1 unit of labor inelastically during is adulthood.

Let us assume that preferences of individual (i, t), who reaches adulthood at time t, are

as follows

(9.21) log (ci (t)) + β log (bi (t)) ,

where ci (t) denotes the consumption of this individual and bi (t) is bequest to his offspring.

Log preferences are assumed to simplify the analysis (see Exercise ??). The offspring starts

the following period with the bequest, rents this out as capital to firms, supplies labor,

begets his own offspring, and makes consumption and bequests decisions. We also assume

that capital fully depreciates after use.

This formulation implies that the maximization problem of a typical individual can be

written as

(9.22) max
ci(t),bi(t)

log (ci (t)) + β log (bi (t)) ,

subject to

(9.23) ci (t) + bi (t) ≤ yi (t) ≡ w (t) +R (t) bi (t− 1) ,
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where yi (t) denotes the income of this individual,

(9.24) w (t) = f (k (t))− k (t) f 0 (k (t))

is the equilibrium wage rate,

(9.25) R (t) = f 0 (k (t))

is the rate of return on capital and bi (t− 1) is the bequest received by this individual from
his own parent.

The total capital-labor ratio at time t + 1 is given by aggregating the bequests of all

adults at time t:

(9.26) k (t+ 1) =

Z 1

0
bi (t) di,

which exploits the fact that the total measure of workers is 1, so that the capital stock and

capital-labor ratio are identical.

An equilibrium in this economy is a somewhat more complicated object than before,

because we may want to keep track of the consumption and bequest levels of all individuals.

Let us denote the distribution of consumption and bequests across households at time t by

[ci (t)]i∈[0,1] and [bi (t)]i∈[0,1], and let us assume that the economy starts with the distribution

of wealth (bequests) at time t given by [bi (0)]i∈[0,1], which satisfies
R 1
0 bi (0) di > 0.

Definition 9.2. An equilibrium in this overlapping generations economy with warm

glow preferences is a sequence of consumption and bequest levels for each household,n
[ci (t)]i∈[0,1] , [bi (t)]i∈[0,1]

o∞
t=0
, that solve (9.22) subject to (9.23), a sequence of capital-labor

ratios, {k (t)}∞t=0, given by (9.26) with some initial distribution of bequests [bi (0)]i∈[0,1], and
sequences of factor prices, {w (t) , R (t)}∞t=0, that satisfy (9.24) and (9.25).

The solution of (9.22) subject to (9.23) is straightforward because of the log preferences,

and gives

bi (t) =
β

1 + β
yi (t)

=
β

1 + β
[w (t) +R (t) bi (t− 1)] ,(9.27)

for all i and t. This equation shows that individual bequest levels will follow non-trivial

dynamics. Since bi (t) determines the asset holdings of individual i of generation t, it can

alternatively be interpreted as his “wealth” level. Consequently, this economy will feature a

distribution of wealth that will evolve endogenously over time. This evolution will depend on

factor prices. To obtain factor prices, let us aggregate bequests to obtain the capital-labor
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ratio of the economy via equation (9.26). Integrating (9.27) across all individuals, we obtain

k (t+ 1) =

Z 1

0
bi (t) di

=
β

1 + β

Z 1

0
[w (t) +R (t) bi (t− 1)] di

=
β

1 + β
f (k (t)) .(9.28)

The last equality follows from the fact that
R 1
0 bi (t− 1) di = k (t) and because by Euler’s

Theorem, Theorem 2.1, w (t) +R (t) k (t) = f (k (t)).

Consequently, aggregate equilibrium dynamics in this economy are straightforward and

again closely resemble those in the baseline Solow growth model. Moreover, it is worth noting

that these aggregate dynamics do not depend on the distribution of bequests or income across

households (we will see that this is no longer true when there are other imperfections in the

economy as in Chapter 21).

Now, solving for the steady-state equilibrium capital-labor ratio from (9.28), we obtain

(9.29) k∗ =
β

1 + β
f (k∗) ,

which is uniquely defined and strictly positive in view of Assumptions 1 and 2. Moreover,

equilibrium dynamics are again given by Figure 9.2 and involve monotonic convergence to

this unique steady state.

A complete characterization of the equilibrium can now be obtained by looking at the

dynamics of bequests. It turns out that different types of bequests dynamics are possible

along the transition path. More can be said regarding the limiting distribution of wealth

and bequests. In particular, we know that k (t) → k∗, so the ultimate bequest dynamics

are given by steady-state factor prices. Let these be denoted by w∗ = f (k∗)− k∗f 0 (k∗) and

R∗ = f 0 (k∗). Then once the economy is in the neighborhood of the steady-state capital-labor

ratio, k∗, individual bequest dynamics are given by

bi (t) =
β

1 + β
[w∗ +R∗bi (t− 1)] .

When R∗ < (1 + β) /β, starting from any level bi (t) will converge to a unique bequest

(wealth) level given by

(9.30) b∗ =
βw∗

1 + β (1−R∗)
.

363



Introduction to Modern Economic Growth

Moreover, it can be verified that the steady-state equilibrium must involve R∗ < (1 + β) /β.

This follows from the fact that in steady state

R∗ = f 0 (k∗)

<
f (k∗)

k∗

=
1 + β

β
,

where the second line exploits the strict concavity of f (·) and the last line uses the definition
of the steady-state capital-labor ratio, k∗, from (9.29).

The following proposition summarizes this analysis:

Proposition 9.9. Consider the overlapping generations economy with warm glow prefer-

ences described above. In this economy, there exists a unique competitive equilibrium. In this

equilibrium the aggregate capital-labor ratio is given by (9.28) and monotonically converges

to the unique steady-state capital-labor ratio k∗ given by (9.29). The distribution of bequests

and wealth ultimately converges towards full equality, with each individual having a bequest

(wealth) level of b∗ given by (9.30) with w∗ = f (k∗)− k∗f 0 (k∗) and R∗ = f 0 (k∗).

9.7. Overlapping Generations with Perpetual Youth

A key feature of the baseline overlapping generation model is that individuals have finite

lives and know exactly when their lives will come to an end. An alternative way of modeling

finite lives is along the lines of the “Poisson death model” or the perpetual youth model

introduced in Section 5.3 of Chapter 5. Let us start with the discrete time version of that

model. Recall that in that model each individual is potentially infinitely lived, but faces a

probability ν ∈ (0, 1) that his life will come to an end at every date (and these probabilities
are independent). Recall from equation (5.9) that the expected utility of an individual with

a “pure” discount factor β is given by
∞X
t=0

(β (1− ν))t u (c (t)) ,

where u (·) is as standard instantaneous utility function, satisfying Assumption 3, with the
additional normalization that u (0) = 0. Since the probability of death is ν and is independent

across periods, the expected lifetime of an individual in this model can be written as (see

Exercise 9.15):

(9.31) Expected life = ν + 2 (1− ν) ν + 3 (1− ν)2 ν + ... =
1

ν
<∞.

This equation captures the fact that with probability ν the individual will have a total life

of length 1, with probability (1− ν) ν, he will have a life of length 2, and so on. This

model is referred to as the perpetual youth model, since even though each individual has
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a finite expected life, all individuals who have survived up to a certain date have exactly

the same expectation of further life. Therefore, individuals who survive in this economy are

“perpetually young”; their age has no effect on their future longevity and has no predictive

power on how many more years they will live for.

Individual i’s flow budget constraint can be written as

(9.32) ai (t+ 1) = (1 + r (t+ 1)) ai (t)− ci (t) +w (t) + zi (t) ,

which is similar to the standard flow budget constraint, for example (6.40) in Chapter 6.

Recall that the gross rate of return on savings is 1 + r (t+ 1), with the timing convention

reflecting that assets at time t are rented out as capital at time t+1. The only difference from

the standard budget constraint is the additional term, zi (t), which reflects transfers to the

individual. The reason why these transfers are introduced is as follows: since individuals face

an uncertain time of death, there may be “accidental bequests”. In particular, individuals

will typically come to the end of their lives while their asset positions are positive. When this

happens, one possibility is that the accidental bequests might be collected by the government

and redistributed equally across all households in the economy. In this case, zi (t) would

represent these receipts for individual i. However, this would require that we impose a

constraint of the form ai (t) ≥ 0, in order to prevent individuals from accumulating debts by

the time their life comes to an end.

An alternative, which avoids this additional constraint and makes the model more

tractable, has been proposed and studied by Menahem Yaari and Olivier Blanchard. This

alternative involves introducing life-insurance or annuity markets, where competitive life in-

surance firms make payments to individuals (as a function of their asset levels) in return

for receiving their positive assets when they die. The term z (t) captures these annuity pay-

ments. In particular, imagine the following type of life insurance contract: a company would

make a payment equal to z (a (t)) to an individual as a function of his asset holdings during

every period in which he is alive.2 When the individual dies, all his assets go to the insur-

ance company. The fact that the payment level z (a (t)) depends only on the asset holdings

of the individual and not on his age is a consequence of the perpetual youth assumption–

conditional expectation of further life is independent of when the individual was born and in

fact, it is independent of everything else in the model. The profits of a particular insurance

company contracting with an individual with asset holding equal to a (t), at time t will be

π (a, t) = − (1− ν) z (a) + νa.

2The reader might note that this is the opposite of the most common type of life insurance contract where
individuals make payments in order for their families to receive payments after their death. These types of
insurance contracts are not useful in the current model, since individuals do not have offsprings or are not
altruistic towards them.
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With free entry, insurance companies should make zero expected profits (in terms of net

present discounted value), which requires that π (a (t) , t) = 0 for all t and a, thus

(9.33) z (a (t)) =
ν

1− ν
a (t) .

The other important element of the model is the evolution of the demographics. Since

each agent faces a probability of death equal to ν at every date, there is a natural force

towards decreasing population. We assume, however, that there are also new agents who

are born at every date. Differently from the basic neoclassical growth model, we assume

that these new agents are not born into a dynasty; instead, they become separate households

themselves. We assume that when the population at time t is L (t), there are nL (t) new

households born. Consequently, the evolution of total population is given by

(9.34) L (t+ 1) = (1 + n− ν)L (t) ,

with the boundary condition L (0) = 1, where we assume that

n > ν,

so that there is positive population growth. Throughout this section, we ignore technological

progress.

Perpetual youth, together with exponential population growth, leads to a simple pattern

of demographics in this economy. In particular, it is easy to verify that at some point in time

t > 0, there will be n (1 + n− ν)t−1 one-year-olds, n (1 + n− ν)t−2 (1− ν) two-year-olds,

n (1 + n− ν)t−3 (1− ν)2 three-year-olds, etc. (See Exercise 9.21).

The production side of the economy is standard and it is represented by an aggregate

production function satisfying Assumptions 1 and 2, F (K (t) , L (t)). Suppose that capital

depreciates at the rate δ. Factor markets are competitive and factor prices are determined in

the usual fashion. The rental return of capital at time t is again given by R (t) = f 0 (k (t)),

so that the net return on saving is r (t+ 1) = f 0 (k (t)) − δ, and the wage rate is w (t) =

f (k (t))− k (t) f 0 (k (t)).

An allocation in this economy is similar to an allocation in the neoclassical growth model

and involves time paths for the aggregate capital stock, wage rates and rental rates of capital,

{K (t) , w (t) , R (t)}∞t=0. However, it is no longer sufficient to specify aggregate consumption,
since the level of consumption is not the same for all individuals. Instead, individuals born at

different times will have accumulated different amounts of assets and will consume different

amounts. Let us denote the consumption at date t of a household born at date τ ≤ t by

c (t | τ). An allocation must now specify the entire sequence {c (t | τ)}∞t=0,τ≤t. Using this
notation and the life insurance contracts introduced by (9.33), the flow budget constraint of
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an individual of generation τ can be written as:

(9.35) a (t+ 1 | τ) =
µ
1 + r (t+ 1) +

ν

1− ν

¶
a (t | τ)− c (t | τ) + w (t) .

A competitive equilibrium in this economy can then be defined as follows:

Definition 9.3. A competitive equilibrium consists of paths of capital stock, wage rates

and rental rates of capital, {K (t) , w (t) , R (t)}∞t=0, and paths of consumption for each gen-
eration, {c (t | τ)}∞t=0,τ≤t, such that each individual maximizes utility and the time path of
factor prices, {w (t) , R (t)}∞t=0, is such that given the time path of capital stock and labor
{K (t) , L (t)}∞t=0, all markets clear.

In addition to the competitive factor prices, the key equation is the consumer Euler

equation for an individual of generation τ at time t. Taking into account that the gross rate

of return on savings is 1 + r (t+ 1) + ν/ (1− ν) and that the effective discount factor of the

individual is β (1− ν), this Euler equation can be written as

(9.36) u0 (c (t | τ)) = β [(1 + r (t+ 1)) (1− ν) + ν]u0 (c (t+ 1 | τ)) .

This equation looks similar to be standard consumption Euler equation, for example as in

Chapter 6. It only differs from the equation there because it applies separately to each

generation τ and because the term ν, the probability of death facing each individual, features

in this equation. Note, however, that when both r and ν are small

(1 + r) (1− ν) + ν ≈ 1 + r,

and the terms involving ν disappear. In fact, the reason why these terms are present is

because of the discrete time nature of the current model. In the next section, we will analyze

the continuous time version of the perpetual youth model, where the approximation in the

previous equation is exact. Moreover, the continuous time model will allow us to obtain

closed-form solutions for aggregate consumption and capital stock dynamics. Therefore, this

model gives one example of a situation in which continuous time methods turn out to be

more appropriate than discrete time methods (whereas the baseline overlapping generations

model required discrete time).

Recall that in the neoclassical model without technological progress, the consumer Euler

equation admitted a simple solution because consumption had to be equal across dates for

the representative household. This is no longer the case in the perpetual youth model, since

different generations will have different levels of assets and may satisfy equation (9.36) with

different growth rates of consumption depending on the form of the utility function u (·).
To simplify the analysis, let us now suppose that the utility function takes the logarithmic

form,

u (c) = log c.
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In that case, (9.36) simplifies to

(9.37)
c (t+ 1 | τ)
c (t | τ) = β [(1 + r (t+ 1)) (1− ν) + ν] ,

and implies that the growth rate of consumption must be equal for all generations. Using

this observation, it is possible to characterize the behavior of the aggregate capital stock,

though this turns out to be much simpler in continuous time. For this reason, we now turn

to the continuous time version of this model (details on the discrete time model are covered

in Exercise 9.22).

9.8. Overlapping Generations in Continuous Time

9.8.1. Demographics, Technology and Preferences. We now turn to a continuous

time version of the perpetual youth model. Suppose that each individual faces a Poisson

death rate of ν ∈ (0,∞). Suppose also that individuals have logarithmic preferences and a
pure discount rate of ρ > 0. As demonstrated in Exercise 5.7 in Chapter 5, this implies that

individual i will maximize the objective function

(9.38)
Z ∞

0
exp (− (ρ+ ν) t) log ci (t) dt.

Demographics in this economy are similar to those in the discrete time perpetual youth

model of the previous section. In particular, expected further life of an individual is inde-

pendent of when he was born, and is equal to

1

ν
<∞.

This is both the life expectancy at birth and the expected further life of an individual who

has survived up to a certain point. Next, let population at time t be L (t). Then the Poisson

death rate implies that a total flow of νL (t) individuals will die at time t. Once again we

assume that there is arrival of new households at the exponential rate n > ν, so that aggregate

population dynamics are given by

(9.39) L̇ (t) = (n− ν)L (t) ,

again with initial condition L (0) = 1. It can also be computed that at time t the mass of

individuals of cohort born at time τ < t is given by

(9.40) L (t | τ) = exp (−ν (t− τ) + (n− ν) τ) .

In this equation and throughout the section, we assume that at t = 0, the economy starts

with a population of L (0) = 1 who are all newborn at that point. Equation (9.40) is derived

in Exercise 9.23.

As in the previous section, it is sufficient to specify the consumption behavior and the

budget constraints for each cohort. In particular, the flow budget constraint for cohort τ at
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time t is

ȧ (t | τ) = r (t) a (t | τ)− c (t | τ) + w (t) + z (a (t | τ) | t, τ) ,

where again z (a (t | τ) | t, τ) is the transfer payment or annuity payment at time t to an

individual born at time τ holding assets a (t | τ). We follow Yaari and Blanchard and again
assume complete annuity markets, with free entry. Now the instantaneous profits of a life

insurance company providing such annuities at time t for an individual born at time τ with

assets a (t | τ) is

π (a (t | τ) | t, τ) = νa (t | τ)− z (a (t | τ) | t, τ) ,

since the individual will die and leave his assets to the life insurance company at the flow

rate ν. Zero profits now implies that

z (a (t | τ) | t, τ) = νa (t | τ) .

Substituting this into the flow budget constraint above, we obtain the more useful expression

(9.41) ȧ (t | τ) = (r (t) + ν) a (t | τ)− c (t | τ) + w (t) .

Let us assume that the production side is given by the per capita aggregate production

function f (k) satisfying Assumptions 1 and 2, where k is the aggregate capital-labor ratio.

Capital is assumed to depreciate at the rate δ. Factor prices are given by the usual expressions

(9.42) R (t) = f 0 (k (t)) and w (t) = f (k (t))− k (t) f 0 (k (t)) ,

and as usual r (t) = R (t)− δ. The law of motion of capital-labor ratio is given by

(9.43) k̇ (t) = f (k (t))− (n− ν + δ)k (t)− c (t) ,

where c (t) is average consumption per capita, given by

c (t) =

R t
−∞ c (t | τ)L (t | τ) dτR t

−∞L (t | τ) dτ

=

R t
−∞ c (t | τ)L (t | τ) dτ

L (t)
,

where recall that L (t | τ) is the size of the cohort born at τ at time t.

9.8.2. Equilibrium.

Definition 9.4. A competitive equilibrium consists of paths of capital stock, wage rates

and rental rates of capital, [K (t) , w (t) , R (t)]∞t=0 and paths of consumption for each gener-

ation, [c (t | τ)]∞t=0,τ≤t, such that each individual maximizes (9.38) subject to (9.41), and the
time path of prices, {w (t) , R (t)}∞t=0, are given by (9.42), and the capital-labor ratio evolves
according to (9.43).
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Let us start with consumer optimization. The maximization of (9.38) subject to (9.41)

gives the usual Euler equation

(9.44)
ċ (t | τ)
c (t | τ) = r (t)− ρ,

where ċ (t | τ) ≡ ∂c (t | τ) /∂t. Notice that, in contrast to the discrete time version of this
equation, (9.37), the probability (flow rate) of death, ν, does not feature here, since it exactly

cancels out (the rate of return on assets is r (t) + ν and the effective discount factor is ρ+ ν,

so that their difference is equal to r (t)− ρ).

The transversality condition for an individual of cohort τ can be written as

(9.45) lim
t→∞

exp (− (r̄ (t, τ) + ν)) a (t | τ) = 0,

where

r̄ (t, τ) ≡ 1

t− τ

Z t

τ
r (s) ds

is the average interest rate between dates τ and t as in equation (8.17) in Chapter 8, and

the transversality condition here is the analog of equation (8.18) there. The transversality

condition, (9.45), requires the net present discounted value of the assets in the very far future

of an individual born at the time τ discounted back to this time to be equal to 0.

Combining (9.44) together with (9.41) and (9.45) gives the following consumption “func-

tion” for an individual of cohort τ (see Exercise 9.24):

(9.46) c (t | τ) = (ρ+ ν) [a (t | τ) + ω (t)] .

This linear form of the consumption function is a particularly attractive feature of logarithmic

preferences and is the reason why we specified logarithmic preferences in this model in the

first place. The term in square brackets is the asset and human wealth of the individual, with

the second term defined as

ω (t) =

Z ∞

t
exp (− (r̄ (s, t) + ν))w (s) ds.

This term clearly represents the net present discounted value of future wage earnings of an

individual discounted to time t. It is independent of τ , since the future expected earnings of

all individuals are the same irrespective of when they are born. The additional discounting

with ν in this term arises because individuals will die at this rate and thus lose future earnings

from then on.

Equation (9.46) implies that each individual consumes a fraction of this wealth equal to

his effective discount rate, ρ+ ν. Now integrating this across cohorts, using the fact that the

size of the cohort τ at time t is exp (−ν (t− τ) + (n− ν) τ), we obtain per capita consumption

as

(9.47) c (t) = (ρ+ ν) (a (t) + ω (t)) ,
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where a (t) is average assets per capita. Since the only productive assets in this economy is

capital, we also have that a (t) = k (t). Finally, differentiating (9.47), we obtain

(9.48) ċ (t) = (ρ+ ν) (ȧ (t) + ω̇ (t)) .

The law of motion of assets per capita can be written as

ȧ (t) = (r (t)− (n− ν)) a (t) +w (t)− c (t) .

This equation is intuitive. Aggregate wealth (a (t)L (t)) increases because of the returns to

capital at the rate r (t) and also because of the wage income, w (t)L (t). Out of this, total

consumption of c (t)L (t) needs to be subtracted. Finally, since L (t) grows at the rate n− ν,

this reduces the rate of growth of assets per capita. Human wealth per capita, on the other

hand, satisfies

(r (t) + ν)ω (t) = ω̇ (t) + w (t) .

The intuition for this equation comes from the Hamilton-Jacobi-Bellman equations discussed

in Chapter 7. We can think of ω (t) as the value of an asset with a claim to the future

earnings of a typical individual. The required rate of return on this is r (t) + ν, which takes

into account that the individual will lose his future earnings stream at the rate ν when he

dies. The return on this asset is equal to its capital gains, ω̇ (t), and dividends, w (t). Now

substituting for ȧ (t) and ω̇ (t) from these two equations into (9.48), we obtain:

ċ (t) = (ρ+ ν) ((r (t)− (n− ν)) a (t) + w (t)− c (t) + (r (t) + ν)ω (t)− w (t))

= (ρ+ ν) ((r (t) + ν) (a (t) + ω (t))− na (t)− c (t))

= (ρ+ ν)

µ
(r (t) + ν)

ρ+ ν
c (t)− na (t)− c (t)

¶
= (r (t)− ρ) c (t)− (ρ+ ν)na (t) ,

where the third line uses (9.47). Dividing both sides by c (t), using the fact that a (t) = k (t),

and substituting r (t) = f 0 (k (t))− δ, we obtain

(9.49)
ċ (t)

c (t)
= f 0 (k (t))− δ − ρ− (ρ+ ν)n

k (t)

c (t)
.

This is similar to the standard Euler equation (under logarithmic preferences), except for the

last term. This last term reflects the fact that consumption growth per capita is slowed down

by the arrival of new individuals at each instance, who have less wealth than the average

individual. Their lower wealth implies lower consumption and reduces average consumption

growth in the economy. This intuitively explains why the last term depends on n (the

rate of arrival of new individuals) and on k/c (the size of average asset holdings relative to

consumption).

The equilibrium path of the economy is completely characterized by the two differen-

tial equations, (9.43) and (9.49)–together with an initial condition for k (0) > 0 and the
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transversality condition (9.45) applied to average assets, thus to the capital-labor ratio, k (t).

First, a steady-state equilibrium is obtained when both k̇ (t) /k (t) and ċ (t) /c (t) are equal

to zero, and thus satisfies the following two equations:

(9.50)
c∗

k∗
=

(ρ+ ν)n

f 0 (k∗)− δ − ρ

(9.51)
f (k∗)

k∗
− (n− ν + δ)− (ρ+ ν)n

f 0 (k∗)− δ − ρ
= 0.

The second equation pins down a unique positive level of steady-state capital-labor ratio, k∗,

ratio (since both f (k) /k and f 0 (k) are decreasing). Given k∗ the first equation pins down a

unique level of average consumption per capita, c∗. It can also be verified that at k∗,

f 0 (k∗) > ρ+ δ,

so that the capital-labor ratio is lower than the level consistent with the modified golden

rule kmgr, given by f 0 (kmgr) = ρ + δ. Recall that optimal steady-state capital-labor ratio

of the neoclassical growth model satisfied the modified golden rule. In comparison, in this

economy there is always underaccumulation. This contrasts with the baseline overlapping

generations model, which potentially led to dynamic inefficiency and overaccumulation. We

will momentarily return to a further discussion of this issue. Before doing this, let us analyze

equilibrium dynamics.

Figure 9.3 plots (9.43) and (9.49), together with the arrows indicating how average

consumption per capita and capital-labor ratio change in different regions. Both (9.43) and

(9.49) are upward sloping and start at the origin. It is also straightforward to verify that while

(9.43) is concave in the k-c space, (9.49) is convex. Thus they have a unique intersection.

We also know from the preceding discussion that this unique intersection is at a capital-

labor ratio less than that satisfying the modified golden rule, which is marked as kmgr in

the figure. Naturally, kmgr itself is less than kgold. The phase diagram also makes it clear

that there exists a unique stable arm that is upward sloping in the k-c space. The shape of

the stable arm is the same as in the basic neoclassical growth model. If the initial level of

consumption is above this stable arm, feasibility is violated, while if it is below, the economy

tends towards zero consumption and violates the transversality condition. Consequently, the

steady-state equilibrium is globally saddle-path stable; consumption starts along the stable

arm, and consumption and the capital-labor ratio monotonically converge to the steady

state. Exercise 9.26 asks you to show local saddle-path stability by linearizing (9.43) and

(9.49) around the steady state.

The following proposition summarizes this analysis.

Proposition 9.10. In the continuous time perpetual youth model, there exists a unique

steady state (k∗, c∗) given by (9.50) and (9.51). The level of capital-labor ratio is less than

372



Introduction to Modern Economic Growth

c(t)

kgold0
k(t)

k(0)

c’(0)

c’’(0)

k(t)=0

k*

c(0)

c*

c(t)=0

kmgr k

Figure 9.3. Steady state and transitional dynamics in the overlapping gen-
erations model in continuous time.

the level of capital-labor ratio that satisfies the modified golden rule, kmgr. Starting with any

k (0) > 0, equilibrium dynamics monotonically converge to this unique steady state.

Perhaps the most interesting feature of this equilibrium is that, despite finite lives and

overlapping generations, there is no overaccumulation. The reason for this is that individuals

have constant stream of labor income throughout their lives and thus do not need to save

excessively in order to ensure smooth consumption. Is it possible to obtain overaccumulation

in the continuous time perpetual youth model? The answer is yes and is demonstrated by

Blanchard (1985). He assumes that each individual starts life with one unit of effective

labor and then his effective labor units decline at some positive exponential rate ζ > 0

throughout his life, so that the labor earnings of an individual on generation τ at time t is

exp (−ζ (t− τ))w (t), where w (t) is the market wage per unit of effective labor at time t.

Consequently, individual consumption function changes from (9.46) to

c (t | τ) = (ρ+ ν) [a (t | τ) + ω (t | τ)] ,
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where now ω (t | τ) is the human wealth of an individual of generation τ at time t, given by

(see Exercise 9.28):

(9.52) ω (t | τ) =
Z ∞

t
exp (− (r̄ (t− s) + ν)) exp (−ζ (s− τ))w (s) ds,

where exp (−ζ (s− τ)) is the correction factor taking into account the decline in effective

labor units. Repeating the same steps as before with this new expression for human wealth,

we obtain

(9.53)
ċ (t)

c (t)
= f 0 (k (t))− δ − ρ− ζ − (ρ+ ν) (n+ ζ)

k (t)

c (t)
,

while the behavior of capital-labor ratio is still given by (9.43). It can now be shown that

for ζ sufficiently large, the steady-state capital-labor ratio k∗ can exceed both the modified

golden rule level kmgr and the golden rule level, kgold (see Exercise 9.28).

This discussion therefore illustrates that overaccumulation results when there are over-

lapping generations and a strong motive for saving for the future. Interestingly, it can be

shown that what is important is not finite lives per se, but overlapping generations indeed.

In particular, Exercise 9.30 shows that when n = 0, overaccumulation is not possible so

that finite lives is not sufficient for overaccumulation. However, k∗ > kgold is possible when

n > 0 and ν = 0, so that the overlapping generations model with infinite lives can generate

overaccumulation.

9.9. Taking Stock

This chapter has continued our investigation of the mechanics of capital accumulation

in dynamic equilibrium models. The main departure from the baseline neoclassical growth

model of the last section has been the relaxation of the representative household assumption.

The simplest way of accomplishing this is to introduce two-period lived overlapping genera-

tions (without pure altruism). In the baseline overlapping generations model of Samuelson

and Diamond, each individual lives for two periods, but can only supply labor during the first

period of his life. We have also investigated alternative non-representative-household models,

in particular, overlapping generations with impure altruism and models of perpetual youth.

In models of overlapping generations with impure altruism, individuals transfer resources to

their offspring, but they do not care directly about the utility of their offspring and instead

derive utility from the act of giving or from some subcomponent of the consumption vector on

their descendent. In models of perpetual youth, the economy features expected finite life and

overlapping generations, but each individual still has an infinite planning horizon, because

the time of death is uncertain.

All of these models fall outside the scope of the First Welfare Theorem. As a result,

there is no guarantee that the resulting equilibrium path will be Pareto optimal. In fact,
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the extensive study of the baseline overlapping generations models were partly motivated by

the possibility of Pareto suboptimal allocations in such models. We have seen that these

equilibria may be “dynamically inefficient” and feature overaccumulation–a steady-state

capital-labor ratio greater than the golden rule capital-labor ratio. We have also seen how

an unfunded Social Security system can reduce aggregate savings and thus ameliorate the

overaccumulation problem. The important role that unfunded Social Security (or national

debt) plays in the overlapping generations model has made this model a workhorse for analysis

of transfer programs, fiscal policies and generational accounting.

Our analysis of perpetual youth models, especially Yaari and Blanchard’s continuous time

perpetual youth model, further clarified the roles of the path of labor income, finite horizons

and arrival of new individuals in in generating the overaccumulation result. In particular, this

model shows that the declining path of labor income is important for the overaccumulation

result (in the Samuelson-Diamond model there is an extreme form of this, since there is

no labor income in the second period of the life of the individual). But perhaps the more

important insight generated by these models is that what matters is not finite horizons per se,

but the arrival of new individuals. Overaccumulation and Pareto suboptimality arise because

of the pecuniary externalities created on individuals that are not yet in the marketplace.

While overaccumulation and dynamic inefficiency have dominated much of the discussion

of overlapping generations models in the literature, one should not overemphasize the impor-

tance of dynamic inefficiency. As we discussed in Chapter 1, the major question of economic

growth is why so many countries have so little capital for their workers and why the process of

economic growth and capital accumulation started only over the past 200 years. It is highly

doubtful that overaccumulation is a major problem for most countries in the world.

The models presented in this chapter are very useful for another reason, however. They

significantly enrich our arsenal in the study of the mechanics of economic growth and capital

accumulation. All three of the major models presented in this chapter, the baseline overlap-

ping generations model, the overlapping generations model with impure altruism, and the

perpetual youth model, are tractable and useful vehicles for the study of economic growth in

a variety of circumstances. For example, the first two lead to equilibrium dynamics similar to

the baseline Solow growth model, but without explicitly imposing an exogenously constant

saving rate. The latter model, on the other hand, allows an analysis of equilibrium dynamics

similar to the basic neoclassical growth model, but also incorporates finite lives and overlap-

ping generations, which will be essential in many problems, for example in human capital

investments studied in the next chapter.

In summary, this chapter has provided us with new modeling tools and new perspectives

on the question of capital accumulation, aggregate saving and economic growth. It has not,

however, offered new answers to questions of why countries grow (for example, technological
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progress) and why some countries are much poorer than others (related to the fundamental

cause of income differences). Of course, its purpose was not to provide such answers in the

first place.

9.10. References and Literature

The baseline overlapping generations model with two-period lived agents is due to Samuel-

son (1958) and Diamond (1965). A related model appears in French in Maurice Allais’ work.

Blanchard and Fischer (1989, Chapter 3) provide an excellent textbook treatment of the

baseline overlapping generations model. Some textbooks use this setup as the main work-

horse macroeconomic model, for example, Azariadis (1993), McCandless and Wallace (1991)

and De La Croix and Michel (2002).

The economy studied in Section 9.1 is due to Shell (1974). The source of inefficiency in

the overlapping generations model is much discussed in the literature. Shell’s (1974) example

economy in Section 9.1 provides the clearest intuitive explanation for why the First Welfare

Theorem does not apply. A lucid discussion is contained in Bewley (2006).

The model of overlapping generations with impure altruism is due to Andreoni (1989).

This model has been used extensively in the economic growth and economic development

literatures, especially for the analysis of equilibrium dynamics in the presence of imperfect

capital markets. Well-known examples include the models by Aghion and Bolton (1996),

Banerjee and Newman (1989, 1994), Galor and Zeira (1993) and Piketty (1996), which we

will study in Chapter 21. I am not aware of an analysis of wealth inequality dynamics

with perfect markets in this economy along the lines of the model presented in Section 9.6,

even though the analysis is quite straightforward. A similar analysis of wealth inequality

dynamics is included in Stiglitz’s (1979) model, but he assumes that each household can only

use its savings in its own diminishing return technology (thus creating a strong force towards

convergence of incomes).

The continuous time perpetual youth model is due to Yaari (1965) and Blanchard (1985).

The discrete time version of this model was presented to facilitate the transition to the contin-

uous time version. Our treatment of the continuous time version closely followed Blanchard

(1985). Blanchard and Fischer (1989, Chapter 3) and Barro and Sala-i-Martin (2004, Chap-

ter 3) provide clear textbook treatments. The importance of the path of labor income is

emphasized and analyzed in Blanchard (1985). The importance of new arrivals in the market

is emphasized and explained in Weil (1989).

Models with overlapping generations and finite lives are used extensively in the analysis

of Ricardian Equivalence, introduced in Exercise 8.19 in Chapter 8, is a good approximation

to reality. Blanchard (1985) and Bernheim (1987) include extensive discussions of this issue,
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while Barro (1974) is the reference for the original statement of the Ricardian Equivalence hy-

pothesis. Another important application of overlapping generations models is to generational

accounting, for example, as in the work by Auerbach and Kotlikoff (1987).

9.11. Exercises

Exercise 9.1. Prove that the allocation characterized in Proposition 9.1 is the unique com-

petitive equilibrium. [Hint: first, show that there cannot be any equilibrium with pj > pj−1

for any j. Second, show that even if p0 > p1, household i = 0 must consume only commodity

j = 0; then inductively, show that this is true for any household].

Exercise 9.2. Consider the following variant of economy with infinite number of commodi-

ties and infinite number of individuals presented in Section 9.1. The utility of individual

indexed i = j is

u (c (j)) + βu (c (j + 1))

where β ∈ (0, 1), and each individual has one unit of the good with the same index as his
own.

(1) Define a competitive equilibrium for this economy.

(2) Characterize the set of competitive equilibria in this economy.

(3) Characterize the set of Pareto optima in this economy.

(4) Can all Pareto optima be decentralized without changing endowments? Can they

be decentralized by changing endowments?

Exercise 9.3. Show that in the model of Section 9.2 the dynamics of capital stock are

identical to those derived in the text even when δ < 1.

Exercise 9.4. In the baseline overlapping generations model, verify that savings s (w,R),

given by (9.6), are increasing in the first argument, w. Provide conditions on the utility

function u (·) such that they are also increasing in the second argument, the interest rate R.
Exercise 9.5. Prove Proposition 9.4

Exercise 9.6. Consider the canonical overlapping generations model with log preferences

log (c1 (t)) + β log (c2 (t))

for each household. Suppose that there is population growth at the rate n. Individuals work

only when they are young, and supply one unit of labor inelastically. Production technology

is given by

Y (t) = A (t)K (t)α L (t)1−α ,

where A (t+ 1) = (1 + g)A (t), with A (0) > 0 and g > 0.

(1) Define a competitive equilibrium and the steady-state equilibrium.

(2) Characterize the steady-state equilibrium and show that it is globally stable.

(3) What is the effect of an increase in g on the equilibrium?
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(4) What is the effect of an increase in β on the equilibrium? Provide an intuition for

this result.

Exercise 9.7. Consider the canonical model with log preferences, log (c1 (t))+β log (c2 (t)),

and the general neoclassical technology F (K,L) satisfying Assumptions 1 and 2. Show that

multiple steady-state equilibria are possible in this economy.

Exercise 9.8. Consider again the canonical overlapping generations model with log prefer-

ences and Cobb-Douglas production function.

(1) Define a competitive equilibrium.

(2) Characterize the competitive equilibrium and derive explicit conditions under which

the steady-state equilibrium is dynamically inefficient.

(3) Using plausible numbers argue whether or not dynamic inefficiency can arise in

“realistic” economies.

(4) Show that when there is dynamic inefficiency, it is possible to construct an un-

funded Social Security system which creates a Pareto improvement relative to the

competitive allocation.

Exercise 9.9. Consider again the canonical overlapping generations model with log prefer-

ences and Cobb-Douglas production function, but assume that individuals now work in both

periods of their lives.

(1) Define a competitive equilibrium and the steady-state equilibrium.

(2) Characterize the steady-state equilibrium and the transitional dynamics in this econ-

omy.

(3) Can this economy generate overaccumulation?

Exercise 9.10. Prove Proposition 9.7.

Exercise 9.11. Consider the overlapping generations model with fully funded Social Secu-

rity. Prove that even when the restriction s (t) ≥ 0 for all t is imposed, no fully funded Social
Security program can lead to a Pareto improvement.

Exercise 9.12. Consider an overlapping generations economy with a dynamically inefficient

steady-state equilibrium. Show that the government can improve the allocation of resources

by introducing national debt. [Hint: suppose that the government borrows from the current

young and redistributes to the current old, paying back the current young the following period

with another round of borrowing]. Contrast this result with the Ricardian equivalence result

in Exercise 8.19 in Chapter 8.

Exercise 9.13. Prove Proposition 9.8.

Exercise 9.14. Consider the baseline overlapping generations model and suppose that the

equilibrium is dynamically efficient, i.e., r∗ > n. Show that any unfunded Social Security
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system will increase the welfare of the current old generation and reduce the welfare of some

future generation.

Exercise 9.15. Derive equation (9.31).

Exercise 9.16. Consider the overlapping generations model with warm glow preferences in

Section 9.6, and suppose that preferences are given by

c (t)η b (t+ 1)1−η ,

with η ∈ (0, 1), instead of equation (9.21). The production side is the same as in Section 9.6.
Characterize the dynamic equilibrium of this economy.

Exercise 9.17. Consider the overlapping generations model with warm glow preferences in

Section 9.6, and suppose that preferences are given by u1 (ci (t)) + u2 (bi (t)), where u1 and

u2 are strictly increasing and concave functions. The production side is the same as in the

text. Characterize a dynamic equilibrium of this economy.

Exercise 9.18. Characterize the aggregate equilibrium dynamics and the dynamics of wealth

distribution in the overlapping generations model with warm glow preferences as in Section

9.6, when the per capita production function is given by the Cobb-Douglas form f (k) = Akα.

Show that away from the steady state, there can be periods during which wealth inequality

increases. Explain why this may be the case.

Exercise 9.19. Generalize the results in Section 9.6 to an environment in which the prefer-

ences of an individual of generation t are given by

u (c (t)) + v (b (t)) ,

where c (t) denotes own consumption, b (t) is bequests, and u (·) and v (·) are strictly increas-
ing, continuously differentiable and strictly concave utility functions. Determine conditions

on u (·) and v (·) such that aggregate dynamics are globally stable. Provide conditions on
u (·) and v (·) to ensure that asymptotically all individuals tend to the same wealth level.
Exercise 9.20. Show that the steady-state capital labor ratio in the overlapping generations

model with impure altruism (of Section 9.6) can lead to overaccumulation, i.e., k∗ > kgold.

Exercise 9.21. Prove that given the perpetual youth assumption and population dynamics

in equation (9.34), at time t > 0, there will be n (1 + n− ν)t−s (1− ν)s−1 s-year-olds for any

s ∈ {1, 2, ..., t− 1}
Exercise 9.22. * Consider the discrete time perpetual youth model discussed in Section 9.7

and assume that preferences are logarithmic. Characterize the steady-state equilibrium and

the equilibrium dynamics of the capital-labor ratio.

Exercise 9.23. Consider the continuous time perpetual youth model of Section 9.8.

(1) Show that given L (0) = 1, the initial size of a cohort born at the time τ ≥ 0 is
exp ((n− ν) τ).
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(2) Show that the probability that an individual born at the time τ is alive at time t ≥ τ

is exp (−ν (t− τ)).

(3) Derive equation (9.40).

(4) Show that this equation would not apply at any finite time if the economy starts at

t = 0 with an arbitrary age distribution.

Exercise 9.24. Derive equation (9.46). [Hint: first integrate the flow budget constraint

of the individual, (9.41) using the transversality condition (9.45) and then use the Euler

equation (9.44)].

Exercise 9.25. Generalize the analysis of the continuous time perpetual youth model of

Section 9.8 to an economy with labor-augmenting technological progress at the rate g. Prove

that the steady-state equilibrium is unique and globally (saddle-path) stable. What is the

impact of a higher rate of technological progress?

Exercise 9.26. Linearize the differential equations (9.43) and (9.49) around the steady state,

(k∗, c∗), and show that the linearized system has one negative and one positive eigenvalue.

Exercise 9.27. Determine the effects of n and ν on the steady-state equilibrium (k∗, c∗) in

the continuous time perpetual youth model of Section 9.8.

Exercise 9.28. (1) Derive equations (9.52) and (9.53).

(2) Show that for ζ sufficiently large, the steady-state equilibrium capital-labor ratio,

k∗, can exceed kgold, so that there is overaccumulation. Provide an intuition for this

result.

Exercise 9.29. Consider the continuous time perpetual youth model with a constant flow of

government spending G. Suppose that this does not affect consumer utility and that lump-

sum taxes [T (t)]∞t=0 are allowed. Specify the government budget constraint as in Exercise
8.19 in Chapter 8. Prove that contrary to the Ricardian Equivalence result in Exercise 8.19,

the sequence of taxes affects the equilibrium path of capital-labor ratio and consumption.

Interpret this result and explain the difference between the overlapping generations model

and the neoclassical growth model.

Exercise 9.30. * Consider the continuous time perpetual youth model with labor income

declining at the rate ζ > 0.

(1) Show that if n = 0, k∗ ≤ kgold for any ζ > 0.

(2) Show that there exists ζ > 0 sufficiently high such that if n > 0 and ν = 0, k∗ > kgold.

Exercise 9.31. Consider an economy with aggregate production function

Y (t) = AK (t)1−α L (t)α .

All markets are competitive, the labor supply is normalized to 1, capital fully depreciates

after use, and the government imposes a linear tax on capital income at the rate τ , and uses

the proceeds for government consumption. Consider two specifications of preferences:
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• All agents are infinitely lived, with preferences
∞X
t=0

βt ln c (t)

• An overlapping generations model where agents work in the first period, and con-
sume the capital income from their savings in the second period. The preferences

of a generation born at time t, defined over consumption when young and old, are

given by

ln cy (t) + β ln c0 (t)

(1) Characterize the equilibria in these two economies, and show that in the first econ-

omy, taxation reduces output, while in the second, it does not.

(2) Interpret this result, and in the light of this result discuss the applicability of

models which try to explain income differences across countries with differences in

the rates of capital income taxation.
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CHAPTER 10

Human Capital and Economic Growth

In this chapter, we will discuss human capital investments and the role of human capital in

economic growth and in cross-country income differences. As already discussed in Chapter 3,

human capital can play a major role in economic growth and cross-country income differences,

and our main purpose is to understand which factors affect human capital investments and

how these influence the process of economic growth and economic development. Human

capital refers to all the attributes of workers that potentially increase their productivity

in all or some productive tasks. The term is coined because much of these attributes are

accumulated by workers through investments. Human capital theory, developed primarily

by Becker (1965) and Mincer (1974), is about the role of human capital in the production

process and about the incentives to invest in skills, including pre-labor market investments,

in form of schooling, and on-the-job investments, in the form of training. It would not be

an exaggeration to say that this theory is the basis of much of labor economics and plays

an equally important role in macroeconomics. The literature on education and other types

of human capital investments is vast, so only parts of this literature that are relevant to

the main focus of this book will be covered here. There are a number of other important

connections between human capital and economic growth, especially related to its effect on

technological progress and its role in economic takeoff, which are not covered in this chapter,

but will be discussed later in the book.

10.1. A Simple Separation Theorem

Let us start with the partial equilibrium schooling decisions and establish a simple general

result, sometimes referred to as a “separation theorem” for human capital investments. We

set up the basic model in continuous time for simplicity.

Consider the schooling decision of a single individual facing exogenously given prices

for human capital. Throughout, we assume that there are perfect capital markets. The

separation theorem referred to in the title of this section will show that, with perfect capital

markets, schooling decisions will maximize the net present discounted value of the individual

(we return to human capital investments with imperfect capital markets in Chapter 21). In

particular, consider an individual with an instantaneous utility function u (c) that satisfies

Assumption 3 above. Suppose that the individual has a planning horizon of T (where T =∞
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is allowed), discounts the future at the rate ρ > 0 and faces a constant flow rate of death

equal to ν ≥ 0 (as in the perpetual youth model studied in the previous chapter). Standard
arguments imply that the objective function of this individual at time t = 0 is

(10.1) max

Z T

0
exp (− (ρ+ ν) t)u (c (t)) dt.

Now suppose that this individual is born with some human capital h (0) ≥ 0. Suppose
that his human capital evolves over time according to the differential equation

(10.2) ḣ (t) = G (t, h (t) , s (t)) ,

where s (t) ∈ [0, 1] is the fraction of time that the individual spends for investments in

schooling, and G : R2+ × [0, 1] → R+ determines how human capital evolves as a function of
time, the individual’s stock of human capital and schooling decisions. In addition, we can

impose a further restriction on schooling decisions, for example,

(10.3) s (t) ∈ S (t) ,

where S (t) ⊂ [0, 1] and captures the fact that all schooling may have to be full-time, i.e.,
s (t) ∈ {0, 1}, or that there may exist thisother restrictions on schooling decisions.

The individual is assumed to face an exogenous sequence of wage per unit of human

capital given by [w (t)]Tt=0, so that his labor earnings at time t are

W (t) = w (t) [1− s (t)] [h (t) + ω (t)] ,

where 1− s (t) is the fraction of time spent supplying labor to the market and ω (t) is non-

human capital labor that the individual may be supplying to the market at time t. The

sequence of non-human capital labor that the individual can supply to the market, [ω (t)]Tt=0,

is exogenous. This formulation assumes that the only margin of choice is between market

work and schooling (i.e., there is no leisure).

Finally, let us assume that the individual faces a constant (flow) interest rate equal to r

on his savings (potentially including annuity payments as discussed in the previous chapter).

Using the equation for labor earnings, the lifetime budget constraint of the individual can be

written as

(10.4)
Z T

0
exp (−rt) c (t) dt ≤

Z T

0
exp (−rt)w (t) [1− s (t)] [h (t) + ω (t)] dt.

The Separation Theorem, which is the subject of this section, can be stated as follows:

Theorem 10.1. (Separation Theorem) Suppose that the instantaneous utility func-

tion u (·) is strictly increasing. Then the sequence
h
ĉ (t) , ŝ (t) , ĥ (t)

iT
t=0

is a solution to the

maximization of (10.1) subject to (10.2), (10.3) and (10.4) if and only if
h
ŝ (t) , ĥ (t)

iT
t=0
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maximizes

(10.5)
Z T

0
exp (−rt)w (t) [1− s (t)] [h (t) + ω (t)] dt

subject to (10.2) and (10.3), and [ĉ (t)]Tt=0 maximizes (10.1) subject to (10.4) givenh
ŝ (t) , ĥ (t)

iT
t=0
. That is, human capital accumulation and supply decisions can be separated

from consumption decisions.

Proof. To prove the “only if” part, suppose that
h
ŝ (t) , ĥ (t)

iT
t=0

does not maximize

(10.5), but there exists ĉ (t) such that
h
ĉ (t) , ŝ (t) , ĥ (t)

iT
t=0

is a solution to (10.1). Let the

value of (10.5) generated by
h
ŝ (t) , ĥ (t)

iT
t=0

be denoted Y . Since
h
ŝ (t) , ĥ (t)

iT
t=0

does not

maximize (10.5), there exists [s (t) , h (t)]Tt=0 reaching a value of (10.5), Y
0 > Y . Con-

sider the sequence [c (t) , s (t) , h (t)]Tt=0, where c (t) = ĉ (t) + ε. By the hypothesis thath
ĉ (t) , ŝ (t) , ĥ (t)

iT
t=0

is a solution to (10.1), the budget constraint (10.4) impliesZ T

0
exp (−rt) ĉ (t) dt ≤ Y .

Let ε > 0 and consider c (t) = ĉ (t) + ε for all t. We have thatZ T

0
exp (−rt) c (t) dt =

Z T

0
exp (−rt) ĉ (t) dt+ [1− exp (−rT )]

r
ε.

≤ Y +
[1− exp (−rT )]

r
ε.

Since Y 0 > Y , for ε sufficiently small, the previous inequality can be satisfied and thus

[c (t) , s (t) , h (t)]Tt=0 is feasible. Since u (·) is strictly increasing, [c (t) , s (t) , h (t)]
T
t=0 is strictly

preferred to
h
ĉ (t) , ŝ (t) , ĥ (t)

iT
t=0
, leading to a contradiction and proving the “only if” part.

The proof of the “if” part is similar. Suppose that
h
ŝ (t) , ĥ (t)

iT
t=0

maximizes (10.5). Let

the maximum value be denoted by Y . Consider the maximization of (10.1) subject to the

constraint that
R T
0 exp (−rt) c (t) dt ≤ Y . Let [ĉ (t)]Tt=0 be a solution. This implies that if

[c0 (t)]Tt=0 is a sequence that is strictly preferred to [ĉ (t)]
T
t=0, then

R T
0 exp (−rt) c0 (t) dt > Y .

This implies that
h
ĉ (t) , ŝ (t) , ĥ (t)

iT
t=0

must be a solution to the original problem, because any

other [s (t) , h (t)]Tt=0 leads to a value of (10.5) Y
0 ≤ Y , and if [c0 (t)]Tt=0 is strictly preferred

to [ĉ (t)]Tt=0, then
R T
0 exp (−rt) c0 (t) dt > Y ≥ Y 0 for any Y 0 associated with any feasible

[s (t) , h (t)]Tt=0. ¤

The intuition for this theorem is straightforward: in the presence of perfect capital mar-

kets, the best human capital accumulation decisions are those that maximize the lifetime

budget set of the individual. Exercise 10.2 shows that this theorem does not hold when there

are imperfect capital markets and also does not generalize to the case where leisure is also

an argument of the utility function.
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10.2. Schooling Investments and Returns to Education

We now turn to the simplest model of schooling decisions in partial equilibrium, which

will illustrate the main tradeoffs in human capital investments. The model presented here is

a version of Mincer’s (1974) seminal contribution. This model also enables a simple mapping

from the theory of human capital investments to the large empirical literature on returns to

schooling.

Let us first assume that T = ∞, which will simplify the expressions. The flow rate of
death, ν, is positive, so that individuals have finite expected lives. Suppose that (10.2) is such

that the individual has to spend an interval S with s (t) = 1–i.e., in full-time schooling, and

s (t) = 0 thereafter. At the end of the schooling interval, the individual will have a schooling

level of

h (S) = η (S) ,

where η (·) is an increasing, continuously differentiable and concave function. For t ∈ [S,∞),
human capital accumulates over time (as the individual works) according to the differential

equation

(10.6) ḣ (t) = ghh (t) ,

for some gh ≥ 0. Suppose also that wages grow exponentially,

(10.7) ẇ (t) = gww (t) ,

with boundary condition w (0) > 0.

Suppose that

gw + gh < r + ν,

so that the net present discounted value of the individual is finite. Now using Theorem 10.1,

the optimal schooling decision must be a solution to the following maximization problem

(10.8) max
S

Z ∞

S
exp (− (r + ν) t)w (t)h (t) dt.

Now using (10.6) and (10.7), this is equivalent to (see Exercise 10.3):

(10.9) max
S

η (S)w (0) exp (− (r + ν − gw)S)

r + ν − gh − gw
.

Since η (S) is concave, the objective function in (10.9) is strictly concave. Therefore, the

unique solution to this problem is characterized by the first-order condition

(10.10)
η0 (S∗)

η (S∗)
= r + ν − gw.

Equation (10.10) shows that higher interest rates and higher values of ν (corresponding

to shorter planning horizons) reduce human capital investments, while higher values of gw
increase the value of human capital and thus encourage further investments.
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Integrating both sides of this equation with respect to S, we obtain

(10.11) ln η (S∗) = constant+ (r + ν − gw)S
∗.

Now note that the wage earnings of the worker of age τ ≥ S∗ in the labor market at time t

will be given by

W (S, t) = exp (gwt) exp (gh (t− S)) η (S) .

Taking logs and using equation (10.11) implies that the earnings of the worker will be given

by

lnW (S∗, t) = constant+ (r + ν − gw)S
∗ + gwt+ gh (t− S∗) ,

where t − S can be thought of as worker experience (time after schooling). If we make a

cross-sectional comparison across workers, the time trend term gwt , will also go into the

constant, so that we obtain the canonical Mincer equation where, in the cross section, log

wage earnings are proportional to schooling and experience. Written differently, we have the

following cross-sectional equation

(10.12) lnWj = constant+ γsSj + γeexperience,

where j refers to individual j. Note however that we have not introduced any source of

heterogeneity that can generate different levels of schooling across individuals. Nevertheless,

equation (10.12) is important, since it is the typical empirical model for the relationship

between wages and schooling estimated in labor economics.

The economic insight provided by this equation is quite important; it suggests that the

functional form of the Mincerian wage equation is not just a mere coincidence, but has eco-

nomic content: the opportunity cost of one more year of schooling is foregone earnings. This

implies that the benefit has to be commensurate with these foregone earnings, thus should

lead to a proportional increase in earnings in the future. In particular, this proportional

increase should be at the rate (r + ν − gw).

As already discussed in Chapter 3, empirical work using equations of the form (10.12)

leads to estimates for γ in the range of 0.06 to 0.10. Equation (10.12) suggests that these

returns to schooling are not unreasonable. For example, we can think of the annual interest

rate r as approximately 0.10, ν as corresponding to 0.02 that gives an expected life of 50

years, and gw corresponding to the rate of wage growth holding the human capital level of

the individual constant, which should be approximately about 2%. Thus we should expect an

estimate of γ around 0.10, which is consistent with the upper range of the empirical estimates.

10.3. The Ben-Porath Model

The baseline Ben-Porath model enriches the model studied in the previous section by

allowing human capital investments and non-trivial labor supply decisions throughout the

387



Introduction to Modern Economic Growth

lifetime of the individual. In particular, we now let s (t) ∈ [0, 1] for all t ≥ 0. Together

with the Mincer equation (10.12) (and the model underlying this equation presented in the

previous section), the Ben-Porath model is the basis of much of labor economics. Here it is

sufficient to consider a simple version of this model where the human capital accumulation

equation, (10.2), takes the form

(10.13) ḣ (t) = φ (s (t)h (t))− δhh (t) ,

where δh > 0 captures “depreciation of human capital,” for example because new machines

and techniques are being introduced, eroding the existing human capital of the worker. The

individual starts with an initial value of human capital h (0) > 0. The function φ : R+ → R+ is
strictly increasing, continuously differentiable and strictly concave. Furthermore, we simplify

the analysis by assuming that this function satisfies the Inada-type conditions,

lim
x→0

φ0 (x) =∞ and lim
x→h(0)

φ0 (x) = 0.

The latter condition makes sure that we do not have to impose additional constraints to

ensure s (t) ∈ [0, 1] (see Exercise 10.5).
Let us also suppose that there is no non-human capital component of labor, so that

ω (t) = 0 for all t, that T = ∞, and that there is a flow rate of death ν > 0. Finally, we

assume that the wage per unit of human capital is constant at w and the interest rate is

constant and equal to r. We also normalize w = 1 without loss of any generality.

Again using Theorem 10.1, human capital investments can be determined as a solution

to the following problem

max

Z ∞

0
exp (− (r + ν)) (1− s (t))h (t) dt

subject to (10.13).

This problem can be solved by setting up the current-value Hamiltonian, which in this

case takes the form

H (h, s, μ) = (1− s (t))h (t) + μ (t) (φ (s (t)h (t))− δhh (t)) ,

where we used H to denote the Hamiltonian to avoid confusion with human capital. The

necessary conditions for this problem are

Hs (h, s, μ) = −h (t) + μ (t)h (t)φ0 (s (t)h (t)) = 0

Hh (h, s, μ) = (1− s (t)) + μ (t)
¡
s (t)φ0 (s (t)h (t))− δh

¢
= (r + ν)μ (t)− μ̇ (t)

lim
t→∞

exp (− (r + ν) t)μ (t)h (t) = 0.
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To solve for the optimal path of human capital investments, let us adopt the following

transformation of variables:

x (t) ≡ s (t)h (t) .

Instead of s (t) (or μ (t)) and h (t), we will study the dynamics of the optimal path in x (t)

and h (t).

The first necessary condition then implies that

(10.14) 1 = μ (t)φ0 (x (t)) ,

while the second necessary condition can be expressed as

μ̇ (t)

μ (t)
= r + ν + δh − s (t)φ0 (x (t))− 1− s (t)

μ (t)
.

Substituting for μ (t) from (10.14), and simplifying, we obtain

(10.15)
μ̇ (t)

μ (t)
= r + ν + δh − φ0 (x (t)) .

The steady-state (stationary) solution of this optimal control problem involves μ̇ (t) = 0

and ḣ (t) = 0, and thus implies that

(10.16) x∗ = φ0−1 (r + ν + δh) ,

where φ0−1 (·) is the inverse function of φ0 (·) (which exists and is strictly decreasing since φ (·)
is strictly concave). This equation shows that x∗ ≡ s∗h∗ will be higher when the interest rate

is low, when the life expectancy of the individual is high, and when the rate of depreciation

of human capital is low.

To determine s∗ and h∗ separately, we set ḣ (t) = 0 in the human capital accumulation

equation (10.13), which gives

h∗ =
φ (x∗)

δh

=
φ
¡
φ0−1 (r + ν + δh)

¢
δh

.(10.17)

Since φ0−1 (·) is strictly decreasing and φ (·) is strictly increasing, this equation implies that
the steady-state solution for the human capital stock is uniquely determined and is decreasing

in r, ν and δh.

More interesting than the stationary (steady-state) solution to the optimization problem

is the time path of human capital investments in this model. To derive this, differentiate

(10.14) with respect to time to obtain

μ̇ (t)

μ (t)
= εφ0 (x)

ẋ (t)

x (t)
,

where

εφ0 (x) = −
xφ00 (x)

φ0 (x)
> 0
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Figure 10.1. Steady state and equilibrium dynamics in the simplified Ben
Porath model.

is the elasticity of the function φ0 (·) and is positive since φ0 (·) is strictly decreasing (thus
φ00 (·) < 0). Combining this equation with (10.15), we obtain

(10.18)
ẋ (t)

x (t)
=

1

εφ0 (x (t))

¡
r + ν + δh − φ0 (x (t))

¢
.

Figure 10.1 plots (10.13) and (10.18) in the h-x space. The upward-sloping curve cor-

responds to the locus for ḣ (t) = 0, while (10.18) can only be zero at x∗, thus the locus

for ẋ (t) = 0 corresponds to the horizontal line in the figure. The arrows of motion are also

plotted in this phase diagram and make it clear that the steady-state solution (h∗, x∗) is glob-

ally saddle-path stable, with the stable arm coinciding with the horizontal line for ẋ (t) = 0.

Starting with h (0) ∈ (0, h∗), s (0) jumps to the level necessary to ensure s (0)h (0) = x∗.

From then on, h (t) increases and s (t) decreases so as to keep s (t)h (t) = x∗. Therefore,

the pattern of human capital investments implied by the Ben-Porath model is one of high

investment at the beginning of an individual’s life followed by lower investments later on.

In our simplified version of the Ben-Porath model this all happens smoothly. In the

original Ben-Porath model, which involves the use of other inputs in the production of human

capital and finite horizons, the constraint for s (t) ≤ 1 typically binds early on in the life

of the individual, and the interval during which s (t) = 1 can be interpreted as full-time
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0
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Figure 10.2. Time path of human capital investments in the simplified Ben
Porath model.

schooling. After full-time schooling, the individual starts working (i.e., s (t) < 1). But even

on-the-job, the individual continues to accumulate human capital (i.e., s (t) > 0), which can

be interpreted as spending time in training programs or allocating some of his time on the

job to learning rather than production. Moreover, because the horizon is finite, if the Inada

conditions were relaxed, the individual could prefer to stop investing in human capital at some

point. As a result, the time path of human capital generated by the standard Ben-Porath

model may be hump-shaped, with a possibly declining portion at the end (see Exercise 10.6).

Instead, the path of human capital (and the earning potential of the individual) in the current

model is always increasing as shown in Figure 10.2.

The importance of the Ben-Porath model is twofold. First, it emphasizes that schooling

is not the only way in which individuals can invest in human capital and there is a continuity

between schooling investments and other investments in human capital. Second, it suggests

that in societies where schooling investments are high we may also expect higher levels of

on-the-job investments in human capital. Thus there may be systematic mismeasurement of

the amount or the quality human capital across societies.
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10.4. Neoclassical Growth with Physical and Human Capital

Our next task is to incorporate human capital investments into the baseline neoclassical

growth model. This is useful both to investigate the interactions between physical and hu-

man capital, and also to generate a better sense of the impact of differential human capital

investments on economic growth. Physical-human capital interactions could potentially be

important, since a variety of evidence suggests that physical capital and human capital (cap-

ital and skills) are complementary, meaning that greater capital increases the productivity of

high human capital workers more than that of low skill workers. This may play an impor-

tant role in economic growth, for example, by inducing a “virtuous cycle” of investments in

physical and human capital. These types of virtue cycles will be discussed in greater detail in

Chapter 21. It is instructive to see to what extent these types of complementarities manifest

themselves in the neoclassical growth model. The potential for complementarities also raises

the issue of “imbalances”. If physical and human capital are complementary, the society will

achieve the highest productivity when there is a balance between these two different types

of capital. However, whether the decentralized equilibrium will ensure such a balance is a

question that needs to be investigated.

The impact of human capital on economic growth (and on cross-country income differ-

ences) has already been discussed in Chapter 3, in the context of an augmented Solow model,

where the economy was assumed to accumulate physical and human capital with two exoge-

nously given constant saving rates. In many ways, that model was less satisfactory than the

baseline Solow growth model, since not only was the aggregate saving rate assumed exoge-

nous, but the relative saving rates in human and physical capital were also taken as given.

The neoclassical growth model with physical and human capital investments will enable us

to investigate the same set of issues from a different perspective.

Consider the following continuous time economy admitting a representative household

with preferences

(10.19)
Z ∞

0
exp (−ρt)u (c (t)) dt,

where the instantaneous utility function u (·) satisfies Assumption 3 and ρ > 0. We ignore

technological progress and population growth to simplify the discussion. Labor is again

supplied inelastically.

We follow the specification in Chapter 3 and assume that the aggregate production possi-

bilities frontier of the economy is represented by the following aggregate production function:

Y (t) = F (K (t) ,H (t) , L (t)) ,

where K (t) is the stock of physical capital, L (t) is total employment, and H (t) represents

human capital. Since there is no population growth and labor is supplied inelastically, L (t) =
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L for all t. This production function is assumed to satisfy Assumptions 10 and 20 in Chapter

3, which generalize Assumptions 1 and 2 to this production function with three inputs. As

already discussed in that chapter, a production function in which “raw” labor and human

capital are separate factors of production may be less natural than one in which human

capital increases the effective units of labor of workers (as in the analysis of the previous

two sections). Nevertheless, this production function allows a simple analysis of neoclassical

growth with physical and human capital. As usual, it is more convenient to express all objects

in per capita units, thus we write

y (t) ≡ Y (t)

L
= f (k (t) , h (t)) ,

where

k (t) ≡ K (t)

L
and h (t) ≡ H (t)

L

are the physical and human capital levels per capita. In view of Assumptions 10 and 20,

f (k, h) is strictly increasing, continuously differentiable and jointly strictly concave in both

of its arguments. We denote its derivatives by fk, fh, fkh, etc. Throughout, we assume that

physical and human capital are complementary, that is, fkh (k, h) > 0 for all k, h > 0.

We assume that physical and human capital per capita evolve according to the following

two differential equations

(10.20) k̇ (t) = ik (t)− δkk (t) ,

and

(10.21) ḣ (t) = ih (t)− δhh (t)

where ik (t) and ih (t) are the investment levels in physical and human capital, while δk and

δh are the depreciation rates of these two capital stocks. The resource constraint for the

economy, expressed in per capita terms, is

(10.22) c (t) + ik (t) + ih (t) ≤ f (k (t) , h (t)) for all t.

Since the environment described here is very similar to the standard neoclassical growth

model, equilibrium and optimal growth will coincide. For this reason, we focus on the optimal

growth problem (the competitive equilibrium is discussed in Exercise 10.12). The optimal

growth problem involves the maximization of (10.19) subject to (10.20), (10.21), and (10.22).

The solution to this maximization problem can again be characterized by setting up the

current-value Hamiltonian. To simplify the analysis, we first observe that since u (c) is strictly

increasing, (10.22) will always hold as equality. We can then substitute for c (t) using this
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constraint and write the current-value Hamiltonian as

H (k (t) , h (t) , ik (t) , ih (t) , μk (t) , μh (t)) = u (f (k (t) , h (t))− ih (t)− ik (t))

+μh (t) (ih (t)− δhh (t)) + μk (t) (ik (t)− δkk (t)) ,(10.23)

where we now have two control variables, ik (t) and ih (t) and two state variables, k (t) and

h (t), as well as two costate variables, μk (t) and μh (t), corresponding to the two constraints,

(10.20) and (10.21). The necessary conditions for an optimal solution are

Hik (k (t) , h (t) , ik (t) , ih (t) , μk (t) , μh (t)) = −u0 (c (t)) + μk (t) = 0

Hih (k (t) , h (t) , ik (t) , ih (t) , μk (t) , μh (t)) = −u0 (c (t)) + μh (t) = 0

Hk (k (t) , h (t) , ik (t) , ih (t) , μk (t) , μh (t)) = fk (k (t) , h (t))u
0 (c (t))− μk (t) δk

= ρμk (t)− μ̇k (t)

Hh (k (t) , h (t) , ik (t) , ih (t) , μk (t) , μh (t)) = fh (k (t) , h (t))u
0 (c (t))− μh (t) δh

= ρμh (t)− μ̇h (t)

lim
t→∞

exp (−ρt)μk (t) k (t) = 0

lim
t→∞

exp (−ρt)μh (t)h (t) = 0.

There are two necessary transversality conditions since there are two state variables (and two

costate variables). Moreover, it can be shown that

H (k (t) , h (t) , ik (t) , ih (t) , μk (t) , μh (t)) is concave given the costate variables μk (t) and

μh (t), so that a solution to the necessary conditions indeed gives an optimal path (see Exer-

cise 10.9).

The first two necessary conditions immediately imply that

μk (t) = μh (t) = μ (t) .

Combining this with the next two conditions gives

(10.24) fk (k (t) , h (t))− fh (k (t) , h (t)) = δk − δh,

which (together with fkh > 0) implies that there is a one-to-one relationship between physical

and human capital, of the form

h = ξ (k) ,

where ξ (·) is uniquely defined, strictly increasing and differentiable (with derivative denoted
by ξ0 (·), see Exercise 10.10).

This observation makes it clear that the model can be reduced to the neoclassical growth

model and has exactly the same dynamics as the neoclassical growth model, and thus estab-

lishes the following proposition:
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Proposition 10.1. In the neoclassical growth model with physical and human capital

investments described above, the optimal path of physical capital and consumption are given as

in the one-sector neoclassical growth model, and satisfy the following two differential equations

ċ (t)

c (t)
=

1

εu (c (t))
[fk (k (t) , ξ (k (t)))− δk − ρ] ,

k̇ (t) =
1

1 + ξ0 (k)
[f (k (t) , ξ (k (t)))− δhξ (k (t))− δkk (t)− c (t)] ,

where εu (c (t)) = −u00 (c (t)) c (t) /u0 (c (t)), together with the transversality condition

limt→∞
h
k (t) exp

³
−
R t
0 fk (k (s) , ξ (k (s))) ds

´i
= 0, while the level of human capital at time

t is given by h (t) = ξ (k (t)).

Proof. see Exercise 10.11 ¤

What is perhaps more surprising, at first, is that equation (10.24) implies that human

and physical capital are always in “balance”. Initially, one may have conjectured that an

economy that starts with a high stock of physical capital relative to human capital will have

a relatively high physical to human capital ratio for an extended period of time. However,

Proposition 10.1 and in particular, equation (10.24) show that this is not the case. The

reason for this is that we have not imposed any non-negativity constraints on the investment

levels. If the economy starts with a high level of physical capital and low level of human

capital, at the first instant it will experience a very high level of ih (0), compensated with

a very negative ik (0), so that at the next instant the physical to human capital ratio will

have been brought back to balance. After this, the dynamics of the economy will be identical

to those of the baseline neoclassical growth model. Therefore, issues of imbalance will not

arise in this version of the neoclassical growth model. This result is an artifact of the fact

that there are no non-negativity constraints on physical and human capital investments.

The situation is somewhat different when there are such non-negativity or “irreversibility”

constraints, that is, if we assume that ik (t) ≥ 0 and ih (t) ≥ 0 for all t. In this case, initial
imbalances will persist for a while. In particular, it can be shown that starting with a ratio of

physical to human capital stock (k (0) /h (0)) that does not satisfy (10.24), the optimal path

will involve investment only in one of the two stocks until balance is reached (see Exercise

10.14). Therefore, with irreversibility constraints, some amount of imbalance can arise, but

the economy quickly moves towards correcting this imbalance.

Another potential application of the neoclassical growth model with physical and human

capital is in the analysis of the impact of policy distortions. Recall the discussion in Section

8.9 in Chapter 8, and suppose that the resource constraint of the economy is modified to

c (t) + (1 + τ) (ik (t) + ih (t)) ≤ f (k (t) , h (t)) ,

395



Introduction to Modern Economic Growth

where τ ≥ 0 is a tax affecting both types of investments. Using an analysis parallel to that in
Section 8.9, we can characterize the steady-state income ratio of two countries with different

policies represented by τ and τ 0. In particular, let us suppose that the aggregate production

function takes the Cobb-Douglas form

Y = F (K,H,L)

= KαkHαhL1−αk−αh .

In this case, the ratio of income in the two economies with taxes/distortions of τ and τ 0 is

given by (see Exercise 10.15):

(10.25)
Y (τ)

Y (τ 0)
=

µ
1 + τ 0

1 + τ

¶ αk+αh
1−αk−αh

.

If we again take αk to be approximately 1/3, then the ability of this modified model to

account for income differences using tax distortions increases because of the responsiveness

of human capital accumulation to these distortions. For example, with αk = αh = 1/3 and

eightfold distortion differences, we would have

Y (τ)

Y (τ 0)
≈ 82 ≈ 64,

which is a huge difference in economic performance across countries.

Therefore, incorporating human capital into the neoclassical growth model provides one

potential way of generating larger income per capita differences. Nevertheless, this result has

to be interpreted with caution. First, the large impact of distortions on income per capita here

is driven by a very elastic response of human capital accumulation. It is not clear whether

human capital investments will indeed respond so much to tax distortions. For instance, if

these distortions correspond to differences in corporate taxes or corruption, we would expect

them to affect corporations rather than individual human capital decisions. This is of course

not to deny that in societies where policies discourage capital accumulation, there are also

barriers to schooling and other types of human capital investments. Nevertheless, the impact

of these on physical and human capital investments may be quite different. Second, and

more important, the large implied elasticity of output to distortions when both physical

and human capital are endogenous has an obvious similarity to the Mankiw-Romer-Weil’s

approach to explaining cross-country differences in terms of physical and human capital

stocks. As discussed in Chapter 3, while this is a logical possibility, existing evidence does

not support the notion that human capital differences across countries can have such a large

impact on income differences. This conclusion equally sheds doubt on the importance of the

large contribution of human capital differences induced by policy differences in the current

model. Nevertheless, the conclusions in Chapter 3 were subject to two caveats, which could
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potentially increase the role of human capital; large human capital externalities and significant

differences in the quality of schooling across countries. These issues will be discussed below.

10.5. Capital-Skill Complementarity in an Overlapping Generations Model

Our analysis in the previous section suggests that the neoclassical growth model with

physical and human capital does not generate significant imbalances between these two dif-

ferent types of capital (unless we impose irreversibilities, in which case it can do so along the

transition path). We next investigate possibility of capital-skill imbalances in a simple over-

lapping generations model with impure altruism, similar to the models introduced in Section

9.6 of the previous chapter. We will see that this class of models also generates only limited

capital-skill imbalances. Nevertheless, it provides a simple framework in which labor market

frictions can be introduced, and capital-skill imbalances become much more important in the

presence of such frictions. We will also use the model in this section to go back to the more

natural production function, which features capital and effective units of labor (with human

capital-augmenting the effective units of labor), as opposed to the production function used

in the previous section with human capital as a third separate factor of production.

The economy is in discrete time and consists of a continuum 1 of dynasties. Each individ-

ual lives for two periods, childhood and adulthood. Individual i of generation t works during

their adulthood at time t, earns labor income equal to w (t)hi (t), where w (t) is the wage rate

per unit of human capital and hi (t) is the individual’s human capital. The individual also

earns capital income equal to R (t) bi (t− 1), where R (t) is the gross rate of return on capital
and bi (t− 1) is his asset holdings, inherited as bequest from his parent. The human capital

of the individual is determined at the beginning of his adulthood by an effort decision. Labor

is supply to the market after this effort decision. At the end of adulthood, after labor and

capital incomes are received, the individual decides his consumption and the level of bequest

to his offspring.

Preferences of individual i (or of dynasty i) of generation t are given by

η−η (1− η)−(1−η) ci (t)
η bi (t)

1−η − γ (ei (t)) ,

where η ∈ (0, 1), ci (t) is own consumption, bi (t) is the bequest to the offspring, ei (t) is effort
expended for human capital acquisition, and γ (·) is a strictly increasing, continuously differ-
entiable and strictly convex cost of effort function. The term η−η (1− η)−(1−η) is included as

a normalizing factor to simplify the algebra.

The human capital of individual i is given by

(10.26) hi (t) = aei (t) ,

where a corresponds to “ability” and increases the effectiveness of effort in generating human

capital for the individual. Substituting for ei (t) in the above expression, the preferences of
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individual i of generation t can be written as

(10.27) η−η (1− η)−(1−η) ci (t)
η bi (t)

1−η − γ

µ
hi (t)

a

¶
.

The budget constraint of the individual is

(10.28) ci (t) + bi (t) ≤ mi (t) = w (t)hi (t) +R (t) bi (t− 1) ,

which definesmi (t) as the current income of individual i at time t consisting of labor earnings,

w (t)hi (t), and asset income, R (t) bi (t− 1) (we use m rather than y, since y will have a

different meaning below).

The production side of the economy is given by an aggregate production function

Y (t) = F (K (t) ,H (t)) ,

that satisfies Assumptions 1 and 2, where H (t) is “effective units of labor” or alternatively

the total stock of human capital given by,

H (t) =

Z 1

0
hi (t) di,

while K (t), the stock of physical capital, is given by

K (t) =

Z 1

0
bi (t− 1) di.

Note also that this specification ensures that capital and skill (K and H) are complements.

This is because a production function with two factors and constant returns to scale neces-

sarily implies that the two factors are complements (see Exercise 10.7), that is,

(10.29)
∂2F (K,H)

∂K∂H
≥ 0.

Furthermore, we again simplify the notation by assuming capital depreciates fully after use,

that is, δ = 1 (see Exercise 10.8).

Since the amount of human capital per worker is an endogenous variable in this economy,

it is more useful to define a normalized production function expressing output per unit of

human capital rather than the usual per capita production function. In particular, let κ ≡
K/H be the capital to human capital ratio (or the “effective capital-labor ratio”), and

y (t) ≡ Y (t)

H (t)

= F

µ
K (t)

H (t)
, 1

¶
= f (κ (t)) ,

where the second line uses the linear homogeneity of F (·, ·), while the last line uses the
definition of κ. Here we use κ instead of the more usual k, in order to preserve the notation
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k for capital per worker in the next section. From the definition of κ, the law of motion of

effective capital-labor ratios can be written as

(10.30) κ (t) ≡ K (t)

H (t)
=

R 1
0 bi (t− 1) diR 1
0 hi (t) di

.

Factor prices are then given by the usual competitive pricing formulae:

(10.31) R (t) = f 0 (κ (t)) and w (t) = f (κ (t))− κ (t) f 0 (κ (t)) ,

with the only noteworthy feature that w (t) is now wage per unit of human capital, in a way

consistent with (10.28).

An equilibrium in this overlapping generations economy is a sequence of bequest and

consumption levels for each individual,
n
[hi (t)]i∈[0,1] , [ci (t)]i∈[0,1] , [bi (t)]i∈[0,1]

o∞
t=0
, that solve

(10.27) subject to (10.28) a sequence of effective capital-labor ratios, {κ (t)}∞t=0, given by
(10.30) with some initial distribution of bequests [bi (0)]i∈[0,1], and sequences of factor prices,

{w (t) , R (t)}∞t=0, that satisfy (10.31).
The characterization of an equilibrium is simplified by the fact that the solution to the

maximization problem of (10.27) subject to (10.28) involves

(10.32) ci (t) = ηmi (t) and bi (t) = (1− η)mi (t) ,

and substituting these into (10.27), we obtain the indirect utility function (see Exercise 10.16):

(10.33) mi (t)− γ

µ
hi (t)

a

¶
,

which the individual maximizes by choosing hi (t) and recognizing that mi (t) = w (t)hi (t)+

R (t) bi (t− 1). The first-order condition of this maximization gives the human capital invest-
ment of individual i at time t as:

(10.34) aw (t) = γ0
µ
hi (t)

a

¶
,

or inverting this relationship, defining γ0−1 (·) as the inverse function of γ0 (·) (which is strictly
increasing) and using (10.31), we obtain

(10.35) hi (t) = h (t) ≡ aγ0−1
£
a
¡
f (κ (t))− κ (t) f 0 (κ (t))

¢¤
.

An important implication of this equation is that the human capital investment of each

individual is identical, and only depends on the effective of capital-labor ratio in the economy.

This is a consequence of the specific utility function in (10.27), which ensures that there are

no income effects in human capital decisions so that all agents choose the same “income-

maximizing” level of human capital (as in Theorem 10.1).
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Next, note that since bequest decisions are linear as shown (10.32), we have

K (t+ 1) =

Z 1

0
bi (t) di

= (1− η)

Z 1

0
mi (t) di

= (1− η) f (κ (t))h (t) ,

where the last line uses the fact that, since all individuals choose the same human capital

level given by (10.35), H (t) = h (t), and thus Y (t) = f (κ (t))h (t).

Now combining this with (10.30), we obtain

κ (t+ 1) =
(1− η) f (κ (t))h (t)

h (t+ 1)
.

Using (10.35), this becomes

κ (t+ 1) γ0−1
£
a
¡
f (κ (t+ 1))− κ (t+ 1) f 0 (κ (t+ 1))

¢¤
(10.36)

= (1− η) f (κ (t)) γ0−1
£
af (κ (t))− κ (t) f 0 (κ (t))

¤
.

A steady state, as usual, involves a constant effective capital-labor ratio, i.e., κ (t) = κ∗ for

all t. Substituting this into (10.36) yields

(10.37) κ∗ = (1− η) f (κ∗) ,

which defines the unique positive steady-state effective capital-labor ratio, κ∗ (since f (·) is
strictly concave).

Proposition 10.2. In the overlapping generations economy with physical and human cap-

ital described above, there exists a unique steady state with positive activity, and the physical

to human capital ratio is κ∗ as given by (10.37).

This steady-state equilibrium is also typically stable, but some additional conditions need

to be imposed on the f (·) and γ (·) to ensure this (see Exercise 10.17).
An interesting implication of this equilibrium is that, the capital-skill (k-h) complemen-

tarity in the production function F (·, ·) implies that a certain target level of physical to
human capital ratio, κ∗, has to be reached in equilibrium. In other words, physical capital

should not be too abundant relative to human capital, and neither should human capital be

excessive relative to physical capital. Consequently, this model does not allow equilibrium

“imbalances” between physical and human capital either. A possible and arguably attractive

way of introducing such imbalances is to depart from perfectly competitive labor markets.

This also turns out to be useful to illustrate how the role of human capital can be quite

different in models with imperfect labor markets.
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10.6. Physical and Human Capital with Imperfect Labor Markets

In this section, we analyze the implications of labor market frictions that lead to factor

prices different from the ones we have used so far (in particular, in terms of the model of the

last section, deviating from the competitive pricing formulea (10.31)). The literature on labor

market imperfections is vast and our purpose here is not to provide an overview. For this

reason, we will adopt the simplest representation. In particular, imagine that the economy is

identical to that described in the previous section, except that there is a measure 1 of firms

as well as a measure 1 of individuals at any point in time, and each firm can only hire one

worker. The production function of each firm is still given by

yj (t) = F (kj (t) , hi (t)) ,

where yj (t) refers to the output of firm j, kj (t) is its capital stock (equivalently capital per

worker, since the firm is hiring only one worker), and hi (t) is the human capital of worker i

that the firm has matched with. This production function again satisfies Assumptions 1 and

2. The main departure from the models analyzed so far is that we now assume the following

structure for the labor market:

(1) Firms choose their physical capital level irreversibly (incurring the cost R (t) kj (t),

where R (t) is the market rate of return on capital), and simultaneously workers

choose their human capital level irreversibly.

(2) After workers complete their human capital investments, they are randomly matched

with firms. Random matching here implies that high human capital workers are not

more likely to be matched with high physical capital firms.

(3) After matching, each worker-firm pair bargains over the division of output between

themselves. We assume that they simply divide the output according to some pre-

specified rule, and the worker receives total earnings of

Wj (kj (t) , hi (t)) = λF (kj (t) , hi (t)) ,

for some λ ∈ (0, 1).

This is admittedly a very simple and reduced-form specification. Nevertheless, it will be

sufficient to emphasize the main economic issues. A more detailed game-theoretic justification

for a closely related environment is provided in Acemoglu (1996).

Let us next introduce heterogeneity in the cost of human capital acquisition by modifying

(10.26) to

hi (t) = aiei (t) ,

where ai differs across dynasties (individuals). A high-value of ai naturally corresponds to

an individual who can more effectively accumulate human capital.
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An equilibrium is defined similarly except that factor prices are no longer determined by

(10.31). Let us start the analysis with the physical capital choices of firms. At the time each

firm chooses its physical capital it is unsure about the human capital of the worker he will

be facing. Therefore, the expected return of firm j can be written as

(10.38) (1− λ)

Z 1

0
F (kj (t) , hi (t)) di−R (t) kj (t) .

This expression takes into account that the firm will receive a fraction 1 − λ of the output

produced jointly by itself and of worker that it is matched with. The integration takes care

of the fact that the firm does not know which worker it will be matched with and thus

we are taking the expectation of F (kj (t) , hi (t)) over all possible human capital levels that

are possible (given by [hi (t)]i∈[0,1]). The last term is the cost of making irreversible capital

investment at the market price R (t). This investment is made before the firm knows which

worker it will be matched with. The important observation is that the objective function

in (10.38) is strict concave in kj (t) given the strict concavity of F (·, ·) from Assumption 1.

Therefore, each firm will choose the same level of physical capital, k̂ (t), such that

(1− λ)

Z 1

0

∂F
³
k̂ (t) , hi (t)

´
∂k (t)

di = R (t) .

Now given this (expected) capital investment by firms, and following (10.33) from the previous

section, each worker’s objective function can be written as:

λF
³
k̂ (t) , hi (t)

´
+R (t) bi (t− 1)− γ

µ
hi (t)

ai

¶
,

where we have substituted for the income mi (t) of the worker in terms of his wage earnings

and capital income, and introduced the heterogeneity in human capital decisions. This implies

the following choice of human capital investment by a worker i:

λai
∂F

³
k̂ (t) , hi (t)

´
∂hi(t)

= γ0
µ
hi (t)

ai

¶
.

This equation yields a unique equilibrium human capital investment ĥi
³
k̂ (t)

´
for each i.

This human capital investment directly depends on the capital choices of all the firms, k̂ (t)

(since this affects the marginal product of human capital) and also depends implicitly on ai.

Moreover, given (10.29), ĥi
³
k̂ (t)

´
is strictly increasing in k̂ (t). Also, since γ (·) is strictly

convex, ĥi
³
k̂ (t)

´
is a strictly concave function of k̂ (t). Substituting this into the first-order

condition of firms, we obtain

(1− λ)

Z 1

0

∂F
³
k̂ (t) , ĥi

³
k̂ (t)

´´
∂k (t)

di = R (t) .
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Finally, to satisfy market clearing in the capital market, the rate of return to capital, R (t),

has to adjust, such that

k̂ (t) =

Z 1

0
bi (t− 1) di,

which follows from the facts that all firms choose the same level of capital investment and that

the measure of firms is normalized to 1. This equation implies that in the closed economy

version of the current model, capital per firm is fixed by bequest decisions from the previous

period. The main economic forces we would like to emphasize here are seen more clearly

when physical capital is not predetermined. For this reason, let us imagine that the economy

in question is small and open, so that R (t) = R∗ is pinned down by international financial

markets (the closed economy version is further discussed in Exercise 10.18). Under this

assumption, the equilibrium level of capital per firm is determined by

(10.39) (1− λ)

Z 1

0

∂F
³
k̂, ĥi

³
k̂
´´

∂k
di = R∗.

Proposition 10.3. In the open economy version of the model described here, there exists

a unique positive level of capital per worker k̂ given by (10.39) such that the equilibrium

capital per worker is always equal to k̂. Given k̂, the human capital investment of worker i

is uniquely determined by ĥi
³
k̂
´
such that

(10.40) λai
∂F

³
k̂, ĥi

³
k̂
´´

∂h
= γ0

⎛⎝ ĥi

³
k̂
´

ai

⎞⎠ .

We have that ĥi
³
k̂
´
is increasing in k̂, and a decline in R∗ increases k̂ and ĥi for all i ∈ [0, 1].

In addition to this equilibrium, there also exists a no-activity equilibrium in which k̂ = 0

and ĥi = 0 for all i ∈ [0, 1].

Proof. Since F (k, h) exhibits constant returns to scale and ĥi
³
k̂
´
is a concave function

of k̂ for each i,
R 1
0

³
∂F

³
k̂, ĥi

³
k̂
´´

/∂k
´
di is decreasing in k̂ for a distribution of [ai]i∈[0,1].

Thus k̂ is uniquely determined. Given k̂, (10.40) determines ĥi
³
k̂
´
uniquely. Applying the

Implicit Function Theorem to (10.40) implies that ĥi
³
k̂
´
is increasing in k̂. Finally, (10.39)

implies that a lower R∗ increases k̂, and from the previous observation ĥi for all i ∈ [0, 1]
increase as well.

The no-activity equilibrium follows, since when all firms choose k̂ = 0, output is equal to

zero and it is best response for workers to choose ĥi = 0, and when ĥi = 0 for all i ∈ [0, 1],
k̂ = 0 is the best response for all firms. ¤

We have therefore obtained a simple characterization of the equilibrium in this economy

with labor market frictions and physical and human capital investments. It is straightforward
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to observe that there is underinvestment both in human capital and physical capital (this

refers to the positive activity equilibrium; clearly, there is even a more severe underinvestment

in the no-activity equilibrium). Consider a social planner wishing to maximize output (or

one who could transfer resources across individuals in a lump-sum fashion). Suppose that

the social planner is restricted by the same random matching technology, so that she cannot

allocate workers to firms as she wishes. A similar analysis to above implies that the social

planner would also like each firm to choose an identical level of capital per firm, say k̄.

However, this level of capital per firm will be different than in the competitive equilibrium

and she will also choose a different relationship between human capital and physical capital

investments. In particular, given k̄, she would make human capital decisions to satisfy

ai
∂F

¡
k̄, h̄i

¡
k̄
¢¢

∂h
= γ0

Ã
h̄i
¡
k̄
¢

ai

!
,

which is similar to (10.40), except that λ is absent from the left-hand side. This is because

each worker considered only his share of output, λ, when undertaking his human capital

investment decisions, while the social planner considers the entire output. Consequently, as

long as λ < 1,

h̄i (k) > ĥi (k) for all k > 0.

Similarly, the social planner would also choose a higher level of capital investment for each

firm, in particular, to satisfy the equationZ 1

0

∂F
¡
k̄, h̄i

¡
k̄
¢¢

∂k
di = R∗,

which differs from (10.39) both because now the term 1−λ is not present on the left-hand side
and also because the planner takes into account the differential human capital investment

behavior of workers given by h̄i
¡
k̄
¢
. This discussion establishes the following result:

Proposition 10.4. In the equilibrium described in Proposition 10.3, there is underin-

vestment both in physical and human capital.

More interesting than the underinvestment result is the imbalance in the physical to

human capital ratio of the economy, which did not feature in the previous two environments

we discussed. The following proposition summarizes this imbalance result in a sharp way:

Proposition 10.5. Consider the positive activity equilibrium described in Proposition

10.3. Output is equal to 0 if either λ = 0 or λ = 1. Moreover, there exists λ∗ ∈ (0, 1) that
maximizes output.

Proof. See Exercise 10.19. ¤

Intuitively, different levels of λ create different types of “imbalances” between physical

and human capital. A high level of λ implies that workers have a strong bargaining position,
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and this encourages their human capital investments. But symmetrically, it discourages the

physical capital investments of firms, since they will only receive a small fraction of the

output. Therefore, high level of λ (as long as we have λ < 1) creates an imbalance with too

high a level of human capital relative to physical capital. This imbalance effect becomes more

extreme as λ→ 1. In this limit, workers’ investment behavior is converging to the first-order

condition of the social planner (i.e., ĥi (k) → h̄i (k) for all k > 0). However, simultaneously,

the physical capital investment of each firm, k̂, is converging to zero, and this implies that

ĥi (k) → 0, and production collapses. The same happens, in reverse, when λ is too low.

Now there is too high a level of physical capital relative to human capital. An intermediate

value of λ∗ achieves a balance, though the equilibrium continues to be inefficient as shown in

Proposition 10.5.

Physical-human capital imbalances can also increase the role of human capital in cross-

country income differences. In the current model, the proportional impact of a change in

human capital on aggregate output (or on labor productivity) is greater than the return to

human capital, since the latter is determined not by the marginal product of human capital,

but by the bargaining parameter λ. The deviation from competitive factor prices, therefore,

decouples the contribution of human capital to productivity from market prices.

At the root of the inefficiencies and of the imbalance effect in this model are pecuniary

externalities. Pecuniary externalities refer to external effects that work through prices (not

through direct technological spillovers). By investing more, workers (and symmetrically firms)

increase the return to capital (symmetrically wages), and there is underinvestment because

they do not take these external effects into consideration. Pecuniary external effects are

also present in competitive markets (since, for example, supply affects price), but these are

typically “second order,” because prices are such that they are equal to both the marginal

benefit of buyers (marginal product of firms in the case of factors of production) and to the

marginal cost of suppliers. The presence of labor market frictions causes a departure from

this type of marginal pricing and is the reason why pecuniary externalities are not second

order.

Perhaps even more interesting is the fact that pecuniary externalities in this model take

the form of human capital externalities, meaning that greater human capital investments by a

group of workers increase other workers’ wages. Notice that in competitive markets (without

externalities) this does not happen. For example, in the economy analyzed in the last section,

if a group of workers increase their human capital investments, this would depress the physical

to human capital ratio in the economy, reducing wages per unit of human capital and thus

the earnings of the rest of the workers. We will now see that the opposite may happen in the

presence of labor market imperfections. To illustrate this point, let us suppose that there are

two types of workers, a fraction of workers χ with ability a1 and 1− χ with ability a2 < a1.
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Using this specific structure, the first-order condition of firms, (10.39), can be written as

(10.41) (1− λ)

⎡⎣χ∂F
³
k̂, ĥ1

³
k̂
´´

∂k
+ (1− χ)

∂F
³
k̂, ĥ2

³
k̂
´´

∂k

⎤⎦ = R∗,

while the first-order conditions for human capital investments for the two types of workers

take the form

(10.42) λaj
∂F

³
k̂, ĥj

³
k̂
´´

∂h
= γ0

⎛⎝ ĥj

³
k̂
´

aj

⎞⎠ for j = 1, 2.

Clearly, ĥ1 (k) > ĥ2 (k) since a1 > a2. Now imagine an increase in χ, which corresponds

to an increase in the fraction of high-ability workers in the population. Holding ĥ1
³
k̂
´
and

ĥ2

³
k̂
´
constant, (10.41) implies that k̂ should increase, since the left-hand side has increased

(in view of the fact that ĥ1
³
k̂
´
> ĥ2

³
k̂
´
and ∂2F (k, h) /∂k∂h > 0). Therefore, capital-skill

complementarity combined with the pecuniary externalities implies that an improvement in

the pool of workers that firms face leads to greater investments by firms. Intuitively, each firm

expects the average worker that it will be matched with to have higher human capital and

since physical and human capital are complements, this makes it more profitable for each

firm to increase their physical capital investment. Greater investments by firms, in turn,

raise F
³
k̂, h

´
for each h, in particular for ĥ2

³
k̂
´
. Since the earnings of type 2 workers is

equal to λF
³
k̂, ĥ2

³
k̂
´´
, their earnings will also increase as a result of the response of firms

to the change in the composition of the workforce. This is therefore an example of human

capital externalities, since greater human capital investments by one group of workers have

increased the earnings of the remaining workers. In fact, human capital externalities, in this

economy, are even stronger, because the increase in k̂ also raises ∂F
³
k̂, ĥ2

³
k̂
´´

/∂h and

thus encourages further investments by type 2 workers. These feedback effects nonetheless

do not lead to divergence or multiple equilibria, since we know from Proposition 10.3 that

there exists a unique equilibrium with positive activity. We summarize this discussion with

the following result:

Proposition 10.6. The positive activity equilibrium described in Proposition 10.3 exhibits

human capital externalities in the sense that an increase in the human capital investments of

a group of workers raises the earnings of the remaining workers.

10.7. Human Capital Externalities

The previous section illustrated how a natural form of human capital externalities can

emerge in the presence of capital-skill complementarities combined with labor market imper-

fections. This is not the only channel through which human capital externalities may arise.
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Many economists believe that the human capital stock of the workforce creates a direct non-

pecuniary (technological) spillover on the productivity of each worker. In The Economy of

Cities, Jane Jacobs, for example, argued for the importance of human capital externalities,

and suggested that the concentration of economic activity in cities is partly a result of these

externalities and also acts as an engine of economic growth because it facilitates the exchange

of ideas among workers and entrepreneurs. In the growth literature, a number of well-known

papers, including Robert Lucas’ (1988) paper and Azariadis and Drazen (1990), suggest that

such technological externalities are important and play a major role in the process of eco-

nomic growth. Human capital externalities are interesting in their own right, since if such

external effects are present, the competitive price system may be inefficient (since it will fail

to internalize these externalities, particularly if they take place across firm boundaries). Hu-

man capital externalities are also important for our understanding of the sources of income

differences across countries. Our discussion of the contribution of physical and human capital

to cross-country income differences in Chapter 3 showed that differences in human capital are

unlikely to account for a large fraction of cross-country income differences, unless external

effects are important.

At this point, it is therefore useful to briefly review the empirical evidence on the extent

of human capital externalities. Early work in the area, in particular, the paper by James

Rauch (1993) tried to measure the extent of human capital externalities by estimating quasi-

Mincerian wage regressions, with the major difference that average human capital of workers

in the local labor market is also included on the right-hand side. More specifically, Rauch

estimated models of the following form:

lnWj,m = X
0
j,mβ + γpSj,m + γeSm,

where Xj,m is a vector of controls, Sj,m is the years of schooling of individual j living/working

in labor market m, and Sm is the average years of schooling of workers in labor market m.

Without this last term, this equation would be similar to the standard Mincerian wage regres-

sions discussed above, and we would expect an estimate of the private return to schooling

γp between 6 and 10%. When the average years of schooling, Sm, is also included in the

regression, its coefficient γe measures the external return to schooling in the same units. For

example, if γe is estimated to be of the same magnitude as γp, we would conclude that ex-

ternal returns to schooling are as important as private returns (which would correspond to

very large externalities).

Rauch estimated significant external returns, with the magnitude of the external returns

often exceeding the private returns. External returns of this magnitude would imply that

human capital differences could play a much more important role as a proximate source of

cross-country differences in income per capita than implied by the computations in Chapter
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3. However, Rauch’s regressions exploited differences in average schooling levels across cities,

which could reflect many factors that also directly affect wages. For example, wages are

much higher in New York City than Ames, Iowa, but this is not only the result of the

higher average education of New Yorkers. A more convincing estimate of external returns

necessitates a source of exogenous variation in average schooling.

Acemoglu and Angrist (2000) exploited differences in average schooling levels across states

and cohorts resulting from changes in compulsory schooling and child labor laws. These laws

appear to have had a large effect on schooling, especially at the high school margin. Exploiting

changes in average schooling in state labor markets driven by these law changes, Acemoglu

and Angrist estimate external returns to schooling that are typically around 1 or 2 percent

and statistically insignificant (as compared to private returns of about 10%). These results

suggest that there are relatively small human capital externalities in local labor markets.

This result is confirmed by a study by Duflo (2004) using Indonesian data and by Ciccone

and Perri (2006). Moretti (2002) also estimates human capital externalities, and he finds

larger effects. This may be because he focuses on college graduation, but also partly reflects

the fact that the source of variation that he exploits, changes in age composition and the

presence of land-grant colleges, may have other effects on average earnings in area. Overall,

the evidence appears to suggest that local human capital externalities are not very large, and

calibration exercises as those in Chapter 3 that ignore these externalities are unlikely to lead

to significant downward bias in the contribution of human capital to cross-country income

differences.

The qualification “local” in the above discussion has to be emphasized, however. The

estimates discussed above focus on local externalities originally emphasized by Jacobs. Never-

theless, if a few very talented scientists and engineers, or other very skilled workers, generate

ideas that are then used in other parts of the country or even in the world economy, there

may exist significant global human capital externalities. Such global external effects would

not be captured by the currently available empirical strategies. Whether such global human

capital externalities are important is an interesting area for future research.

10.8. Nelson-Phelps Model of Human Capital

The discussion in this chapter so far has focused on the productivity-enhancing role of

human capital. This is arguably the most important role of human capital, emphasized by

Becker and Mincer’s seminal analyses. However, an alternative perspective on human capital

is provided by Richard Nelson and Edmund Phelps in their short and influential paper,

Nelson and Phelps (1966), and also by Ted Schultz (1965). According to this perspective, the

major role of human capital is not to increase productivity in existing tasks, but to enable

workers to cope with change, disruptions and especially new technologies. The Nelson-Phelps
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view of human capital has played an important role in a variety of different literatures and

features in a number of growth models. Here we will provide a simple presentation of the

main ideas along the lines of Nelson and Phelps’ original model and a discussion of how this

new dimension of human capital will change our views of its role in economic growth and

development. This model will also act as a steppingstone towards our study of technology

adoption later in the book.

Consider the following continuous time model to illustrate the basic ideas. Suppose that

output in the economy in question is given by

(10.43) Y (t) = A (t)L,

where L is the constant labor force, supplying its labor inelastically, and A (t) is the technology

level of the economy. There is no capital (and thus no capital accumulation decision) and

also no labor supply margin. The only variable that changes over time is technology A (t).

Suppose that the world technological frontier is given by AF (t). This could correspond

to the technology in some other country or perhaps to the technological know-how of scien-

tists that has not yet been applied to production processes. We assume that AF (t) evolves

exogenously according to the differential equation

ȦF (t)

AF (t)
= gF ,

with initial condition AF (0) > 0.

Let the human capital of the workforce be denoted by h. Notice that this human capital

does not feature in the production function, (10.43). This is an extreme case in which

human capital does not play any of the productivity enhancing role we have emphasized

so far. Instead, the role of human capital in the current model will be to facilitate the

implementation and use of frontier technology in the production process. In particular, the

evolution of the technology in use, A (t), is governed by the differential equation

Ȧ (t) = gA (t) + φ (h)AF (t) ,

with initial condition A (0) ∈ (0, AF (0)). The parameter g is strictly less than gF and

measures the growth rate of technology A (t), resulting from learning by doing or other

sources of productivity growth. But this is only one source of improvements in technology.

The other one comes from the second term, and can be interpreted as improvements in

technology because of implementation and adoption of frontier technologies. The extent

of this second source of improvement is determined by the average human capital of the

workforce, h. This captures the above-mentioned role of human capital, in facilitating coping

with technological change. In particular, we assume that φ (·) is increasing, with

φ (0) = 0 and φ (h) = gF − g > 0 for all h ≥ h̄,
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where h̄ > 0. This specification implies that the human capital of the workforce regulates the

ability of the economy to cope with new developments embedded in the frontier technologies;

if the workforce has no human capital, there will be no adoption or implementation of frontier

technologies and A (t) will grow at the rate g. If, in contrast, h ≥ h̄, there will be very quick

adaptation to the frontier technologies.

Since AF (t) = exp (gF t)AF (0), the differential equation for A (t) can be written as

Ȧ (t) = gA (t) + φ (h)AF (0) exp (gF t) .

Solving this differential equation, we obtain

A (t) =

∙µ
A (0)

g
− φ (h)AF (0)

gF − g

¶
exp (gt) +

φ (h)AF (0)

gF − g
exp (gF t)

¸
,

which shows that the growth rate of A (t) is faster when φ (h) is higher. Moreover, it can be

verified that

A (t)→ φ (h)

gF − g
AF (t) ,

so that the ratio of the technology in use to the frontier technology is also determined by

human capital.

The role of human capital emphasized by Nelson and Phelps is undoubtedly important in

a number of situations. For example, a range of empirical evidence shows that more educated

farmers are more likely to adopt new technologies and seeds (e.g., Foster and Rosenzweig,

1995). The Nelson and Phelps’ conception of human capital has also been emphasized in

the growth literature in connection with the empirical evidence already discussed in Chapter

1, which shows that there is a stronger correlation between economic growth and levels of

human capital than between economic growth and changes in human capital. A number

of authors, for example, Benhabib and Spiegel (1994), suggest that this may be precisely

because the most important role of human capital is not to increase the productive capacity

with existing tasks, but to facilitate technology adoption. One might then conjecture that if

the role of human capital emphasized by Nelson and Phelps is important in practice, human

capital could be playing a more major role in economic growth and development than the

discussion so far has suggested. While this is an interesting hypothesis, it is not entirely

convincing. If the role of human capital in facilitating technology adoption is taking place

within the firm’s boundaries, then this will be reflected in the marginal product of more

skilled workers. Workers that contribute to faster and more effective technology adoption

would be compensated in line with the increase in the net present value of the firm. Then

the returns to schooling and human capital used in the calculations in Chapter 3 should have

already taken into account the contribution of human capital to aggregate output (thus to

economic growth). If, on the other hand, human capital facilitates technology adoption not

at the level of the firm, but at the level of the labor market, this would be a form of local
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human capital externalities and it should have shown up in the estimates on local external

effects of human capital. It therefore would appear that, unless this particular role of human

capital is also external and these external effects work at a global level, the calibration-type

exercises in Chapter 3 should not be seriously underestimating the contribution of human

capital to cross-country differences in income per capita.

10.9. Taking Stock

Human capital differences are a major proximate cause of cross-country differences in

economic performance. In addition, human capital accumulation may play an important role

in the process of economic growth and economic development. These considerations justify a

detailed analysis of human capital. This chapter has presented a number of models of human

capital investments that have emphasized how human capital investments respond to future

rewards and how they evolve over time (with schooling as well as on-the-job training).

Four sets of related but distinct issues arise in connection with the role of human capital

in economic growth. First, if some part of the earnings of labor we observe are rewards to

accumulated human capital, then the effect of policies (and perhaps technology) on income per

capita could be larger, because these would affect not only physical capital accumulation but

also human accumulation. The neoclassical economy with physical and human capital studied

in Section 10.4 models and quantifies this effect. It also provides a tractable framework in

which physical and human capital investments can be studied simultaneously. Nevertheless,

any effect of human capital differences resulting from differences in distortions or policies

across countries should have shown up in the measurements in Chapter 3. The findings there

suggest that human capital differences, though important, can only explain a small fraction of

cross-country income differences (unless there is a significant mismeasurement of the impact

of human capital on productivity).

The second important issue related to the role of human capital relates to the measure-

ment of the contribution of education and skills to productivity. A possible source of mis-

measurement of these effects is the presence of human capital externalities. There are many

compelling reasons why there might exist significant pecuniary or technological human capital

externalities. Section 10.6 illustrated how capital-skill complementarities in imperfect labor

markets can lead to pecuniary externalities. Nevertheless, existing evidence suggests that

the extent of human capital externalities is rather limited–with the important caveat that

there might be global externalities that remain unmeasured. A particular channel through

which global externalities may arise is R&D and technological progress, which are the topics

of the next part of the book. An alternative source of mismeasurement of the contribution

of human capital is differences in human capital quality. There are significant differences in

school and teacher quality even within a narrow geographical area, so we may expect much

411



Introduction to Modern Economic Growth

larger differences across countries. In addition, most available empirical approaches measure

human capital differences across countries by using differences in formal schooling. However,

the Ben-Porath model, analyzed in Section 10.3, suggests that human capital continues to

be accumulated even after individuals complete their formal schooling. When human cap-

ital is highly rewarded, we expect both higher levels of formal schooling and greater levels

of on-the-job investments. Consequently, the Ben-Porath model suggests that there might

be higher quality of human capital (or greater amount of unmeasured human capital) in

economies where the levels of formal schooling are higher. If this is the case, the empirical

measurements reported in Chapter 3 may understate the contribution of human capital to

productivity. Whether or not this is so is an interesting area for future research.

The third set of novel issues raised by the modeling of human capital is the possibility of

an imbalance between physical and human capital. Empirical evidence suggests that physical

and human capital are complementary. This implies that productivity will be high when the

correct balance is achieved between physical and human capital. Could equilibrium incentives

lead to an imbalance, whereby too much or too little physical capital is accumulated relative

to human capital? We saw that such imbalances are unlikely or rather short lived in models

with competitive labor markets. However, our analysis in Section 10.6 shows that they

become a distinct possibility when factor prices do not necessarily reflect marginal products,

as in labor markets with frictions. The presence of such imbalances might increase the impact

of human capital on aggregate productivity.

The final issue relates to the role of human capital. In Section 10.8, we discussed the

Nelson-Phelps view of human capital, which emphasizes the role of skills in facilitating the

adoption and implementation of new technologies. While this perspective is likely to be

important in a range of situations, it seems that, in the absence of significant external effects,

this particular role of human capital should not lead to a major mismeasurement of the

contribution of human capital to aggregate productivity either, especially, in the types of

exercises reported in Chapter 3.

This chapter has also contributed to our quest towards understanding the sources of

economic growth and cross-country income differences. We now have arrived to a relatively

simple and useful framework for understanding both physical and human capital accumulation

decisions. Our next task is to develop models for the other major proximate source of

economic growth and income differences; technology. Before doing this, however, we will

have our first look at models of sustained long-run growth.

412



Introduction to Modern Economic Growth

10.10. References and Literature

The concept of human capital is due to Ted Shultz (1965), Gary Becker (1965), and

Jacob Mincer (1974). The standard models of human capital, used extensively in labor eco-

nomics and in other areas economics, have been developed by Becker (1965), Mincer (1974)

and Yoram Ben-Porath (1967). These models have been the basis of the first three sec-

tions of this chapter. Recently there has been a renewed interest in the Ben-Porath model

among macroeconomists. Two recent contributions include Manuelli and Seshadri (2005) and

Guvenen and Kuruscu (2006). These models make parametric assumptions (Cobb-Douglas

functional forms) and try to gauge the quantitative implications of the Ben-Porath model

for cross-country income differences and for the evolution on wage inequality, respectively.

Manuelli and Seshadri (2005) also emphasize how differences in on-the-job training invest-

ments will create systematic differences in unmeasured human capital across countries and

argue that once these “quality” differences are taken into account, human capital differences

could explain a very large fraction of cross-country income differences. Caselli (2006), on the

other hand, argues that quality differences are unlikely to increase the contribution of human

capital to aggregate productivity.

There is a large literature on returns to schooling. As noted in the text and also in

Chapter 3, this literature typically finds that one more year of schooling increases earnings

by about 6 to 10% (see, for example, the survey in Card, 1999).

There is also a large literature on capital-skill complementarity. The idea was first put

forward and empirically supported in Griliches (1969). Katz and Autor (1999) summarize

more recent evidence on as capital-skill complementarities.

Technological human capital externalities are emphasized in Jacobs (1965), Lucas (1988),

Azariadis and Drazen (1990), while pecuniary human capital externalities were first discussed

by Marshall (1961), who argued that increasing the geographic concentration of specialized

inputs increases productivity since the matching between factor inputs and industries is

improved. Models of pecuniary human capital externalities are constructed in Acemoglu

(1996, 1997a). The model with capital-skill complementarity and labor market imperfections

is based on Acemoglu (1996), who provides a more detailed and microfounded model leading

to similar results to those presented in Section 10.6 and derives the results on pecuniary

externalities and human capital externalities.

The empirical literature on human capital externalities includes Rauch (1993), Acemoglu

and Angrist (2000), Duflo (2004), Moretti (2002) and Ciccone and Perri (2006).

The role of human capital in adapting to change and implementing new technologies was

first suggested by Schultz (1965) in the context of agricultural technologies (he emphasized

the role of ability rather than human capital and stressed the importance of “disequilibrium”
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situations). Nelson and Phelps (1966) formulated the same ideas and presented a simple

model, essentially identical to that presented in Section 10.8 above. Foster and Rosenzweig

(1995) provide evidence consistent with this role of human capital. Benhabib and Spiegel

(1994) and Aghion and Howitt (1999) also include extensive discussions of the Nelson-Phelps

view of human capital. Recent macroeconomic models that feature this role of human capital

include Galor and Tsiddon (1997), Greenwood and Yorukoglu (1997), Caselli (1999), Galor

and Moav (2001), and Aghion, Howitt and Violante (2004).

10.11. Exercises

Exercise 10.1. Formulate, state and prove the Separation Theorem, Theorem 10.1, in an

economy in discrete time.

Exercise 10.2. (1) Consider the environment discussed in Section 10.1. Write the flow

budget constraint of the individual as

ȧ (t) = ra (t)− c (t) +W (t) ,

and suppose that there are credit market imperfections so that a (t) ≥ 0. Construct
an example in which Theorem 10.1 does not apply. Can you generalize this to the

case in which the individual can save at the rate r, but can only borrow at the rate

r0 > r?

(2) Now modify the environment so that the instantaneous utility function of the indi-

vidual is

u (c (t) , 1− l (t)) ,

where l (t) denotes total hours of work, labor supply at the market is equal to

l (t) − s (t), so that the individual has a non-trivial leisure choice. Construct an

example in which Theorem 10.1 does not apply.

Exercise 10.3. Derive equation (10.9) from (10.8).

Exercise 10.4. Consider the model presented in Section 10.2 and suppose that the discount

rate r varies across individuals (for example, because of credit market imperfections). Show

that individuals facing a higher r would choose lower levels of schooling. What would happen

if you estimate the wage regression similar to (10.12) in a world in which the source of

difference in schooling is differences in discount rates across individuals?

Exercise 10.5. Consider the following variant of the Ben-Porath model, where the human

capital accumulation equation is given by

ḣ (t) = s (t)φ (h (t))− δhh (t) ,

where φ is strictly increasing, continuously differentiable and strictly concave, with s (t) ∈
[0, 1]. Assume that individuals are potentially infinitely lived and face a Poisson death rate
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of ν > 0. Show that the optimal path of human capital investments involves s (t) = 1 for

some interval [0, T ] and then s (t) = s∗ for t ≥ T .

Exercise 10.6. Modify the Ben-Porath model studied in Section 10.3 as follows. First,

assume that the horizon is finite. Second, suppose that φ0 (0) < ∞. Finally, suppose that
limx→h(0) φ

0 (x) > 0. Show that under these conditions the optimal path of human capital

accumulation will involve an interval of full-time schooling with s (t) = 1, followed by another

interval of on-the-job investment s (t) ∈ (0, 1), and finally an interval of no human capital
investment, s (t) = 0. How do the earnings of the individual evolve over the life cycle?

Exercise 10.7. Prove that as long as Y (t) = F (K (t) ,H (t)) satisfies Assumptions 1 and

2, the inequality in (10.29) holds.

Exercise 10.8. Show that equilibrium dynamics in Section 10.5 remain unchanged if δ < 1.

Exercise 10.9. Prove that the current-value Hamiltonian in (10.23) is jointly concave in

(k (t) , h (t) , ik (t) , ih (t)).

Exercise 10.10. Prove that (10.24) implies the existence of a relationship between physical

and human capital of the form h = ξ (k), where ξ (·) is uniquely defined, strictly increasing
and continuously differentiable.

Exercise 10.11. Prove 10.1. Show that the differential equation for consumption growth

could have alternatively been written as

ċ (t)

c (t)
=

1

εu (c (t))
[fh (k (t) , ξ (k (t)))− δh − ρ] .

Exercise 10.12. Consider the neoclassical growth model with physical and human capital

discussed in Section 10.4.

(1) Specify the consumer maximization problem in this economy.

(2) Define a competitive equilibrium (specifying firm optimization and market clearing

conditions).

(3) Characterize the competitive equilibrium and show that it coincides with the solution

to the optimal growth problem.

Exercise 10.13. Introduce labor-augmenting technological progress at the rate g into the

neoclassical growth model with physical and human capital discussed in Section 10.4.

(1) Define a competitive equilibrium.

(2) Determine transformed variables that will remain constant in a steady state alloca-

tion.

(3) Characterize the steady state equilibrium and the transitional dynamics.

(4) Why does faster technological progress lead to more rapid accumulation of human

capital?
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Exercise 10.14. * Characterize the optimal growth path of the economy in Section 10.4

subject to the additional constraints that ik (t) ≥ 0 and ih (t) ≥ 0.
Exercise 10.15. Derive equation (10.25).

Exercise 10.16. Derive equations (10.32) and (10.33).

Exercise 10.17. Provide conditions on f (·) and γ (·) such that the unique steady-state
equilibrium in the model of Section 10.5 is locally stable.

Exercise 10.18. Analyze the economy in Section 10.6 under the closed economy assumption.

Show that an increase in a1 for group 1 will now create a dynamic externality, in the sense

that current output will increase and this will lead to greater physical and human capital

investments next periods.

Exercise 10.19. Prove Proposition 10.5.
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CHAPTER 11

First-Generation Models of Endogenous Growth

The models presented so far focused on physical and human capital accumulation. Eco-

nomic growth is generated by exogenous technological progress. While such models are useful

in thinking about sources of income differences among countries that have (free) access to

the same set of technologies, they do not generate sustained long-run growth (of the country

or of the world economy) and have relatively little to say about sources of technology dif-

ferences. A full analysis of both cross-country income differences and the process of world

economic growth requires models in which technology choices and technological progress are

endogenized. This will be the topic of the next part of the book. While models in which

technology evolves as a result of firms’ and workers’ decisions are most attractive in this

regard, sustained economic growth is possible in the neoclassical model as well. We end this

part of the book by investigating sustained endogenous economic growth in neoclassical or

quasi-neoclassical models.

We have already encountered the AK model in Chapter 2. This model relaxed one of the

key assumptions on the aggregate production function of the economy (Assumption 2) and

prevented diminishing returns to capital. Consequently, continuous capital accumulation

could act as the engine of sustained economic growth. In this chapter we start with a

neoclassical version of the AK model, which not only shows the possibility of endogenous

growth in the neoclassical growth model, but also provides us with a very tractable model

that find applications in many areas. This model is not without shortcomings, however. The

most major one is that capital is the only (or essentially the only) factor of production, and

asymptotically, the share of national income accruing to capital tends to 1. This, however, is

not an essential feature of neoclassical endogenous growth models. We present two different

two-sector endogenous growth models, which behave very similarly to the baseline AK model,

but avoid this counterfactual prediction. The first of these incorporates physical and human

capital accumulation, and is thus a close cousin of the neoclassical growth model with physical

and human capital studied in Section 10.4 in Chapter 10. The second, which builds on the

work by Rebelo (1991), is a substantially richer model and is also interesting since it allows

investment and consumption goods sectors to have different capital intensities.

We conclude this section with a presentation of Paul Romer’s (1986) path breaking article.

In many ways, Romer’s paper started the endogenous growth literature and rejuvenated
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the interest in economic growth among economists. While Romer’s objective was to model

“technological change,” he achieved this by introducing technological spillovers–similar to

those we encountered in Chapter 10. Consequently, while the competitive equilibrium of

Romer’s model is not Pareto optimal and the engine of economic growth can be interpreted

as a form “knowledge accumulation,” in many ways the model is still neoclassical in nature.

In particular, we will see that in reduced-form it is very similar to the baseline AK model

(except its welfare implications).

11.1. The AK Model Revisited

Let us start with the simplest neoclassical model of sustained growth, which we already

encountered in the context of the Solow growth model, in particular, Proposition 2.10 in

subsection 2.5.1. This is the so-called AK model, where the production technology is linear

in capital. We will also see that in fact what matters is that the accumulation technology is

linear, not necessarily the production technology. But for now it makes sense to start with

the simpler case of the AK economy.

11.1.1. Demographics, Preferences and Technology. Our focus in this chapter and

the next part of the book is on economic growth, and as a first pass, we will focus on balanced

economic growth, defined as a growth path consistent with the Kaldor facts (recall Chapter

2). As demonstrated in Chapter 8, balanced growth forces us to adopt the standard CRRA

preferences as in the canonical neoclassical growth model (to ensure a constant intertemporal

elasticity of substitution).

Throughout this chapter, we assume that the economy admits an infinitely-lived repre-

sentative household, with household size growing at the exponential rate n. The preferences

of the representative household at time t = 0 are given by

(11.1) U =

Z ∞

0
exp (− (ρ− n) t)

"
c (t)1−θ − 1
1− θ

#
dt.

Labor is supplied inelastically. The flow budget constraint facing the household can be written

as

(11.2) ȧ (t) = (r (t)− n)a (t) + w (t)− c (t) ,

where a (t) denotes assets per capita at time t, r (t) is the interest rate, w (t) is the wage rate

per capita, and n is the growth rate of population. As usual, we also need to impose the

no-Ponzi game constraint:

(11.3) lim
t→∞

½
a(t) exp

∙
−
Z t

0
[r(s)− n] ds

¸¾
≥ 0.
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The Euler equation for the representative household is the same as before and implies

the following rate of consumption growth per capita:

(11.4)
ċ (t)

c (t)
=
1

θ
(r (t)− ρ).

The other necessary condition for optimality of the consumer’s plans is the transversality

condition,

(11.5) lim
t→∞

½
a(t) exp

∙
−
Z t

0
[r(s)− n] ds

¸¾
= 0.

As before, the problem of the consumer is concave, thus any solution to these necessary

conditions is in fact an optimal plan.

The final good sector is similar to before, except that Assumptions 1 and 2 are not

satisfied. More specifically, we adopt the following aggregate production function:

Y (t) = AK (t) ,

with A > 0. Notice that this production function does not depend on labor, thus wage

earnings, w (t), in (11.2) will be equal to zero. This is one of the unattractive features of the

baseline AK model, but will be relaxed below (and it is also relaxed in Exercises 11.3 and

11.4). Dividing both sides of this equation by L (t), and as usual, defining k (t) ≡ K (t) /L (t)

as the capital-labor ratio, we obtain per capita output as

y (t) ≡ Y (t)

L (t)

= Ak (t) .(11.6)

Equation (11.6) has a number of notable differences from our standard production function

satisfying Assumptions 1 and 2. First, output is only a function of capital, and there are

no diminishing returns (i.e., it is no longer the case that f 00 (·) < 0). We will see that this

feature is only for simplicity and introducing diminishing returns to capital does not affect

the main results in this section (see Exercise 11.4). The more important assumption is that

the Inada conditions embedded in Assumption 2 are no longer satisfied. In particular,

lim
k→∞

f 0 (k) = A > 0.

This feature is essential for sustained growth.

The conditions for profit-maximization are similar to before, and require that the marginal

product of capital be equal to the rental price of capital, R (t) = r (t) + δ. Since, as is

obvious from equation (11.6), the marginal product of capital is constant and equal to A,

thus R (t) = A for all t, which implies that the net rate of return on the savings is constant

and equal to:

(11.7) r (t) = r = A− δ, for all t.

Since the marginal product of labor is zero, the wage rate, w (t), is zero as noted above.
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11.1.2. Equilibrium. A competitive equilibrium of this economy consists of paths

of per capita consumption, capital-labor ratio, wage rates and rental rates of capital,

[c (t) , k (t) , w (t) , R (t)]∞t=0, such that the representative household maximizes (11.1) subject

to (11.2) and (11.3) given initial capital-labor ratio k (0) and factor prices [w (t) , r (t)]∞t=0
such that w (t) = 0 for all t, and r (t) is given by (11.7).

To characterize the equilibrium, we again note that a (t) = k (t). Next using the fact that

r = A− δ and w = 0, equations (11.2), (11.4), and (11.5) imply

(11.8) k̇ (t) = (A− δ − n)k (t)− c (t)

(11.9)
ċ (t)

c (t)
=
1

θ
(A− δ − ρ),

(11.10) lim
t→∞

k(t) exp (−(A− δ − n)t) = 0.

The important result immediately follows from equation (11.9). Since the right-hand side

of this equation is constant, there must be a constant rate of consumption growth (as long

as A− δ− ρ > 0). The rate of growth of consumption is therefore independent of the level of

capital stock per person, k (t). This will also imply that there are no transitional dynamics

in this model. Starting from any k (0), consumption per capita (and as we will see, the

capital-labor ratio) will immediately start growing at a constant rate. To develop this point,

let us integrate equation (11.9) starting from some initial level of consumption c(0), which as

usual is still to be determined later (from the lifetime budget constraint). This gives

(11.11) c(t) = c(0) exp

µ
1

θ
(A− δ − ρ)t

¶
.

Since there is growth in this economy, we have to ensure that the transversality condition

is satisfied (i.e., that lifetime utility is bounded away from infinity), and also we want to

ensure positive growth (the condition A− δ− ρ > 0 mentioned above). We therefore impose:

(11.12) A > ρ+ δ > (1− θ) (A− δ) + θn+ δ.

The first part of this condition ensures that there will be positive consumption growth, while

the second part is the analog to the condition that ρ+ θg > g+ n in the neoclassical growth

model with technological progress, which was imposed to ensure bounded utility (and thus

was used in proving that the transversality condition was satisfied).

11.1.3. Equilibrium Characterization. We first establish that there are no transi-

tional dynamics in this economy. In particular, we will show that not only the growth rate

of consumption, but the growth rates of capital and output are also constant at all points in

time, and equal the growth rate of consumption given in equation (11.9).
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To do this, let us substitute for c(t) from equation (11.11) into equation (11.8), which

yields

(11.13) k̇ (t) = (A− δ − n)k (t)− c(0) exp

µ
1

θ
(A− δ − ρ)t

¶
,

which is a first-order, non-autonomous linear differential equation in k (t). This type of

equation can be solved easily. In particular recall that if

ż (t) = az (t) + b (t) ,

then, the solution is

z (t) = z0 exp (at) + exp (at)

Z t

0
exp (−as) b(s)ds,

for some constant z0 chosen to satisfy the boundary conditions. Therefore, equation (11.13)

solves for:

(11.14)

k(t) =
n
κ exp((A− δ − n) t) +

£
(A− δ)(θ − 1)θ−1 + ρθ−1 − n

¤−1 £
c(0) exp

¡
θ−1(A− δ − ρ)t

¢¤o
,

where κ is a constant to be determined. Assumption (11.12) ensures that

(A− δ)(θ − 1)θ−1 + ρθ−1 − n > 0.

From (11.14), it may look like capital is not growing at a constant rate, since it is the

sum of two components growing at different rates. However, this is where the transversality

condition becomes useful. Let us substitute from (11.14) into the transversality condition,

(11.10), which yields

lim
t→∞

[κ+
£
(A− δ)(θ − 1)θ−1 + ρθ−1 − n

¤−1
c(0) exp

¡
−
¡
A− δ)(θ − 1)θ−1 + ρθ−1 − n

¢
t
¢
] = 0.

Since (A− δ)(θ− 1)θ−1 + ρθ−1 − n > 0, the second term in this expression converges to zero

as t → ∞. But the first term is a constant. Thus the transversality condition can only be

satisfied if κ = 0. Therefore we have from (11.14) that:

k(t) =
£
(A− δ)(θ − 1)θ−1 + ρθ−1 − n

¤−1 £
c(0) exp

¡
θ−1(A− δ − ρ)t

¢¤
(11.15)

= k (0) exp
¡
θ−1(A− δ − ρ)t

¢
,

where the second line immediately follows from the fact that the boundary condition has to

hold for capital at t = 0. This equation naturally implies that capital and output grow at

the same rate as consumption.

It also pins down the initial level of consumption as

(11.16) c (0) =
£
(A− δ)(θ − 1)θ−1 + ρθ−1 − n

¤
k (0) .

Note also that in this simple AK model, growth is not only sustained, but it is also

endogenous in the sense of being affected by underlying parameters. For example, consider an

increase in the rate of discount, ρ. Recall that in the Ramsey model, this only influenced the
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level of income per capita–it could have no effect on the growth rate, which was determined

by the exogenous labor-augmenting rate of technological progress. Here, is straightforward

to verify that an increase in the discount rate, ρ, will reduce the growth rate, because it will

make consumers less patient and will therefore reduce the rate of capital accumulation. Since

capital accumulation is the engine of growth, the equilibrium rate of growth will decline.

Similarly, changes in A and θ affect the levels and growth rates of consumption, capital and

output.

Finally, we can calculate the saving rate in this economy. It is defined as total invest-

ment (which is equal to increase in capital plus replacement investment) divided by output.

Consequently, the saving rate is constant and given by

s =
K̇ (t) + δK (t)

Y (t)

=
k̇ (t) /k (t) + n+ δ

A

=
A− ρ+ θn+ (θ − 1)δ

θA
,(11.17)

where the last equality exploited the fact that k̇ (t) /k (t) = (A − δ − ρ)/θ. This equation

implies that the saving rate, which was taken as constant and exogenous in the basic Solow

model, is again constant, but is now a function of parameters, and more specifically of exactly

the same parameters that determine the equilibrium growth rate of the economy.

Summarizing, we have:

Proposition 11.1. Consider the above-described AK economy, with a representative

household with preferences given by (11.1), and the production technology given by (11.6).

Suppose that condition (11.12) holds. Then, there exists a unique equilibrium path in which

consumption, capital and output all grow at the same rate g∗ ≡ (A − δ − ρ)/θ > 0 starting

from any initial positive capital stock per worker k (0), and the saving rate is endogenously

determined by (11.17).

One important implication of the AK model is that since all markets are competitive,

there is a representative household, and there are no externalities, the competitive equilibrium

will be Pareto optimal. This can be proved either using First Welfare Theorem type reasoning,

or by directly constructing the optimal growth solution.

Proposition 11.2. Consider the above-described AK economy, with a representative

household with preferences given by (11.1), and the production technology given by (11.6).

Suppose that condition (11.12) holds. Then, the unique competitive equilibrium is Pareto

optimal.

Proof. See Exercise 11.2 ¤
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11.1.4. The Role of Policy. It is straightforward to incorporate policy differences in

to this framework and investigate their implications on the equilibrium growth rate. The

simplest and arguably one of the most relevant classes of policies are, as also discussed above,

those affecting the rate of return to accumulation. In particular, suppose that there is an

effective tax rate of τ on the rate of return from capital income, so that the flow budget

constraint of the representative household becomes:

(11.18) ȧ (t) = ((1− τ) r (t)− n)a (t) + w (t)− c (t) .

Repeating the analysis above immediately implies that this will adversely affect the

growth rate of the economy, which will now become (see Exercise 11.5):

(11.19) g =
(1− τ) (A− δ)− ρ

θ
.

Moreover, it can be calculated that the saving rate will now be

(11.20) s =
(1− τ)A− ρ+ θn− (1− τ − θ) δ

θA
,

which is a decreasing function of τ if A − δ > 0. Therefore, in this model, the equilibrium

saving rate is constant as in the basic Solow model, but in contrast to that model, it responds

endogenously to policy. In addition, the fact that the saving rate is constant implies that

differences in policies will lead to permanent differences in the rate of capital accumulation.

This observation has a very important implication. While in the baseline neoclassical growth

model, even reasonably large differences in distortions (for example, eightfold differences in τ)

could only have limited effects on differences in income per capita, here even small differences

in τ can have very large effects. In particular, consider two economies, with respective

(constant) tax rates on capital income τ and τ 0 > τ , and exactly the same technology and

preferences otherwise. It is straightforward to verify that for any τ 0 > τ ,

lim
t→∞

Y (τ 0, t)

Y (τ , t)
= 0,

where Y (τ , t) denotes aggregate output in the economy with tax τ at time t. Therefore, even

small policy differences can have very large effects in the long run. So why does the literature

focus on the inability of the standard neoclassical growth model to generate large differences

rather than the possibility that the AK model can generate arbitrarily large differences? The

reason is twofold: first, for the reasons already discussed, the AK model, with no diminishing

returns and the share of capital in national income asymptoting to 1, is not viewed as a good

approximation to reality. Second, and related to our discussion in Chapter 1, most economists

believe that the relative stability of the world income distribution in the post-war era makes

it more attractive to focus on models in which there is a stationary world income distribution,

rather than models in which small policy differences can lead to permanent growth differences.

Whether this last belief is justified is, in part, an empirical question.
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11.2. The AK Model with Physical and Human Capital

As pointed out in the previous section, a major shortcoming of the baseline AK model

is that the share of capital accruing to national income is equal to 1 (or limits to 1 as in

the variant of the AK model studied in Exercises 11.3 and 11.4). One way of enriching the

AK model and avoiding these problems is to include both physical and human capital. We

now briefly discuss this extension. Suppose the economy admits a representative household

with preferences given by (11.1). The production side of the economies represented by the

aggregate production function

(11.21) Y (t) = F (K (t) ,H (t)) ,

where H (t) denotes efficiency units of labor (or human capital), which will be accumulated

in the same way as physical capital. We assume that the production function F (·, ·) now
satisfies our standard assumptions, Assumptions 1 and 2.

Suppose that the budget constraint of the representative household is given by

(11.22) ȧ (t) = (r (t)− n)a (t) + w (t)h (t)− c (t)− ih (t) ,

where h (t) denotes the effective units of labor (human capital) on the representative house-

hold, w (t) is wage rate per unit of human capital, and ih (t) is investment in human capital.

The human capital of the representative household evolves according to the differential equa-

tion:

(11.23) ḣ (t) = ih (t)− δhh (t) ,

where δh is the depreciation rate of human capital. The evolution of the capital stock is again

given from the observation that k (t) = a (t), and we now denote the depreciation rate of

physical capital by δk to avoid confusion with δh. In this model, the representative household

maximizes its utility by choosing the paths of consumption, human capital investments and

asset holdings. Competitive factor markets imply that

(11.24) R (t) = f 0 (k (t)) and w (t) = f (k (t))− k (t) f 0 (k (t)) ,

where, now, the effective capital-labor ratio is given by dividing the capital stock by the stock

of human capital in the economy,

k (t) ≡ K (t)

H (t)
.

A competitive equilibrium of this economy consists of paths of per capita consumption,

capital-labor ratio, wage rates and rental rates of capital, [c (t) , k (t) , w (t) , R (t)]∞t=0, such

that the representative household maximizes (11.1) subject to (11.3), (11.22) and (11.23)

given initial effective capital-labor ratio k (0) and factor prices [w (t) , R (t)]∞t=0 that satisfy

(11.24).
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To characterize the competitive equilibrium, let us first set up at the current-value Hamil-

tonian for the representative household with costate variables μa and μh:

H (a, h, c, ih, μa, μk) =
c (t)1−θ − 1
1− θ

+ μa (t) [(r (t)− n)a (t) + w (t)h (t)− c (t)− ih (t)]

+μh (t) [ih (t)− δhh (t)] .

Now the necessary conditions of this optimization problem imply the following (see Exercise

11.8):

μa (t) = μh (t) = μ (t) for all t(11.25)

w (t)− δh = r (t)− n for all t
ċ (t)

c (t)
=

1

θ
(r (t)− ρ) for all t.

Combining these with (11.24), we obtain that

f 0 (k (t))− δk − n = f (k (t))− k (t) f 0 (k (t))− δh for all t.

Since the left-hand side is decreasing in k (t), while the right-hand side is increasing, this

implies that the effective capital-labor ratio must satisfy

k (t) = k∗ for all t.

We can then prove the following proposition:

Proposition 11.3. Consider the above-described AK economy with physical and human

capital, with a representative household with preferences given by (11.1), and the production

technology given by (11.21). Let k∗ be given by

(11.26) f 0 (k∗)− δk − n = f (k∗)− k∗f 0 (k∗)− δh.

Suppose that f 0 (k∗) > ρ+ δk > (1− θ) (f 0 (k∗)− δ) + nθ + δk. Then, in this economy there

exists a unique equilibrium path in which consumption, capital and output all grow at the

same rate g∗ ≡ (f 0 (k∗)− δk−ρ)/θ > 0 starting from any initial conditions, where k∗ is given

by (11.26).The share of capital in national income is constant at all times.

Proof. See Exercise 11.9 ¤

The advantage of the economy studied here, especially as compared to the baseline AK

model is that, it generates a stable factor distribution of income, with a significant fraction

of national income accruing to labor as rewards to human capital. Consequently, the current

model cannot be criticized on the basis of generating counter-factual results on the capital

share of GDP. A similar analysis to that in the previous section also shows that the current

model generates long-run growth rate differences from small policy differences. Therefore, it

can account for arbitrarily large differences in income per capita across countries. Neverthe-

less, it would do so partly by generating large human capital differences across countries. As

425



Introduction to Modern Economic Growth

such, the empirical mechanism through which these large cross-country income differences

are generated may again not fit with the empirical patterns discussed in Chapter 3. More-

over, given substantial differences in policies across economies in the postwar period, like

the baseline AK economy, the current model would suggest significant changes in the world

income distribution, whereas the evidence in Chapter 1 points to a relatively stable postwar

world income distribution.

11.3. The Two-Sector AK Model

The models studied in the previous two sections are attractive in many respects; they

generate sustained growth, and the equilibrium growth rate responds to policy, to underlying

preferences and to technology. Moreover, these are very close cousins of the neoclassical

model. In fact, as argued there, the endogenous growth equilibrium is Pareto optimal.

One unattractive feature of the baseline AK model is that all of national income accrues

to capital. Essentially, it is a one-sector model with only capital as the factor of production.

This makes it difficult to apply this model to real world situations. The model in the previous

section avoids this problem, but at some level it does so by creating another factor of pro-

duction that accumulates linearly, so that the equilibrium structure is again equivalent to the

one-sector AK economy. Therefore, in some deep sense, the economies of both sections are

one-sector models. More important than this one-sector property, these models potentially

blur key underlying characteristic driving growth in these environments. What is important

is not that the production technology is AK, but the related feature that the accumulation

technology is linear. In this section, we will discuss a richer two-sector model of neoclassical

endogenous growth, based on Rebelo’s (1991) work. This model will generate constant factor

shares in national income without introducing human capital accumulation. Perhaps more

importantly, it will illustrate the role of differences in the capital intensity of the production

functions of consumption and investment.

The preference and demographics are the same as in the model of the previous section, in

particular, equations (11.1)-(11.5) apply as before (but with a slightly different interpretation

for the interest rate in (11.4) as will be discussed below). Moreover, to simplify the analysis,

suppose that there is no population growth, i.e., n = 0, and that the total amount of labor

in the economy, L, is supplied inelastically.

The main difference is in the production technology. Rather than a single good used

for consumption and investment, we now envisage an economy with two sectors. Sector 1

produces consumption goods with the following technology

(11.27) C (t) = B (KC (t))
α LC (t)

1−α ,
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where the subscript “C” denotes that these are capital and labor used in the consumption

sector, which has a Cobb-Douglas technology. In fact, the Cobb-Douglas assumption here

is quite important in ensuring that the share of capital in national income is constant (see

Exercise 11.12). The capital accumulation equation is given by:

K̇ (t) = I (t)− δK (t) ,

where I (t) denotes investment. Investment goods are produced with a different technology

than (11.27), however. In particular, we have

(11.28) I (t) = AKI (t) .

The distinctive feature of the technology for the investment goods sector, (11.28), is that

it is linear in the capital stock and does not feature labor. This is an extreme version of

an assumption often made in two-sector models, that the investment-good sector is more

capital-intensive than the consumption-good sector. In the data, there seems to be some

support for this, though the capital intensities of many sectors have been changing over time

as the nature of consumption and investment goods has changed.

Market clearing implies:

KC (t) +KI (t) ≤ K(t),

for capital, and

LC (t) ≤ L,

for labor (since labor is only used in the consumption sector).

An equilibrium in this economy is defined similarly to that in the neoclassical economy,

but also features an allocation decision of capital between the two sectors. Moreover, since

the two sectors are producing two different goods, consumption and investment goods, there

will be a relative price between the two sectors which will adjust endogenously.

Since both market clearing conditions will hold as equalities (the marginal product of

both factors is always positive), we can simplify notation by letting κ (t) denote the share of

capital used in the investment sector

KC (t) = (1− κ (t))K (t) and KI (t) = κ (t)K(t).

From profit maximization, the rate of return to capital has to be the same when it is

employed in the two sectors. Let the price of the investment good be denoted by pI (t) and

that of the consumption good by pC (t), then we have

(11.29) pI (t)A = pC (t)αB

µ
L

(1− κ (t))K (t)

¶1−α
.

Define a steady-state (a balanced growth path) as an equilibrium path in which κ (t) is

constant and equal to some κ ∈ [0, 1]. Moreover, let us choose the consumption good as the
427



Introduction to Modern Economic Growth

numeraire, so that pC (t) = 1 for all t. Then differentiating (11.29) implies that at the steady

state:

(11.30)
ṗI (t)

pI (t)
= − (1− α) gK ,

where gK is the steady-state (BGP) growth rate of capital.

As noted above, the Euler equation for consumers, (11.4), still holds, but the relevant

interest rate has to be for consumption-denominated loans, denoted by rC (t). In other words,

it is the interest rate that measures how many units of consumption good an individual will

receive tomorrow by giving up one unit of consumption today. Since the relative price of

consumption goods and investment goods is changing over time, the proper calculation goes as

follows. By giving up one unit of consumption, the individual will buy 1/pI (t) units of capital

goods. This will have an instantaneous return of rI (t). In addition, the individual will get

back the one unit of capital, which has now experienced a change in its price of ṗI (t) /pI (t),

and finally, he will have to buy consumption goods, whose prices changed by ṗC (t) /pC (t).

Therefore, the general formula of the rate of return denominated in consumption goods in

terms of the rate of return denominated in investment goods is

(11.31) rC (t) =
rI (t)

pI (t)
+

ṗI (t)

pI (t)
− ṗC (t)

pC (t)
.

In our setting, given our choice of numeraire, we have ṗC (t) /pC (t) = 0. Moreover,

ṗI (t) /pI (t) is given by (11.30). Finally,

rI (t)

pI (t)
= A− δ

given the linear technology in (11.28). Therefore, we have

rC (t) = A− δ +
ṗI (t)

pI (t)
.

and in steady state, from (11.30), the steady-state consumption-denominated rate of return

is:

rC = A− δ − (1− α) gK .

From (11.4), this implies a consumption growth rate of

(11.32) gC ≡
Ċ (t)

C (t)
=
1

θ
(A− δ − (1− α) gK − ρ) .

Finally, differentiate (11.27) and use the fact that labor is always constant to obtain

Ċ (t)

C (t)
= α

K̇C (t)

KC (t)
,

which, from the constancy of κ(t) in steady state, implies the following steady-state relation-

ship:

gC = αgK .
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Substituting this into (11.32), we have

(11.33) g∗K =
A− δ − ρ

1− α (1− θ)

and

(11.34) g∗C = α
A− δ − ρ

1− α (1− θ)
.

What about wages? Because labor is being used in the consumption good sector, there will

be positive wages. Since labor markets are competitive, the wage rate at time t is given by

w (t) = (1− α) pC (t)B

µ
(1− κ (t))K (t)

L

¶α

.

Therefore, in the balanced growth path, we obtain

ẇ (t)

w (t)
=

ṗC (t)

pC (t)
+ α

K̇ (t)

K (t)

= αg∗K ,

which implies that wages also grow at the same rate as consumption.

Moreover, with exactly the same arguments as in the previous section, it can be estab-

lished that there are no transitional dynamics in this economy. This establishes the following

result:

Proposition 11.4. In the above-described two-sector neoclassical economy, starting from

any K (0) > 0, consumption and labor income grow at the constant rate given by (11.34),

while the capital stock grows at the constant rate (11.33).

It is straightforward to conduct policy analysis in this model, and as in the basic AK

model, taxes on investment income will depress growth. Similarly, a lower discount rate will

increase the equilibrium growth rate of the economy

One important implication of this model, different from the neoclassical growth model, is

that there is continuous capital deepening. Capital grows at a faster rate than consumption

and output. Whether this is a realistic feature is debatable. The Kaldor facts, discussed

above, include constant capital-output ratio as one of the requirements of balanced growth.

Here we have steady state and “balanced growth” without this feature. For much of the

20th century, capital-output ratio has been constant, but it has been increasing steadily over

the past 30 years. Part of the reason why it has been increasing recently but not before is

because of relative price adjustments. New capital goods are of higher quality, and this needs

to be incorporated in calculating the capital-output ratio. These calculations have only been

performed in the recent past, which may explain why capital-output ratio has been constant

in the earlier part of the century, but not recently.
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11.4. Growth with Externalities

The model that started much of endogenous growth theory and revived economists’ in-

terest in economic growth was Paul Romer’s (1986) paper. Romer’s objective was to model

the process of “knowledge accumulation”. He realized that this would be difficult in the con-

text of a competitive economy. His initial solution (later updated and improved in his and

others’ work during the 1990s) was to consider knowledge accumulation to be a byproduct

of capital accumulation. In other words, Romer introduced technological spillovers, similar

to those discussed in the context of human capital in Chapter 10. While arguably crude,

this captures an important dimension of knowledge, that knowledge is a largely non-rival

good–once a particular technology has been discovered, many firms can make use of this

technology without preventing others using the same knowledge. Non-rivalry does not imply

knowledge is also non-excludable (which would have made it a pure public good). A firm that

discovers a new technology may use patents or trade secrecy to prevent others from using it,

for example, in order to gain a competitive advantage. These issues will be discussed in the

next part of the book. For now, it suffices to note that some of the important characteristics

of “knowledge” and its role in the production process can be captured in a reduced-form way

by introducing technological spillovers. We next discuss a version of the model in Romer’s

(1986) paper, which introduces such technological spillovers as an engine of economic growth.

While the type of technological spillovers used in this model are unlikely to be important in

practice, this model is a good starting point for our analysis of endogenous technological

progress, since its similarity to the baseline AK economy makes it a very tractable model of

knowledge accumulation.

11.4.1. Preferences and Technology. Consider an economy without any population

growth (we will see why this is important) and a production function with labor-augmenting

knowledge (technology) that satisfies the standard assumptions, Assumptions 1 and 2. For

reasons that will become clear, instead of working with the aggregate production function,

let us assume that the production side of the economy consists of a set [0, 1] of firms. The

production function facing each firm i ∈ [0, 1] is

(11.35) Yi (t) = F (Ki (t) , A (t)Li (t)) ,

where Ki (t) and Li (t) are capital and labor rented by a firm i. Notice that A (t) is not

indexed by i, since it is technology common to all firms. Let us normalize the measure of

final good producers to 1, so that we have the following market clearing conditions:Z 1

0
Ki (t) di = K (t)
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and Z 1

0
Li (t) di = L,

where L is the constant level of labor (supplied inelastically) in this economy. Firms are

competitive in all markets, which implies that they will all hire the same capital to effective

labor ratio, and moreover, factor prices will be given by their marginal products, thus

w (t) =
∂F (K (t) , A (t)L)

∂L

R (t) =
∂F (K (t) , A (t)L)

∂K (t)
.

The key assumption of Romer (1986) is that although firms take A (t) as given, this stock

of technology (knowledge) advances endogenously for the economy as a whole. In particu-

lar, Romer assumes that this takes place because of spillovers across firms, and attributes

spillovers to physical capital. Lucas (1988) develops a similar model in which the structure is

identical, but spillovers work through human capital (i.e., while Romer has physical capital

externalities, Lucas has human capital externalities).

The idea of externalities is not uncommon to economists, but both Romer and Lucas

make an extreme assumption of sufficiently strong externalities such that A (t) can grow

continuously at the economy level. In particular, Romer assumes

(11.36) A (t) = BK (t) ,

i.e., the knowledge stock of the economy is proportional to the capital stock of the economy.

This can be motivated by “learning-by-doing” whereby, greater investments in certain sectors

increases the experience (of firms, workers, managers) in the production process, making the

production process itself more productive. Alternatively, the knowledge stock of the economy

could be a function of the cumulative output that the economy has produced up to now, thus

giving it more of a flavor of “learning-by-doing”.

In any case, substituting for (11.36) into (11.35) and using the fact that all firms are

functioning at the same capital-effective labor ratio, we obtain the production function of the

representative firm as

Y (t) = F (K (t) , BK (t)L) .

Using the fact that F (·, ·) is homogeneous of degree 1, we have

Y (t)

K (t)
= F (1, BL)

= f̃ (L) .
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Output per capita can therefore be written as:

y (t) ≡ Y (t)

L

=
Y (t)

K (t)

K (t)

L

= k (t) f̃ (L) ,

where again k (t) ≡ K (t) /L is the capital-labor ratio in the economy.

As in the standard growth model, marginal products and factor prices can be expressed

in terms of the normalized production function, now f̃ (L). In particular, we have

(11.37) w (t) = K (t) f̃ 0 (L)

and

(11.38) R (t) = R = f̃ (L)− Lf̃ 0 (L) ,

which is constant.

11.4.2. Equilibrium. An equilibrium is defined similarly to the neoclassical growth

model, as a path of consumption and capital stock for the economy, [C (t) ,K (t)]∞t=0 that

maximize the utility of the representative household and wage and rental rates [w (t) , R (t)]∞t=0
that clear markets. The important feature is that because the knowledge spillovers, as spec-

ified in (11.36), are external to the firm, factor prices are given by (11.37) and (11.38)–that

is, they do not price the role of the capital stock in increasing future productivity.

Since the market rate of return is r (t) = R (t)−δ, it is also constant. The usual consumer
Euler equation (e.g., (11.4) above) then implies that consumption must grow at the constant

rate,

(11.39) g∗C =
1

θ

³
f̃ (L)− Lf̃ 0 (L)− δ − ρ

´
.

It is also clear that capital grows exactly at the same rate as consumption, so the rate of

capital, output and consumption growth are all given by g∗C as given by (11.39)–see Exercise

11.15.

Let us assume that

(11.40) f̃ (L)− Lf̃ 0 (L)− δ − ρ > 0,

so that there is positive growth, but also that growth is not fast enough to violate the

transversality condition, in particular,

(11.41) (1− θ)
³
f̃ (L)− Lf̃ 0 (L)− δ

´
< ρ.

Proposition 11.5. Consider the above-described Romer model with physical capital ex-

ternalities. Suppose that conditions (11.40) and (11.41) are satisfied. Then, there exists
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a unique equilibrium path where starting with any level of capital stock K (0) > 0, capital,

output and consumption grow at the constant rate (11.39).

Proof. Much of this proposition is proved in the preceding discussion. You are asked

to verify the transversality conditions and show that there are no transitional dynamics in

Exercise 11.16. ¤

Population must be constant in this model because of the scale effect. Since f̃ (L)−Lf̃ 0 (L)
is always increasing in L (by Assumption 1), a higher population (labor force) L leads to a

higher growth rate. The scale effect refers to this relationship between population and the

equilibrium rate of economic growth. Now if population is growing, the economy will not

admit a steady state and the growth rate of the economy will increase over time (output

reaching infinity in finite time and violating the transversality condition). The implications

of positive population growth are discussed further in Exercise 11.17. Scale effects and how

they can be removed will be discussed in detail in Chapter 13.

11.4.3. Pareto Optimal Allocations. Given the presence of externalities, it is not

surprising that the decentralized equilibrium characterized in Proposition 11.5 is not Pareto

optimal. To characterize the allocation that maximizes the utility of the representative house-

hold, let us again set up on the current-value Hamiltonian. The per capita accumulation

equation for this economy can be written as

k̇ (t) = f̃ (L) k (t)− c (t)− δk (t) .

The current-value Hamiltonian is

Ĥ (k, c, μ) =
c (t)1−θ − 1
1− θ

+ μ
h
f̃ (L) k (t)− c (t)− δk (t)

i
,

and has the necessary conditions:

Ĥc (k, c, μ) = c (t)−θ − μ (t) = 0

Ĥk (k, c, μ) = μ (t)
h
f̃ (L)− δ

i
= −μ̇ (t) + ρμ (t) ,

lim
t→∞

[exp (−ρt)μ (t) k (t)] = 0.

These equations imply that the social planner’s allocation will also have a constant growth

rate for consumption (and output) given by

gSC =
1

θ

³
f̃ (L)− δ − ρ

´
,

which is always greater than g∗C as given by (11.39)–since f̃ (L) > f̃ (L)−Lf̃ 0 (L). Essentially,
the social planner takes into account that by accumulating more capital, she is improving

productivity in the future. Since this effect is external to the firms, the decentralized economy

fails to internalize this externality. Therefore we have:
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Proposition 11.6. In the above-described Romer model with physical capital externali-

ties, the decentralized equilibrium is Pareto suboptimal and grows at a slower rate than the

allocation that would maximize the utility of the representative household.

Exercise 11.18 asks you to characterize various different types of policies that can close

the gap between the equilibrium and Pareto optimal allocations.

11.5. Taking Stock

This chapter ends our investigation of neoclassical growth models. It also opens the way

for the analysis of endogenous technological progress in the next part of the book. The

models presented in this chapter are, in many ways, more tractable and easier than those we

have seen in earlier chapters. This is a feature of the linearity of the models (most clearly

visible in the AK model). This type of linearity removes transitional dynamics and leads to

a more tractable mathematical structure. Linearity, of course, is an essential feature of any

model that will exhibit sustained economic growth. If strong concavity sets in (especially

concavity consistent with the Inada conditions as in Assumption 2), sustained growth will

not be possible. Therefore, (asymptotic) linearity is an essential ingredient of any model

that will lead to sustain growth. The baseline AK model and its cousins make this linear

structure quite explicit. While this type of linearity will be not as apparent (and often will be

derived rather than assumed), it will also be a feature of the endogenous technology models

studied in the next part of the book. Consequently, many of these endogenous technology

models will be relatively tractable as well. Nevertheless, we will see that the linearity will

often result from much more interesting economic interactions than being imposed in the

aggregate production function of the economy. There is another sense in which the material

in this chapter does not do justice to issues of sustained growth. As the discussion in Chapter

3 showed, modern economic growth is largely the result of technological progress. Except

for the Romer model of Section 11.4, in the models studied in this chapter do not feature

technological progress. This does not imply that they are necessarily inconsistent with the

data. As our discussion in Chapter 3 indicated there is a lively debate about whether the

observed total factor productivity growth is partly a result of mismeasurement of inputs. If

this is the case, it could be that much of what we measure as technological progress is in fact

capital deepening, which is the bread-and-butter of economic growth in the AK model and

its variants. Consequently, the debate about the measurement of total factor productivity

has important implications for what types of models we should use for thinking about world

economic growth and cross-country income differences.

The discussion in this chapter has also revealed another important tension. Chapters

3 and 8 demonstrated that the neoclassical growth model (or the simpler Solow growth

model) have difficulty in generating the very large income differences across countries that
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we observe in the data. Even if we choose quite large differences in cross-country distortions

(for example, eightfold differences in effective tax rates), the implied steady-state differences

in income per capita are relatively modest. We have seen that this has generated a large

literature that seeks reasonable extensions of the neoclassical growth model in order to derive

more elastic responses to policy distortions or other differences across countries. The models

presented in this chapter, like those that we will encounter in the next part of the book, suffer

from the opposite problem. They imply that even small differences in policies, technological

opportunities or other characteristics of societies will lead to permanent differences in long-run

growth rates. Consequently, these models can explain very large differences in living standards

from small policy, institutional or technological differences. But this is both a blessing and a

curse. Though capable of explaining large cross-country differences, these models also predict

an ever expanding world distribution, since countries with different characteristics should

grow at permanently different rates. The relative stability of the world income distribution

in the postwar era is then a challenge to the baseline endogenous growth models. However, as

we have seen, the world income distribution is not exactly stationary. While economists more

sympathetic to the exogenous growth version of the neoclassical model emphasize the relative

stability of the world income distribution, others see stratification and increased inequality.

This debate can, in principle, be resolved by carefully mapping various types of endogenous

growth theories to postwar data.

Nevertheless, there is more to understanding the nature of the growth process and the

role of technological progress than simply looking at the postwar data. First, as illustrated in

Chapter 1, the era of divergence is not the past 60 years, but the 19th century. Therefore, it is

equally important to confront these models with historical data. Second, a major assumption

of most endogenous growth models is that each country can be treated in isolation. This

“each country as an island” approach is unlikely to be a good approximation to reality in

most circumstances, and much less so when we endogenize technology. Most economies

do not generate their own technology by R&D or other processes, but partly import or

adopt these technologies from more advanced nations (or from the world technology frontier).

Consequently, a successful mapping of the theories to data requires us to enrich these theories

and abandon the “each country as an island” assumption. We will do this later in the book

both in the context of technology flows across countries and of international trade linkages.

But the next part will follow the established literature and develop the models of endogenous

technological progress without paying much attention to cross-country knowledge flows.

11.6. References and Literature

The AK model is a special case of Rebelo’s (1991), which was discussed in greater detail

in Section 11.3 of this chapter. Solow’s (1965) book also discussed the AK model (naturally
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with exogenous savings), but dismissed it as uninteresting. A more complete treatment of

sustained neoclassical economic growth is provided in Jones and Manuelli (1990), who show

that even convex models (with production function is that satisfy Assumption 1, but naturally

not Assumption 2) are consistent with sustained long-run growth. Exercise 11.4 is a version

of the convex neoclassical endogenous growth model of Jones and Manuelli.

Barro and Sala-i-Martin (2004) discuss a variety of two-sector endogenous growth models

with physical and human capital, similar to the model presented in Section 11.2, though the

model presented here is much simpler than similar ones analyzed in the literature.

Romer (1986) is the seminal paper of the endogenous growth literature and the model

presented in Section 11.4 is based on this paper. Frankel (1962) analyzed a similar growth

economy, but with exogenous constant saving rate. The importance of Romer’s paper stems

not only from the model itself, but from two other features. The first is its emphasis on

potential non-competitive elements in order to generate long-run economic growth (in this

case knowledge spillovers). The second is its emphasis on the non-rival nature of knowledge

and ideas. These issues will be discussed in greater detail in the next part of the book.

Another paper that has played a major role in the new growth literature is Lucas (1988),

which constructs an endogenous growth model similar to that of Romer (1986), but with

human capital accumulation and human capital externalities. Lucas’ model is also similar

to the earlier contribution by Uzawa (1964). Lucas’s paper has played two major roles in

the literature. First, it emphasized the empirical importance of sustained economic growth

and thus was instrumental in generating interest in the newly emerging endogenous growth

models. Second, it emphasized the importance of human capital and especially of human

capital externalities. Since the role of human capital was discussed extensively in Chapter

10, which also showed that the evidence for human capital externalities is rather limited, we

focused on the Romer model rather than the Lucas model. It turns out that Lucas model

also generates transitional dynamics, which are slightly more difficult to characterize than

the standard neoclassical transitional dynamics. A version of the Lucas model is discussed

in Exercise 11.20.

11.7. Exercises

Exercise 11.1. Derive equation (11.14).

Exercise 11.2. Prove Proposition 11.2.

Exercise 11.3. Consider the following continuous time neoclassical growth model:

U (0) =

Z ∞

0
exp (−ρt) (c (t))

1−θ − 1
1− θ

,

with aggregate production function

Y (t) = AK (t) +BL(t),
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where A,B > 0.

(1) Define a competitive equilibrium for this economy.

(2) Set up the current-value Hamiltonian for an individual and characterize the neces-

sary conditions for consumer maximization. Combine these with equilibrium factor

market prices and derive the equilibrium path. Show that the equilibrium path

displays non-trivial transitional dynamics.

(3) Determine the evolution of the labor share of national income over time.

(4) Analyze the impact of an unanticipated increase in B on the equilibrium path.

(5) Prove that the equilibrium is Pareto optimal.

Exercise 11.4. Consider the following continuous time neoclassical growth model:

U (0) =

Z ∞

0
exp (−ρt) (c (t))

1−θ − 1
1− θ

,

with production function

Y (t) = A
h
L (t)

σ−1
σ +K (t)

σ−1
σ

i σ
σ−1

.

(1) Define a competitive equilibrium for this economy.

(2) Set up the current-value Hamiltonian for an individual and characterize the neces-

sary conditions for consumer maximization. Combine these with equilibrium factor

market prices and derive the equilibrium path.

(3) Prove that the equilibrium is Pareto optimal in this case.

(4) Show that if σ ≤ 1, sustained growth is not possible.
(5) Show that if A and σ are sufficiently high, this model generates asymptotically

sustained growth due to capital accumulation. Interpret this result.

(6) Characterize the transitional dynamics of the equilibrium path.

(7) What is happening to the share of capital in national income? Is this plausible?

How would you modify the model to make sure that the share of capital in national

income remains constant?

(8) Now assume that returns from capital are taxed at the rate τ . Determine the

asymptotic growth rate of consumption and output.

Exercise 11.5. Derive equations (11.19) and (11.20).

Exercise 11.6. Consider the neoclassical growth model with Cobb-Douglas technology

y (t) = Ak (t)α (expressed in per capita terms) and log preferences. Characterize the equilib-

rium path of this economy and show that as α→ 1, equilibrium path approaches that of the

baseline AK economy. Interpret this result.

Exercise 11.7. Consider the baseline AK model of Section 11.1 and suppose that two

otherwise-identical countries have different taxes on the rate of return on capital. Con-

sider the following calibration of the model where A = 0.15, δ = 0.05, ρ = 0.02, and θ = 3.
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Suppose that the first country has a capital income tax rate of τ = 0.2, while the second

country has a tax rate of τ 0 = 0.4. Suppose that the two countries start with the same level

of income in 1900 and experience no change in technology or policies for the next 100 years.

What will be the relative income gap between the two countries in the year 2000? Discuss

this result and explain why you do (or do not) find the implications plausible.

Exercise 11.8. Prove that the necessary conditions for consumer optimization in Section

11.2 lead to the conditions enumerated in (11.25).

Exercise 11.9. Prove Proposition 11.3.

Exercise 11.10. Prove that the competitive equilibrium of the economy in Section 11.2,

characterized in Proposition 11.3, is Pareto optimal and coincides with the solution to the

optimal growth problem.

Exercise 11.11. Show that the rate of population growth has no effect on the equilibrium

growth rate of the economies studied in Sections 11.1 and 11.2. Explain why this is. Do you

find this to be a plausible prediction?

Exercise 11.12. * Show that in the model of Section 11.3, if the Cobb-Douglas assumption

is relaxed, there will not exist a balanced growth path with a constant share of capital income

in GDP.

Exercise 11.13. Consider the effect of an increase in α on the competitive equilibrium of the

model in Section 11.3. Why does it increase the rate of capital accumulation in the economy?

Exercise 11.14. Consider a variant of the model studied in Section 11.3, where the tech-

nology in the consumption-good sector is still given by (11.27), while the technology in the

investment-good sector is modified to

I (t) = A (KI (t))
β (LI (t))

1−β ,

where β ∈ (α, 1). The labor market clearing condition requires LC (t) + LI (t) ≤ L (t). The

rest of the environment is unchanged.

(1) Define a competitive equilibrium.

(2) Characterize the steady-state equilibrium and show that it does not involve sustained

growth.

(3) Explain why the long-run growth implications of this model differ from those of

Section 11.3.

(4) Analyze the steady-state income differences between two economies taxing capital

at the rates τ and τ 0. What are the roles of the parameters α and β in determining

these relative differences? Why do the implied magnitudes differ from those in the

one-sector neoclassical growth model?
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Exercise 11.15. In the Romer model presented in Section 11.4, let g∗C be the growth rate of

consumption and g∗ the growth rate of aggregate output. Show that g∗C > g∗ is not feasible,

while g∗C < g∗ would violate the transversality condition.

Exercise 11.16. Consider the Romer model presented in Section 11.4. Prove that the allo-

cation in Proposition 11.5 satisfies the transversality condition. Prove also that there are no

transitional dynamics in this equilibrium.

Exercise 11.17. Consider the Romer model presented in Section 11.4 and suppose that

population grows at the exponential rate n. Characterize the labor market clearing conditions.

Formulate the dynamic optimization problem of a representative household and show that

any interior solution to this problem violates the transversality condition. Interpret this

result.

Exercise 11.18. Consider the Romer model presented in Section 11.4. Provide two different

types of tax/subsidy policies that would make the equilibrium allocation identical to the

Pareto optimal allocation.

Exercise 11.19. Consider the following infinite-horizon economy in discrete time that admits

a representative household with preferences at time t = 0 as

U (0) =
∞X
t=0

βt

"
C (t)1−θ − 1
1− θ

#
,

where C (t) is consumption, and β ∈ (0, 1). Total population is equal to L and there is no

population growth and labor is supplied inelastically. The production side of the economy

consists of a continuum 1 of firms, each with production function

Yi (t) = F (Ki (t) , A (t)Li (t)) ,

where Li (t) is employment of firm i at time t, Ki (t) is capital used by firm i at time t, and

A (t) is a common technology term. Market clearing implies that
R 1
0 Ki (t) di = K (t), where

K (t) is the total capital stock at time t,and
R 1
0 Li (t) di = L (t). Assume that capital fully

depreciates, so that the resource constraint of the economy is

K (t+ 1) =

Z 1

0
Yi (t) di− C (t) .

Assume also that labor-augmenting productivity at time t, A (t), is given by

(11.42) A (t) = K (t) .

(1) Explain (11.42) and why it implies a (non-pecuniary) externality.

(2) Define a competitive equilibrium (where all agents are price takers–but naturally

not all markets are complete).

(3) Show that there exists a unique balanced growth path competitive equilibrium,

where the economy grows (or shrinks) at a constant rate every period. Provide a
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condition on F , β and θ such that this growth rate is positive, but the transversality

condition is still satisfied.

(4) Argue (without providing the math) why any equilibrium must be along the balanced

growth path characterized in part 3 at all points.

(5) Is this a good model of endogenous growth? If yes, explain why. If not, contrast it

with what you consider to be better models.

Exercise 11.20. * Consider the following endogenous growth model due to Uzawa and Lucas.

The economy admits a representative household and preferences are given byZ ∞

0
exp (−ρt) C (t)

1−θ − 1
1− θ

dt,

where C (t) is consumption of the final good, which is produced as

Y (t) = AK (t)αH1−α
P (t)

where K (t) is capital and H (t) is human capital, and HP (t) denotes human capital used in

production. The accumulation equations are as follows:

K̇ (t) = I (t)− δK (t)

for capital and

Ḣ (t) = BHE (t)− δH (t)

where HE (t) is human capital devoted to education (further human capital accumulation),

and the depreciation of human capital is assumed to be at the same rate as physical capital

for simplicity (δ). The resource constraints of the economy are

I (t) + C (t) ≤ Y (t)

and

HE (t) +HP (t) ≤ H (t) .

(1) Interpret the second resource constraint.

(2) Denote the fraction of human capital allocated to production by φ (t), and calcu-

late the growth rate of final output as a function of φ (t) and the growth rates of

accumulable factors.

(3) Assume that φ (t) is constant, and characterize the balanced growth path of the

economy (with constant interest rate and constant rate of growth for capital and

output). Show that in this balanced growth path, we have r∗ ≡ B − δ and the

growth rate of consumption, capital, human capital and output are given by g∗ ≡
(B − δ − ρ) /θ. Show also that there exists a unique value of k∗ ≡ K/H consistent

with balanced growth path.

(4) Determine the parameter restrictions to make sure that the transversality condition

is satisfied.
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(5) Now analyze the transitional dynamics of the economy starting with K/H different

from k∗ [Hint: look at dynamics in three variables, k ≡ K/H, χ ≡ C/K and φ, and

consider the cases α < θ and α ≥ θ separately].
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Part 4

Endogenous Technological Change



This part of the book focuses on models of endogenous technological change. Chapter 12

discusses various different approaches to technological change and provides a brief overview of

some models of technological progress from the industrial organization literature. Chapters

13 and 14 present the baseline endogenous technological progress models developed by Romer,

Grossman and Helpman and Aghion and Howitt. Chapter 15 considers a richer class of models

in which the direction of technological change, for example, which factors technological change

will augment or complement, is also endogenous. The models presented in this part of the

book are useful for two related purposes. First, they enable us to endogenize technology, thus

allowing a more in-depth study of cross-country and over-time differences in technologies.

This is useful since, as discussed in Chapter 3, differences in technology and in the efficiency

with which factors of production are used are a major proximate cause of growth over time and

cross-country differences in economic performance. Second, endogenous technology models

provide a tractable approach to modeling sustained growth, which we will later combine with

other factors to investigate the determinants of country and world growth rates.



CHAPTER 12

Modeling Technological Change

We have so far investigated models of economic growth of exogenous or endogenous

variety. But economic growth has not resulted from technological change. Either it has been

exogenous, or it has been sustained because of a linear neoclassical technology, or it has

taken place as a byproduct of knowledge spillovers. Since our purpose is to understand the

process of economic growth, models in which growth results from technological progress and

technological change itself is a consequence of purposeful investments by firms and individuals

are much more attractive. These models not only endogenize technological progress, but they

also relate the process of technological change to the underlying market structure, anti-trust

and competition policy, and intellectual property rights policy. They will also enable us to

discuss issues of directed technical change. In this chapter, we begin with a brief discussion

of different conceptions of technological change and provide some foundations for the models

that will come later.

12.1. Different Conceptions of Technology

12.1.1. Types of Technological Change. The literature on technological change of-

ten distinguishes between different types of innovations. A first common distinction is be-

tween process and product innovation. While the latter refers to the introduction of a new

product (for example, the introduction of the first DVD player), the former is concerned

with innovations that reduce the costs of production of existing products (for example, the

introduction of new machines to produce existing goods). Although the distinction between

process and product innovations is important in the literature and in practice, we will shortly

see that many models with process innovation, in particular, those in which new innovations

introduce new types of inputs, are mathematically identical to models of product innovation.

Nevertheless, the distinction is still useful in mapping some of these theories to data.

A somewhat different type of process innovation is perhaps most important in practice

and involves the introduction of a cost-reducing technological improvement or a higher-quality

version of an existing good. Both the introduction of a better DVD player, when there are

already DVD players in the market, and the innovation to manufacture exactly the same

DVD player at lower costs would be examples of this type of innovation. The most important

implication is that these types of innovations will typically lead to the replacement of older
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vintages of the same good or machine and also to potential competition between existing

producers and the innovator. In addition, in the context of this type of innovation, one

might want to distinguish between the introduction of a higher-quality DVD player and the

production of a cheaper DVD player because heterogeneous consumers may have differential

willingness to pay for quality than for quantity. Issues of differential willingness to pay for

quality are important in the theory of industrial organization and for constructing accurate

quality-adjusted price indices. However, most growth models represent the consumer side by

a representative household and also implicitly assume perfect substitution between quality

and quantity. These features create a close connection between innovations that increase the

quality of existing products and process innovations. The following example illustrates why,

in the context of the typical growth models, quality improvements and cost reductions are

essentially equivalent.

Example 12.1. Consider an economy admitting a representative household with preferences

U (c (q) , y | q), where y stands for a generic good (perhaps representing all other goods), c is
a particular consumption good available in different qualities. Here c (q) denotes the amount

consumed of the “vintage” of this good of quality q. The utility function is also conditioned

on q. This specification implies that quality and quantity are perfect substitutes, so that

higher-quality increases the “effective units” of consumption. This is a typical assumption

in growth models, though it is clearly restrictive; the consumption (use) of five Pentium I

computers would not give the same services as the use of a single Pentium III computer.

Let the budget constraint of the representative consumer be

p (q) c (q) + y ≤ m,

where p (q) is the price of a good of quality q, the price of the generic good is normalized to

1, and m denotes the resources available to the consumer. The problem of the consumer can

then be equivalently written as

max
x(q),y

U (x (q) , y | q)

subject to
p (q)

q
x (q) + y ≤ m,

where x (q) ≡ qc (q) corresponds to the effective units of consumption of good c. It is

straightforward to see from this problem formulation that an s% increase in quality q and an

s% decline in the price p (q) have exactly the same effect on the effective units of consumption

and on welfare. This justifies the claim above that in many models, process innovations

reducing costs of production and quality improvements have identical effects.
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Another important distinction in the technological change literature is between “macro”

and “micro” innovations (see Mokyr, 1990). The first refers to radical innovations, perhaps

the introduction of general-purpose technologies, such as electricity or the computer, which

potentially changed the organization of production in many different product lines. In con-

trast, micro innovations refer to the more common innovations that introduce newer models of

existing products, improve the quality of a certain product line, or simply reduce costs. Most

of the innovations we will be discussing can be viewed as “micro innovations”. Moreover,

empirically, it appears that micro innovations are responsible for most of the productivity

growth in practice (see the evidence and discussion in Freeman (1982), Myers and Marquis

(1969) and Abernathy (1980)). We will discuss the implications of macro or general-purpose

innovations below.

12.1.2. A Production Function for Technology. A potentially confusing issue in the

study of technological progress is how to conceptualize the menu of technologies available to

firms or individuals. Since our purpose is to develop models of endogenous technology, firms

and/or individuals must have a choice over different types of technologies, with greater effort,

research spending and investment leading to better technologies. At some level, this implies

that there must exist a meta production function (a production function over production

functions), which determines how new technologies are generated as a function of inputs. We

will sometimes refer to the meta production function as the innovation possibilities frontier

or as the R&D production function.

While a meta production function may appear natural to some, there are various econo-

mists and social scientists who do not find this a compelling approach. Their argument

against the production function approach to technology is that, by its nature, innovation

includes the discovery of the “unknown”; thus how could we put that in the context of a

production function where inputs go in and outputs come out in a deterministic fashion?

Although this question has some descriptive merit (in the sense that describing the dis-

covery of new technologies with a production function obscures some important details of

the innovation process), the concern is largely irrelevant. There is no reason to assume that

the meta production function for technology is deterministic. For example, we can assume

that when a researcher puts l hours and x units of the final good into a research project,

then there will be some probability p (l, x) that any innovation will be made. Conditional on

an innovation, the quality of the good will have a distribution F (q | l, x). In this particular
formulation, both the success of the research project and the quality of the research output

conditional on success are uncertain. Nevertheless, all this can be formulated as part of

the meta production function with stochastic output. Therefore, the production function ap-

proach to technology is not particularly restrictive, as long as uncertain outcomes are allowed
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and we are willing to assume that individuals can make calculations about the effect of their

actions on the probability of success and quality of the research project. Naturally, some may

argue that such calculations are not possible. But, without such calculations we would have

little hope of modeling the process of technological change (or technology adoption). Since

our objective is to model purposeful innovations, to assume that individuals and firms can

make such calculations is entirely natural, and the existence of individuals and firms making

such calculations is equivalent to assuming the existence of a meta production function for

technologies.

12.1.3. Non-Rivalry of Ideas. Another important aspect of technology is emphasized

in Paul Romer’s work. As we already discussed in the previous chapter, Romer’s first model of

endogenous growth, Romer (1986), introduced increasing returns to scale to physical capital

accumulation. The justification for this was that the accumulation of knowledge could be

considered a byproduct of the economic activities of firms. Later work by Romer, which

we will study in the next chapter, took a very different approach to modeling the process

of economic growth, but the same key idea is present in both his early and later work: the

non-rivalry of ideas matters.

By non-rivalry, Romer means that the use of an idea by one producer to increase efficiency

does not preclude its use by others. While the same unit of labor or capital cannot be used by

multiple producers, the same idea can be used by many, potentially increasing everybody’s

productivity. Let us consider a production function of the form

F (K,L,A) ,

with A denoting “technology”. Romer argues that an important part of this technology is the

ideas or blueprints concerning how to produce new goods, how to increase quality, or how to

reduce costs. We are generally comfortable assuming that the production function F (K,L,A)

exhibits constant returns to scale in capital and labor (K and L), and we adopted this

assumption throughout the first three parts of the book. For example, replication arguments

could be used to justify this type of constant returns to scale; when capital and labor double,

the society can always open a replica of the same production facility, and in the absence of

externalities, this will (at least) double output.

Romer, then, argues that when we endogenize A, this will naturally lead to increasing

returns to scale to all three inputs,K, L andA. To understand why “non-rivalry” is important

here, imagine that A is just like any other input. Then the replication argument would require

the new production facility to replicate A as well, thus we should expect constant returns

to scale when we vary all three inputs, K, L and A. But, instead, assume that ideas are

non-rival. The new production facility does not need to re-create or to replicate A, because
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it is already out there available for all firms to use. In that case, F (K,L,A) will exhibits

constant returns in K and L, and increasing returns to scale in K,L and A.

Thus the non-rivalry of ideas and increasing returns to scale to all factors of production,

including technology, are intimately linked. This has motivated Romer to develop different

types of endogenous growth models, exhibiting different sources of increasing returns to scale,

but the non-rivalry of ideas has been a central element in all of them.

Another important implication of the non-rivalry of ideas is the market size effect, which

we will frequently encounter below. If, once discovered, an idea can be used as many times

as one wishes, then the size of its potential market will be a crucial determinant of whether

or not it is profitable to implement it and whether to research it in the first place. This is

well captured by a famous quote from Matthew Boulton, James Watt’s business partner, who

wrote to Watt:

“It is not worth my while to manufacture your engine for three countries only,

but I find it very well worth my while to make it for all the world.” (quoted

in Scherer, 1984, p. 13).

To see why non-rivalry is related to the market size effect, imagine another standard

(rival) input that is also essential for production. A greater market size will not typically

induce firms to use this other input more intensively, since a greater market size and thus

greater sales means that more of this input has to be used. It is the fact that, once invented,

non-rival ideas can be embedded in as many units desired without further costs that makes the

market size effect particularly important. In the next section, we will discuss some empirical

evidence on the importance of the market size effect.

Nevertheless, the non-rivalry of ideas does not make ideas or innovations pure public

goods. Recall that pure public goods are both non-rival and non-excludable. While some

discoveries may be, by their nature, non-excludable (for example, the “discovery” that pro-

viding excessively high-powered incentives to CEOs in the form of stock options will lead to

counterproductive incentives and cheating), most discoveries can be made partly excludable

by patenting. An important aspect of the models of technological progress will be whether

and how discoveries are protected from rivals. For this reason, intellectual property rights

protection and patent policy often play an important role in models of technological progress.

12.2. Science and Profits

Another major question for the economic analysis of technological change is whether

innovation is mainly determined by scientific constraints and stimulated by scientific break-

throughs in particular fields, or whether it is driven by profit motives. Historians and econo-

mists typically give different answers to this question. Many historical accounts of technolog-

ical change come down on the side of the “science-driven” view, emphasizing the autonomous
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progress of science, and how important breakthroughs–perhaps macro innovations discussed

above–have taken place as scientists build on each other’s work, with little emphasis on

profit opportunities. For example, in his History of Modern Computing, Ceruzzi emphasizes

the importance of a number of notable scientific discoveries and the role played by certain

talented individuals, such as John von Neumann, J. Presper Eckert, John Maucly, John

Backus, Kenneth H. Olsen, Harlan Anderson and those taking part in the Project Whirlwind

at MIT, rather than profit motives and the potential market for computers. He points out,

for example, how important developments took place despite the belief of many important

figures in the development of the computer, such as Howard Aiken, that there would not

be more than a handful of personal computers in the United States (2000, p. 13). Many

economic historians, including Rosenberg (1974) and Sherer (1984) similarly argue that a key

determinant of innovation in a particular field is the largely-exogenous growth of scientific

and engineering knowledge in that field.

In contrast, most economists believe that profit opportunities play a much more important

role, and the demand for innovation is key to understanding the process of technological

change. John Stuart Mill provides an early and clear statement of this view in his Principles

of Political Economy, when he writes:

“The labor of Watt in contriving the steam-engine was as essential a part of

production as that of the mechanics who build or the engineers who work

the instrument; and was undergone, no less than theirs, in the prospect of a

renumeration from the producers.” (1890, p. 68, also quoted in Schmookler,

1966, p. 210).

In fact, profits were very much in the minds of James Watt and his business partner,

Matthew Bolton as the previous quote illustrates. James Watt also praised the patent system

for the same reasons, arguing that: “...an engineer’s life without patent was not worthwhile”

(quoted in Mokyr, 1990, p. 248). The view that profit opportunities are the primary deter-

minant of innovation and invention is articulated by Griliches and Schmookler (1963), and

most forcefully by Schmookler’s seminal study, Invention and Economic Growth. Schmookler

writes:

“...invention is largely an economic activity which, like other economic activ-

ities, is pursued for gain.” (1966, p. 206)

Moreover, Schmookler argues against the importance of major breakthroughs in science

on economic innovation. He concludes his analysis of innovations in petroleum refining,

papermaking, railroading, and farming by stating that there is no evidence that past break-

throughs have been the major factor in new innovations. In particular, he argues: “Instead,

in hundreds of cases the stimulus was the recognition of a costly problem to be solved or a
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potentially profitable opportunity to be seized...” (1966, p. 199). Other studies of innovation

in particular industries also reach similar conclusions, see, for example, Myers and Marquis

(1969) or Langrish et al. (1974).

If potential profits are a main driver of technological change, then the market size that

will be commanded by new technologies or products will be a key determinant of innovations.

A greater market size increases profits and makes innovation and invention more desirable.

To emphasize this point, Schmookler called two of his chapters “The amount of invention is

governed by the extent of the market.” Schmokler’s argument is most clearly illustrated by

the example of the horseshoe. He documented that there was a very high rate of innova-

tion throughout the late nineteenth and early twentieth centuries in the ancient technology

of horseshoe making, and no tendency for inventors to run out of additional improvements.

On the contrary, inventions and patents increased because demand for horseshoes was high.

Innovations came to an end only when “the steam traction engine and, later, internal com-

bustion engine began to displace the horse...” (1966, p. 93). The classic study by Griliches

(1957) on the spread of hybrid seed corn in the U.S. agriculture also provides support for

the view that technological change and technology adoption are closely linked to profitability

and market size.

A variety of more recent papers also reach similar conclusions. An interesting paper

by Newell, Jaffee and Stavins (1999) shows that between 1960 and 1980, the typical air-

conditioner sold at Sears became significantly cheaper, but not much more energy-efficient.

On the other hand, between 1980 and 1990, there was little change in costs, but air-

conditioners became much more energy-efficient, which, they argue, was a response to higher

energy prices. This seems to be a clear example of the pace and the type of innovation

responding to profit incentives. In a related study, Popp (2002) finds a strong positive cor-

relation between patents for energy-saving technologies and energy prices and thus confirms

the overall picture resulting from the Newell, Jaffee and Stavins study.

Evidence from the pharmaceutical industry also illustrates the importance of profit incen-

tives and especially of the market size on the rate of innovation. Finkelstein (2003) exploits

three different policy changes affecting the profitability of developing new vaccines against 6

infectious diseases: the 1991 Center for Disease Control recommendation that all infants be

vaccinated against hepatitis B, the 1993 decision of Medicare to cover the costs of influenza

vaccinations, and the 1986 introduction of funds to insure vaccine manufactures against

product liability lawsuits for certain kinds of vaccines. She finds that increases in vaccine

profitability resulting from these policy changes are associated with a significant increase in

the number of clinical trials to develop new vaccines against the relevant diseases. Acemoglu

and Linn (2004) look at demographic-driven exogenous changes in the market size for drugs
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of different types and find a significant response in the rate of innovation to these changes in

market sizes.

Overall, the evidence suggests that the market size is a major determinant of innovation

incentives and the amount and type of technological change. This evidence motivates the

types of models we will study, where technological change will be an economic activity and will

respond to profit incentives rather than simply being driven by exogenous scientific processes.

12.3. The Value of Innovation in Partial Equilibrium

Let us now turn to the analysis of the value of innovation and R&D to a firm. The

equilibrium value of innovation and the difference between this private value and the social

value (i.e., the value to a social planner internalizing externalities) will play a central role

in our analysis below. All of the growth models we have studied so far, as well as most of

those we will study next, are dynamic general equilibrium models. In fact, as emphasized

at the beginning, economic growth is a process we can only understand in the context of

general equilibrium analysis. Nevertheless, it is useful to start our investigation of the value

of innovation in partial equilibrium, where much of the industrial organization literature

starts.

Throughout this section, we consider a single industry. Firms in this industry have access

to an existing technology that enables firms to produce one unit of the product at the marginal

cost ψ > 0. The demand side of the industry is modeled with a demand curve

Q = D (p) ,

where p is the price of the product and Q is the demand at this price. Throughout we

assume that D (p) is strictly decreasing, continuously differentiable and satisfies the following

conditions:

D (ψ) > 0 and εD (p) ≡ −
pD0 (p)

D (p)
∈ (1,∞) .

The first ensures that there is positive demand when price is equal to marginal cost, and the

second ensures that the elasticity of demand, εD (p), is always greater than 1, so that when we

consider monopoly pricing, there will exist a well-defined profit-maximizing price. Moreover,

this elasticity is less than infinity, so that the monopoly price will be above marginal cost.

Throughout this chapter and whenever we analyze economies with monopolistic competi-

tion, oligopolies or potential monopolies, equilibrium refers to Nash equilibrium or subgame

perfect Nash equilibrium (when the game in question is dynamic).

12.3.1. No Innovation with Pure Competition. Suppose first that there is a large

number of firms, say N firms, with access to the existing technology. Now imagine that

one of these firms, say firm 1, also has access to a research technology for generating a

process innovation. In particular, let us simplify the discussion and suppose that there is no
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uncertainty in research, and if the firm incurs a cost μ > 0, it can innovate and reduce the

marginal cost of production to ψ/λ, where λ > 1. Let us suppose that this innovation is

non-rival and is also non-excludable, either because it is not patentable or because the patent

system does not exist.

Let us now analyze the incentives of this firm in undertaking this innovation. We first

look at the equilibrium without the innovation. Clearly, the presence of a large number of

N firms, all with the same technology with marginal cost ψ, implies that the equilibrium

price will be pN = ψ, where the superscript N denotes “no innovation”. The total quantity

demanded will be D (ψ) > 0 and can be distributed among the N firms in any arbitrary

fashion. Since price is equal to marginal cost, the profits of firm 1 in this equilibrium will be

πN1 =
¡
pN − ψ

¢
qN1

= 0,

where qN1 denotes the amount supplied by this firm.

Now imagine that firm 1 innovates, but because of non-excludability, the innovation

can be used by all the other firms in the industry. The same reasoning implies that the

equilibrium price will be pI = λ−1ψ, and total quantity supplied by all the firms will equal

D
¡
λ−1ψ

¢
> D (ψ). Then, the net profits of firm 1 following innovation will be

πI1 =
¡
pI − λ−1ψ

¢
qI1 − μ

= −μ < 0.

Therefore, if it undertakes the innovation, firm 1 will lose money. The reason for this is

simple. The firm incurs the cost of innovation, μ, but because the knowledge generated by

the innovation is non-excludable, it is unable to appropriate any of the gains from innovation.

This simple example underlies a claim dating back to Schumpeter that pure competition will

not generate innovation.

Clearly, this outcome is potentially very inefficient. For example, μ could be arbitrarily

small (but still positive), while λ, the gain from innovation, can be arbitrarily large, but

the equilibrium would still involve no innovation. For future reference, let us calculate the

social value of innovation, which is the additional gain resulting from innovation. A natural

measure of social value is in the sum of the consumer and producer surpluses generated from

the innovation. Presuming that after innovation, the good will be priced at marginal cost,

this social value is

SI =

Z ψ

λ−1ψ
D (p) dp− μ(12.1)

=

Z ψ

λ−1ψ
[D (p)−D (ψ)] dp+D (ψ)λ−1 (λ− 1)ψ − μ.
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The first term in the second line is the increase in consumer surplus because of the expansion

of output as the price falls from ψ to λ−1ψ (recall that price is equal to marginal cost in this

social planner’s allocation). The second term is the savings in costs for already produced

units; in particular, there is a saving of λ−1 (λ− 1)ψ on D (ψ) units. Finally, the last term

is the cost of innovation. Depending on the shape of the function D (p), the values of λ and

μ, this social value of innovation can be quite large.

12.3.2. Some Caveats. The above example illustrates the problem of innovation under

pure competition in a very sharp way. The main problem is the inability of the innovator

to exclude others from using this innovation. One way of ensuring such excludability is via

the protection of intellectual property rights or a patent system, which will create ex post

monopoly power for the innovator. This type of intellectual property right protection is

present in most countries and will play an important role in many of the models we study

below.

Before embarking on an analysis of the implications of ex post monopoly power of in-

novators, there are a number of caveats we should emphasize. First, even without patents,

“trade secrecy” may be sufficient to provide some incentives for innovation. Second, firms

may engage in innovations that are only appropriate for their own firm, making their in-

novations de facto excludable. For example, imagine that at the same cost, the firm can

develop a new technology that reduces the marginal cost of production by only λ0 < λ. But

this technology is specific to the needs and competencies of the current firm and cannot be

used by any other (or alternatively, λ/λ0 is the “proportional” cost of making the innovation

“excludable”). We will show that the adoption of this technology may be profitable for the

firm, since the specificity of the innovation firm acts exactly like patent protection (see next

subsection and also Exercise 12.5). Therefore, some types of innovations, in particular those

protected by trade secrecy, can be undertaken under pure competition.

Finally, a number of authors have recently argued that innovations in competitive markets

are possible, when firms are able to replicate the technology and sell it to competitors during

a certain interval of time before being imitated by others (e.g., Hellwig and Irmen, 2001,

Walde, 2002, and Boldrin and Levine, 2003).

12.3.3. Innovation and Ex Post Monopoly. Let us now return to the same environ-

ment as above, and suppose that if firm 1 undertakes a successful innovation it can obtain

a fully-enforced patent. Once this happens, firm 1 will have better technology than the rest

of the firms, and will possess ex post monopoly power. This monopoly power will enable the

firm to earn profits from the innovation, potentially encouraging its research activity in the

first place. This is the basis of the claim by Schumpeter, Arrow, Romer and others that there

is an intimate link between ex post monopoly power and innovation.
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Let us now analyze this situation in a little more detail. It is useful to separate two cases:

(1) Drastic innovation: a drastic innovation corresponds to a sufficiently high value of λ

such that firm 1 becomes an effective monopolist after the innovation. To determine

which values of λ will lead to a situation of this sort, let us first suppose that firm

1 does indeed act like a monopolist. This implies that it will choose its price to

maximize

πI1 = D (p)
¡
p− λ−1ψ

¢
.

The first-order condition of this maximization is

D0 (p)
¡
p− λ−1ψ

¢
+D (p) = 0.

Clearly the solution to this equation gives the standard monopoly pricing formula

(see Exercise 12.1):

(12.2) pM ≡ λ−1ψ

1− εD (p)
−1 .

We say that the innovation is drastic if pM ≤ ψ. It is clear that this will be the case

when

λ ≥ λ∗ ≡ 1

1− εD (p)
−1 .

When the innovation is drastic, firm 1 can set its unconstrained monopoly price,

pM , and capture the entire market.

(2) Limit pricing: when the innovation is not drastic, so that pM > ψ or alternatively,

when λ < λ∗, the equilibrium will involve limit pricing, where firm 1 sets the price

p1 = ψ,

so as to make sure that it still captures the entire market (since in this case if it

were to set p1 = pM , other firms can profitably undercut firm 1). This type of

limit pricing arises in many situations. In the case we have just discussed, limit

pricing results from process innovations by some firms that now have access to a

better technology than their rivals. Alternatively, it can also arise when a fringe of

potential entrants can imitate the technology of a firm (either at some cost or with

lower efficiency) and the firm may be forced to set a limit price in order to prevent

the fringe from stealing its customers.

We summarize this discussion in the next proposition. Recall that the difference between

the drastic innovation and limit pricing cases corresponds to different values of λ–i.e., it

depends on whether or not λ is greater than λ∗.

Proposition 12.1. Consider the above-described industry. Suppose that firm 1 under-

takes an innovation reducing marginal cost of production from ψ to λ−1ψ. If pM ≤ ψ (or if
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λ ≥ λ∗), then firm 1 sets the unconstrained monopoly price p1 = pM and makes profits

(12.3) π̂I1 = D
¡
pM
¢ ¡
pM − λ−1ψ

¢
− μ.

If pM > ψ (if λ < λ∗), then firm 1 sets the limit price p1 = ψ and makes profits

(12.4) πI1 = D (ψ)λ−1 (λ− 1)ψ − μ < π̂I1.

Proof. The proof of this proposition involves solving for the equilibrium of an asym-

metric cost Bertrand competition game. While this is standard, it is useful to repeat it,

especially to see why in equilibrium, all demand must be met by the low cost firm. Exercise

12.2 asks you to work through the steps of the proof. ¤

The fact that π̂I1 > πI1 is intuitive, since the former refers to the case where λ is greater

than λ∗, whereas in the latter, firm 1 has a sufficiently low λ that it is forced to charge a

price lower than the profit-maximizing monopoly price because of the competition by the

remaining firms (still producing at marginal cost ψ).

It can also be easily verified that both π̂I1 and πI1 can be strictly positive, so that with

ex post monopoly innovation becomes possible. This corresponds to a situation in which we

start with pure competition, but one of the firms undertakes an innovation in order to escape

competition and gains ex post monopoly power. The fact that the ex post monopoly power is

important for providing incentives to undertake innovations is consistent with Schumpeter’s

emphasis on the role of monopoly in generating innovations.

Now returning to the discussion in the previous subsection, we can also see that trade

secrecy or innovations that are specific only for the needs of the firm in question will act in

the same way as ex post patent protection in encouraging innovation (see Exercise 12.5).

Note also that the expressions for π̂I1 and πI1 in this proposition also give the value

of innovation to firm 1, since without innovation, it would make zero profits. Given this

observation, we now contrast the value of innovation for firm 1 in these two regimes with the

social value of innovation, which is still given by (12.1). Moreover, we can also compare social

values in the equilibrium in which innovation is undertaken by firm 1 (who will charge the

profit-maximizing price) to the full social value of innovation in (12.1), which applies when

the product is priced at marginal cost. The equilibrium social surplus in the regimes with

monopoly and limit pricing (again corresponding to the cases in which λ is greater than or

less than λ∗) can be computed as

bSI1 = D
¡
pM
¢ ¡
pM − λ−1ψ

¢
+

Z ψ

pM
D (p) dp− μ, and(12.5)

SI1 = D (ψ)λ−1 (λ− 1)ψ − μ.

We then have the following result:
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Proposition 12.2. We have that

πI1 < π̂I1 < SI .

SI1 < bSI1 < SI .
Proof. See Exercise 12.3. ¤

This proposition states that the social value of innovation is always greater than the

private value in two senses. First, the first line states that a social planner interested in max-

imizing consumer and producer surplus will always be more willing to adopt an innovation,

because of an appropriability effect ; the firm, even if it has ex post monopoly rights, will

be able to appropriate only a portion of the gain in consumer surplus created by the better

technology. Second, the second line implies that even conditional on innovation, the gain

in social surplus is always less in the equilibrium supported by ex post monopoly than the

gain that the social planner could have achieved (by also controlling prices). Therefore, even

though ex post monopoly power (for example, generated by patents) can induce innovation,

the incentives for innovation and the equilibrium allocations following an innovation are still

inefficient. Note also that bSI1 can be negative, so that a potentially productivity-enhancing
process innovation can reduce social surplus because of the cost of innovation, μ. However,

it can be shown that if π̂I1 > 0, then bSI1 > 0, which implies that excessive innovation is

not possible in this competitive environment (see Exercise 12.4). This will contrast with the

results in the next subsection.

12.3.4. The Value of Innovation to a Monopolist: The Replacement Effect.

Let us now analyze the same industry as in the previous subsection, but assuming that firm 1

is already an unconstrained monopolist with the existing technology. Then with the existing

technology, this firm would set the monopoly price of

p̂M ≡ ψ

1− εD (p)
−1

and make profits equal to

(12.6) π̂N1 = D
¡
p̂M
¢ ¡
p̂M − ψ

¢
.

If it undertakes the innovation, it will reduce its marginal cost to λ−1ψ and still remain an

unconstrained monopolist. Therefore, its profits will be given by π̂I1 as in (12.3), with the

monopoly price pM given by (12.2). Now the value of innovation to the monopolist is

∆π̂I1 = π̂I1 − π̂N1

= D
¡
pM
¢ ¡
pM − λ−1ψ

¢
−D

¡
p̂M
¢ ¡
p̂M − ψ

¢
− μ,

where π̂I1 is given by (12.3) and π̂N1 by (12.6).
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Proposition 12.3. We have that

∆π̂I1 < πI1 < π̂I1,

so that a monopolist always has lower incentives to undertake innovation than a competitive

firm.

Proof. See Exercise 12.6. ¤

This result, which was first pointed out in Arrow’s (1962) seminal paper, is referred to as

the replacement effect. The terminology reflects the intuition for the result; the monopolist

has lower incentives to undertake innovation than the firm in a competitive industry because

with its innovation will replace its own already existing profits. In contrast, a competitive

firm would be making zero profits and thus had no profits to replace.

An immediate and perhaps more useful corollary of this proposition is the following:

Corollary 12.1. An entrant will have stronger incentives to undertake an innovation

than an incumbent monopolist.

The potential entrant is making zero profits without the innovation. If it undertakes the

innovation it will become the ex post monopolist and make profits equal to πI1 or π̂
I
1. Both of

these are greater than the additional profits that the incumbent would make by innovating,

∆π̂I1. This is a direct consequence of the replacement effect; while the incumbent would be

replacing its own profit-making technology, the entrant would be replacing the incumbent.

The replacement effect and this corollary imply that in many models entrants have stronger

incentives to invest in R&D than incumbents.

The observation that entrants will often be the engine of process innovations takes us

to the realm of Schumpeterian models. Joseph Schumpeter characterized the process of

economic growth as one of creative destruction, meaning a process in which economic progress

goes hand-in-hand with the destruction of some existing productive units. Put differently,

innovation is driven by the prospect of monopoly profits. Because of the replacement effect,

it will be entrants, not incumbents, that undertake greater R&D towards inventing and

implementing process innovations. Consequently, innovations will displace incumbents and

destroy their rents. According to Schumpeter, this process of creative destruction is the

essence of the capitalist economic system. We will see, especially in Chapter 14, that the

process of creative destruction can be the essence of economic growth as well.

In addition to providing an interesting description of the process of economic growth and

highlighting the importance of the market structure, the process of creative destruction is

important because it also brings political economy interactions to the fore of the question of

economic growth. If economic growth will take place via creative destruction, it will create

losers, in particular, the incumbents who are currently enjoying profits and rents. Since we
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expect incumbents to be politically powerful, this implies that many economic systems will

create powerful barriers against the process of economic growth. Political economy of growth

is partly about understanding the opposition of certain firms and individuals to technological

progress and studying whether this opposition will be successful.

There is another, perhaps more surprising, implication of the analysis in this subsection.

This relates to the business stealing effect, which is closely related to the replacement effect.

The entrant, by replacing the incumbent, is also stealing the business of the incumbent. The

above discussion suggests that this business stealing effect helps closing the gap between

the private and the social values of innovation. It is also possible, however, for the business

stealing effect to lead to excessive innovation by the entrant. To see the possibility of excessive

innovation, let us first look at the total surplus gain from an innovation starting with the

monopolist. Suppose to simplify the discussion that the innovation in question is drastic, so

that if the entrant undertakes this innovation, it can set the unconstrained monopoly price

pM as given by (12.2) above. Therefore, the social value of innovation is bSI1 as given by
(12.5).

Proposition 12.4. It is possible that bSI1 < π̂I1,

so that the entrant has excessive incentives to innovate.

Proof. See Exercise 12.8. ¤

Intuitively, the social planner values the profits made by the monopolist, since these are

part of the “producer surplus”. In contrast, the entrant only values the profits that it will

make if it undertakes the innovation. This is the essence of the business stealing effect and

creates the possibility of excessive innovations. This result is important because it points out

that, in general, it is not clear whether the equilibrium will involve too little or too much

innovation. Whether or not it does so depends on how strong the business stealing effect is

relative to the appropriability effect discussed above.

12.4. The Dixit-Stiglitz Model and “Aggregate Demand Externalities”

The analysis in the previous section focused on the private and the social values of in-

novations in a partial equilibrium setting. In growth theory, most of our interest will be in

general equilibrium models of innovation. This requires a tractable model of industry equilib-

rium, which can then be embedded in a general equilibrium framework. The most widely-used

model of industry equilibrium is the model developed by Dixit and Stiglitz (1977) and Spence

(1976), which captures many of the key features of Chamberlin’s (1933) discussion of monop-

olistic competition. Chamberlin (1933) suggested that a good approximation to the market

459



Introduction to Modern Economic Growth

structure of many industries is one in which each firm faces a downward sloping demand curve

(thus has some degree of monopoly power), but there is also free entry into the industry, so

that each firm (or at the very least, the marginal firm) makes zero profits.

The distinguishing feature of the Dixit-Stiglitz-Spence model (or Dixit-Stiglitz model for

short) is that it allows us to specify a structure of preferences that leads to constant monopoly

markups. This turns out to be a very convenient feature in many growth models, though it

also implies that this model may not be particularly well suited to situations in which market

structure and competition affect monopoly markups. In this section, we present a number of

variants of the Dixit Stiglitz model and emphasize its advantages and shortcomings.

12.4.1. The Dixit-Stiglitz Model with a Finite Number of Products. Consider

a static economy that admits a representative household with preferences given by

(12.7) U (c1, ..., cN , y) = u (C, y) ,

where

(12.8) C ≡
Ã

NX
i=1

c
ε−1
ε

i

! ε
ε−1

is a consumption index of N differentiated “varieties,” c1, ..., cN , of a particular good and y

stands for a generic good, representing all other consumption. The function u (·, ·) is strictly
increasing and continuously differentiable in both of its arguments and is jointly strictly

concave. The parameter ε in (12.8) represents the elasticity of substitution between the

differentiated varieties and we assume that ε > 1. The key feature of (12.8) is that it features

love-for-variety, meaning that the greater is the number of differentiated varieties that the

individual consumes, the higher is his utility. The aggregator over the different consumption

varieties in (12.8) will appear in many different models of technological change and economic

growth in the remainder of the book. We will refer to it as a Dixit-Stiglitz aggregator or more

often, as a CES aggregator (where CES stands for constant elasticity of substitution).

More specifically, consider the case in which

c1 = ... = cN =
C̄

N
,

so that the individual purchases a total of C̄ units of differentiated varieties, distributed

equally across all N varieties. Substituting this into (12.7) and (12.8), we obtain

U

µ
C̄

N
, ...,

C̄

N
, y

¶
= u

³
N

1
ε−1 C̄, y

´
,

which is strictly increasing in N (since ε > 1) and implies that for a fixed total C̄ units of

differentiated commodities, the larger is the number of varieties over which this total number

of units are distributed, the higher is the utility of the individual. This is the essence of the

love-for-variety utility function. What makes this utility function convenient is not only this
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feature, but also the fact that individual demands take a very simple iso-elastic form. To

derive the demand for individual varieties, let us normalize the price of the y good to 1 and

denote the price of variety i by pi and the total money income of the individual by m. Then

the budget constraint of the individual takes the form

(12.9)
NX
i=1

pici + y ≤ m.

The maximization of (12.7) subject to (12.9) implies the following first-order condition be-

tween varieties: µ
ci
ci0

¶− 1
ε

=
pi
pi0
for any i,i0.

To write this first-order condition in a more convenient form, let P denote the price index

corresponding to the consumption index C. Then combining the first-order conditions, we

obtain

(12.10)
³ci
C

´− 1
ε
=

pi
P
for i = 1, ..., N.

This first-order condition for the consumption index immediately implies that (see Exercise

12.10):

(12.11) P ≡
Ã

NX
i=1

p1−εi

! 1
1−ε

.

Since P is the price index corresponding to the consumption index C, it is typically referred

to as the ideal price index. In many circumstances, it will be convenient to choose this ideal

price index as the numeraire. Note, however, that we cannot set this as the price index in this

particular instance, since we have already written the budget constraint in terms of money

income, m, and normalized the price of good y to 1.

The choice between C and y is straightforward in this case and boils down to the maxi-

mization of the utility function u (C, y) subject to the budget constraint

PC + y ≤ m,

where we combined (12.10) and (12.11) with the budget constraint, (12.9), in order to obtain a

budget constraint expressed in terms of C and y. Now this maximization yields the following

intuitive first-order condition:
∂u (C, y) /∂y

∂u (C, y) /∂C
=
1

P
,

which assumes that the solution is interior, an assumption we maintain throughout this

section to simplify the discussion. The strict joined concavity of u, combined with the budget
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constraint, implies that this first-order condition can be expressed as

y = g (P,m)(12.12)

C =
m− g (P,m)

P
,

for some function g (·, ·).
Next, let us consider the production of the varieties. Suppose that each variety can

only be produced by a single firm, who is thus an effective monopolist for this particular

commodity. Also assume that all monopolists are owned by the representative household and

maximize profits.

Recall that the marginal cost of producing each of these varieties is constant and equal

to ψ. Let us first write down the profit maximization problem of one of these monopolists:

(12.13) max
pi

µ³pi
P

´−ε
C

¶
(pi − ψ) ,

where the term in the first parentheses is ci (recall (12.10)) and the second is the difference

between price and marginal cost. The complication in this problem comes from the fact that

P and C are potentially functions of pi. However, for N sufficiently large, the effect of pi
on these can be ignored and the solution to this maximization problem becomes very simple

(see Exercise 12.11). This enables us to derive the optimal price in the form of a constant

markup over marginal cost:

(12.14) pi = p =
ε

ε− 1ψ for each i = 1, ..., N .

This result follows because when the effect of firm i’s price choice on P and C are ignored,

the demand function facing the firm, (12.10), is iso-elastic with an elasticity ε > 1. Since

each firm charges the same price, the ideal price index P can be computed as

(12.15) P = N− 1
ε−1

ε

ε− 1ψ.

Using this expression the profits for each firm are obtained as

πi = π = N− ε
ε−1C

1

ε− 1ψ for each i = 1, ...,N .

Profits are decreasing in the price elasticity for the usual reasons. In addition, profits are

increasing in C because this is the total amount of expenditure on these differentiated goods,

and they are decreasing in N , since for given C a larger number of varieties means less

spending on each variety.

However, the total impact of N on profits can be positive. To see this, let us substitute

for P from (12.15) to obtain

C = N
1

ε−1
ε− 1
εψ

µ
m− g

µ
N− 1

ε−1
ε

ε− 1ψ,m
¶¶
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and

π =
1

εN

µ
m− g

µ
N− 1

ε−1
ε

ε− 1ψ,m
¶¶

.

It can be verified that depending on the form of the g (·) function, which in turn depends on
the shape of the utility function u in (12.7), profits can be increasing in the number of varieties

(see Exercise 12.12). This may at first appear somewhat surprising: typically, we expect a

greater number of competitors to reduce profits. But the love-for-variety effect embedded

in the Dixit-Stiglitz preferences creates a countervailing effect, which is often referred to as

an aggregate demand externality in the macroeconomics literature. The basic idea is that

a higher N raises the utility from consuming each of the varieties because of the love-for-

variety effect. The impact of the entry of a particular variety (or the impact of the increase

in the production of a particular variety) on the demand for other varieties is a pecuniary

externality. This pecuniary externality will play an important role in many of the models of

endogenous technological change and we will encounter it again in models of poverty traps

in Chapter 21.

12.4.2. The Dixit-Stiglitz Model with a Continuum of Products. As discussed in

the last subsection and analyzed further in Exercise 12.12, when N is finite, the equilibrium in

which each firm charges the price given by (12.14) may be viewed as an approximation (where

each firm only has a small effect on the ideal price index and thus ignores this effect). An

alternative modeling assumption would be to assume that there is a continuum of varieties.

When there is a continuum of varieties, (12.14) is no longer an approximation. Moreover,

such a model will be more tractable because the number of firms, N , need not be an integer.

For this reason, the version of the Dixit-Stiglitz model with a continuum of products is often

used in the literature and will also be used in the rest of this book.

This version of the model is very similar to the one discussed in the previous subsection,

except that the utility function of the representative household now takes the form

U
³
[ci]

N
i=0 , y

´
= u (C, y) ,

where now

C ≡
µZ N

0
c
ε−1
ε

i di

¶ ε
ε−1

and N denotes the measure of varieties. The budget constraint facing the representative

household is Z N

0
picidi+ y ≤ m.

An identical analysis leads to utility maximizing decisions given by (12.10) and to the ideal

price index

P =

µZ N

0
p1−εi di

¶ 1
1−ε

.
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Using the definition of the ideal price index and (12.10), we obtain the budget constraint as

PC + y ≤ m.

Equation (12.12) then determines y and C. Since the supplier of each variety is infinitesimal,

their prices have no effect on P and C. Consequently, the profit-maximizing pricing decision

in (12.14) obtains exactly, and each firm has profits given by

π =
1

εN
ψ

µ
m− g

µ
N− 1

ε−1
ε

ε− 1ψ,m
¶¶

,

where g (·) is defined as (12.12) in the previous subsection.
Now using this expression, we can endogenize the entry margin. Imagine, for example,

that there is an infinite number of potential different varieties, and a particular firm can adopt

one of these varieties at some fixed cost μ > 0 and enter the market. Consequently, as in

the Chamberlin’s (1933) model of monopolistic competition, in equilibrium all varieties will

make zero profits because of free entry. This implies that the following zero-profit condition

has to hold for all entrants and thus for all varieties:

(12.16)
1

εN
ψ

µ
m− g

µ
N− 1

ε−1
ε

ε− 1ψ,m
¶¶

= μ.

As we will see in the next chapter, there is an intimate link between entry by new products

(firms) and technological change. Leaving a detailed discussion of this connection to the next

chapter, here we can ask a simpler question: do the aggregate demand externalities imply

that there is too little entry in a model of this sort? The answer is not necessarily. While

the aggregate demand externalities imply that firms do not take into account the positive

benefits their entry creates on other firms, the business stealing effect identified above is still

present and implies that entry may also reduce the demand for existing products. Thus, in

general, whether there is too little or too much entry in models of product differentiation

depends on the details of the model and the values of the parameters (see Exercise 12.13).

12.4.3. Objectives of Monopolistic Firms. It is also useful to briefly discuss the ob-

jectives of monopolistically competitive firms in the Dixit-Stiglitz model (and related models).

Throughout, I follow the industrial organization and the growth literatures and assume that

all firms maximize profits, even when they are owned by a “representative household”. One

may object to this assumption, noting that the representative household would be better-off

if firms pursued a non-profit maximizing strategy. However, profit maximization is still the

right objective function for firms. This is because an allocation in which firms do not maxi-

mize profits (instead act in the way that a social planner would like them to act) cannot be

an equilibrium. To see this, note that the representative household is itself a price taker–for

example, it represents a large number of identical price-taking households. If some firms did

not maximize profits, then the households would refuse to hold the stocks of these firms in
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their portfolios and there would be entry by other profit-maximizing firms instead. Thus, as

long as the representative household or the set of households on the consumer side act as

price-takers (as we have assumed to be the case throughout), profit maximization is the only

consistent strategy for the monopolistically competitive firms.

The only caveat to this arises from a different type of deviation on the production side.

In particular, a single firm may buy all of the monopolistically competitive firms and act as

the single producer in the economy. This firm might then ensure an allocation that makes

consumers better-off relative to the equilibrium allocation considered here. Nevertheless, I

ignore this type of deviation for two reasons. First, as usual we are taking the market structure

as given, and the market structure here is monopolistic competition not pure monopoly. A

single firm owning all production units would correspond to an entirely different market

structure, with much less realism and relevance to the issues studied here. Second, in a

related model Acemoglu and Zilibotti (1997) show that a single firm owning all production

units would not be an equilibrium either because the possibility of free entry would encourage

the entry of profit-maximizing firms at the margin, disrupting the equilibrium with the single

producer. Given these considerations, throughout the book I assume that firms are profit

maximizing.

12.4.4. Limit Prices in the Dixit-Stiglitz Model. We have already encountered

how limit prices can arise in the previous section, when process innovations are non-drastic

relative to the existing technology. Another reason why limit prices can arise is because of the

presence of a “competitive” fringe of firms that can imitate the technology of monopolists.

This type of competitive pressure from the fringe of firms is straightforward to incorporate

into the Dixit-Stiglitz model and will be useful in later chapters as a way of parameterizing

competitive pressures.

Let us assume that there is a large number of fringe firms that can imitate the technology

of the incumbent monopolists. Let us assume that this imitation is equivalent to the pro-

duction of a similar good and is not protected by patents. It may be reasonable to assume

that the imitating firms will be less efficient than those who have invented the variety and

produced it for a while. A simple way of capturing this would be to assume that while the

monopolist creates a new variety by paying the fixed cost μ and then having access to a

technology with the marginal cost of production of ψ, the fringe of firms do not pay any fixed

costs, but can only produce with a marginal cost of γψ, where γ > 1.

Similar to the analysis in the previous section, if γ ≥ ε/ (ε− 1), then the fringe is suffi-
ciently unproductive that they cannot profitably produce even when the monopolists charge

the unconstrained monopoly price given in (12.14). Instead, when γ < ε/ (ε− 1), the monop-
olists will be forced to charge a limit price. The same arguments as in the previous section
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establish that this limit price must take the form

p = γψ <
ε

ε− 1ψ.

It is then straightforward to see that the entry condition that determines the number of

varieties in the market will change to

N− ε
ε−1γψ

µ
m− g

µ
N− 1

ε−1
ε

ε− 1ψ
¶¶

= μ.

12.4.5. Limitations. The most important limitation of the Dixit-Stiglitz model is the

feature that makes it tractable: the constancy of markups as in equation (12.14). In particu-

lar, the model implies that the markup of each firm is independent of the number of varieties

in the market. But this is a very special feature. Most industrial organization models imply

that markups over marginal cost are declining in the number of competing products (see,

for example, Exercise 12.14). While plausible, this makes endogenous growth models less

tractable, because in many classes of models, endogenous technological change will corre-

spond to a steady increase in the number of products N . If markups decline towards zero as

N increases, this would ultimately stop the process of innovation and thus prevent sustained

economic growth. The alternative would be to have a model in which some other variable,

perhaps capital, simultaneously increases the potential markups that firms can charge. While

such models can be developed, they are more difficult than the standard Dixit-Stiglitz setup.

For this reason, the literature typically focuses on Dixit-Stiglitz specifications.

12.5. Individual R&D Uncertainty and the Stock Market

The final issue we will discuss in this chapter involves uncertainty in the research process.

As discussed at the beginning of the chapter, it is reasonable to presume that the output of

research will be uncertain. This implies that individual firms undertaking research will face

a stochastic revenue stream. When individuals are risk averse, this may imply that there

should be a risk premium associated with such stochastic streams of income. This is not

necessarily the case, however, when the following three conditions are satisfied:

(1) there are many firms involved in research;

(2) the realization of the uncertainty across firms is independent;

(3) consumers and firms have access to a “stock market,” where each consumer can hold

a balanced portfolio of various research firms.

In many of the models we study in the next two chapters, firms will face uncertainty (for

example, regarding whether their R&D will be successful or how long their monopoly position

will last), but the three conditions outlined here will be satisfied. When this is the case, even

though each firm’s revenue is risky, the balanced portfolio held by the representative the

consumer will have deterministic returns. Here we illustrate this with a simple example.
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Example 12.2. Suppose that the representative household has a utility function over con-

sumption given by u (c), where u (·) is strictly increasing, continuously differentiable and
strictly concave, so that individual is risk averse. Moreover, let us assume that limc→0 u0 (c) =

∞, so that the marginal utility of consumption at zero is very high. The individual starts
with an endowment equal to y > 0. This endowment can be consumed or it can be invested in

a risky R&D project. Imagine that the R&D project is successful with probability p and will

have a return equal to 1+R > 1/p per unit of investment. It is unsuccessful with probability

1 − p, in which case it will have a zero return. When this is the only project available, the

individual would be facing consumption risk when it invests in this project. In particular,

the maximization problem that determines how much he should invest will be a solution to

the following expected utility maximization

max
x
(1− p)u (y − x) + pu (y +Rx) .

The first-order condition of this problem implies that the optimal amount of investment in

the risky research activity will be given by:

u0 (y − x)

u0 (y +Rx)
=

pR

1− p
.

The assumption limc→0 u0 (c) = ∞ implies that x < y, thus less than the full endowment of

the individual will be invested in the research activity, even though this is a positive expected

return project. Intuitively, the individual requires a risk premium to bear the consumption

risk associated with the risky investment.

Next imagine a situation in which many different firms can independently invest in similar

risky research ventures. Suppose that the success or failure of each project is independent of

the others. Imagine that the individual invests an amount x/N in each of N projects. The

Strong Law of Large Numbers implies that as N →∞, a fraction p of these projects will be

successful and the remaining fraction 1 − p will be unsuccessful. Therefore, the individual

will receive (almost surely) a utility of

u (y + (p (1 +R)− 1)x) .

Since 1+R > 1/p, this is strictly increasing in x, and implies that the individual would prefer

to invest all of its endowment in the risky projects, i.e., x = y. Therefore, the ability to hold

a balanced portfolio of projects with independently disputed returns allows the individual to

diversify the risks and act in a risk-neutral manner. A similar logic will apply in many of

the models we will study in the next three chapters; even though individual firms will have

stochastic returns, the representative household will hold a balanced portfolio of all the firms

in the economy and thus will have risk-neutral preferences in the aggregate. This will imply

that the objective of each firm will be to maximize expected profits (without a risk premium).
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12.6. Taking Stock

This chapter has reviewed a number of conceptual and modeling issues related to the

economics of research and development. We have introduced the distinction between process

and product innovations, macro and micro innovations, and also discussed the concept of the

innovation possibilities set and the importance of the non—rivalry of ideas.

We have also seen why ex post monopoly power is important to create incentives for

research spending, how incentives to undertake innovations differ between competitive firms

and monopolies, and how these compare to the social value of innovation. In this context, we

have emphasized the importance of the appropriability effect, which implies that the private

value of innovation often falls short of the social value of innovation, because even with ex

post monopoly power an innovating firm will not be able to appropriate the entire consumer

surplus created by a better product or a cheaper process. We have also encountered the

Arrow’s replacement effect, which implies that unless they have a cost advantage, incum-

bent monopolists will have weaker incentives for innovation than the entrants. Despite the

appropriability and the replacement effects, the amount of innovation in equilibrium can be

excessive, because of another, countervailing force, the business stealing effect, which encour-

ages firms to undertake innovations in order to become the new monopolist and take over

(“steal”) the monopoly rents. Therefore, whether there is too little or too much innovation

in equilibrium depends on the market structure and the parameters of the model.

This chapter has also introduced the Dixit-Stiglitz-Spence (or for short the Dixit-Stiglitz)

model, which will play an important role in the analysis of the next few chapters. This model

enables a very tractable approach to Chamberlin type of monopolistic competition, where

each firm has some monopoly power, but free entry ensures that all firms (or the marginal

entrants) make zero profits. The Dixit-Stiglitz model is particularly tractable because the

markup charged by monopolists is independent of the number of competing firms. This

makes it an ideal model to study endogenous growth, because it will enable innovation to

remain profitable even when the number of products or the number of machines increase

continuously.

12.7. References and Literature

The literature on R&D in industrial organization is vast, and our purpose in this chapter

has not been to review this literature, but to highlight the salient features that will be used

in the remainder of the book. The reader who is interested in this area can start with Tirole

(1990, Chapter 10), which contains an excellent discussion of the contrast between private

and the social values of innovation. It also provides an excellent introduction to patent races,
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which we will encounter in Section 14.4 in Chapter 14. A more up-to-date reference that

surveys the recent developments in the economics of innovation is Scotchmer (2005).

The classic reference on the private and social values of innovation is Arrow (1962).

Schumpeter (1943) was the first to emphasize the role of monopoly in R&D and innovation.

The importance of monopoly power for innovation and the indications of the non-rival nature

of ideas are discussed in Romer (1990, 1993) and Jones (2006). Most of the industrial or-

ganization literature also emphasizes the importance of ex post monopoly power and patent

systems in providing incentives for innovation. See, for example, Scotchmer (2005). This

perspective has recently been criticized by Boldrin and Levine (2003).

The idea of creative destruction was also originally developed by Schumpeter. Models of

creative destruction in the industrial organization literature include Reinganum (1983, 1985).

Similar models in the growth literature are developed in Aghion and Howitt (1992, 1998).

Chamberlin (1933) is the classic reference on monopolistic competition. The Dixit-Stiglitz

model is developed in Dixit and Stiglitz (1977) and is also closely related to Spence (1976).

This model was first used for an analysis of R&D in Dasgupta and Stiglitz (1979). An

excellent exposition of the Dixit-Stiglitz model is provided in Matsuyama (1995). Tirole

(1990, Chapter 7) also discusses the Dixit-Stiglitz-Spence model as well as other models of

product innovation, including the Salop model, due to Salop (1979), which is presented in

Exercise 12.14.

An excellent general discussion of issues of innovation and the importance of market

size and profit incentives is provided in Schmookler (1966). Recent evidence on the effect

of market size and profit incentives on innovation is discussed in Popp (2002), Finkelstein

(2003) and Acemoglu and Linn (2004).

Mokyr (1990) contains an excellent history of innovation. Freeman (1982) also provides

a survey of the qualitative literature on innovation and discusses the different types of inno-

vations.

In this chapter and the rest of this part of the book, we will deal with monopolistic

environments, where the appropriate equilibrium concept is not the competitive equilibrium,

but one that incorporates game-theoretic interactions. Throughout the games we will study

in this book will have complete information, thus the appropriate notion of equilibrium is

the standard Nash equilibrium concept or when the game is multi-stage or dynamic, it is the

subgame perfect Nash equilibrium. In these situations, equilibrium always refers to a Nash

equilibrium or a subgame perfect Nash equilibrium, and we typically do not add the additional

“Nash” qualification. We presume that the reader is familiar with these concepts. A quick

introduction to the necessary game theory is provided in the Appendix of Tirole (1990), and

a more detailed treatment can be found in Fudenberg and Tirole (1994), Myerson (1995) and

Osborne on Rubinstein (1994).
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12.8. Exercises

Exercise 12.1. Derive equation (12.2).

Exercise 12.2. Prove Proposition 12.1. In particular:

(1) Show that even if pM = ψ, the unique (Nash) equilibrium involves q1 = D
¡
pM
¢
and

qj = 0 for all j > 1. Why is this?

(2) Show that when pM > ψ, any price p1 > ψ or p1 < ψ cannot be profit-maximizing.

Show that there cannot be an equilibrium in which p1 = ψ and qj > 0 for some

j > 1 [Hint: find a profitable deviation for firm 1].

(3) Prove that π̂I1 > πI1.

Exercise 12.3. Derive equation (12.5). Using these relationships, prove Proposition 12.2.

Exercise 12.4. Prove that if π̂I1 > 0, then bSI1 > 0 (where these terms are defined in Propo-
sition 12.2).

Exercise 12.5. Consider the model in Section 12.3, and suppose that there is no patent

protection for the innovating firm. The firm can undertake two different types of innovations

at the same cost η. The first is a general technological improvement, which can be copied

by all firms. It reduces the marginal cost of production to λ−1ψ. The second is specific to

the needs of the current firm and cannot be copied by others. It reduces the marginal cost

of production by λ0 < λ. Show that the firm would never adopt the λ technology, but may

adopt λ0 technology. Calculate the difference in the social values generated by these two

technologies.

Exercise 12.6. Prove Proposition 12.3. In particular, verify that the conclusion is true even

with limit pricing, i.e., ∆π̂I1 < πI1.

Exercise 12.7. Consider the model in Section 12.3 with an incumbent monopolist and an

entrant. Suppose that the cost of innovation for the incumbent is μ, while for the entrant it

is χμ, where χ ≥ 1.

(1) Explain why we may have χ > 1.

(2) Show that there exists χ̄ > 1 such that if χ < χ̄, the entrant has greater incentives

to undertake innovation, and if χ > χ̄, the incumbent has greater incentives to

undertake innovation.

(3) What is the effect of the elasticity of demand on the relative incentives of the in-

cumbent and the entrant to undertake innovation.

Exercise 12.8. (1) Prove Proposition 12.4 by providing an example in which there is

excessive innovation incentives.

(2) What factors make excessive innovation more likely?

Exercise 12.9. The discussion in the text presumed a particular form of patent policy, which

provided ex post monopoly power to the innovator. An alternative intellectual property right
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policy is licensing, where firms that have made an innovation can license the rights to use

this innovation to others. This exercise asks you to work through the implications of this

type of licensing. Throughout, we think of the licensing stage as follows: the innovator can

make a take-it-or-leave-it-offer to one or many firms so that they can buy the rights to use

the innovation (and produce as many units of the output as they like) in return for some

licensing fee ν.

(1) Consider the competitive environment we started with and show that if firm 1 is

allowed to license its innovation to others, this can never raise its profits and it can

never increase its incentives to undertake the innovation. Provide an intuition for

this result.

(2) Now modify the model, so that each firm has a strictly convex and increasing cost

of producing, ψ1 (q), and also has to pay a fixed cost of ψ0 > 0 to be active (so that

the average costs take the familiar inverse U shape). Show that licensing can be

beneficial for firm 1 in this case and therefore increase incentives to undertake the

innovation. Explain why the results differ between the two cases.

Exercise 12.10. Derive the expression for the ideal price index, (12.11), from (12.10) and

the definition of the consumption index C.

Exercise 12.11. Consider the maximization problem in (12.13) and write down the first-

order conditions taking into account the impact of pi on P and C. Show that as N → ∞,
the solution to this problem converges to (12.14).

Exercise 12.12. In the Dixit-Stiglitz model, determine the conditions on the function v (·)
such that an increase in N raises the profits of a monopolist.

Exercise 12.13. Suppose that U (C, y) = Cv + (y), where v (y) = y1−α/ (1− α) with α ∈
(0, 1). Suppose also that new varieties can be introduced at the fixed cost μ.

(1) Consider the allocation determined by a social planner also controlling prices. Char-

acterize the number of varieties that a social planner would choose in order to max-

imize the utility of the representative household in this case.

(2) Suppose that prices are given by (12.14). Characterize the number of varieties that

the social planner would choose in order to maximize utility of the representative

household in this case.

(3) Characterize the equilibrium number of varieties (at which all monopolistically com-

petitive variety producers makes zero profits) and compare this with the answers to

the previous two parts. Explain the sources of differences between the equilibrium

and the social planner’s solution in each case.

Exercise 12.14. This exercise asks you to work through the Salop (1979) model of product

differentiation, which differs from the Dixit-Stiglitz model in that equilibrium markups are
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declining in the number of firms. Imagine that consumers are located uniformly around a

circle with perimeter equal to 1. The circle indexes both the preferences of heterogeneous

consumers and the types of goods. The point where the consumer is located along the circle

corresponds to the type of product that he most prefers. When a consumer at point x around

the circle consumes a good of type z, his utility is

R− t |z − x|− p,

while if he chooses not to consume, his utility is 0. Here R can be thought of as the reservation

utility of the individual, while t parameterizes the “transport” costs that the individual has

to pay in order to consume a good that is away from his ideal point along the circle. Suppose

that each firm has a marginal cost of ψ per unit of production

(1) Imagine a consumer at point x, with the two neighboring firms at points z1 > x > z2.

As long as the prices of these firms are not much higher than those further a far,

the consumer will buy from one of these two firms. Denote the prices of these two

firms by p1 and p2. Show that the price difference that would make the consumer

indifferent between purchasing from the two firms satisfies

p1 − p2 = (2x− z1 − z2) t

with

t (z1 − x) + p1 ≤ R.

(2) Suppose that p1 and p2 satisfy the above inequality. Then show that all x0 ∈ [z2, x)
strictly prefer to buy from firm 2 and all x0 ∈ (x, z1] strictly prefer to buy from firm

1.

(3) Now assume that there are three firms along the circle at locations z1 > z2 > z3.

Show that firm 2’s profits are given by

π2 (p1, p2, p3 | z1, z2, z3) = (p2 − ψ)

µ
p1 − p2
2t

+
z1 − z2
2

+
p3 − p2
2t

+
z2 − z3
2

¶
and calculate its profit maximizing price.

(4) Now look at the location choice of firm 2. Suppose that p1 = p3. Show that it would

like to locate half way between z1 and z3.

(5) Prove that in a symmetric equilibrium with N firms, the distance between any two

firms will be 1/N .

(6) Show that the symmetric equilibrium price with N equity-distant firms is

p = ψ +
t

N
.

(7) Explain why the markup here is a decreasing function of the number of firms, whereas

it was independent of the number of firms in the Dixit-Stiglitz model.
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CHAPTER 13

Expanding Variety Models

As emphasized in the previous chapter, the key to understanding endogenous technolog-

ical progress is that R&D is a purposeful activity, undertaken for profits, and the knowledge

(machines, blueprints, or new technologies) that it generates increases the productivity of

existing factors of production. The first endogenous technological change models were for-

mulated by Romer (1987 and 1990). Different versions have been analyzed by Segerstrom,

Anant and Dinopoulos (1990), Grossman and Helpman (1991a,b), Aghion and Howitt (1992).

Some of those will be discussed in the next chapter.

The simplest models of endogenous technological change are those in which R&D ex-

pands the variety of inputs or machines used in production. In this chapter, we focus on

models with expanding input varieties; research will lead to the creation of new varieties of

inputs (machines) and a greater variety of inputs will increase the “division of labor,” rais-

ing the productivity of final good firms. This can therefore be viewed as a form of process

innovation. An alternative, formulated and studied by Grossman and Helpman (1991a,b),

focuses on product innovation. In this model, research leads to the invention of new goods,

and because individuals have love-for-variety, they derive greater utility when they consume a

greater variety of products. Consequently “real” income increases as a result of these product

innovations. The comparison of Grossman-Helpman’s model of product innovation with our

baseline model of process innovation will show that the two models are mathematically very

similar (though the model of product innovation is slightly more involved and is thus treated

at the end of this chapter).

In all of these models, and also in the models of quality competition we will see below,

we will use the Dixit-Stiglitz constant elasticity structure introduced in the previous chapter.

13.1. The Lab Equipment Model of Growth with Input Varieties

We start with a particular version of the endogenous growth model with expanding vari-

eties of inputs and an R&D technology that only uses output for creating new inputs. This is

sometimes referred to as the lab equipment model, since all that is required for research is in-

vestment in equipment or in laboratories–rather than the employment of skilled or unskilled

workers or scientists.
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13.1.1. Demographics, Preferences and Technology. Imagine an infinite-horizon

economy in continuous time admitting a representative household with preferences

(13.1)
Z ∞

0
exp (−ρt) C (t)

1−θ − 1
1− θ

dt.

There is no population growth, and the total population of workers, L, supplies labor inelas-

tically throughout. We also assume, as discussed in the previous chapter, that the represen-

tative household owns a balanced portfolio of all the firms in the economy. Alternatively, we

can think of the economy as consisting of many households with the same preferences as the

representative household and each household holding a balanced portfolio of all the firms.

The unique consumption good of the economy is produced with the following aggregate

production function:

(13.2) Y (t) =
1

1− β

"Z N(t)

0
x(ν, t)1−βdν

#
Lβ,

where L is the aggregate labor input, N (t) denotes the different number of varieties of inputs

(machines) available to be used in the production process at time t, and x (ν, t) is the total

amount of input (machine) type ν used at time t. We assume that x’s depreciate fully after

use, thus they can be interpreted as generic inputs, as intermediate goods, as machines, or

even as capital as long as we are comfortable with the assumption that there is immediate

depreciation. The assumption that the inputs or machines are “used up” in production or

depreciate immediately after being used makes sure that the amounts of inputs used in the

past do not become additional state variables, and simplifies the exposition of the model

(though the results are identical without this assumption, see Exercise 13.22). Nevertheless,

we refer to the inputs as “machines,” which makes the economic interpretation of the problem

easier.

The term (1− β) in the denominator is included for notational simplicity. Notice that

for given N (t), which final good producers take as given, equation (13.2) exhibits constant

returns to scale. Therefore, final good producers are competitive and are subject to constant

returns to scale, justifying our use of the aggregate production function to represent their

production possibilities set.

One can also write (13.2) in the following form

Y (t) =
1

1− β
X̃ (t)1−β Lβ,

where

X̃ (t) ≡
"Z N(t)

0
x(ν, t)

εβ−1
εβ dν

# εβ
εβ−1

,
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with εβ ≡ 1/β as the elasticity of substitution between inputs. This form emphasizes both

the constant returns to scale properties of the production function and the continuity between

the model here and the Dixit-Stiglitz model of the previous chapter.

The resource constraint of the economy at time t is

(13.3) C (t) +X (t) + Z (t) ≤ Y (t) ,

where X (t) is investment or spending on inputs at time t and Z (t) is expenditure on R&D

at time t, which comes out of the total supply of the final good.

We next need to specify how quantities of machines are created and how new machines

are invented. Let us first assume that once the blueprint of a particular input is invented, the

research firm can create one unit of that machine at marginal cost equal to ψ > 0 units of

the final good. We also assume the following form for innovation possibilities frontier, where

new machines are created as follows:

(13.4) Ṅ (t) = ηZ (t) ,

where η > 0, and the economy starts with some initial technology stock N (0) > 0. This

implies that greater spending on R&D leads to the invention of new machines. Throughout,

we assume that there is free entry into research, which means that any individual or firm can

spend one unit of the final good at time t in order to generate a flow rate η of the blueprints

of new machines. The firm that discovers these blueprints receives a fully-enforced perpetual

patent on this machine.

There is no aggregate uncertainty in the innovation process. Naturally, there will be un-

certainty at the level of the individual firm, but with many different research labs undertaking

such expenditure, at the aggregate level, equation (13.4) holds deterministically.

Given the patent structure specified above, a firm that invents a new machine variety

is the sole supplier of that type of machine, say machine of type ν, and sets a price of

px(ν, t) at time t to maximize profits. Since machines depreciate after use, px(ν, t) can also

be interpreted as a “rental price” or the use and cost of this machine.

The demand for machine of type ν is obtained by maximizing net aggregate profits of the

final good sector as given by (13.2) minus the cost of inputs. Since machines depreciate after

use and labor is hired on the spot market for its flow services, the maximization problem

on the final good sector can be considered for each point in time separately, and simply

requires the maximization of the instantaneous profits of a representative final good producer.

These instantaneous profits can be obtained by subtracting the total inputs costs, the user

costs of renting machines and labor costs, from the value of our production. Therefore, the

maximization problem at time t is:

(13.5) max
[x(ν,t)]lv∈[0,N(t)],L

1

1− β

"Z N(t)

0
x(ν, t)1−βdν

#
Lβ −

Z N(t)

0
px (ν , t)x(ν, t)dν − w (t)L.
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The first-order condition of this maximization problem with respect to x (ν, t) for any

ν ∈ [0, N (t)] yields the demand for machines from the final good sector. These demands take
the convenient isoelastic form:

(13.6) x(ν, t) = px(ν, t)−1/βL,

which is intuitive in view of the fact that elasticity of demand for different machine varieties

is εβ = 1/β (so that x(ν, t) = px(ν, t)−εβL). This equation implies that the demand for

machines only depends on the user cost of the machine and on equilibrium labor supply but

not on the interest rate, r (t), the wage rate, w (t), or the total measure of available machines,

N (t). This feature makes the model very tractable.

Now consider the maximization problem of a monopolist owning the blueprint of a ma-

chine of type ν invented at time t. Since the representative household holds a balanced

portfolio of all the firms in the economy and there is a continuum of firms, there will be no

aggregate uncertainty, so each monopolist’s objective is to maximize profits. Consequently,

this monopolist chooses an investment plan and a sequence of capital stocks so as to maximize

the present discounted value of profits starting from time t. Recalling that the interest rate

at time t is r (t) and the marginal cost of producing machines (in terms of the final good) is

ψ, the net present discounted value can be written as:

(13.7) V (ν, t) =

Z ∞

t
exp

∙
−
Z s

t
r
¡
s0
¢
ds0
¸
π(ν, s) ds

where π(ν, t) ≡ px(ν, t)x(ν, t) − ψx(ν, t) denotes profits of the monopolist producing inter-

mediate ν at time t, x(ν, t) and px(ν, t) are the profit-maximizing choices for the monopolist,

and r (t) is the market interest rate at time t. Alternatively, assuming that the value func-

tion is differentiable in time, this could be written in the form of Hamilton-Jacobi-Bellman

equations as in Theorem 7.10 in Chapter 7:

(13.8) r (t)V (ν, t)− V̇ (ν, t) = π(ν, t).

Exercise 13.1 asks you to provide a different derivation of this equation than in Theorem

7.10.

13.1.2. Characterization of Equilibrium. An allocation in this economy is defined

by the following objects: time paths of consumption levels, aggregate spending on machines,

and aggregate R&D expenditure [C (t) ,X (t) , Z (t)]∞t=0, time paths of available machine

types, [N (t)]∞t=0, time paths of prices and quantities of each machine and the net present

discounted value of profits from that machine, [px(ν, t), x (ν, t) , V (ν, t)]∞ν∈N(t),t=0, and time

paths of interest rates and wage rates, [r (t) , w (t)]∞t=0.

An equilibrium is an allocation in which all existing research firms choose

[px (ν, t) , x (ν, t)]∞ν∈[0,N(t)],t=0 to maximize profits, the evolution of [N (t)]
∞
t=0 is determined by

free entry, the time paths of interest rates and wage rates, [r (t) , w (t)]∞t=0, are consistent with
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market clearing, and the time paths of [C (t) ,X (t) , Z (t)]∞t=0 are consistent with consumer

optimization. We now characterize the unique equilibrium of this economy.

Let us start with the firm side. Since (13.6) defines isoelastic demands, the solution to

the maximization problem of any monopolist ν ∈ [0, N (t)] involves setting the same price in
every period (see Exercise 13.2):

(13.9) px(ν, t) =
ψ

1− β
for all ν and t.

That is, all monopolists charge a constant rental rate, equal to a mark-up over the marginal

cost. Without loss of generality, let us normalize the marginal cost of machine production to

ψ ≡ (1− β), so that

px(ν, t) = px = 1 for all ν and t.

Profit-maximization also implies that each monopolist rents out the same quantity of ma-

chines in every period, equal to

(13.10) x (ν, t) = L for all ν and t.

This gives monopoly profits as:

(13.11) π (ν, t) = βL for all ν and t.

The important implication of this equation is that each monopolist sells exactly the same

amount of machines, charges the same price and makes the same amount of profits at all time

points. This particular feature simplifies the analysis of endogenous technological change

models with expanding variety.

Substituting (13.6) and the machine prices into (13.2) yields a final good production

function of the form

(13.12) Y (t) =
1

1− β
N (t)L.

This is one of the main equations of the expanding product or input variety models.

It shows that even though the aggregate production function exhibits constant returns to

scale from the viewpoint of final good firms (which take N (t) as given), there are increasing

returns to scale for the entire economy; (13.12) makes it clear that an increase in the variety of

machines, N (t), raises the productivity of labor and that when N (t) increases at a constant

rate so will output per capita.

The labor demand of the final good sector follows from the first-order condition of max-

imizing (13.5) with respect to L and implies the equilibrium condition

(13.13) w (t) =
β

1− β
N (t) .

Finally, free entry into research implies that at all points in time we must have

(13.14) ηV (ν, t) ≤ 1, Z (ν, t) ≥ 0 and (ηV (ν, t)− 1)Z (ν, t) = 0, for all ν and t,
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where V (ν, t) is given by (13.7). To understand (13.14), recall that one unit of final good spent

on R&D leads to the invention of η units of new inputs, each with a net present discounted

value of profits given by (13.7). This free entry condition is written in the complementary

slackness form, since research may be very unprofitable and there may be zero R&D effort,

in which case ηV (ν, t) could be strictly less than 1. Nevertheless, for the relevant parameter

values there will be positive entry and economic growth (and technological progress), so we

often simplify the exposition by writing the free-entry condition as

ηV (ν, t) = 1.

Note also that since each monopolist ν ∈ [0, N (t)] produces machines given by (13.10),
and there are a total of N (t) monopolists, the total expenditure on machines is

(13.15) X (t) = (1− β)N (t)L.

Finally, the representative household’s problem is standard and implies the usual Euler equa-

tion:

(13.16)
Ċ (t)

C (t)
=
1

θ
(r (t)− ρ)

and the transversality condition

(13.17) lim
t→∞

∙
exp

µ
−
Z t

0
r (s) ds

¶
N (t)V (t)

¸
= 0,

which is written in the “market value” form and requires the value of the total wealth of the

representative household, which is equal to the value of corporate assets N (t)V (t), not to

grow faster than the discount rate (see Exercise 13.3).

In light of the previous equations, we can now define an equilibrium more formally as

time paths of consumption, expenditures, R&D decisions and total number of varieties,

[C (t) ,X (t) , Z (t) , N (t)]∞t=0, such that (13.3), (13.15), (13.16), (13.17) and (13.14) are sat-

isfied; time paths of prices and quantities of each machine and the net present discounted

value of profits from that machine, [px (ν, t) , x (ν, t)]∞ν∈N(t),t=0 that satisfy (13.9) and (13.10),

time paths of interest rate and wages such that [r (t) , w (t)]∞t=0 (13.13) and (13.16), hold.

We define a balanced growth path as an equilibrium path where C (t) ,X (t) , Z (t) and

N (t) grow at a constant rate. Such an equilibrium can alternatively be referred to as a “steady

state”, since it is a steady state in transformed variables (even though the original variables

grow at a constant rate). This is a feature of all the growth models and we will throughout

use the terms steady state and balanced growth path interchangeably when referring to

endogenous growth models.

13.1.3. Balanced Growth Path. A balanced growth path (BGP) requires that con-

sumption grows at a constant rate, say gC . This is only possible from (13.16) if the interest
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rate is constant. Let us therefore look for an equilibrium allocation in which

r (t) = r∗ for all t,

where “*” refers to BGP values. Since profits at each date are given by (13.11) and since the

interest rate is constant, (13.8) implies that V̇ (t) = 0. Substituting this in either (13.7) or

(13.8), we obtain

(13.18) V ∗ =
βL

r∗
.

This equation is intuitive: a monopolist makes a flow profit of βL, and along the BGP, this

is discounted at the constant interest rate r∗.

Let us next suppose that the (free entry) condition (13.14) holds as an equality, in which

case we also have
ηβL

r∗
= 1

This equation pins down the steady-state interest rate, r∗, as:

r∗ = ηβL

The consumer Euler equation, (13.16), then implies that the rate of growth of consumption

must be given by

(13.19) g∗C =
Ċ (t)

C (t)
=
1

θ
(r∗ − ρ).

Moreover, it can be verified that the current-value Hamiltonian for the consumer’s maxi-

mization problem is concave, thus this condition, together with the transversality condition,

characterizes the optimal consumption plans of the consumer.

In a balanced growth path, consumption cannot grow at a different rate than total output

(see Exercise 13.5), thus we must also have the growth rate of output in the economy is

g∗ = g∗C .

Therefore, given the BGP interest rate we can simply determine the long-run growth rate of

the economy as:

(13.20) g∗ =
1

θ
(ηβL− ρ)

We next assume that

(13.21) ηβL > ρ and (1− θ) ηβL < ρ,

which will ensure that g∗ > 0 and that the transversality condition is satisfied.

We then obtain:

Proposition 13.1. Suppose that condition (13.21) holds. Then, in the above-described

lab equipment expanding input variety model, there exists a unique balanced growth path in

which technology, output and consumption all grow at the same rate, g∗, given by (13.20).
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Proof. The preceding discussion establishes all the claims in the proposition except that

the transversality condition holds. You are asked to check this in Exercise 13.7. ¤

An important feature of this class of endogenous technological progress models is the

presence of the scale effect, which we encountered in Section 11.4 in Chapter 11: the larger

is L, the greater is the growth rate. The scale effect comes from a very strong form of the

market size effect discussed in the previous chapter. As illustrated there, the increasing

returns to scale nature of the technology (for example, as highlighted in equation (13.12)) is

responsible for this strong form of the market size effect and thus for the scale effect. We

will see in Section 15.5 in Chapter 15 that it is possible to have variants of the current model

that feature the market size effect, but not the scale effect.

13.1.4. Transitional Dynamics. It is also straightforward to see that there are no

transitional dynamics in this model. To derive this result, let us go back to the value function

for each monopolist. Substituting for profits, this gives

r (t)V (ν, t)− V̇ (ν, t) = βL.

The key observation is that positive growth at any point implies that ηV (ν, t) = 1 for all t. In

other words, if ηV (ν, t0) = 1 for some t0, then ηV (ν, t) = 1 for all t (see Exercise 13.4). Now

differentiating ηV (ν, t) = 1 with respect to time yields V̇ (ν, t) = 0, which is only consistent

with r (t) = r∗ for all t, thus

r (t) = ηβL for all t.

This establishes:

Proposition 13.2. Suppose that condition (13.21) holds. In the above-described lab

equipment expanding input-variety model, with initial technology stock N (0) > 0, there is a

unique equilibrium path in which technology, output and consumption always grow at the rate

g∗ as in (13.20).

At some level, this result is not too surprising. While the microfoundations and the eco-

nomics of the expanding varieties model studied here are very different from the neoclassical

AK economy, the mathematical structure of the model is very similar to the AK model (as

most clearly illustrated by the derived equation for output, (13.12)). Consequently, as in the

AK model, the economy always grows at a constant rate.

Even though the mathematical structure of the model is similar to the neoclassical AK

economy, it is important to emphasize that the economics here is very different. The equilib-

rium in Proposition 13.2 exhibits endogenous technological progress. In particular, research

firms spend resources in order to invent new inputs. They do so because, given their patents,

they can profitably sell these inputs to final good producers. It is therefore profit incentives
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that drive R&D, and R&D drives economic growth. We have therefore arrived to our first

model in which market-shaped incentives determine the rate at which the technology of the

economy evolves over time.

13.1.5. Pareto Optimal Allocations. The presence of monopolistic competition im-

plies that the competitive equilibrium is not necessarily Pareto optimal. In particular, the

current model exhibits a version of the aggregate demand externalities discussed in the pre-

vious chapter and features two sources of potential inefficiencies. First, there is a markup

over the marginal cost of production of inputs. Second, the number of inputs produced at

any point in time may not be optimal. The first source of inefficiency is familiar from models

of static monopoly, while the second emerges from the fact that in this economy the set of

traded (Arrow-Debreu) commodities is endogenously determined. This latter source of po-

tential inefficiency relates to the issue of endogenously incomplete markets (there is no way

to purchase an input that is not supplied in equilibrium) and will be discussed in greater

detail in Section 17.6 in Chapter 17.

To contrast the equilibrium allocations with the Pareto optimal allocations, we set up

the problem of the social planner and derive the optimal growth rate. Notice that the social

planner will also use the same quantity of all types of machines in production, but because

of the absence of a markup, this quantity will be different than in the equilibrium allocation.

The social planner will also take into account the effect of an increase in the variety of inputs

on the overall productivity in the economy, which monopolists did not because they did not

appropriate the full surplus from inventions.

More explicitly, given N (t), the social planner will choose

max
[x(ν,t)]v∈[0,N(t)],L

1

1− β

"Z N(t)

0
x(ν, t)1−βdν

#
Lβ −

Z N(t)

0
ψx(ν, t)dν,

which only differs from the equilibrium profit maximization problem, (13.5), because the

marginal cost of machine creation, ψ, is used as the cost of machines rather than the monopoly

price, and the cost of labor is not subtracted. Recalling that ψ ≡ 1− β, the solution to this

program involves

xS (ν, t) = (1− β)−1/β L,

so that the social planner’s output level will be

Y S (t) =
(1− β)−(1−β)/β

1− β
NS (t)L

= (1− β)−1/β NS (t)L,

where superscripts “S” are used to emphasize that the level of technology and thus the level

of output will differ between the social planner’s allocation and the equilibrium allocation.
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The aggregate resource constraint is still given by (13.3). Let us define net output, which

subtracts the cost of machines from total output, as

Ỹ S (t) ≡ Y S (t)−XS (t) .

This is relevant, since it is net output that will be distributed between R&D expenditure and

consumption. We obtain

Ỹ S (t) = (1− β)−1/β NS (t)L−
Z NS(t)

0
ψxS (ν, t) dν

= (1− β)−1/β NS (t)L− (1− β)−(1−β)/β NS (t)L

= (1− β)−1/β βNS (t)L.

Given this and (13.4), the maximization problem of the social planner can be written as

max

Z ∞

0

C (t)1−θ − 1
1− θ

exp (−ρt) dt

subject to

Ṅ (t) = η (1− β)−1/β βN (t)L− ηC (t) .

In this problem, N (t) is the state variable, and C (t) is the control variable. Let us set up

the current-value Hamiltonian

Ĥ (N,C, μ) =
C (t)1−θ − 1
1− θ

+ μ (t)
h
η (1− β)−1/β βN (t)L− ηC (t)

i
.

The necessary conditions are

ĤC (N,C, μ) = C (t)−θ − ημ (t) = 0

ĤN (N,C, μ) = μ (t) η (1− β)−1/β βL = ρμ (t)− μ̇ (t)

lim
t→∞

[exp (−ρt)μ (t)N (t)] = 0.

It can be verified easily that the current-value Hamiltonian of the social planner is concave,

thus the necessary conditions are also sufficient for an optimal solution.

Combining these necessary conditions, we obtain the following growth rate for consump-

tion in the social planner’s allocation (see Exercise 13.9):

(13.22)
ĊS (t)

CS (t)
=
1

θ

³
η (1− β)−1/β βL− ρ

´
.

Like the equilibrium, the social planner also chooses and allocation with a constant rate

of consumption growth (thus no transitional dynamics). The growth rate of consumption

chosen by the social planner, (13.22), can be directly compared to the growth rate in the

decentralized equilibrium, (13.20). The comparison boils down to that of

(1− β)−1/β β to β,
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and it is straightforward to see that the former is always greater since (1− β)−1/β > 1 by

virtue of the fact that β ∈ (0, 1). This implies that the socially-planned economy will always
grow faster than the decentralized economy

Proposition 13.3. In the above-described expanding input variety model, the decentral-

ized equilibrium is always Pareto suboptimal. Starting with any N (0) > 0, the Pareto optimal

allocation involves a constant growth rate

gS =
1

θ

³
η (1− β)−1/β βL− ρ

´
,

which is strictly greater than the equilibrium growth rate g∗ given in (13.20).

Proof. Most of the proof is provided in the preceding discussion. Exercise 13.11 asks

you to show that the Pareto optimal allocation always involves a constant growth rate and

no transitional dynamics. ¤

Intuitively, the Pareto optimal growth rate is greater than the equilibrium growth rate

because the social planner values innovation more. The greater social value of innovations

stems from the fact that the social planner is able to use the machines more intensively

after innovation, since the monopoly markup reducing the demand for machines is absent in

the social planner’s allocation. This is related to the pecuniary externality resulting from the

monopoly markups (and is thus related to the aggregate demand externalities discussed in the

previous chapter) and also indirectly affects the set of traded commodities (thus the rate of

growth of inputs and technology). Other models of endogenous technological progress we will

study in this chapter incorporate technological spillovers and thus generate inefficiencies both

because of the pecuniary externality isolated here and because of the standard technological

spillovers.

13.1.6. Policy in Models of Endogenous Technological Progress. The divergence

between the decentralized equilibrium and the socially planned allocation introduces the

possibility of Pareto-improving policy interventions. There are two natural alternatives to

consider:

(1) Subsidies to Research: by subsidizing research, the government can increase the

growth rate of the economy, and this can be turned into a Pareto improvement if

taxation is not distortionary and there can be appropriate redistribution of resources

so that all parties benefit.

(2) Subsidies to Capital Inputs: inefficiencies also arise from the fact that the decentral-

ized economy is not using as many units of the machines/capital inputs (because of

the monopoly markup); so subsidies to capital inputs given to final good producers

would also be useful in increasing the growth rate.
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Moreover, it is noteworthy that as in the first-generation endogenous growth models, a

variety of different policy interventions, including taxes on investment income and subsidies

of various forms, will have growth effects not just level effects in this framework (see, for

example, Exercise 13.13).

Naturally, once we start thinking of policy in order to close the gap between the decen-

tralized equilibrium and the Pareto optimal allocation, we also have to think of the objectives

of policymakers and this brings us to political economy issues, which are the subject matter

of Part 8. For that reason, we will not go into a detailed discussion of optimal policy (leaving

some of this to you in Exercises 13.12-13.14). Nevertheless, it is useful to briefly discuss the

role of competition policy in models of endogenous technological progress.

Recall that the optimal price that the monopolist charges for machines is

px =
ψ

1− β
.

Imagine, instead, that a fringe of competitive firms can copy the innovation of any monopolist,

but they will not be able to produce at the same level of costs (because the inventor has more

know-how). In particular, as in the previous chapter, suppose that instead of a marginal cost

ψ, they will have marginal cost of γψ with γ > 1. If γ > 1/ (1− β), this fringe is not a threat

to the monopolist, since the monopolist could set its ideal, profit maximizing, markup and

the fringe would not be able to enter without making losses. However, if γ < 1/ (1− β), the

fringe would prevent the monopolist from setting its ideal monopoly price. In particular, in

this case the monopolist would be forced to set a “limit price”, exactly equal to

(13.23) px = γψ.

This price formula follows immediately by noting that, if the price of the monopolist were

higher than γψ, the fringe could undercut the price of the monopolist, take over to market

and make positive profits. If it were below this, the monopolist could increase its price

towards the unconstrained monopoly price and make more profits. Thus, there is a unique

equilibrium price given by (13.23).

When the monopolist charges this limit price, its profits per unit would be

profits per unit = (γ − 1)ψ = (γ − 1) (1− β) ,

which is less than β, the profits per unit that the monopolist made in the absence of the

competitive fringe.

What is the implication of this on the rate of economic growth? It is straightforward to

work out that in this case the economy would grow at a slower rate. For example, in the

baseline model with the lab-equipment technology, this growth rate would be (see Exercise

13.15):

ĝ =
1

θ

³
ηγ−1/β (γ − 1) (1− β)−(1−β)/β L− ρ

´
,
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which is less than g∗ given in (13.20). Therefore, in this model, greater competition, which

reduces markups (and thus static distortions), also reduces long-run growth. This might at

first appear counter-intuitive, since the monopoly markup may be thought to be the key

source of inefficiency and greater competition (lower γ) reduces this markup. Nevertheless,

as mentioned above, inefficiency results both because of monopoly markups and because the

set of available inputs may not be appropriately chosen. As γ declines, monopoly markups

decline, but the problem of underprovision of inputs becomes more severe. This is because

profits are important in this model to encourage innovation by new research firms. If these

profits are cut, incentives for research are also reduced. Since γ can also be interpreted as a

parameter of anti-trust (competition) policy, this result implies that in the baseline endoge-

nous technological change models more strict anti-trust policy reduces economic growth.

Welfare is not the same as growth, however, and some degree of competition reducing

prices below the unconstrained monopolistic level might be useful for welfare depending on the

discount rate of the representative household. Essentially, with a lower markup, households

are happier in the present, but suffer slower consumption growth. The tradeoff between

these two opposing effects depends on the discount rate of the representative household (see

Exercise 13.15 for the details).

Similar results apply when we consider patent policy. In practice, patents are for limited

durations. In the baseline model, we assumed that patents are perpetual; once a firm invents

a new good, it has a fully-enforced patent forever and it becomes the monopolist for that

good forever. If patents are enforced strictly, then this might rule out the competitive fringe

from competing, restoring the growth rate of the economy to (13.20). Also, even in the

absence of the competitive fringe, we can imagine that once the patent runs out, the firm

will cease making profits on its innovation. In this case, it can easily be shown that growth

is maximized by having as long patents as possible. Again there is a tradeoff here between

the equilibrium growth rate of the economy and the static level of welfare.

Perhaps, more important than these tradeoffs between growth and level is the fact that

the models discussed in this chapter do not feature an interesting type of competition among

firms. The quality competition (Schumpeterian) models introduced in the next chapter will

allow a richer analysis of the effect of competition on innovation and economic growth.

13.2. Growth with Knowledge Spillovers

In the model of the previous section, growth resulted from the use of final output for

R&D. This is similar, in some way, to the endogenous growth model of Rebelo (1991) we

studied in Chapter 11, since the accumulation equation is linear in accumulable factors. As

a result, we saw that, in equilibrium, output took a linear form in the stock of knowledge

(new machines), thus a AN form instead of Rebelo’s AK form.
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An alternative is to have “scarce factors” used in R&D. In other words, instead of the

lab equipment specification, we now have scientists as the key creators of R&D. The lab

equipment model generated sustained economic growth by investing more and more resources

in the R&D sector. This is impossible with scarce factors, since, by definition, a sustained

increase in the use of these factors in the R&D sector is not possible. Consequently, with

this alternative specification, there cannot be endogenous growth unless there are knowledge

spillovers from past R&D, making the scarce factors used in R&D more and more productive

over time. In other words, we now need current researchers to “stand on the shoulder of past

giants”. In fact, the original formulation of the endogenous technological change model by

Romer (1990) relied on this type of knowledge spillovers. While these types of knowledge

spillovers might be important in practice, the lab equipment model studied in the previous

section was a better starting point for us, since it clearly delineated the role of technology

accumulation and showed that growth need not be generated by technological externalities

or spillovers.

Nevertheless, knowledge spillovers play a very important role in many models of economic

growth and it is useful to see how the baseline endogenous technological progress model works

in the presence of such spillovers. We now present the simplest version of the endogenous

technological change model with knowledge spillovers. The environment is identical to that

of the previous section, with the exception of the innovation possibilities frontier, which now

takes the form

(13.24) Ṅ (t) = ηN (t)LR (t)

where LR (t) is labor allocated to R&D at time t. The term N (t) on the right-hand side

captures spillovers from the stock of existing ideas. The greater is N (t), the more productive

is an R&D worker. Notice that (13.24) imposes that these spillovers are proportional or

linear. This linearity will be the source of endogenous growth in the current model. In the

next section, we will see that a different kind of endogenous growth model can be formulated

with less than proportional spillovers.

In (13.24), LR (t) is research employment, which comes out of the regular labor force.

An alternative, which was originally used by Romer (1990), would be to suppose that only

skilled workers or scientists can work in the knowledge-production (R&D) sector. Here we

use the assumption that a homogeneous workforce is employed both in the R&D sector and

in the final good sector. The advantage of this formulation is that competition between the

production and the R&D sectors for workers ensures that the cost of workers to the research

sector is given by the wage rate in final good sector. The only other change we need to make

to the underlying environment is that now the total labor input employed in the final good

sector, represented by the production function (13.2), is LE (t) rather than L, since some of
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the workers are working in the R&D sector. Labor market clearing then requires that

LR (t) + LE (t) ≤ L.

The fact that not all workers are in the final good sector implies that the aggregate output

of the economy (by an argument similar to before) is given by

(13.25) Y (t) =
1

1− β
N (t)LE (t) ,

and profits of monopolists from selling their machines is

(13.26) π (t) = βLE (t) .

The net present discounted value of a monopolist (for a blueprint ν) is still given by

V (ν, t) as in (13.7) or (13.8), with the flow profits given by (13.26). However, the free entry

condition is no longer the same as that which followed from equation (13.4). Instead, (13.24)

implies the following free entry condition (when there is positive research):

(13.27) ηN (t)V (ν, t) = w (t) ,

where N (t) is on the left-hand side because it parameterizes the productivity of an R&D

worker, while the flow cost of undertaking research is hiring workers for R&D, thus is equal

to the wage rate w (t).

The equilibrium wage rate must be the same as in the lab equipment model of the previous

section, in particular, as in equation (13.13), since the final good sector is unchanged. Thus,

we still have w (t) = βN (t) / (1− β). Moreover, balanced growth again requires that the

interest rate must be constant at some level r∗. Using these observations together with the

free entry condition, we obtain:

(13.28) ηN (t)
βLE (t)

r∗
=

β

1− β
N (t) .

Hence the BGP equilibrium interest rate must be

r∗ = (1− β) ηL∗E,

where L∗E is the number of workers employed in production in BGP (given by L
∗
E = L−L∗R).

The fact that the number of workers in production must be constant in BGP follows from

(13.28). Now using the Euler equation of the representative household, (13.16), we have that

for all t,

Ċ (t)

C (t)
=

1

θ
((1− β) ηL∗E − ρ)(13.29)

≡ g∗.

To complete the characterization of the BGP equilibrium, we need to determine L∗E. In

BGP, (13.24) implies that the rate of technological progress satisfies Ṅ (t) /N (t) = ηL∗R =

η (L− L∗E). Moreover, by definition, we have the BGP growth rate of consumption equal to
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the rate of technological progress, thus g∗ = Ṅ (t) /N (t). This implies that the BGP level of

employment is uniquely pinned down as

(13.30) L∗E =
θηL+ ρ

(1− β) η + θη
.

The rest of the analysis is unchanged. It can also be verified that there are no transitional

dynamics in the decentralized equilibrium (see Exercise 13.17). It is also useful to note that

there is again a scale effect here–greater L increases the interest rate and the growth rate

in the economy.

Proposition 13.4. Consider the above-described expanding input-variety model with

knowledge spillovers and suppose that

(13.31) (1− θ) (1− β) ηL∗E < ρ < (1− β) ηL∗E,

where L∗E is the number of workers employed in production in BGP, given by (13.30).Then

there exists a unique balanced growth path in which technology, output and consumption grow

at the same rate, g∗ > 0, given by (13.29) starting from any initial level of technology stock

N (0) > 0.

Proof. Most of the proof is given by the preceding discussion. Exercise 13.16 asks

you to verify that the transversality condition is satisfied and that there are no transitional

dynamics. ¤

Also, as in the lab equipment model, the equilibrium allocation is Pareto suboptimal,

and the Pareto optimal allocation involves a higher rate of output and consumption growth.

Intuitively, while firms disregard the future increases in the productivity of R&D resulting

from their own R&D spending, the social planner internalizes this effect (see Exercise 13.17).

13.3. Growth without Scale Effects

As we have seen, the models used so far feature a scale effect in the sense that a larger pop-

ulation, L, translates into a higher interest rate and a higher growth rate. This is problematic

for three reasons as argued in a series of papers by Charles Jones and others:

(1) Larger countries do not necessarily grow faster (though the larger market of the

United States or European economies may have been an advantage during the early

phases of the industrialization process. We will return to this issue in Chapter 21).

(2) The population of most nations has not been constant. If we have population growth

as in the standard neoclassical growth model, e.g., L (t) = exp (nt)L (0), these

models would not feature balanced growth, rather, the growth rate of the economy

would be increasing over time.
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(3) In the data, the total amount of resources devoted to R&D appears to increase

steadily, but there is no associated increase in the aggregate growth rate.

Each one of these arguments against scale effects can be debated (for example, by arguing

that countries do not provide the right level of analysis because of international trade linkages

or that the growth rate of the world economy has indeed increased when we look at the past

2000 years rather than the past 100 years). Nevertheless together they do suggest that the

strong form of scale effects embedded in the baseline endogenous technological change models

may not provide a good approximation to reality. These observations have motivated Jones

(1995) to suggest a modified version of the baseline endogenous technological progress model.

While the type of modification to remove scale effect can be formulated in the lab equipment

model (see Exercise 13.21), it is conceptually simpler to do so in the context of the model

with knowledge spillovers discussed in the previous section. In particular, in that model the

scale effect can be removed by reducing the impact of knowledge spillovers.

More specifically, consider the model of the previous section with only two differences.

First, there is population growth at the constant exponential rate n, so that L̇ (t) = nL (t).

The economy admits a representative household, which is also growing at the rate n, so that

its preferences can be represented by the standard CRRA form:

(13.32)
Z ∞

0
exp (− (ρ− n) t)

C (t)1−θ − 1
1− θ

dt,

where C (t) is consumption of the final good of the economy at time t, which is produced as

before (with the production function (13.2)).

Second, in contrast to the knowledge-spillovers model studied in the previous section, the

R&D sector only admits limited knowledge spillovers and (13.24) is replaced by

(13.33) Ṅ (t) = ηN (t)φ LR (t)

where φ < 1 and LR (t) is labor allocated to R&D activities at time t. Labor market clearing

requires

(13.34) LE (t) + LR (t) = L (t) ,

where LE (t) is the level of employment in the final good sector, and the labor market clearing

condition takes into account that population is changing over time.

The key assumption for the model is that φ < 1. The case where φ = 1 is the one analyzed

in the previous section, and as commented above, with population growth this would lead

to an exploding path, leading to infinite utility. However, the model is well behaved when

φ < 1.

Aggregate output and profits are given by (13.25) and (13.26) as in the previous section.

An equilibrium is also defined similarly. Let us focus on the BGP, where a constant fraction

of workers are allocated to R&D, and the interest rate and the growth rate are constant.
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Suppose that this BGP involves positive growth, so that the free entry condition holds as

equality. Then, the BGP free entry condition can be written as (see Exercise 13.18)

(13.35) ηN (t)φ
βLE (t)

r∗ − n
= w (t) .

As before, the equilibrium wage is determined by the production side, (13.13), as w (t) =

βN (t) / (1− β). Combining this with the previous equation gives the following free entry

condition

ηN (t)φ−1
(1− β)LE (t)

r∗
= 1.

Now differentiating this condition with respect to time, we obtain

(φ− 1) Ṅ (t)
N (t)

+
L̇E (t)

LE (t)
= 0.

Since in BGP, the fraction of workers allocated to research is constant, we must have

L̇E (t) /LE (t) = n. This implies that the BGP growth rate of technology is given by

(13.36) g∗N ≡
Ṅ (t)

N (t)
=

n

1− φ
.

From equation (13.12), this implies that total output grows at the rate g∗N + n. But now

there is population growth, so consumption per capita grows only at the rate

g∗C = g∗N(13.37)

=
n

1− φ
.

We can then use the consumer Euler equation, equivalent of (11.4) incorporating the fact

that the discount factor is ρ− n instead of ρ, to determine BGP interest rate as

r∗ = θg∗N + ρ− n

=
φ− (1− θ)

1− φ
n+ ρ > 0.

The most noteworthy feature is that this model generates sustained and exponential

growth in income per capita in the presence of population growth. More interestingly, in

order to achieve this growth rate, it allocates more and more of the labor force to R&D. The

reason for this is that the technology for creating new ideas, (13.33), only features limited

spillovers, thus to maintain sustained growth, more resources need to be allocated to R&D.

Proposition 13.5. In the above-described expanding input-variety model with limited

knowledge spillovers as given by (13.33), starting from any initial level of technology stock

N (0) > 0, there exists a unique balanced growth path in which, technology and consumption

per capita grow at the rate g∗N as given by (13.36), and output grows at rate g∗N + n.

This analysis therefore shows that sustained equilibrium growth of per capita income is

possible in an economy with growing population. Intuitively, instead of the linear (propor-

tional) spillovers in the baseline Romer model, the current model allows only a limited amount
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of spillovers. Without population growth, these spillovers would affect the level of output,

but would not be sufficient to sustain long-run growth. Continuous population growth, on the

other hand, steadily increases the market size for new technologies and generates growth from

these limited spillovers. While this pattern is referred to as “growth without scale effects,”

it is useful to note that there are two senses in which there are limited scale effects in these

models. First, a faster rate of population growth translates into a higher equilibrium growth

rate. Second, a larger population size leads to higher output per capita (see Exercise 13.20).

It is not clear whether the data support these types of scale effects either. Put differently,

some of the evidence suggested against the scale effects in the baseline endogenous techno-

logical change models may be inconsistent with this class of models as well. For example,

there does not seem to be any evidence in the postwar data or from the historical data of the

past 200 years that faster population growth leads to a higher equilibrium growth rate.

It is also worth noting that these models are sometimes referred to as “semi-endogenous

growth” models, because while they exhibit sustained growth, the per capita growth rate

of the economy, (13.37), is determined only by population growth and technology, and does

not respond to taxes or other policies. Some papers in the literature have developed models

of endogenous growth without scale effects, with equilibrium growth responding to policies,

though this normally requires a combination of restrictive assumptions.

13.4. Growth with Expanding Product Varieties

Finally, we will briefly discuss the equivalent model in which growth is driven by product

innovations, that is, by expanding product varieties rather than expanding varieties of inputs.

The economy is in continuous time and has constant population L. It admits a representative

household with preferences given by

(13.38)
Z ∞

0
exp (−ρt) logC (t) dt,

where

(13.39) C (t) ≡
"Z N(t)

0
c (ν, t)

ε−1
ε dν

# ε
ε−1

is the consumption index, which is a CES aggregate of the consumption of different varieties.

Here c (ν, t) denotes the consumption of product ν at time t, while N (t) is the total measure

of products. We assume throughout that ε > 1. Therefore, we have replaced expanding input

varieties with expanding product varieties. The log specification in this utility function is for

simplicity, and can be replaced by a CRRA utility function.

The patent to produce each product ν ∈ [0, N (t)] belongs to a monopolist, and the
monopolist who invents the blueprints for a new product receives a fully enforced perpetual
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patent on this product. Each product can be produced with the technology

(13.40) y (ν, t) = l (ν, t) ,

where l (ν, t) is labor allocated to the production of this variety. Since the economy is closed,

y (ν, t) = c (ν, t).

As in model with knowledge spillovers of Section 13.2, we assume that new products can

be produced with the production function

(13.41) Ṅ (t) = ηN (t)LR (t) .

The reader will notice that there is a very close connection between the model here and

the models of expanding input variety studied so far, especially the model with knowledge

spillovers in Section 13.2. For instance, if y (ν, t)s were interpreted as intermediate goods or

inputs instead of products and if C (t) in (13.39) were interpreted as the production function

for the final good rather than part of the utility function of the representative consumer,

the two models would be essentially identical. The only difference would be that, with this

interpretation, labor would now be used in the production of the inputs, while in Section 13.2

it is used in the final good sector. This similarity emphasizes that the distinction between

process and product innovations is fairly minor in theory, though this distinction might still

be useful in mapping these models to reality.

An equilibrium and a balanced growth path are defined similarly to before. The represen-

tative household now determines both the allocation of its expenditure on different varieties

and the time path of consumption expenditures. We assume that the economy is closed

and there is no capital, thus all output must be consumed. Nevertheless, the consumer Euler

equation will apply to determine the equilibrium interest rate. Labor market clearing requires

that

(13.42)
Z N(t)

0
l (ν, t) dν + LR (t) ≤ L.

Let us start with expenditure decisions. Since the representative household has Dixit-

Stiglitz preferences, the following consumer demands can be derived (see Exercise 13.24):

(13.43) c (ν, t) =
px (ν, t)−ε³R N(t)

0 px (ν, t)1−ε dν
´ −ε
1−ε

C (t) ,

where px (ν, t) is the price of product variety ν at time t, and C (t) is defined in (13.39). The

term in the denominator is the ideal price index raised to the power −ε. As before, it is most
convenience to set this ideal price index as the numeraire, so that the price of output at every

instant is normalized to 1. Thus we impose

(13.44)

ÃZ N(t)

0
px (ν, t)1−ε dν

! 1
1−ε

= 1 for all t.
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With this choice of numeraire, we obtain the consumer Euler equation as (see Exercise 13.25):

(13.45)
Ċ (t)

C (t)
= r (t)− ρ.

With similar arguments to before, the net present discounted value of the monopolist

owning the patent for product ν can be written as

V (ν, t) =

Z ∞

t
exp

∙
−
Z s

t
r
¡
s0
¢
ds0
¸
[px(ν, s)c(ν, s)− w (s) c(ν, s)] ds,

where w (t) c(ν, t) is the total expenditure of the firm to produce a total quantity of c(ν, t)

(given the production function (13.40) and the wage rate at time t equal to w (t)), while

px(ν, t)c(ν, t) is its revenue, consistent with the demand function (13.43). The maximization

of the net present discounted value again requires profit maximization at every instant. Since

each monopolist faces the iso-elastic demand curve given in (13.43), the profit-maximizing

monopoly price is

px (ν, t) =
ε

ε− 1w (t) for all ν and t.

Since all firms charge the same price, they will all produce the same amount and employ

the same amount of labor. At time t, there are N (t) products, so the labor market clearing

condition (13.42) implies that

(13.46) c (ν, t) = l (ν, t) =
L− LR (t)

N (t)
for all ν and t.

Consequently, the instantaneous profits of each monopolist at time t can be written as

π (ν, t) = px(ν, t)c(ν, t)−w (t) c(ν, t)

=
1

ε− 1
L− LR (t)

N (t)
w (t) for all ν and t.(13.47)

Since prices, sales and profits are equal for all monopolists, we can simplify notation by letting

V (t) = V (ν, t) for all ν and t.

In addition, since c(ν, t) = c (t) for all ν,

C (t) = N (t)
ε

ε−1 c (t) .

= (L− LR (t))N (t)
1

ε−1 ,(13.48)

where the second equality uses (13.46).

Labor demand comes from the research sector as well as from the final good producers.

Labor demand from research can again be determined using the free entry condition. As-

suming that there is positive research, so that the free entry condition holds as an equality,

this takes the form

(13.49) ηN (t)V (t) = w (t) .
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Combining this equation with (13.47), we see that

π (t) =
1

ε− 1 (L− LR (t)) ηV (t) ,

where we use π (t) to denote the profits of all monopolists at time t, which are equal. In

BGP, where the fraction of the workforce working in research is constant, this implies that

profits and the net present discounted value of monopolists are also constant. Moreover, in

this case we must have

V (t) =
π (t)

r∗
,

where r∗ denotes the BGP interest rate. The previous two equations then imply

r∗ =
η

ε− 1 (L− L∗R) ,

with L∗R denoting the BGP size of the research sector. The R&D employment level of L∗R
combined with the R&D sector production function, (13.41) then implies

Ṅ (t)

N (t)
= ηL∗R.

However, we also know from the consumer Euler equation, (13.45) combined with (13.48)

Ċ (t)

C (t)
= r (t)− ρ

=
1

ε− 1
Ṅ (t)

N (t)
,

which implies
η

ε− 1 (L− L∗R)− ρ =
1

ε− 1ηL
∗
R,

or

L∗R =
L

2
− ε− 1

2η
ρ.

Consequently, the growth rate of consumption expenditure (and utility) is

(13.50) g∗ =
1

2

µ
η

ε− 1L− ρ

¶
.

This establishes:

Proposition 13.6. In the above-described expanding product variety model, there exists

a unique BGP, in which aggregate consumption expenditure, C (t), grows at the rate g∗ given

by (13.50).

A couple of features are worth noting about this equilibrium. First, in this equilib-

rium, there is growth of “real income,” even though the production function of each good

remains unchanged. This is because, while there is no process innovation reducing costs or

improving quality, the number of products available to consumers expands because of prod-

uct innovations. Since the utility function of the representative household, (13.38), exhibits

love-for-variety, the expanding variety of products increases utility. What happens to income
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depends on what we choose as the numeraire. The natural numeraire is the one setting the

ideal price index, (13.44), equal to 1, which amounts to measuring incomes in similar units at

different dates. With this choice of numeraire, real incomes grow at the same rate as C (t), at

the rate g∗. Second, even though the equilibrium was characterized in a somewhat different

manner than our baseline expanding input variety model, there is a close parallel between

expanding product varieties and expanding input varieties. This can be seen, for example, in

Exercise 13.23, which looks at an economy with expanding input varieties produced by labor.

It can be verified that the structure of the equilibrium is very similar to the one studied

here. Third, Exercise 13.26 will show that as in the other models of endogenous technological

progress we have seen in this chapter, there are no transitional dynamics and the equilibrium

is again Pareto suboptimal. Moreover, log preferences now ensure that the transversality

condition is always satisfied. Finally, it can be verified that there is again a scale effect here.

This discussion then reveals that whether one wishes to use the expanding input variety or

the expanding product model is mostly a matter of taste, and perhaps one of context. Both

models lead to a similar structure of equilibria, to similar equilibrium growth rates, and to

similar welfare properties.

13.5. Taking Stock

In this chapter, we had our first look at models of endogenous technological progress. The

distinguishing feature of these models is the fact that profit incentives shape R&D spending

and investments, which in turn determines the rate at which the technology of the economy

evolves over time. At some level, there are many parallels between the models studied here

and the Romer (1986) model of growth with externalities studied in Section 11.4 in Chapter

11; both have a mathematical structure similar to the neoclassical AK models (constant

long-run growth rate, no transitional dynamics) and both generate externalities causing an

equilibrium growth rate less than the Pareto optimal growth rate (because of physical capital

externalities in the Romer (1986) model, because of aggregate demand externalities in the

lab equipment model of Section 13.1 here, and because of a mixture of these in the other

models studied in this chapter). The difference between the Romer (1986) model and the

endogenous technological change model should not be understated, however. While one may

interpret the Romer (1986) model as involving “knowledge accumulation,” the accumulation

of knowledge and technology is not an economic activity–it is a byproduct of other decisions

(in this particular instance, individual physical capital accumulation decisions). Hence, while

such a model may “endogenize” technology, it does so without explicitly specifying the costs

and benefits of investing in new technologies. Since, as discussed in Chapter 3, technology

differences across countries are likely to be important in accounting for their income differ-

ences, understanding the sources of technology differences is a major part of our effort to
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understand the mechanics of economic growth. In this respect, the models presented in this

chapter constitute a major improvement over those we have encountered so far.

The models studied in this chapter, like those of the previous chapter, emphasize the

importance of profits in shaping technology choices. We have also seen the role of monopoly

power and patent length on the equilibrium growth rate. In addition, the same factors that

influenced the equilibrium growth rate in the neoclassical AK model also affect equilibrium

economic growth here. These include the discount rate, ρ, as well as taxes on capital income or

corporate profits. Nevertheless, the effect of the market structure on equilibrium growth and

innovation rates is somewhat limited in the current models because the Dixit-Stiglitz structure

and expanding product or input varieties limit the extent to which firms can compete with

each other. The models of quality competition in the next chapter will feature a richer

interaction between market structure and equilibrium growth.

While the models in this chapter highlight certain major determinants of the rate of

technological progress, another shortcoming of these models should be noted. The technology

stock of a society is determined only by its own R&D. Thus technological differences will result

simply from R&D differences. In the world of relatively free knowledge-flows, many countries

will not only generate technological know-how by their own R&D but will also benefit from the

advances in the world technology frontier. Consequently, in practice, technology adoption

decisions and the patterns of technology diffusion may be equally important as, or more

important than, R&D rates towards the invention of new technologies (see Chapter 18 below).

Therefore, the major contribution of the models studied in this chapter to our knowledge

may be not in pinpointing the exact source of technology differences across countries, but

in their emphasis on the endogenous nature of technology and the set of factors that affect

technological investments.

In addition, models of endogenous technological change are essential for understanding

world economic growth, since presumably the world technology frontier does largely advance

because of R&D. Therefore, for our purpose of understanding that world economic growth,

the perspectives we have gained on the determinants of technological progress are important.

Nevertheless, the AK structure of these models implies that they may have relatively little

to say about why R&D investments and rapid technological progress has been a feature of

the past 200 years, and the stock of knowledge and output per capita did not exhibit steady

growth before the 19th century. Some of these questions will be addressed later in the book.

13.6. References and Literature

Models of endogenous technological progress were introduced in Romer (1987 and 1990),

and then subsequently analyzed by, among others, Segerstrom, Anant and Dinopoulos (1990),

Grossman and Helpman (1991a,b), Aghion and Howitt (1992). The lab equipment model
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presented in Section 13.1 appears in Rivera-Batiz and Romer (1991). The model in Romer

(1990) is similar to that presented in Section 13.2, but with skilled workers working in R&D.

Gancia and Zilibotti (2005) provide an excellent survey of many of the models discussed in

this chapter. Matsuyama (1995) gives a very lucid and informative discussion of the sources

of inefficiency in Dixit-Stiglitz type models, which is related to the sources of inefficiency in

the lab equipment model presented in Section 13.1.

The critique of endogenous growth models because of scale effect is contained in Backus,

Kehoe and Kehoe (1992) and in Jones (1995). The first of these papers pointed out that

countries with larger sizes (either without adjustment or adjusted for international trade) do

not grow faster in the postwar era. Jones (1995), on the other hand, focused on time-series

patterns and pointed out the substantial increase in R&D inputs, for example, the total

number of workers involved in research, with no corresponding increase in the equilibrium

growth rate. Others argued that looking at the 20th century data may not be sufficient to

reach a conclusion on whether there is a scale effect or not. Kremer (1993) argues, on the

basis of estimates of world population, that there must have been an increase in economic

growth over the past one million years. Laincz and Perreto (1996) argue that R&D resources

allocated to specific product lines have not increased.

The model in Section 13.3 is similar to that presented in Jones (1995) and Jones (1999).

As pointed out there, these models generate sustained growth of per capita income, but the

growth rate of the economy does not respond to policies or preferences (given the rate of pop-

ulation growth). A number of authors have developed models of endogenous growth without

scale effect, where policy might have an effect on the equilibrium growth rate. See, among oth-

ers, Dinopoulos and Thompson (1998), Segerstrom (1998), Howitt (1999) and Young (1998).

Aghion and Howitt (1998) and Ha and Howitt (2005) argue that semi-endogenous growth

models along these lines also faced difficulties when confronted with the time-series evidence.

The model of expanding product variety was first suggested by Judd (1985), but in the

context of a model of exogenous growth. The endogenous growth models with expanding

product variety is presented in Grossman and Helpman (1991a,b). The treatment here is

somewhat different from that in Grossman and Helpman, especially because we used the

ideal price index rather than Grossman and Helpman’s choice of total expenditure as the

numeraire.

13.7. Exercises

Exercise 13.1. This exercise asks you to derive (13.8) from (13.7)
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(1) Rewrite (13.7) at time t as:

V (ν, t) =

Z t+∆t

t
exp

∙
−
Z s

t
r (τ) dτ

¸
(px(ν, s)− ψ)x(ν, s)ds

+

Z ∞

t+∆t
exp

∙
−
Z s

t+∆t
r (τ) dτ

¸
[px(ν, s)x(ν, s)− ψx(ν, s)] ds

which is just an identity for any ∆t. Interpret this equation and relate this to the

Principle of Optimality.

(2) Show that for small ∆t, this can be written as

V (ν, t) = ∆t (px(ν, t)− ψ)x(ν, t) + exp (r (t)∆t)V (ν, t+∆t) + o (∆t) ,

and thus derive the equation

∆t (px(ν, t)− ψ)x(ν, t) + exp (r (t)∆t)V (ν, t+∆t)− exp (r (t)× 0)V (ν, t) + o (∆t) = 0,

where, recall that, exp (r (t)× 0) = 1. Interpret this equation and the significance

of the term o (∆t).

(3) Now divide both sides by ∆t and take the limit ∆t→ 0, to obtain

(px(ν, t)− ψ)x(ν, t) + lim
∆t→0

exp (r (t)∆t)V (ν, t+∆t)− exp (r (t)× 0)V (ν, t)
∆t

= 0.

(4) When the value function is differentiable in its time argument, the previous equations

is equivalent to

(px(ν, t)− ψ)x(ν, t) +
∂ (exp (r (t)∆t)V (ν, t+∆t))

∂t

¯̄̄̄
∆t=0

= 0.

Now derive (13.8).

(5) Provide an economic intuition for the equation (13.8).

Exercise 13.2. Derive (13.9) and (13.10) from the profit maximization problem of a mo-

nopolist.

Exercise 13.3. Formulate the consumer optimization problem in terms of the current-value

Hamiltonian and derive the necessary conditions. Show that these are equivalent to (13.16)

and (13.17).

Exercise 13.4. Prove that in the model of Section 13.1, if ηV (ν, t0) = 1 and there is entry

at some t0, then ηV (ν, t) = 1 for all t and conversely that if ηV (ν, t0) < 1 for some t0, then

ηV (ν, t) ≤ 1 for all t and there is no entry at any t.
Exercise 13.5. Consider the expanding variety model of Section 13.1 and denote the BGP

growth rates of consumption and total output by g∗C and g∗.

(1) Show that g∗C > g∗ is not feasible.

(2) Show that g∗C < g∗ violates the transversality condition.
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Exercise 13.6. This exercise asks you to construct and analyze the equivalent of the lab-

equipment expanding variety model of Section 13.1 in discrete time. Suppose that the econ-

omy admits a representative household with preferences at time 0 given by

∞X
t=0

βt
C (t)1−θ − 1
1− θ

,

with β ∈ (0, 1) and θ ≥ 0. Production technology is the same as in the text and the innovation
possibilities frontier of the economy is given by

N (t+ 1)−N (t) = ηZ (t) .

(1) Define an equilibrium.

(2) Characterize the balanced growth path and compare the structure of the equilibrium

to that in Section 13.1.

(3) Show that there are no transitional dynamics, so that starting with any N (0) > 0,

the economy grows at a constant rate.

Exercise 13.7. Complete the proof of Proposition 13.1, in particular, showing that condition

(13.21) is sufficient for the transversality condition to be satisfied.

Exercise 13.8. Consider a world economy consisting of j = 1, ...,M economies. Suppose

that each of those are closed and have access to the same production and R&D technology

as described in Section 13.1. The only differences across countries are in the size of labor

force, Lj , productivity of R&D, ηj , and discount rate ρj . You may also want to assume that

one unit of R&D expenditure costs ζj units of final good in country j, and this varies across

countries. There are no technological exchange across countries.

(1) Define the “world equilibrium” in which each country is in equilibrium in analogy

with the equilibrium path of the one country economy in Section 13.1.

(2) Characterize the world equilibrium. Show that in the world equilibrium, each coun-

try will grow at a constant rate starting at t = 0. Provide explicit solutionse for

these growth rates.

(3) Show that except in “knife-edge” cases, output in each country will grow at a dif-

ferent long-run rate.

(4) Now return to the discussion in Chapters 3 and 8 regarding the effect of policy and

taxes on long-run income per capita differences. Show that, in the model discussed

in this exercise, arbitrarily small differences in policy or discount factors across

countries will lead to “infinitely large” differences in long-run income per capita.

Does this resolve the empirical challenges discussed in those chapters? Does the

environment in this exercise provide a satisfactory model for the study of long-run

income per capita differences across countries? If yes, please elaborate how such a
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model can be mapped to reality. If not, explain which features of the model appear

unsatisfactory to you and how you would want to change them.

Exercise 13.9. Derive the consumption growth rate in the socially-planned economy,

(13.22).

Exercise 13.10. Consider the expanding input variety model of Section 13.1. Show that

it is possible for the equilibrium allocation to satisfy the transversality condition, while the

social planner’s solution may violate it. Interpret this result. Does it imply that the social

planner’s allocation is less compelling?

Exercise 13.11. Complete the proof of Proposition 13.3, in particular showing that the

Pareto optimal allocation always involves a constant growth rate and no transitional dynam-

ics.

Exercise 13.12. Consider the expanding input variety model of Section 13.1.

(1) Suppose that a benevolent government has access only to research subsidies, which

can be financed by lump-sum taxes. Can these subsidies be chosen so as to ensure

that the equilibrium growth rate is the same as the Pareto optimal growth rate?

Can they be used to replicate the Pareto optimal equilibrium path? Would it be

desirable for the government to use subsidies so as to achieve the Pareto optimal

growth rate (from the viewpoint of maximizing social welfare at time t = 0)?

(2) Suppose that the government now has only access to subsidies to machines, which

can again be financed by lump-sum taxes. Can these be chosen to induce the Pareto

optimal growth rate? Can they be used to replicate the Pareto optimal equilibrium

path?

(3) Will the combination of subsidies to machines and subsidies to research be better

than either of these two policies by themselves?

Exercise 13.13. Consider the expanding input variety model of Section 13.1 and assume

that corporate profits are taxed at the rate τ .

(1) Characterize the equilibrium allocation.

(2) Consider two economies with identical technologies and identical initial conditions,

but with different corporate tax rates, τ and τ 0. Determine the relative income of

these two economies (possibly as a function of time).

Exercise 13.14. * Consider the expanding input variety model of Section 13.1, with one

difference. A firm that invents a new machine receives a patent, which expires at the Poisson

rate ι. Once the patent expires, that machine is produced competitively and is supplied to

final good producers at marginal cost.

500



Introduction to Modern Economic Growth

(1) Characterize the equilibrium in this case and show how the equilibrium growth rate

depends on ι. [Hint: notice that there will be two different types of machines,

supplied at different prices].

(2) What is the value of ι that maximizes the equilibrium rate of economic growth?

(3) Show that a policy of ι = 0 does not necessarily maximize social welfare at time

t = 0.

Exercise 13.15. Consider the formulation of competition policy in subsection 13.1.6.

(1) Characterize the equilibrium fully.

(2) Write down the welfare of the representative household at time t = 0 in this equi-

librium.

(3) Maximize this welfare function by choosing a value of γ.

(4) Why is the optimal value of γ not equal to some γ∗ ≥ 1/ (1− β)? Provide an

interpretation in terms of the tradeoff between level and growth effects.

(5) What is the relationship between the optimal value of γ and ρ. Interpret.

Exercise 13.16. Complete the proof of Proposition 13.4. In particular, show that the equi-

librium path involves no transitional dynamics and that under (13.31), the transversality

condition is satisfied.

Exercise 13.17. Characterize the Pareto optimal allocation in the economy of Section 13.2.

Show that it involves a constant growth rate greater than the equilibrium growth rate in

Proposition 13.4 and no transitional dynamics.

Exercise 13.18. Derive equation (13.35) and explain why the denominator is equal to r∗−n.
Exercise 13.19. Consider the model of endogenous technological progress with limited

knowledge spillover as discussed in Section 13.3.

(1) Characterize the transitional dynamics of the economy starting from an arbitrary

N (0) > 0.

(2) Characterize the Pareto optimal allocation and compare it to the equilibrium allo-

cation in Proposition 13.5.

(3) Analyze the effect of the following two policies: first, a subsidy to research; second,

the patent policy, where each patent expires at the rate ι > 0. Explain why the

effects of these policies on economic growth are different than their effects in the

baseline endogenous growth model.

Exercise 13.20. Consider the model in Section 13.3. Suppose that there are two economies

with identical preferences, technology and initial conditions, except country 1 starts with

population L1 (0) and country 2 starts with L2 (0) > L1 (0). Show that income per capita is

always higher in country 2 than in country 1.
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Exercise 13.21. Consider the lab equipment model of Section 13.1, but modify the innova-

tion possibilities frontier to

Ṅ (t) = ηN (t)−φZ (t) ,

where φ > 0.

(1) Define an equilibrium.

(2) Characterize the market clearing factor prices and determine the free entry condition.

(3) Show that without population growth, there will be no sustained growth in this

economy.

(4) Now consider population growth at the exponential rate n, and show that this model

generates sustained equilibrium growth as in the model analyzed in Section 13.3.

Exercise 13.22. Consider the baseline endogenous technological change model with expand-

ing machine varieties in Section 13.1. Suppose that x’s now denote machines that do not

immediately depreciate. In contrast, once produced these machines depreciate as an expo-

nential rate δ. References and the rest of the production structure remain unchanged.

(1) Define an equilibrium in this economy.

(2) Formulate the maximization problem of producers of machines. [Hint: it is easier

to formulate the problem in terms of machine rentals rather than machine sales].

(3) Characterize the equilibrium in this economy and show that all the results are iden-

tical to those in Section 13.1.

Exercise 13.23. Consider the following model. Population at time t is L (t) and grows at

the constant rate n (i.e., L̇ (t) = nL (t)). All agents have preferences given byZ ∞

0
exp (−ρt) C(t)

1−θ − 1
1− θ

dt,

where C is consumption defined over the final good of the economy. This good is produced

as

Y (t) =

∙Z N

0
y (ν, t)β dν

¸1/β
,

where y (ν, t) is the amount of intermediate good ν used in production at time t. The

production function of each intermediate is

y (ν, t) = l (ν, t)

where l (ν, t) is labor allocated to this good at time t.

New goods are produced by allocating workers to the R&D process, with the production

function

Ṅ (t) = ηNφ (t)LR (t)

where φ ≤ 1 and LR (t) is labor allocated to R&D at time t. So labor market clearing

requires
R N(t)
0 l (ν, t) dv + LR (t) = L (t). Risk-neutral firms hire workers for R&D. A firm
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who discovers a new good becomes the monopoly supplier, with a perfectly and indefinitely

enforced patent.

(1) Characterize the balanced growth path in the case where φ = 1 and n = 0, and

show that there are no transitional dynamics. Why is this? Why does the long-run

growth rate depend on θ? Why does the growth rate depend on L? Do you find

this plausible?

(2) Now suppose that φ = 1 and n > 0. What happens? Interpret.

(3) Now characterize the balanced growth path when φ < 1 and n > 0. Does the growth

rate depend on L? Does it depend on n? Why? Do you think that the configuration

φ < 1 and n > 0 is more plausible than the one with φ = 1 and n = 0?

Exercise 13.24. Derive equation (13.43). [Hint: use the first-order condition between two

products ν and ν0, and then substitute into the budget constraint of the representative house-

hold with total expenditure denoted by C (t)].

Exercise 13.25. Using (13.43) and the choice of numeraire in (13.44), set up the consumer

optimization problem in the form of the current-value Hamiltonian. Derive the consumer

Euler equation (13.45).

Exercise 13.26. Consider the model analyzed in Section 13.4.

(1) Show that the allocation described in Proposition 13.6 always satisfies the transver-

sality condition.

(2) Show that in this model there are no transitional dynamics.

(3) Characterize the Pareto optimal allocation and show that the equilibrium growth

rate in Proposition 13.6 is less than the growth rate in the Pareto optimal allocation.
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CHAPTER 14

Models of Schumpeterian Growth

The previous chapter presented the basic endogenous technological change models based

on expanding input or product varieties. The advantage of these models is their relative

tractability. While the expansion of the variety of machines used in production captures

certain aspects of process innovation, most process innovations we observe in practice either

increase the quality of an existing product or reduce the costs of production. Therefore,

typical process innovations have a number of distinct features compared to the “horizontal

innovations” of the previous chapter. For example, in the expanding machine variety model

a newly-invented computer is used alongside all previous vintages of computers, though, in

practice, a newly-invented superior computer often replaces existing vintages. Thus in some

fundamental sense, models of expanding machine variety do not provide a good description

of innovation dynamics in practice because they do not capture the competitive aspect of

innovations. These competitive aspects bring us to the realm of Schumpeterian creative

destruction in which economic growth is driven, at least in part, by new firms replacing

incumbents. For this reason, the models discussed in this chapter are often referred to as

Schumpeterian growth models. My purpose in this chapter is to develop tractable models of

Schumpeterian growth or of growth with “competitive innovations”.

As Chapter 12 discussed, innovations that involve quality improvements or cost reductions

will feature the replacement effect, which implies that entrants should be more active in the

research process than incumbents. Schumpeterian growth therefore raises a number of novel

and important issues. First, in contrast to the models of expanding varieties, there may

be direct price competition between different producers with different vintages of quality or

different costs of producing the same product. This will affect both the description of the

growth process and a number of its central implications. For example, market structure

and anti-trust policy can play potentially richer roles in models exhibiting this type of price

competition. Second, competition between incumbents and entrants brings the business

stealing effect we encountered in Chapter 12 to the fore and raises the possibility of excessive

innovations.

This description suggests that a number of new and perhaps richer issues arise when we

model Schumpeterian growth. One may then expect models of Schumpeterian models to be

significantly more complicated than expanding varieties models. This is not necessarily the

505



Introduction to Modern Economic Growth

case, however. In this chapter, we will present the basic models of competitive innovations,

first proposed by Aghion and Howitt (1992) and then further developed by Grossman and

Helpman (1991a,b) and Aghion and Howitt (1998). The literature on models of Schum-

peterian economic growth is now large and an excellent survey is presented in Aghion and

Howitt (1998). Our purpose here is not to provide a detailed survey, but to emphasize the

most important implications of these models for understanding cross-country income differ-

ences and the process of economic growth. We will also present these models in a way that

parallels the mathematical structure of the expanding varieties models, both to emphasize

the similarities and clarify the differences. A number of distinct applications of these models

are also discussed later in the chapter and in the exercises.

14.1. A Baseline Model of Schumpeterian Growth

14.1.1. Preferences and Technology. In this section, we present a tractable model

of Schumpeterian growth. We choose the economy to be as similar to the baseline (lab equip-

ment) expanding machine variety model as possible, both to emphasize the parallels in the

mathematical structures between these models and to highlight the basic economic differences

that come from the presence of competition between new innovations and existing inputs (or

products). The economy is in continuous time and admits a representative household with

the standard CRRA preferences, (13.1), as in the previous chapter. Population is constant at

L and labor is supplied inelastically. The resource constraint at time t again takes the form

(14.1) C (t) +X (t) + Z (t) ≤ Y (t) ,

where C (t) is consumption, X (t) is aggregate spending on machines, and Z (t) is total

expenditure on R&D at time t.

We again assume that there is a continuum of machines used in the production of a

unique final good. Since there will be no expansion of inputs/machine variety, we normalize

the measure of inputs to 1, and denote each machine line by ν ∈ [0, 1]. The engine of economic
growth here will be process innovations that lead to quality improvement. Let us first specify

how the qualities of different machine lines change over time. Let q (ν, t) be the quality of

machine line ν at time t. We assume the following “quality ladder” for each machine type:

(14.2) q (ν, t) = λn(ν,t)q (ν, 0) for all ν and t,

where λ > 1 and n (ν, t) denotes the number of innovations on this machine line between time

0 and time t. This specification implies that there is a ladder of quality for each machine type,

and each innovation takes the machine quality up by one rung in this ladder. These rungs

are proportionally equi-distant, so that each improvement leads to a proportional increase in

quality by an amount λ > 1. Growth will be the result of these quality improvements.
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The production function of the final good is similar to that in the previous chapter,

except that now the quality of the machines matters for productivity. We write the aggregate

production function of the economy as follows:

(14.3) Y (t) =
1

1− β

∙Z 1

0
q(ν, t)x(ν, t | q)1−βdν

¸
Lβ,

where x(ν, t | q) is the quantity of the machine of type ν of quality q used in the production
process. As in the previous chapter, this production function can be written as

Y (t) =
1

1− β
X̃ (t)1−β Lβ,

where

X̃ (t) ≡
∙Z 1

0
q(ν, t)x(ν, t | q)

εβ−1
εβ dν

¸ εβ
εβ−1

,

with εβ ≡ 1/β, which again emphasizes the continuity with the Dixit-Stiglitz model of Chap-
ter 12.

An implicit assumption in (14.3) is that at any point in time only one quality of any

machine is used. This is without loss of any generality, since in equilibrium only the highest-

quality machines of each type will be used. This production function already indicates the

source of creative destruction in this class on models: when a higher-quality machine is

invented it will replace (“destroy”) the previous vintage of machines.

We next specify the technology for producing machines of different qualities and the

innovation possibilities frontier of this economy. First, new machine vintages are invented

by R&D. The R&D process is cumulative, in the sense that new R&D builds on an existing

machine type. For example, consider the machine line ν that has quality q (ν, t) at time

t. R&D on this machine line will attempt to improve over this quality. If a firm spends

Z (ν, t) units of the final good for research on this machine line, then it generates a flow rate

ηZ (ν, t) /q (ν, t) of innovation. The innovation advances the knowhow on the production of

this machine to the new rung of the quality ladder, thus creates a machine of type ν with

quality λq (ν, t). Note that one unit of R&D spending is proportionately less effective when

applied to a more advanced machine. This is intuitive, since we expect research on more

advanced machines to be more difficult. It is also convenient from a mathematical point

of view, since the benefit of research is also increasing with the quality of the machine (in

particular, the quality improvements are proportional, with an innovation increasing quality

from q (ν, t) to λq (ν, t)). Note that the costs of R&D are identical for the current incumbent

and new firms (see Exercise 14.5 for alternative formulations). We assume that there is free

entry into research, thus any firm or individual can undertake this type of research on any of

the machine lines.

As in the expanding varieties models of the previous chapter, the firm that makes an

innovation has a perpetual patent on the new machine has invented. However, note that
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the patent system does not preclude other firms undertaking research based on the product

invented by this firm. We will discuss below how different patenting arrangements might

affect incentives in this model.

Once a particular machine of quality q (ν, t) has been invented, any quantity of this

machine can be produced at the marginal cost ψq (ν, t). Once again, the fact that the marginal

cost is proportional to the quality of the machine is natural, since producing higher-quality

machines should be more expensive.

One noteworthy issue here concerns the identity of the firm that will undertake R&D

and innovation. In the expanding varieties model, this was irrelevant, since machines could

not be improved upon, so there was only R&D for new machines, and who undertook the

R&D was not important. Here, in contrast, existing machines can be (and are) improved,

and this is the source of economic growth. We have already seen in Chapter 12 that if the

cost of R&D are identical for incumbents and new firms, Arrow’s replacement effect will

imply that it will be the new entrants that undertake the R&D. The same applies in this

model. The incumbent has weaker incentives to innovate, since it would be replacing its own

machine, and thus destroying the profits that it is already making. In contrast, a new entrant

does not have this replacement calculation in mind. As a result, with the same technology

of innovation, it will always be the entrants that undertake the R&D investments in this

model (see Exercise 14.1). This is an attractive implication, since it creates a real sense of

creative destruction or churning. Of course in practice we observe established and leading

firms undertaking innovations. This might be because the technology of innovation differs

between incumbents and new potential entrants, or there is only a limited number of new

entrants as in the model studied in Section 14.4 below (though in the current model this will

not be sufficient, see Exercise 14.1).

14.1.2. Equilibrium. An allocation in this economy is similar to that in the previous

chapter. It consists of time paths of consumption levels, aggregate spending on machines, and

aggregate R&D expenditure [C (t) ,X (t) , Z (t)]∞t=0, time paths of machine qualities denoted

by, [q (ν, t)]∞ν∈[0,1],t=0, time paths of prices and quantities of each machine and the net present

discounted value of profits from that machine, [px (ν, t | q) , x (ν, t) , V (ν, t | q)]∞ν∈[0,1],t=0, and
time paths of interest rates and wage rates, [r (t) , w (t)]∞t=0. We will now characterize the

equilibrium in this economy.

Let us start with the aggregate production function for the final good producers. A

similar analysis to that in the previous chapter implies that the demand for machines is given

by

(14.4) x(ν, t | q) =
µ

q (ν, t)

px (ν, t | q)

¶1/β
L for all ν ∈ [0, 1] and all t,
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where px (ν, t | q) refers to the price of machine type ν of quality q (ν, t) at time t. This

expression stands for px (ν, t | q (ν, t)), but there should be no confusion in this notation since
it is clear that q here refers to q (ν, t), and we will use this notation for other variables as well.

The price px (ν, t | q) will be determined by the profit-maximization of the monopolist holding
the patent for machine of type ν of quality q (ν, t). Note that the demand from the final good

sector for machines in (14.4) is iso-elastic as in the previous chapter, so the unconstrained

monopoly price is again a constant markup over marginal cost. However, contrary to the

situation in the previous chapter, there is now competition between firms that have access to

different vintages of the machine. This implies that, as in our discussion in Chapter 12, we

need to consider two regimes, one in which the innovation is “drastic” so that each firm can

charge the unconstrained monopoly price, and the other one in which limit prices have to be

used. Which regime we are in does not make any difference to the mathematical structure

or to the substantive implications of the model. Nevertheless, we have to choose one of these

two alternatives for consistency. Here we assume that the quality gap between a new machine

and the machine that it replaces, λ, is sufficiently large, in particular, satisfies

(14.5) λ ≥
µ

1

1− β

¶1−β
β

,

so that we are in the drastic innovations regime (see Exercise 14.7 for the derivation of

this condition and Exercise 14.8 for the structure of the equilibrium under the alternative

assumption). Let us also normalize ψ ≡ 1− β as in the previous chapter, which implies that

the profit-maximizing monopoly price is

(14.6) px (ν, t | q) = q (ν, t) .

Combining this with (14.4) implies that

(14.7) x (ν, t | q) = L.

Consequently, the flow profits of a firm with the monopoly rights on the machine of quality

q(v, t) can be computed as:

π (ν, t | q) = βq (ν, t)L.

This only differs from the flow profits in the previous chapter because of the presence of the

quality term, q (ν, t). Next, substituting (14.7) into (14.3), we obtain that total output is

given by

(14.8) Y (t) =
1

1− β
Q (t)L,

where

(14.9) Q (t) =

Z 1

0
q(ν, t)dν
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is the average total quality of machines. This expression closely parallels the derived produc-

tion function (13.12) in the previous chapter, except that instead of the number of machine

varieties, N (t), labor productivity is determined by the average quality of the machines,

Q (t). This expression also clarifies the reasoning for the particular functional form assump-

tions above. In particular, the reader can verify that it is the linearity of the aggregate

production function of the final good, (14.3) in the quality of machines that makes labor

productivity depend on average qualities. With alternative assumptions, a similar expression

to (14.8) would still obtain, but with a more complicated aggregator of machine qualities

than the simple average (see, for example, Section 14.4). As a byproduct, we also obtain that

aggregate spending on machines is

(14.10) X (t) = (1− β)Q (t)L.

Similar to the previous chapter, labor, which is only used in the final good sector, receives

an equilibrium wage rate of

(14.11) w (t) =
β

1− β
Q (t) .

We next specify the value function for the monopolist of variety ν of quality q (ν, t) at

time t. As in the previous two chapters, despite the fact that each firm generates a stochastic

stream of revenues, the presence of many firms with independent risks implies that each

should maximize expected profits. The net present value of expected profits can be written

in the Hamilton-Jacobi-Bellman form as follows

(14.12) r (t)V (ν, t | q)− V̇ (ν, t | q) = π(ν, t | q)− z(ν, t | q)V (ν, t | q),

where z(ν, t | q) is the rate at which new innovations occur in sector ν at time t, while

π(ν, t | q) is the flow of profits. This value function is somewhat different from the ones in

the previous chapter (e.g., (13.8)), because of the last term on the right-hand side, which

captures the essence of Schumpeterian growth. When a new innovation occurs, the existing

monopolist loses its monopoly position and is replaced by the producer of the higher-quality

machine. From then on, it receives zero profits, and thus has zero value. In writing this

equation, we have made use of the fact that because of Arrow’s replacement effect, it is an

entrant that is undertaking the innovation, thus z(ν, t | q) corresponds to the flow rate at
which the incumbent will be replaced by a new entrant.

Free entry again implies that we must have

(14.13) ηV (ν, t | q) ≤ λ−1q(ν, t) and ηV (ν, t | q) = λ−1q(ν, t) if Z (ν, t | q) > 0.

In other words, the value of spending one unit of the final good should not be strictly positive.

Recall that one unit of the final good spent on R&D for a machine of quality λ−1q has a flow

rate of success equal to η/
¡
λ−1q

¢
, and in this case, it generates a new machine of quality
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q, which will have a net present value gain of V (ν, t | q). If there is positive R&D, i.e.,
Z (ν, t | q) > 0, then the free entry condition must hold as equality.

Note also that even though the quality of individual machines, the q (ν, t)’s, are stochastic

(and depend on success in R&D), as long as R&D expenditures, the Z (ν, t | q)’s, are nonsto-
chastic, average quality Q (t), and thus total output, Y (t), and total spending on machines,

X (t), will be nonstochastic. This feature will significantly simplify notation and the analysis

of this economy.

Consumer maximization again implies the familiar Euler equation,

(14.14)
Ċ (t)

C (t)
=
1

θ
(r (t)− ρ),

and the transversality condition takes the form

(14.15) lim
t→∞

∙
exp

µ
−
Z t

0
r (s) ds

¶Z 1

0
V (ν, t | q) dν

¸
= 0

for all q. This transversality condition follows because now the total value of corporate

assets is
R 1
0 V (ν, t | q) dν. Even though the evolution of the quality of each machine line is

stochastic, the value of a machine of type ν of quality q at time t, V (ν, t | q), is nonstochastic.
Either q is not the highest quality in this machine line, in which case V (ν, t | q) is equal to
0, or alternatively, it is given by (14.12).

These equations complete the description of the environment. An equilibrium can then be

represented as time paths of consumption, aggregate spending on machines, and aggregate

R&D, [C (t) ,X (t) , Z (t)]∞t=0 that satisfy (14.1), (14.10), (14.15), time paths of aggregate

machine quality [Q (t)]∞t=0 and value functions [V (ν, t | q)]
∞
ν∈[0,1],t=0 consistent with (14.9),

(14.12) and (14.13), time paths of prices and quantities of machines that have highest quality

in their lines at that point in time and the net present discounted value of profits from those

machines, [px (ν, t | q) , x (ν, t)]∞ν∈[0,1],t=0 given by (14.6) and (14.7), and time paths of interest
rates and wage rates, [r (t) , w (t)]∞t=0 that are consistent with (14.11) and (14.14).

We will first focus on an equilibrium path with balance growth, i.e., on the the balanced

growth path (BGP), where output and consumption grow at constant rates.

14.1.3. Balanced Growth Path. In the balanced growth path (BGP), consumption

grows at the constant rate g∗C . With familiar arguments, this must be the same rate as output

growth, g∗. Moreover, from (14.14), the interest rate must be constant, i.e., r (t) = r∗ for all

t.

If there is positive growth in this BGP equilibrium, then there must be research at least

in some sectors. Since both profits and R&D costs are proportional to quality, whenever the

free entry condition (14.13) holds as equality for one machine type, it will hold as equality
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for all of them. This, in turn, implies that

(14.16) V (ν, t | q) = q (ν, t)

λη
.

Moreover, if it holds between t and t + ∆t, V̇ (ν, t | q) = 0, because the right-hand side of

equation (14.16) is constant over time–q (ν, t) refers to the quality of the machine supplied

by the incumbent, which does not change. Since R&D for each machine type has the same

productivity, this implies that z (ν, t) must also be the same for all machine types, thus equal

to some z (t). Moreover, in BGP, this rate will be constant and we will denote it by z∗. Then

(14.12) implies

(14.17) V (ν, t | q) = βq (ν, t)L

r∗ + z∗
.

Notice the difference between this value function and those in the previous chapter: instead

of the discount rate r∗, the effective discount rate is r∗ + z∗, since incumbent monopolists

understand that competitive innovations will replace them.

Combining this equation with (14.16), we obtain

(14.18) r∗ + z∗ = ληβL.

Moreover, from the fact that g∗C = g∗ and (14.14), we have that g∗ = (r∗ − ρ) /θ, or

(14.19) r∗ = θg∗ + ρ.

To solve for the BGP equilibrium, we need a final equation relating the BGP growth rate of

the economy, g∗, to z∗. From (14.8)

Ẏ (t)

Y (t)
=

Q̇ (t)

Q (t)
.

Next, note that, by definition, in an interval of time ∆t, there will be z (t)∆t sectors that

experience one innovation, and this will increase their productivity by λ. The measure of

sectors experiencing more than one innovation within this time interval is o (∆t)–i.e., it is

second-order in ∆t, so that as ∆t→ 0, o(∆t)/∆t→ 0. Therefore, we have

Q (t+∆t) = λQ (t) z (t)∆t+ (1− z (t)∆t)Q (t) + o (∆t) .

Now subtracting Q (t) from both sides, dividing by ∆t and taking the limit as ∆t → 0, we

obtain

Q̇ (t) = (λ− 1) z (t)Q (t) .

Therefore,

(14.20) g∗ = (λ− 1) z∗.
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Now combining (14.18)-(14.20), we obtain the BGP growth rate of output and consumption

as:

(14.21) g∗ =
ληβL− ρ

θ + (λ− 1)−1
.

This establishes the following proposition

Proposition 14.1. Consider the model of Schumpeterian growth described above. Sup-

pose that

(14.22) ληβL > ρ > (1− θ)ληβL .

Then, there exists a unique balanced growth path in which average quality of machines, output

and consumption grow at rate g∗ given by (14.21). The rate of innovation is g∗/ (λ− 1).

Proof. Most of the proof is given in the preceding analysis. In Exercise 14.3 you are

asked to check that the BGP equilibrium is unique and satisfies the transversality condition.

¤

The above analysis illustrates that the mathematical structure of the model is quite similar

to those analyzed in the previous chapter. Nevertheless, the feature of creative destruction,

the process of incumbent monopolists being replaced by new entrants, is new and provides a

very different interpretation of the growth process. We will return to some of the applications

of creative destruction below.

Before doing this, we can also analyze transitional dynamics in this economy. Similar

arguments to those used in the previous chapter establish the following result:

Proposition 14.2. In the model of Schumpeterian growth described above, starting with

any average quality of machines Q (0) > 0, there are no transitional dynamics and the equi-

librium path always involves constant growth at the rate g∗ given by (14.21).

Proof. See Exercise 14.4. ¤

A notable feature of the model, which is again related to the functional form of the

aggregate production function (14.3), is that only the average quality of machines, Q (t),

matters for the allocation of resources. Moreover, the incentives to undertake research are

identical for two machine types ν and ν 0, with different quality levels q (ν, t) and q (ν 0, t),

thus there is no incentive to undertake different R&D investments for more and less advanced

machines. This is again a feature of the functional forms chosen here, and Exercise 14.13

shows that in different circumstances this result may not apply. Nevertheless, the specification

chosen in this section is appealing, since it implies that research will be directed at a broad

range of machines rather than a specific subset of the available types of machines.
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14.1.4. Pareto Optimality. This equilibrium, like that of the endogenous technology

model with expanding varieties, is typically Pareto suboptimal. The first reason for this

is the appropriability effect, which results because monopolists are not able to capture the

entire social gain created by an innovation. However, Schumpeterian growth also introduces

the business stealing effect discussed in Chapter 12. Consequently, the equilibrium rate of

innovation and growth can now be too high or too low. We now investigate this question.

We proceed as in the previous chapter, first deriving quantities of machines that will be

used in the final good sector by the social planner. In the social planner’s allocation there is

no markup on machines, thus we have

xS (ν, t | q) = ψ−1/βL

= (1− β)−1/β L.

Substituting this into (14.3), we obtain

Y S (t) = (1− β)−1/β QS (t)L,

where again the superscript S refers to the social planner’s allocation. The net output that

can be distributed between consumption and research expenditure is

Ỹ S (t) ≡ Y S (t)−XS (t)

= (1− β)−1/β QS (t)L−
Z 1

0
ψq (ν, t)xS (ν, t | q) dν

= (1− β)−1/β βQS (t)L.(14.23)

Moreover, given the specification of the innovation possibilities frontier above, the social

planner can improve the aggregate technology as follows:

Q̇S (t) = η (λ− 1)ZS (t) ,

since an R&D spending of ZS (t) will lead to discoveries of better vintages at the flow rate of

η and each of these vintages increases average quality of machines by a proportional amount

λ− 1.
Now, given this equation, the maximization problem of the social planner can be written

as

max

Z ∞

0
exp (−ρt) C

S (t)1−θ − 1
1− θ

dt

subject to

Q̇S (t) = η (λ− 1) (1− β)−1/β βQS (t)L− η (λ− 1)CS (t) ,

where the constraint equation uses net output, (14.23), and the resource constraint, (14.1). In

this problem, QS (t) is the state variable, and CS (t) is the control variable. It can be verified

that this problem satisfies all the assumptions of Theorems 7.9 and 7.12, so a solution that
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satisfies the necessary conditions in Theorem 7.9 will give the unique optimal growth path.

To characterize this solution, let us set up the current-value Hamiltonian as

Ĥ
¡
QS , CS, μS

¢
=

CS (t)1−θ − 1
1− θ

+μS (t)
h
η (λ− 1) (1− β)−1/β βQS (t)L− η (λ− 1)CS (t)

i
.

The necessary conditions for a maximum are

ĤC

¡
QS , CS , μS

¢
= CS (t)−θ − μS (t) η (λ− 1) = 0

ĤQ

¡
QS , CS , μS

¢
= μS (t) η (λ− 1) (1− β)−1/β βL = ρμS (t)− μ̇S (t)

lim
t→∞

£
exp (−ρt)μS (t)QS (t)

¤
= 0.

Moreover, it is straightforward to verify that the current-value Hamiltonian is concave in

C and Q, so any solution to these necessary conditions is an optimal plan. Combining

these conditions, we obtain the following growth rate for consumption in the social planner’s

allocation (see Exercise 14.6):

(14.24)
ĊS (t)

CS (t)
= gS ≡ 1

θ

³
η (λ− 1) (1− β)−1/β βL− ρ

´
.

Clearly, total output and average quality will also grow at the rate gS in this allocation.

Comparing gS to g∗ in (14.21), we can see that either could be greater. In particular,

when λ is very large, gS > g∗, and there is insufficient growth in the equilibrium. We can

see this as follows: as λ → ∞, gS/g∗ → (1− β)−1/β > 1. In contrast, to obtain an example

in which there is excessive growth in the equilibrium, suppose that θ = 1, β = 0.9, λ = 1.3,

η = 1, L = 1 and ρ = 0.38. In this case, it can be verified that gS ≈ 0, while g∗ ≈ 0.18 > gS .1

This illustrates the counteracting influences of the appropriability and business stealing

effects discussed above. The following proposition summarizes this result:

Proposition 14.3. In the model of Schumpeterian growth described above, the decen-

tralized equilibrium is generally Pareto suboptimal, and may have a higher or lower rate of

innovation and growth than the Pareto optimal allocation.

It is also straightforward to verify that as in the models of the previous section, there is

a scale effect, and thus population growth would lead to an exploding growth path. Exercise

14.10 asks you to construct an endogenous growth model of Schumpeterian growth without

scale effects.

14.1.5. Policy in the Model of Schumpeterian Growth. We now use the Schum-

peterian growth model to analyze the effects of policy on economic growth. As in the model

1Notice that the combination of β = 0.9 and λ = 1.3 are consistent with (14.5), which was used in deriving
the equilibrium growth rate g∗.
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of the previous few chapters, anti-trust policy, patent policy and taxation will affect the equi-

librium growth rate. For example, two economies that tax corporate incomes at different

rates, say τ and τ 0, will grow at different rates.

There is a sense in which the current model is much more appropriate for conducting

policy analysis than the expanding varieties models, however. In those models, there was

no reason for any agent in the economy to support distortionary taxes (which reduce the

growth rate).2 In contrast, the fact that growth takes place through creative destruction here

implies that there is a natural conflict of interest, and certain types of policies may have a

constituency. To illustrate this point, which will be discussed in greater detail in Part 8 of

the book, suppose that there is a tax τ imposed on R&D spending. This has no effect on

the profits of existing monopolists, and only influences their net present discounted value

via replacement. Since taxes on R&D will discourage R&D, there will be replacement at a

slower rate, i.e., z∗ will fall. This increases the steady-state value of all monopolists given

by (14.17). In particular, denoting the value of a monopolist with a machine of quality q by

V (q), we have

V (q) =
βqL

r∗ (τ) + z∗ (τ)
,

where the equilibrium interest rate and the replacement rate have been written as functions

of τ . With the tax rate on R&D, the free entry condition, (14.13) becomes

V (q) =
(1 + τ)

λη
q.

This equation shows that V (q) is clearly increasing in the tax rate on R&D, τ . Combining the

previous two equations, we see that in response to a positive rate of taxation, r∗ (τ) + z∗ (τ)

must adjust downward, so that the value of current monopolists increases (consistent with

the previous equation). Intuitively, when the costs of R&D are raised because of tax policy,

the value of a successful innovation, V (q), must increase to satisfy the free entry condition.

This can only happen through a decline the effective discount rate r∗ (τ) + z∗ (τ). A lower

effective discount rate, in turn, is achieved by a decline in the equilibrium growth rate of the

economy, which now takes the form

g∗ (τ) =
(1 + τ)−1 ληβL− ρ

θ + (λ− 1)−1
.

It is straightforward to verify that this growth rate is strictly decreasing in τ . Nevertheless,

as the previous expression shows, incumbent monopolists would be in favor of increasing

τ in order to shield themselves from the competition of new entrants. Essentially, in this

2Naturally, one can enrich these models so that tax revenues are distributed unequally across agents, for
example, with taxes on capital distributed to workers. In this case, even in the basic neoclassical growth
model, some groups could prefer distortionary taxes. Such models will be discussed in Part 8 of the book.
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model, slowing down the process of creative destruction is beneficial for incumbents, creating

a rationale for growth-retarding policies to emerge in equilibrium.

Therefore, an important advantage of models of Schumpeterian growth is that they start

providing us clues about why some societies may adopt policies that reduce the growth rate.

Since taxing R&D by new entrants benefits incumbent monopolists, when incumbents are

sufficiently powerful politically, such distortionary taxes can emerge in the political economy

equilibrium, even though they are not in the interest of the society at large.

14.2. A One-Sector Schumpeterian Growth Model

The model of Schumpeterian growth presented in the previous section was designed to

maximize the parallels between this class of models and those based on expanding varieties.

In this section, we discuss a model more closely related to the original Aghion and Howitt

(1992) setup, which is simpler in some ways and more complicated in others. Relative to the

model presented in the previous section, it has two major differences. First, there is only one

sector experiencing quality improvements rather than a continuum of machine types. Second,

the innovation possibilities frontier uses a scarce factor, labor, as in the model of knowledge

spillovers in Section 13.2 of the previous chapter. Since there are many parallels between this

model and those we have studied so far, we will provide only a brief exposition of this model.

14.2.1. The Basic Aghion-Howitt Model. The consumer side is the same as before,

with the only difference that we now assume consumers are risk neutral, so that the interest

rate is determined as

r∗ = ρ

at all points in time. Population is again constant at a level L and all individuals supply

labor inelastically. The aggregate production function of the unique final good is now given

by

(14.25) Y (t) =
1

1− β
x (t | q)1−β (q (t)LE (t))

β ,

where q (t) is the quality of the unique machine used in production and is written in the

labor-augmenting form for simplicity; x (t | q) is the quantity of this machine used at time t;
and LE (t) denotes the amount labor used in production at time t, which is less than L, since

LR (t) workers will be employed in the R&D sector. Market clearing requires that

LE (t) + LR (t) ≤ L.

Once invented, a machine of quality q (t) can be produced at the constant marginal cost ψ in

terms of final goods. We again normalize ψ ≡ 1−β. The innovation possibilities frontier now
involves labor being used for R&D. In particular, each worker employed in the R&D sector
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generates a flow rate η of a new machine. When the current machine used in production has

quality q (t), the new machine has quality λq (t).

Let us once again assume that (14.5) above is satisfied, so that the monopolist can charge

the unconstrained monopoly price. Then, an analysis similar to that in the previous section

immediately implies that the demand for the leading-edge machine of quality q is given by

x (t | q) = px (t)−1/β q (t)LE (t) ,

where again px (ν, t) denotes the price of the machine of quality q. The monopoly price for

the highest quality machine is:3

px (t | q) = ψ

1− β
= 1,

for all q and t. Consequently, the demand for the machine of quality q at time t is given by

x (t | q) = q (t)LE (t) ,

and monopoly profits are

π (t | q) = βq (t)LE (t) .

We can also write aggregate output as

Y (t | q) = 1

1− β
q (t)LE (t) ,

where we again condition on the quality of the machine available at the time, q. This also

implies that the equilibrium wage, determined from the final good sector, is given by

w (t | q) = β

1− β
q (t) .

When there is no need to emphasize time dependence, we will write this wage rate as a

function of machine quality, i.e., as w (q).

Let us now focus on a “steady-state equilibrium” in which the flow rate of innovation is

constant and equal to z∗. Steady state here is an quotation marks since, even though the flow

rate of innovation is constant, consumption and output growth will not be constant because

of the stochastic nature of innovation (and this is the reason why we do not use the term

“balanced growth path” in this context). This implies that a constant number (and thus a

constant fraction) of workers, L∗R, must be working in research. Since the interest rate is

equal to r∗ = ρ, this implies that the steady-state value of a monopolist with a machine of

quality q is given by

V (q) =
βq (L− L∗R)

ρ+ z∗
,

3This expression follows the original Aghion and Howitt (1992) paper and assumes that innovators ignore
their effect on equilibrium wages. In the baseline model presented above, since there was a continuum of mo-
nopolistically competitive firms, each had no effect on equilibrium wages. Here, instead, the single monopolist
could recognize that its price will also affect equilibrium wages and thus the cost of R&D for its competitors.
In this case, it may want to set a lower price than ψ/ (1− β). Following Aghion and Howitt (1992), I ignore
this issue.

518



Introduction to Modern Economic Growth

where we have used the fact that in steady state total employment in the final good sector

is equal to L∗E = L − L∗R. To simplify the notation, we also wrote V as a function of q

only rather than a function of both q and time. Free entry requires that when the current

machine quality is q, the wage paid to one more R&D worker, w (q), must be equal to the

flow benefits, ηV (λq), thus

w (q) = ηV (λq) .

Flow benefits from R&D are equal to ηV (λq), since, when current machine quality is q, one

more worker in R&D leads to the discovery of a new machine of quality λq at the flow rate

η. In addition, given the R&D technology, we must have z∗ = ηL∗R. Combining the last four

equations we obtain

λ (1− β) η (L− L∗R)

ρ+ ηL∗R
= 1,

which uniquely determines the steady-state number of workers in research as

(14.26) L∗R =
λ (1− β) ηL− ρ

η + λ (1− β) η
,

as long as this expression is positive.

Contrary to the model in the previous section, however, this does not imply that output

grows at a constant rate. Since there is only one sector undergoing technological change and

this sector experiences growth only at finite intervals, the growth rate of the economy will

have an uneven nature; in particular, it can be verified that the economy will have constant

output for an interval of time (of average length 1/ηL∗R; see Exercise 14.15) and then will

have a burst of growth when a new machine is invented. This pattern of uneven growth is

a consequence of having only one sector rather than the continuum of sectors in the model

of the previous section. Whether it provides a better approximation to reality is open to

debate. While modern capitalist economies do not grow at constant rates, they also do not

have as jagged a growth performance as that implied by this model.

The results of this analysis are summarized in the next proposition.

Proposition 14.4. Consider the one-sector Schumpeterian growth model presented in

this section and suppose that

(14.27) 0 < λ (1− β) ηL− ρ <
1 + λ (1− β) ρ

lnλ
.

Then there exists a unique steady-state equilibrium in which L∗R workers work in the research

sector, where L∗R is given in equation (14.26). The economy has an average growth rate of

g∗ = ηL∗R lnλ. Equilibrium growth is “uneven,” in the sense that the economy has constant

output for a while and then grows by a discrete amount when an innovation takes place.
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Proof. Much of the proof is provided by the preceding analysis. Exercise 14.16 asks you

to verify that the average growth is given by g∗ = ηL∗R lnλ and that (14.27) is necessary for

the above described equilibrium to exist and to satisfy the transversality condition. ¤

Therefore, this analysis shows that the basic insights of the one-sector Schumpeterian

model, as originally developed by Aghion and Howitt (1992), are very similar to the baseline

model of Schumpeterian growth presented in the previous section. The main difference is

that growth has an uneven flavor in the one-sector model, because it is driven by infrequent

bursts of innovation, preceded and followed by periods of no growth.

14.2.2. Uneven Growth and Endogenous Cycles*. The analysis in the previous

subsection showed how the basic one-sector Schumpeterian growth leads to an uneven pattern

of economic growth. This is driven by the discrete nature of innovations in continuous time.

There is another source of uneven growth in this basic model, which is more closely related to

the process of creative destruction. The nature of Schumpeterian growth implies that future

growth reduces the value of current innovations, because it causes more rapid replacement

of existing technologies. This effect did not play a role in our analysis so far, because in

the model with a continuum of sectors, growth takes a smooth form and as Proposition 14.2

showed, there is a unique equilibrium path with no transitional dynamics. The one-sector

growth model analyzed in this section allows these effects to manifest themselves. To show

the potential for these creative destruction effects, we now construct a variant of the model

which exhibits endogenous growth cycles. Throughout, we focus on an equilibrium path with

such a cycle.

The only difference is that we now assume that the technology of R&D implies that LR

workers in research leads to innovation at the rate

η (LR)LR,

where η (·) is a strictly decreasing function, representing an externality in the research process.
When more firms try to discover the next generation of technology, there will be more

crowding-out in the research process, making it less likely for each of them to innovate.

Each firm ignores its effect on the aggregate rate of innovation, thus takes η (LR) as given

(this assumption is not important as shown by Exercise 14.21). Consequently, when the

current machine quality is q, the free entry condition takes the form

η (LR (q))V (λq) = w (q) ,

where LR (q) is the number of workers employed in research when the current machine quality

is q.

Let us now look for an equilibrium with the following cyclical property: the rate of

innovation differs when the innovation in question is an odd-numbered innovation versus an
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even-numbered innovation (say with the number of innovations counted starting from some

arbitrary date t = 0). This type of equilibrium is possible when all agents in the economy

expect there to be such an equilibrium (i.e., it is a “self-fulfilling” equilibrium). Denote the

number of workers in R&D for odd and even-numbered innovations by L1R and L2R. Then,

following the analysis in the previous subsection, in any equilibrium with a cyclical pattern

the values of odd and even-numbered innovations (with a machine of quality q) can be written

as (see Exercise 14.19):

(14.28) V 2 (λq) =
βq
¡
L− L2R

¢
ρ+ η

¡
L2R
¢
L2R

and V 1 (λq) =
βq
¡
L− L1R

¢
ρ+ η

¡
L1R
¢
L1R

,

and the free entry conditions take the form

(14.29) η
¡
L1R
¢
V 2 (λq) = w (q) and η

¡
L2R
¢
V 1 (λq) = w (q) ,

where w (q) is the equilibrium wage with technology of quality q. The reason why η
¡
L1R
¢

multiplies the value for an even-numbered innovation is because L1R researchers are employed

for innovation today, when the current technology is odd-numbered, but the innovation that

this research will produce will be even-numbered and thus will have value V 2 (λq). Therefore,

we have the following two equilibrium conditions:

(14.30) η
¡
L1R
¢ λ (1− β) q

¡
L− L2R

¢
ρ+ η

¡
L2R
¢
L2R

= 1 and η
¡
L2R
¢ λ (1− β) q

¡
L− L1R

¢
ρ+ η

¡
L1R
¢
L1R

= 1.

It can easily be verified that these two equations can have solutions L1R and L
2
R 6= L1R, which

would correspond to the possibility of a two-period endogenous cycle (see Exercise 14.20).

14.2.3. Labor Market Implications of Creative Destruction. Another important

implication of creative destruction is related to the fact that growth destroys existing pro-

ductive units. So far this only led to the destruction of the monopoly rents of incumbent

producers, without any loss of employment. In more realistic economies, creative destruction

may dislocate previously employed workers and these workers may experience some unem-

ployment before finding a new job. How creative destruction may lead to unemployment is

discussed in Exercise 14.18.

A final implication of creative destruction that is worth noting relates to the destruction

of firm-specific skills. It may be efficient for workers to accumulate human capital that is

specific to their employers. Creative destruction implies that productive units may have

shorter horizons in an economy with rapid economic growth. An important consequence of

this might be that in rapidly growing economies, workers (and sometimes firms) may be less

willing to make a range of specific human capital and other investments.
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14.3. Innovation by Incumbents and Entrants and Sources of Productivity

Growth

A key aspect of the growth process is the interplay between innovations and productivity

improvements by existing firms on the one hand and entry by more productive, new firms

on the other. The evidence from industry studies, which will be discussed in greater detail

in Section 18.1, suggests that a large part of productivity growth at the industry level (and

thus in the aggregate) comes from productivity improvements by continuing plants, though

entry by new plants also makes a nontrivial contribution to industry productivity growth.

The Schumpeterian models presented in this section have emphasized entry by new firms as

the engine of growth. Interpreted literally, these models predict that all growth should be

driven by entry, which is at odds with the facts. The expanding variety models presented

in the previous chapter also do not provide a framework for the analysis of the interplay

between existing firms and new entrants.4 In this and the next section, I will discuss models

that feature productivity growth by continuing plants (firms). The model in this section

will feature productivity growth both by incumbents and entrants. The model in the next

section will be richer in many respects, but will not allow entry. The two models together

provide a first glimpse of the type of models that might be useful for studying the industrial

organization of innovation and productivity growth. Both models will also be useful in linking

the size distribution of firms to innovation and productivity growth.

14.3.1. Model. The economy is again in continuous time and admits a representative

household with the standard CRRA preferences, as in (13.1) in the previous chapter. Popu-

lation is constant at L and labor is supplied inelastically. The resource constraint at time t

takes the usual form

(14.31) C (t) +X (t) + Z (t) ≤ Y (t) ,

where C (t) is consumption, X (t) is aggregate spending on machines, and Z (t) is total

expenditure on R&D at time t.

The production function of the unique final good is given by:

(14.32) Y (t) =
1

1− β

∙Z 1

0
q(ν, t)βx(ν, t | q)1−βdν

¸
Lβ,

where x(ν, t | q) is the quantity of the machine of type ν of quality q used in the production
process and the measure of machines is again normalized to 1. This production is very

similar to (14.3) used above, except that the quality of machines comes in with an exponent

β. This has no effects on any of the results concerning growth, but will imply that firms

4In the expanding variety models, the identity of the firms that are undertaking the innovation does not
matter, so one could assume that it is the existing producers that are inventing new varieties, though this will
be essentially determining the distribution of productivity improvements across firms by assumption.
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with different productivity levels will have different levels of sales (see Exercise 14.26). It will

therefore enable us to make predictions about the size distribution of firms as well.

The engine of economic growth is again quality improvements, but these will be driven

by two types of innovations:

(1) Innovation by incumbents

(2) Creative destruction by entrants.

Let q (ν, t) be the quality of machine line ν at time t. We assume the following “quality

ladder” for each machine type:

q (ν, t) = λn(ν,t)q (ν, s) for all ν and t,

where λ > 1 and n (ν, t) denotes the number of incremental innovations on this machine line

between time s ≤ t and time t, where time s is the date at which this particular type of

technology was first invented and q (ν, s) refers to its quality at that point. The incumbent

has a fully enforced patent on the machines that it has developed (though this patent does

not prevent entrants leapfrogging the incumbent’s machine quality). We assume that at time

t = 0, each machine line starts with some quality q (ν, 0) > 0 owned by an incumbent with

fully enforce patent on this initial machine quality. Incremental innovations can only be

performed by the incumbent producer. So we can think of those as “tinkering” innovations

that improve the quality of the machine. The assumption that incumbents have access to

a technology to create incremental innovations is consistent with case study evidence on

industry level innovation (e.g., Freemen, 1982, or Sherer, 1984).

More specifically, if the current incumbent spends an amount z (ν, t) q (ν, t) of the final

good for this type of innovation activity on a machine of current quality q (ν, t), it has a flow

rate of innovation equal to φz (ν, t) for φ > 0 (more formally, this implies that for any interval

∆t > 0, the probability of one incremental innovation is φz (ν, t)∆t and the probability of

more than one incremental innovation is o (∆t) (with o (∆t) /∆t → 0 as ∆t → 0). Recall

that such an innovation results in an improvement in quality and the resulting new machine

will be of quality λq (ν, t).

Alternatively, a new firm (entrant) can undertake R&D to innovate over the existing

machines in machine line ν at time t. If the current quality of machine is q (ν, t), then by

spending one unit of the final good, this new firm has a flow rate of innovation equal to

η (ẑ (ν, t)) /q (ν, t), where η (·) is a strictly decreasing, continuously differentiable function
and ẑ (ν, t) is the total amount of R&D by new entrants towards machine line ν at time t.

Incumbents can also be allowed to have access to the same technology for radical innovation

as the entrants. However, the Arrow replacement effect then immediately implies that incum-

bents would never use this technology (since entrants will be making zero profits from this

technology, the profits of incumbents would be negative; see Exercise 14.22). Incumbents will
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still find it profitable to use the technology for incremental innovations, which is not available

to entrants.

The presence of the strictly decreasing function η, which was also used in Section 14.2,

captures the fact that when many firms are undertaking R&D to replace the same machine

line, they are likely to try similar ideas, thus there will be some amount of “external” di-

minishing returns (new entrants will be “fishing out of the same pond”). Since each entrant

attempting R&D on this line is potentially small, they will all take η (ẑ (ν, t)) as given.

Throughout I assume that zη (z) is strictly increasing in z so that greater aggregate R&D

towards a particular machine line increases the overall probability of discovering a superior

machine. I also suppose that η (z) satisfies the following Inada-type assumptions:

(14.33) lim
z→∞

η (z) = 0 and lim
z→0

η (z) =∞.

An innovation by an entrant leads to a new machine of quality κq (ν, t), where κ > λ.

Therefore, innovation by entrants are more “radical” than those of incumbents. Existing

empirical evidence from studies of innovation support the notion that innovations by new

entrants are more significant or radical than those of incumbents (though it may take a while

for the successful entrants to realize the full productivity gains from these innovations; I am

abstracting from this aspect). Importantly, whether the entrant was a previous incumbent

on this specific machine line or whether it its currency an incumbent in some other machine

line do not matter for its technology of innovation.

Once a particular machine of quality q (ν, t) has been invented, any quantity of this

machine can be produced at the marginal cost ψ. I again normalize ψ ≡ 1− β. This implies

that the total amount of expenditure on the production of intermediate goods at time t is

(14.34) X (t) =

Z 1

0
ψx (ν, t) dν,

where x (ν, t) is the quantity of this machine used in final good production. Similarly, the

total expenditure on R&D is

(14.35) Z (t) =

Z 1

0
[z (ν, t) + ẑ (ν, t)] q (ν, t) dν,

where q (ν, t) refers to the highest quality of the machine of type ν at time t. Notice also that

total R&D is the sum of R&D by incumbents and entrants (z (ν, t) and ẑ (ν, t) respectively).

An allocation in this economy consists of time paths of consumption levels, aggregate

spending on machines, and aggregate R&D expenditure [C (t) ,X (t) , Z (t)]∞t=0, time paths

for R&D expenditure by incumbent and entrants [z (ν, t) , ẑ (ν, t)]∞ν∈[0,1],t=0, time paths of

prices and quantities of each machine and the net present discounted value of profits from

that machine, [px (ν, t | q) , x (ν, t) , V (ν, t | q)]∞ν∈[0,1],t=0, and time paths of interest rates and
wage rates, [r (t) , w (t)]∞t=0. An equilibrium is given by an allocation in which R&D decisions

by entrants maximize their net present discounted value, pricing, quantity and R&D decisions
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by incumbents maximize their net present discounted value, consumers choose the path of

consumption optimally, and the labor market clears.

Let us start with the aggregate production function for the final good producers. Profit-

maximization by the final good sector implies the demand for machines of highest-quality is

given by a slight variant of equation (14.4) in Section 14.1:

(14.36) x(ν, t | q) = px (ν, t | q)−1/β q (ν, t)L for all ν ∈ [0, 1] and all t,

where px (ν, t | q) refers to the price of machine type ν of quality q (ν, t) at time t. Since the
demand from the final good sector for machines in (14.36) is iso-elastic, the unconstrained

monopoly price will given by the usual formula as a constant markup over marginal cost. In

this context, I introduced the analogue of condition (14.5) above,

(14.37) κ >

µ
1

1− β

¶ 1−β
β

,

which ensures that new entrants can charge the unconstrained monopoly price. By implica-

tion, incumbents that make further innovations can also charge the unconstrained monopoly

price.

14.3.2. Equilibrium. Since the demand for machines in (14.36) is iso-elastic and ψ =

1− β, the profit-maximizing monopoly price is

(14.38) px (ν, t | q) = 1.

Combining this with (14.36) implies that

(14.39) x (ν, t | q) = qL.

Consequently, the flow profits of a firm with the monopoly rights on the machine of quality

q can be computed as:

(14.40) π (ν, t | q) = βqL.

Next, substituting (14.39) into (14.32), we obtain that total output is given by an expression

identical to (14.8) above

(14.41) Y (t) =
1

1− β
Q (t)L,

with average quality of machines Q (t) given as in (14.9) in Section 14.1.

As a byproduct, we also obtain that aggregate spending on machines is

(14.42) X (t) = (1− β)Q (t)L.

Moreover, since the labor market is competitive, the wage rate at any point in time is

given by (14.11) as before.

To characterize the full equilibrium, we need to determine R&D effort levels by incum-

bents and entrants. To do this, let us write the net present value of a monopolist with the
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highest quality of machine q at time t in machine line ν. This value satisfies the standard

Hamilton-Jacobi-Bellman equation:

r (t)V (ν, t | q)− V̇ (ν, t | q) = max
z(ν,t|q)≥o

{π(ν, t | q)− z (ν, t | q) q (ν, t)(14.43)

+φz (ν, t | q) (V (ν, t | λq)− V (ν, t | q))− ẑ(ν, t | q)η (ẑ(ν, t | q))V (ν, t | q)},

where ẑ(ν, t | q)η (ẑ(ν, t | q)) is the rate at which radical innovations by entrants occur in
sector ν at time t and z (ν, q | q) is the rate at which the incumbent improves its technology.
The first term in (14.43), π(ν, t | q), is the flow of profits given by (14.40), while the second
term is the expenditure of the incumbent for improving the quality of its product. The second

line includes changes in the value of the incumbent due to innovation either by itself (at the

rate φz (ν, t | q), the quality of its product increases from q to λq) or by an entrant (at the

rate ẑ(ν, t | q)η (ẑ(ν, t | q)), the incumbent is replaced and receives zero value from then on).5

The value function is written with a maximum on the right hand side, since z (ν, t | q) is a
choice variable for the incumbent.

Free entry by entrants implies that we must have a free entry condition similar to (14.13)

in Section 14.1:

η (ẑ(ν, t | q))V (ν, t | κq) ≤ q(ν, t), and(14.44)

η (ẑ(ν, t | q))V (ν, t | κq) = q(ν, t) if ẑ (ν, t | q) > 0,

which takes into account that by spending an amount q(ν, t), the entrant generates a flow

rate of innovation of η (ẑ), and if this innovation is successful, the entrant will end up with a

product of quality κq, thus earning the value η (ẑ(ν, t | q))V (ν, t | κq).
In addition, the incumbent’s choice of R&D effort implies a similar complementary slack-

ness condition

φ (V (ν, t | λq)− V (ν, t | q)) ≤ q(ν, t) and(14.45)

φ (V (ν, t | λq)− V (ν, t | q)) = q(ν, t) if z (ν, t | q) > 0.

Finally, consumer maximization implies the familiar Euler equation and the transversality

condition given by (14.14) and (14.15) as before.

In light of this analysis, an equilibrium can be more succinctly defined as time path of

[C (t) ,X (t) , Z (t)]∞t=0 that satisfy (14.31), (14.35), (14.42) and (14.15); time paths for R&D

expenditure by incumbent and entrants [z (ν, t) , ẑ (ν, t)]∞ν∈[0,1],t=0 that satisfy (14.44) and

(14.45); time paths of prices and quantities of each machine and the net present discounted

value of profits from that machine, [px (ν, t | q) , x (ν, t) , V (ν, t | q)]∞ν∈[0,1],t=0 given by (14.38),
(14.7) and (14.43); and time paths of wage and interest rates, [w (t) , r (t)]∞t=0 that satisfy

(14.11) and (14.14).

5The fact that the incumbent receives a zero value from then on follows from the assumption that a
previous incumbent has no advantage relative to other entrants in competing for another round of innovations.
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As usual, I define a BGP (balanced growth path) as an equilibrium path in which innova-

tion, output and consumption growth a constant rate. Notice that in BGP, aggregates grow

at the constant rate, but there will be firm deaths and births, and the firm size distribution

may also change.

The requirement that consumption grows at a constant rate in the BGP implies that

r (t) = r∗ (from (14.14)). Moreover, in BGP, we must also have z (ν, t | q) = z (q) and

ẑ (ν, t | q) = ẑ (q). These together imply that in BGP V̇ (ν, t | q) = 0 and V (ν, t | q) = V (q).

Finally, since profits and costs are both proportional to quality q, we can also see that ẑ (q) = ẑ

and V (q) = vq (see the proof of Proposition 14.6, which in fact shows that , ẑ (ν, t | q) = ẑ (t)

and V (ν, t | q) = v (t) q in any equilibrium, even outside the BGP). These results enable a

straightforward characterization of the BGP and the dynamic equilibrium. While ẑ (q) = ẑ

for all q, it is not necessarily true that z (q) = z for all q. In fact, as we will see the equilibrium

only pins down the average R&D intensity of incumbents.

Let us first look for an “interior” BGP equilibrium (we will verify below that such an

interior BGP exists and is the unique equilibrium). This implies that incumbents undertake

research, thus

(14.46) φ (V (ν, t | λq)− V (ν, t | q)) = q(ν, t).

Given the linearity of V in q, this implies the following convenient equation for the value of

a firm with a machine of quality q:

(14.47) V (q) =
q

φ (λ− 1) .

Moreover, from the free entry condition (again holding as equality since the BGP is interior)

we have that

(14.48) V (q) =
βLq

r∗ + ẑη (ẑ)
.

Moreover, from the free entry condition (again holding as equality from the fact that the

equilibrium is interior):

η (ẑ)V (κq) = q or V (q) =
q

κη (ẑ)
.

Combining this expression with (14.46) and (14.47), we obtain

φ (λ− 1)
κη (ẑ)

= 1.

This implies that the BGP R&D level by entrants ẑ∗ is implicitly defined by

(14.49) ẑ (q) = ẑ∗ ≡ η−1
µ
φ (λ− 1)

κ

¶
for all q > 0.

Next, combining this with (14.48), we obtain the BGP interest rate as

(14.50) r∗ = φ (λ− 1)βL− ẑ∗η (ẑ∗) .
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From (14.14), the growth rate of consumption and output is therefore given by

(14.51) g∗ =
1

θ
(φ (λ− 1)βL− ẑ∗η (ẑ∗)− ρ) .

Equation (14.51) already has some interesting implications. In particular, it determines the

relationship between the rate of innovation by entrants ẑ∗ and the BGP growth rate g∗. In

standard Schumpeterian models, this relationship is positive. In contrast, here we have the

following immediate result:

Proposition 14.5. There is a negative relationship between ẑ∗ and g∗.

Equation (14.51), together with (14.49), determines the BGP growth rate of the economy,

but does not specify how much of productivity growth is driven by creative destruction

(innovation by entrants) and how much of it by productivity improvements by incumbents.

To determine this, we repeat the same analysis as in Section 14.1. Recall, at this point, that

z (ν, t | q) is not a function of ν, but could still depend on q. Consequently, we can obtain

the law of motion of average quality, Q (t), as

Q (t+∆t) = (λφz (t)∆t)Q (t) + (κẑ (t) η (ẑ (t))∆t)Q (t)

+ (1− φz (t)∆t− ẑ (t) η (ẑ (t))∆t)Q (t) + o (∆t) ,(14.52)

where

(14.53) z (t) =

R 1
0 z (ν, t | q) q (ν, t) dν

Q (t)

is the average R&D effort of incumbents that time t. Now subtracting Q (t) from both sides

of (14.52), dividing by ∆t and taking the limit as ∆t→ 0, we obtain

(14.54)
Q̇ (t)

Q (t)
= (λ− 1) z (t) + (κ− 1) ẑ (t) η (ẑ (t)) .

Therefore, an alternative expression for the growth rate of the economy, which decomposes

growth into the component coming from incumbent firms (the first term) and that coming

from new entrants (the second term) is given as

(14.55) g∗ = (λ− 1)φz∗ + (κ− 1) ẑ∗η (ẑ∗) ,

where z∗ is the average BGP R&D effort of incumbents. The fact that this average R&D

effort is constant in BGP follows from the fact from (14.54) together with the fact that in BGP

the growth rate of average quality is g∗ and the R&D effort by entrants on each machine line

is ẑ∗. While (14.51) pins down the BGP growth rate of output and consumption, equation

(14.55) determines how much of it is driven by innovation by incumbents and how much of it

by innovation by entrants. Moreover, we can also verify that this economy does not have any

transitional dynamics (see the proof of Proposition 14.6). Therefore, if an equilibrium with

growth exists, it will involve growth at the rate g∗. To ensure that such an equilibrium exists,
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we need to verify that R&D is profitable both for entrants and incumbents. The condition

that the BGP interest rate, r∗, given by (14.50), should be greater than the discount rate ρ is

sufficient for there to be positive aggregate growth. In addition, this interest rate should not

be so high that the transversality condition of the consumers is violated. Finally, we need to

ensure that there is also innovation by incumbents. The following condition ensures all three

of these requirements (see the proof of Proposition 14.6):

(14.56) φ (λ− 1)βL− (θ (κ− 1) + 1) ẑ∗η (ẑ∗) > ρ > (1− θ) (φ (λ− 1)βL− ẑ∗η (ẑ∗)) ,

with ẑ∗ given by (14.49).

In addition, our main interest is with how much of productivity growth and innovation

are driven by incumbents and how much by new entrants. This can now be easily obtained

from (14.51) and (14.55) as

(14.57) (λ− 1)φz∗ = g∗ − (κ− 1) ẑ∗η (ẑ∗) ,

where g∗ is given by (14.51) and ẑ∗ by (14.49).

Another set of interesting implications of this model concern firm-size dynamics. The size

of a firm can be measured by its sales, which is equal to

x (ν, t | q) = qL for all ν and t.

To determine the law of motion of firm sales and thus the firm-size dynamics, we need to

know how incumbent R&D effort varies with q. To start with, let us suppose that in BGP

this R&D effort is independent of q, so that z (ν, t | q) = z∗ for all q. From the analysis

so far, it is clear that such an equilibrium will exist (for a justification of the focus on this

equilibrium, see Exercise 14.24; this issue will be discussed further below). Then the quality

of each incumbent firm will increase at the flow rate φz∗, with z∗ given by (14.57). At

the same time, each incumbent is also replaced at the flow rate ẑ∗η (ẑ∗). Therefore, for ∆t

sufficiently small, the stochastic process for the size of a particular firm is given by

(14.58)

x (ν, t+∆t | q) =

⎧⎨⎩ λx (ν, t | q) with probability φz∗∆t+ o (∆t)
0 with probability ẑ∗η (ẑ∗)∆t+ o (∆t)

x (ν, t | q) with probability (1− φz∗∆t− ẑ∗η (ẑ∗)∆t) + o (∆t) ,

for all ν and t, where ẑ∗ is by (14.49) and z∗ by (14.57). Therefore, firms have random growth,

and surviving firms expand on average. However, firms also face a probability of bankruptcy

(extinction). In particular, denoting the probability that a particular incumbent firm that

started production in machine line ν at time s will be bankrupt by time t ≥ s by P (t | s, ν),
we clearly have limt→∞ P (t | s, ν) = 1, so that each firm will necessarily die eventually. The

implications of equation (14.58) for the the stationary firm size distribution is discussed in

subsection 14.3.5 below.

The following proposition summarizes the main results of this section.
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Proposition 14.6. Consider the above-described economy starting with an initial condi-

tion Q (0) > 0. Suppose that (14.33) and (14.56) are satisfied and focus on equilibrium in

which all incumbents exert the same level of R&D effort. Then there exists a unique equilib-

rium. In this equilibrium growth is always balanced, and technology, Q (t), aggregate output,

Y (t), and aggregate consumption, C (t), grow at the rate g∗ as in (14.51) with ẑ∗ given

by (14.49). Equilibrium growth is driven both by innovation by incumbents and by creative

destruction by entrants. Any given firm expands on average as long as it survives, but is

eventually replaced by a new entrant with probability one.

Proof. First, note that in an interior BGP where φ (V (ν, t | λq)− V (ν, t | q)) = q, V

must be linear in q, thus V (ν, t | q) = vq as used in the text. Given this observation,

the characterization of the BGP follows from the argument preceding the proposition. In

particular, ẑ∗ is uniquely determined by (14.49) and (14.51) gives the unique BGP growth

rate. To ensure that this is indeed an interior BGP, we need to check four conditions:

(1) Positive ẑ∗: this follows from (14.33), e.g., see observation [A] below.

(2) Positive growth: this requires g∗ = (φ (λ− 1)βL− ẑ∗η (ẑ∗)− ρ) /θ > 0. Since

(θ (κ− 1) + 1) > 1, the first inequality in (14.56), is sufficient for this.
(3) Positive z∗: combining (14.51) together with (14.55), we have that

z∗ =
g∗ − (κ− 1) ẑ∗η (ẑ∗)

(λ− 1)φ

=
(φ (λ− 1)βL− ẑ∗η (ẑ∗)− ρ) /θ − (κ− 1) ẑ∗η (ẑ∗)

(λ− 1)φ > 0,

in view of the first inequality (14.56).

(4) The transversality condition: condition (14.15) should hold so that the maximization

problem of the representative household is well-defined. The condition r∗ > g∗ is

necessary and sufficient to ensure (14.15). The second inequality in (14.56) ensures

that this inequality holds.

Therefore, the BGP is interior and is uniquely defined.

I next prove that the BGP also gives the unique dynamic equilibrium path. Let us start

with two observations.

[A] Because of the Inada conditions, (14.33), the free entry condition (14.13) must hold

as equality for all ν, t and q, so that

(14.59) η (ẑ(ν, t | q))V (ν, t | κq) = q for all ν, q and t.

Since this equation holds for all t and the right-hand side is differentiable in q and

t, so must be the left-hand side. Differentiating with respect to t, we obtain

(14.60)
∂ẑ(ν, t | q)/∂t
ẑ(ν, t | q) =

1

εη (ẑ(ν, t | q))
V̇ (ν, t | κq)
V (ν, t | κq) for all q and t,
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where

εη (ẑ) ≡ −
η0 (ẑ) ẑ

η (ẑ)
> 0

is the elasticity of the η function.

[B] The value of a firm with a machine of quality q at time t can be written as

(14.61) V (ν, t | q) =
Z ∞

t
exp

∙
−
Z s

t

¡
r
¡
s0
¢
+ ẑ(ν, s0 | q)η

¡
ẑ(ν, s0 | q)

¢¢
ds0
¸
π (ν, s | q) ds.

For any finite q, this value is finite since, from observation [A],

(r (t) + ẑ(ν, t | q)η (ẑ(ν, t | q))) > 0 for all ν, q and t, and because

π (ν, s | q) = βqL ∈ (0,∞). In addition, in view of (14.33), V (ν, t | q) is uni-
formly bounded away from 0 for any path of interest rates that does not limit to

infinity. Moreover, r (t)→∞ is also impossible, since, from (14.14), it would imply

Ċ (t) /C (t)→∞, violating the transversality condition, (14.15).

Now consider the following two cases.

Case 1: Suppose that (14.46), that is, φ (V (ν, t | λq)− V (ν, t | q)) = q, holds for all ν, q

and t. Then, as in BGP, V (ν, t | q) is linear in q and can be written as V (ν, t | q) = v (t) q

for some function v (t). This implies that (14.46) can be written as φ (λ− 1) v (t) = 1 for all
t. Differentiating this equation with respect to time, we obtain v̇ (t) = 0 and v (t) = v for

all t. Moreover, from observation [A] above, the free entry condition (14.44) must hold as

equality, so η
¡
ẑ(ν, t | κ−1q)

¢
v (t) = 1 for all t, which is only possible if ẑ (ν, t | q) = ẑ (t) for

all q and t. Combining these conditions with (14.43) yields

r (t) v = βL− ẑη (ẑ) v

for all t, which implies that r (t) must be constant as well. Therefore, all variables must

immediately take their BGP values, r (t) = r∗ and ẑ (t) = ẑ∗ for all t. Moreover, we are

focusing on equilibria where z (ν, t | q) is independent of q, and thus we must have z (ν, t | q) =
z∗ for all t. This establishes that the economy must be in the BGP equilibrium starting at

t = 0.

Case 2: Suppose that (14.46) does not hold for some ν ∈ N ⊂ [0, 1], q and t. Since either
φ (V (ν, t | λq)− V (ν, t | q)) = q or φ (V (ν, t | λq)− V (ν, t | q)) < q and z (ν, t | q) = 0, and
because from observation [A] above, η

¡
ẑ(ν, t | κ−1q)

¢
V (ν, t | q) = κ−1q, the value function

(14.43) in this case can be written as

V̇ (ν, t | q)
V (ν, t | q) = r (t) + ẑ (ν, t | q) η (ẑ (ν, t | q))− κβLη

¡
ẑ(ν, t | κ−1q)

¢
.

Combining this with (14.60), we obtain

∂ẑ(ν, t | κ−1q)/∂t
ẑ(ν, t | κ−1q) =

1

εη (ẑ(ν, t | κ−1q))
£
r (t) + ẑ (ν, t | q) η (ẑ (ν, t | q))− κβLη

¡
ẑ(ν, t | κ−1q)

¢¤
.
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Similarly,

∂ẑ(ν, t | q)/∂t
ẑ(ν, t | q) =

1

εη (ẑ(ν, t | q))
[r (t) + ẑ (ν, t | κq) η (ẑ (ν, t | κq))− βLη (ẑ(ν, t | q))] ,

and so on. It is then straightforward to see that the system of differential equations for

ẑ (ν, t | q) for all q is unstable, in the sense that if ∂ẑ(ν, t | q)/∂t > 0, then it will grow

continuously and if ∂ẑ(ν, t | q)/∂t < 0, then it will shrink continuously. This implies that

we must have ∂ẑ(ν, t | q)/∂t = 0 for all ν ∈ [0, 1]. Suppose, to obtain a contradiction, that
there exists (a positive measure) set N ⊂ [0, 1] such that for all ν ∈ N , ∂ẑ(ν, t | q)/∂t >
0. Then ẑ (ν, t | q) → ∞ for all ν ∈ N , and thus η (ẑ(ν, t | q)) → 0. But to ensure the

free entry condition, (14.44), which from observation [A] always holds as equality, we need

η (ẑ(ν, t | q))V (ν, t | κq) = q and thus V (ν, t | κq) → ∞. But this is impossible in view of
observation [B] above. Next, suppose that there exists N ⊂ [0, 1] such that for all ν ∈ N ,
∂ẑ(ν, t | q)/∂t < 0. Then ẑ (ν, t | q) → 0 and thus η (ẑ(ν, t | q)) → ∞, which from the free

entry condition implies V (ν, t | κq)→ 0 and contradicts observation [B] that V is uniformly

bounded away from zero. Therefore, ∂ẑ(ν, t | q)/∂t = 0 for all ν, q and t, which implies

r (t) + ẑ (ν, t | κq) η (ẑ (ν, t | κq))− βLη (ẑ(ν, t | q)) = 0 for all ν, q and t.

This is only possible if r (t) is constant and thus equal to r∗ and ẑ (ν, t | q) = ẑ∗, estab-

lishing the result that also in this case there are no transitional dynamics. Moreover, since

ẑ (ν, t | q) = ẑ∗ for all ν, q and t, (14.61) implies that V (ν, t | q) is linear in q in this case as

well.

Finally, the result that surviving firms expand on average and that all firms die with

probability 1 follows from equation (14.58). ¤

Proposition 14.6 focuses on equilibria in which all incumbents exert the same R&D effort.

Exercise 14.25 shows that the same conclusions hold when we do not focus on such equilibria.

14.3.3. Some Numbers. I will now try to flesh out the implications of this model on

the decomposition of productivity growth between incumbents and entrants. Although some

of the parameters of the current model are difficult to pin down with our current knowledge

of the technology of R&D, some simple back-of-the-envelope calculations are still informative.

Let us choose the following standard numbers:

g∗ = 0.02, ρ = 0.01, r∗ = 0.05, and θ = 2,

where the last number, the intertemporal elasticity of substitution, is pinned down by the

choice of the other three numbers. The first three numbers refer to annual rates (implicitly

defining ∆t = 1 as one year). We have much greater uncertainty concerning the remaining

parameters. We can normalize φ = L = 1. For the rest, I will report a number of different

possibilities. As a benchmark, As a benchmark, I take β = 2/3, which implies that two
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thirds of national income accrues to labor and one third to profits. The requirement in

(14.37) then implies that κ > 1.7. I also take the benchmark value of κ = 3, so that entry

by new firms is sufficiently “radical” as suggested by some of the qualitative accounts of the

innovation process (e.g., Freeman, 1982, Scherer, 1984). Innovation by incumbents is taken

to be correspondingly smaller λ = 1.2. This implies that productivity gains from a radical

innovation is about ten times that of a standard “incremental” innovation by incumbents

(i.e., (κ− 1) / (λ− 1) = 10). I will then show how the results change when the magnitudes of
radical and incremental innovations are varied. For the function η (z), I adopt the following

frequently-used form:

η (z) = Bz−α,

and choose the benchmark value of α = 0.5. The remaining two parameters, φ and B will be

chosen to ensure g∗ = 0.02. I start with the benchmark value of φ = 0.4, but this value will

need to be modified in some of the variations in order to satisfy condition (14.56) above or

to ensure g∗ = 0.02. With these numbers, (14.49) implies

ẑ∗η (ẑ∗) = 0.0033,

and

(κ− 1) ẑ∗η (ẑ∗) = 0.0067.

The value for ẑ∗η (ẑ∗) also implies that there is entry of a new firm (creative destruction) in

each machine line on average once every 7.5 years (recall that r∗ = 0.05 as the annual interest

rate so that r∗/ẑ∗η (ẑ∗) ≈ 7.46). Next, using (14.55), the contribution of productivity growth
by continuing firms is

(λ− 1)φz∗ = g∗ − (κ− 1) ẑ∗η (ẑ∗)

= 0.0133.

Therefore, in this benchmark parameterization, over two thirds of productivity growth comes

from innovation by incumbents. Moreover, φz∗ = 0.0667, so that there are on average 1.2

incremental innovations per year by an incumbent in a particular machine line (r∗/φz∗ ≈ 1.2).
Using alternative values of the parameters κ, λ, β and α leads to broadly similar conclusions,

though depending on the exact parameterization the contribution of entrants to productivity

growth can be larger or smaller.

14.3.4. The Effects of Policy on Growth. Let us now use this model to analyze

the effects of policies on equilibrium productivity growth and its decomposition between

incumbents and entrants. Since the model has a Schumpeterian structure (with quality

improvements as the engine of growth and creative destruction playing a major role), it

may be conjectured that entry barriers (or taxes on potential entrance) will have negative

effects on economic growth as in the baseline model we studied earlier in this chapter. To
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investigate whether this is the case, let us suppose that there is a tax τ e on R&D expenditure

by entrants and a tax τ i on R&D expenditure by incumbents (naturally, these can be taken

to be negative and interpreted as subsidies as well). Note also that the tax on entrants, τ e,

can be interpreted as a more strict patent policy than the one in the baseline model, where

the entrant did not have to pay the incumbent for partially benefiting from its accumulated

knowledge. Nevertheless, to keep the analysis brief, I only focus on the case in which tax

revenues are collected by the government rather than rebated back to the incumbent as patent

fees.

Repeating the analysis above, we obtain the following equilibrium conditions:

(14.62) η (ẑ∗)V (κq) = (1 + τ e) q or V (q) =
q (1 + τ e)

κη (ẑ∗)
.

The equation that determines the optimal R&D decisions of incumbents, (14.46), is also

modified because of the tax rate τ i and becomes

(14.63) φ (V (λq)− V (q)) = (1 + τ i) q.

Now combining (14.62) with (14.63), we obtain

φ

µ
(λ− 1) (1 + τ e)

κη (ẑ∗) (1 + τ i)

¶
= 1.

Consequently, the BGP R&D level by entrants ẑ∗, when their R&D is taxed at the rate τ e,

is given by

(14.64) ẑ∗ ≡ η−1
µ
φ (λ− 1) (1 + τ e)

κ (1 + τ i)

¶
.

Equation (14.48) still applies, so that the the BGP interest rate is r∗ = (1 + τ e)
−1 κη (ẑ∗)βL−

ẑ∗η (ẑ∗), which, by substituting for (14.64), can be written as

(14.65) r∗ =
φ (λ− 1)βL
1 + τ i

− η (ẑ∗) ẑ∗,

and the BGP growth rate is

(14.66) g∗ =
1

θ

µ
φ (λ− 1)βL
1 + τ i

− η (ẑ∗) ẑ∗ − ρ

¶
,

with ẑ∗ given by (14.64). The following is now immediate:

Proposition 14.7. The growth rate of the economy is (strictly) decreasing in the tax rate

on incumbents, i.e., dg∗/dτ i < 0, and is (strictly) increasing in the tax rate on entrants, i.e.,

dg∗/dτ e > 0.

The result in this proposition is rather surprising and extreme. In Schumpeterian models,

making entry more difficult, either with entry barriers or by taxing R&D by entrants, has

negative effects on economic growth. Despite the Schumpeterian nature of the current model,

here blocking entry increases equilibrium growth. Moreover, as Exercise 14.23 shows, in
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the decentralized equilibrium of this economy there tends to be too much entry, so a tax

on entry also tends to improve welfare. The intuition for this result is related to the main

departure of this model from the standard Schumpeterian models. In contrast to the baseline

Schumpeterian models, the engine of growth is still quality improvements, but these are

undertaken both by incumbents and entrants. Entry barriers, by protecting incumbents,

increase their value and greater value by incumbents encourages more R&D investments

and faster productivity growth. Taxing entrants makes incumbents more profitable and this

encourages further innovation by the incumbents. Taxes on entrants or entry barriers also

further increase the contribution of incumbents to productivity growth.

Nevertheless, the result in this proposition should be interpreted with caution. The model

in this section is special in that the R&D technology of incumbents is a linear. This linearity

is important for the results in Proposition 14.7. Exercise 14.25 shows that the equilibrium

can be characterized even when φ (z) is a concave function of z , and in this case, the effect of

taxes on entrants is ambiguous, because it encourages R&D by incumbents and discourages

R&D by entrants. Therefore, Proposition 14.7 should be read as emphasizing a particular

new channel in the stark as possible way, not as a realistic description of how innovation will

respond to tax policies.

14.3.5. Equilibrium Firm Size Distribution. The model presented in this section

generates a dynamic equilibrium in which the economy, and thus the size of average firm, as

measured by sales x (t), grows. To look at the firm size distribution, we therefore need to

normalize firm sizes by the average size of firm, given by X (t), in (14.10). In particular, let

the normalized firm size be

x̃ (t) ≡ x (t)

X (t)
.

Let us continue to focus on equilibrium in which all incumbents exert the same R&D effort

z∗. In this case, since the unique equilibrium involves Ẋ (t) /X (t) = g∗ > 0, the law of

motion for the normalized size of the leading firm in each industry can be written as

(14.67)

x̃ (t+∆t) =

⎧⎪⎨⎪⎩
λ

1+g∗∆t x̃ (t) with probability φz∗∆t
κ

1+g∗∆t x̃ (t) with probability η (ẑ∗) ẑ∗∆t+ o (∆t)
1

1+g∗∆t x̃ (t) with probability (1− φz∗∆t− ẑ∗η (ẑ∗)∆t) + o (∆t) .

Notice that this expression does not refer to the growth rate of a single firm, but to the

leading firm in a representative industry, and in particular, when there is entry, this leads to

an increase in size rather than extinction.

The following proposition gives the stationary distribution of (normalized) from sizes

and shows that it takes the form of the Pareto distribution with an exponent of one, i.e.,

Pr [x̃ ≤ y] = 1 − Γ/y (recall that the general form of the Pareto distribution is Pr [x̃ ≤ y] =
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1−Γy−χ). The Pareto distribution is attractive both because of its simplicity and tractability
(see, for example, Section 15.8 in the next chapter), but also because the actual distribution

of firm sizes in the US appears to fairly well approximated by a Pareto distribution with an

exponent of one (e.g., Axtell, 2001). It is therefore a somewhat surprising and remarkable

result that the simple model developed here, which was not designed to match the real-world

firm size distributions, generates such a realistic distribution.

The following proposition shows that if a stationary distribution of (normalized) firm

sizes exists, then it must take the form of the Pareto distribution with an exponent equal to

1. Recall that the Pareto distribution takes the form Pr [x̃ ≤ y] = 1− Γy−χ with Γ > 0.

Proposition 14.8. Let us focus on the equilibrium in which all incumbents choose R&D

effort z∗. Then, if a stationary distribution of (normalized) firm sizes exists, it is a Pareto

distribution with exponent equal to 1, i.e., Pr [x̃ ≤ y] = 1− Γ/y with Γ > 0.

Proof. To prove this claim, let us suppose that a stationary distribution exists and

consider an arbitrary time interval of ∆t > 0 and write

Pr [x̃ (t+∆t) ≤ y] = E
£
1{x̃(t+∆t)≤y}

¤
= E

£
1{x̃(t)≤y/(1+gx(t+∆t))}

¤
= E

£
E
£
1{x̃(t)≤y/(1+gx(t+∆t))} | gx (t+∆t)

¤¤
,

where 1{P} is the indicator function taking the value 1 if the statement P is correct and

thus the first equation holds by definition. The second equation also holds by definition

once gx (t+∆t) is designated as the (stochastic) growth rate of x between t and t + ∆t.

Finally, the third equation follows from the Law of Iterated Expectations. Next, denoting

Gt (y) ≡ 1−Pr [x̃ (t) ≤ y] as the complement of the cumulative density function, the previous

equation yields

Pr [x̃ (t+∆t) ≤ y] = 1−Gt+∆t (y)

= E
∙
1−Gt

µ
y

1 + gx (t+∆t)

¶¸
.

Therefore, we obtain the functional equation

Gt+∆t (y) = E
∙
Gt

µ
y

1 + gx (t+∆t)

¶¸
(14.68)

= φz∗∆tGt

µ
(1 + g∗∆t) y

λ

¶
+ ẑ∗η (ẑ∗)∆tGt

µ
(1 + g∗∆t) y

κ

¶
+(1− φz∗∆t− ẑ∗η (ẑ∗)∆t)Gt ((1 + g∗∆t) y) + o (∆t) .

A stationary equilibrium will correspond to a function G (y) such that Gt+∆t (y) = Gt (y) =

G (y) for all t and ∆t and (14.68) holds. Let us conjecture that G (y) = Γy−χ with Γ > 0.
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Substituting this conjecture into the previous expression, we obtain

Γy−χ = φz∗∆tΓ

µ
(1 + g∗∆t) y

λ

¶−χ
+ ẑ∗η (ẑ∗)∆tΓ

µ
(1 + g∗∆t) y

κ

¶−χ
+(1− φz∗∆t− ẑ∗η (ẑ∗)∆t)Γ ((1 + g∗∆t) y)−χ + o (∆t) .

Rewriting this,

φz∗∆t

µ
(1 + g∗∆t)

λ

¶−χ
+ ẑ∗η (ẑ∗)∆t

µ
(1 + g∗∆t)

κ

¶−χ
(14.69)

+ (1− φz∗∆t− ẑ∗η (ẑ∗)∆t) (1 + g∗∆t)−χ + o (∆t)Γ−1y−χ = 1.

Now subtracting 1 from both sides, dividing by ∆t, and taking the limit as ∆t→ 0, we obtain

lim
∆t→0

(
φz∗

µ
(1 + g∗∆t)

λ

¶−χ
+ ẑ∗η (ẑ∗)

µ
(1 + g∗∆t)

κ

¶−χ
+
(1− φz∗∆t− ẑ∗η (ẑ∗)∆t) (1 + g∗∆t)−χ − 1

∆t
+

o (∆t)

∆t
Γ−1yχ

¾
= 0.

Taking the derivative of the penultimate term (which exists) and noting that

lim∆t→0 o (∆t) /∆t = 0, we obtain the following equation for the exponent χ:

(14.70) φ (λχ − 1) z∗ + (κχ − 1) ẑ∗η (ẑ∗)− χg∗ = 0.

It can be easily verified that (14.70) has two solutions χ = 0 and χ∗ = 1, since, by definition,

g∗ = φ (λ− 1) z∗ + (κ− 1) ẑ∗η (ẑ∗). To see that there are no other solutions, consider the
derivative of this function, which is given by

g0 (χ) = φz∗λχ lnλ+ η (ẑ∗) ẑ∗κχ lnκ− g∗.

Since ln a < a − 1 for any a > 1, g0 (0) < 0. Moreover, g00 (0) > 0, so that the right-hand

side of (14.70) is convex and as χ→∞, it limits to infinity. Thus there is a unique nonzero
solution, which as we saw above, is χ∗ = 1. Finally, note that χ = 0 cannot be a solution,

since it would imply G (y) = Γ and thus G (y) = 0 for Pr [x̃ (t) ≤ y] to be a well-defined

distribution function. Yet this would imply that all firms have normalized size equal to zero,

which violates the hypothesis that a stationary firm-size distribution exists. In contrast,

G (y) = Γ/y (with Γ > 0) yields Pr [x̃ (t) ≤ y] = 1− Γ/y, which is a well-defined distribution
function.

It can also be verified that no other function than G (y) = Γy−χ with Γ > 0 can satisfy

this functional equation, completing the proof of the proposition. ¤

In some ways, this result looks quite remarkable, since it generates a stationary firm-size

distribution given by a Pareto distribution with an exponent of one, in a much simpler manner

than any existing approaches, and does so despite the fact that the model was not designed

to study firm size distributions. However, the proposition is proved under the hypothesis
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that a stationary firm-size distribution exists. Unfortunately, the next corollary shows that

this will not be the case.

Corollary 14.1. Let us focus on the equilibrium in which all incumbents choose R&D

effort z∗. Then a stationary firm-size distribution does not exist.

Proof. We know from Proposition 14.8 that if a stationary distribution exists, it must

take the form Pr [x̃ ≤ y] = 1− Γ/y with Γ > 0. But the Pareto distribution is defined for all

y ≥ Γ, thus Γ should be the minimum normalized firm size. However, the law of motion of

x̃ (t), (14.67), shows that it is possible for the normalized size of the firm (or of the relevant

firm in an industry), x̃ (t) to tend to zero. Therefore, Γ must be equal to 0, which implies

that there does not exist a stationary firm-size distribution. ¤

The essence of Corollary 14.1 is that with the random growth process in (14.67), the

distribution of firm sizes will continuously expand. The “limiting distribution” will involve

all firms being arbitrarily small relative to the average X (t) and a vanishingly small fraction

of firms becomes arbitrarily large (so that average size X (t) remains large and continues to

grow).

The result in Corollary 14.1 is closely linked to our focus on the equilibrium in which all

incumbents choose the same R&D effort level. This focus is justified on theoretical grounds

in Exercise 14.24. On empirical grounds, this assumption ensures that firm growth is inde-

pendent of firm size, a regularity commonly referred to as Gibrat’s Law (e.g., Sutton, 1997).

If z (ν, t | q) were a function of q, then firm growth would depend on firm size, violating

Gibrat’s Law. Gibrat’s Law, despite its name, does not characterize the patterns of firm

growth throughout the firm size distribution. In particular, the empirical evidence indicates

that firm growth rates are indeed independent of firm size above a certain threshold, but are

higher for small firms than for large firms (e.g., Hall, 1987). In light of this, consider the

following candidate equilibrium. Let ε > 0 and suppose that

(14.71) z∗ (q̃) =

½
z̄∗ for all q̃ > ε
z̄+ if q̃ ≤ ε,

where

q̃ (ν, t) ≡ q (ν, t)

Q (t)

is relative quality in machine line ν at time t, and z̄+ > z̄∗. This specification implies that

there is a slight deviation from Gibrat’s Law with firms below a certain relative size threshold

growing faster than the rest (recall that average quality is proportional to average sales). Is

straightforward to verify that there exists a BGP equilibrium in which incumbent R&D effort

levels are given by (14.71) (see Exercise 14.25). Then we can prove the following result about

the equilibrium firm-size distribution.
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Proposition 14.9. Consider the BGP equilibrium in which incumbent R&D effort levels

are given by (14.71) for ε > 0 and z̄+ > z̄∗ > 0. Consider the limiting case where z̄+ →∞.
Then there exists a unique stationary firm-size distribution given by the Pareto distribution

with an exponent of one.

Proof. As z̄+ → ∞, no firm would have relative quality q̃ < ε (since there will be

immediate innovation at q̃ = ε). This implies that relative firm size x̃ is bounded below by

ε. Moreover, since z∗ (q̃) → ∞ only at q̃ = ε, the definition (14.53) implies that z̄+ = z∗,

with z∗ given by (14.57). In view of this, the functional equation (14.68) in the proof of

Proposition 14.8 still applies and characterizes the stationary distribution (when it exists).

The same arguments as in that proof then shows that this functional equation has a unique

solution given by Pr [x̃ (t) ≤ y] = 1 − Γ/y. Moreover, in this case a stationary distribution
exists, since x̃ ≥ ε and thus Pr [x̃ (t) ≤ y] = 1− Γ/y with Γ = ε is a well-defined probability

distribution. ¤

This proposition therefore shows that, if we focus on equilibria in which firms below a

certain relative threshold have much higher innovation intensity, the equilibrium size distri-

bution (in terms of normalized sizes) will be Pareto with an exponent equal to one.. This

result is interesting and encouraging, since the distribution of firm sizes in the United States

is very well approximated by the Zipf’s distribution (Axtell, 2001). Nevertheless, it should be

noted that the approach adopted here is highly parsimonious (thus leaves out many relevant

details) and the model takes a minimal departure from the baseline Schumpeterian model.

Moreover, this model generates realistic firm-size distributions only when we select a par-

ticular distribution of R&D levels among incumbents. A more detailed study of the issues

related to firm dynamics and firm-size distributions requires more complex approaches that

may capture richer dynamics, including more realistic models of entry and exit behavior of

firms.

14.4. Step-by-Step Innovations*

In the baseline Schumpeterian model and also in the extended Schumpeterian model

of the previous section, new entrants could undertake innovation on any machine and did

not need to have developed any knowhow on a particular line of business. This led to a

simple structure, in many ways parallel to the models of expanding varieties studied in the

previous chapter. However, quality improvements in practice may have a major cumulative

aspect. For example, it may be that only firms that have already reached a certain level of

knowledge in a particular product or machine line can engage in further innovations. This is

in fact consistent with qualitative accounts of technological change and competition in specific

industries. Abernathy (1980, p. 70), for instance, concludes his study of a number of diverse
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industries by stating that: “each of the major companies seems to have made more frequent

contributions in a particular area,” and argues that this is because previous innovations in

a field facilitate future innovations. This aspect is entirely missing from the baseline model

of Schumpeterian growth, where any firm can engage in research to develop the next higher-

quality machine (and in addition Arrow’s replacement effect implies that incumbents do not

undertake R&D, though this aspect was relaxed and generalized in the previous section). A

more realistic description of the research process may involve only a few firms engaging in

continuous and cumulative innovation and competition in a particular product or machine

line.

In this section, I will present a model of cumulative innovation of this type. Following

Aghion, Harris, Howitt and Vickers (2001), we will refer to this as a model of step-by-step

innovation. Such models are not only useful in providing a different conceptualization of

the process of Schumpeterian growth, but they also enable us to endogenize the equilibrium

market structure and allow a richer analysis of the effects of competition and intellectual

property rights policy. Together with the model of innovation by incumbents and entrants

presented in the previous section, this model enables us to have a framework in which ex-

isting firm (continuing establishments) contribute to productivity growth and build on their

own past innovations (consistent with the empirical evidence as discussed in Section 18.1

in Chapter 18). In fact, the model in this section has a number of unique features relative

to those presented so far in this and the previous chapter. For instance, these models pre-

dict that weaker patent protection and greater competition should reduce economic growth.

Nevertheless, existing empirical evidence suggests that typically industries that are more

competitive experience faster growth (or at the very least, there is a non-monotonic relation-

ship between competition and economic growth, see, for example, Blundell (1999), Nickell

(1999) and Aghion, Bloom, Blundell, Griffith and Howitt (2005)). Schumpeterian models

with an endogenous market structure show that the effects of competition and intellectual

property rights on economic growth are more complex, and greater competition (and weaker

intellectual property rights protection) sometimes increases the growth rate of the economy.

14.4.1. Preferences and Technology. Consider the following continuous time econ-

omy with a unique final good. The economy is populated by a continuum of measure 1 of

individuals, each with 1 unit of labor endowment, which they supply inelastically. To sim-

plify the analysis, we assume that the instantaneous utility function takes a logarithmic form.

Thus the representative household has preferences given by

(14.72)
Z ∞

0
exp (−ρt) logC (t) dt,

where ρ > 0 is the discount rate and C (t) is consumption at date t.
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Let Y (t) be the total production of the final good at time t. We assume that the economy

is closed and the final good is used only for consumption (i.e., there is no investment or

spending on machines), so that C (t) = Y (t). The standard Euler equation from (14.72)

then implies that

(14.73) g (t) ≡ Ċ (t)

C (t)
=

Ẏ (t)

Y (t)
= r (t)− ρ,

where this equation defines g (t) as the growth rate of consumption and thus output, and

r (t) is the interest rate at date t.

The final good Y is produced using a continuum 1 of intermediate goods according to the

Cobb-Douglas production function

(14.74) lnY (t) =

Z 1

0
ln y (ν, t) dν,

where y (ν, t) is the output of νth intermediate at time t. Throughout, we take the price of

the final good (or the ideal price index of the intermediates) as the numeraire and denote the

price of intermediate ν at time t by py (ν, t). We also assume that there is free entry into the

final good sector. These assumptions, together with the Cobb-Douglas production function

(14.74), imply that each final good producer will have the following demand for intermediates

(14.75) y (ν, t) =
Y (t)

py (ν, t)
, for all ν ∈ [0, 1] .

Each intermediate ν ∈ [0, 1] comes in two different varieties, each produced by one of two
infinitely-lived firms. We assume that these two varieties are perfect substitutes and compete

a la Bertrand. No other firm is able to produce in this industry. Firm i = 1 or 2 in industry

ν has the following technology

(14.76) y (ν, t) = qi (ν, t) li (ν, t)

where li (ν, t) is the employment level of the firm and qi (ν, t) is its level of technology at time

t. The only difference between the two firms is their technology, which will be determined

endogenously. As in the models studied so far, each consumer in the economy holds a balanced

portfolio of the shares of all firms. Consequently, the objective function of each firm is to

maximize expected profits.

The production function for intermediate goods, (14.76), implies that the marginal cost

of producing intermediate ν for firm i at time t is

(14.77) MCi (ν, t) =
w (t)

qi (ν, t)

where w (t) is the wage rate in the economy at time t.

Let us denote the technological leader in each industry by i and the follower by −i, so
that we have:

qi (ν, t) ≥ q−i (ν, t) .
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Bertrand competition between the two firms implies that all intermediates will be supplied

by the leader at the limit price (see Exercise 14.27):

(14.78) pyi (ν, t) =
w (t)

q−i (ν, t)
.

Equation (14.75) then implies the following demand for intermediates:

(14.79) y (ν, t) =
q−i (ν, t)

w (t)
Y (t) .

R&D by the leader or the follower stochastically leads to innovation. We assume that

when the leader innovates, its technology improves by a factor λ > 1. The follower, on the

other hand, can undertake R&D to catch up with the frontier technology. Let us assume that

because this innovation is for the follower’s variant of the product and results from its own

R&D efforts, it does not constitute infringement of the patent of the leader, and the follower

does not have to make any payments to the technological leader in the industry.

R&D investments by the leader and the follower may have different costs and success

probabilities. Nevertheless, we simplify the analysis by assuming that they have the same

costs and the same probability of success. In particular, in all cases, we assume that each

firm (in every industry) has access to the following R&D technology (innovation possibilities

frontier):

(14.80) zi (ν, t) = Φ (hi (ν, t)) ,

where zi (ν, t) is the flow rate of innovation at time t and hi (ν, t) is the number of workers

hired by firm i in industry ν to work in the R&D process at t. Let us assume that Φ is twice

continuously differentiable and satisfies Φ0 (·) > 0, Φ00 (·) < 0, Φ0 (0) < ∞ and that there

exists h̄ ∈ (0,∞) such that Φ0 (h) = 0 for all h ≥ h̄. The assumption that Φ0 (0) <∞ implies

that there is no Inada condition when hi (ν, t) = 0. The last assumption, on the other hand,

ensures that there is an upper bound on the flow rate of innovation (which is not essential

but simplifies the proofs). Recalling that the wage rate for labor is w (t), the cost for R&D

is therefore w (t)G (zi (ν, t)) where

(14.81) G (zi (ν, t)) ≡ Φ−1 (zi (ν, t)) ,

and the assumptions on Φ immediately imply that G is twice continuously differentiable and

satisfies G0 (·) > 0, G00 (·) > 0, G0 (0) > 0 and limz→z̄ G
0 (z) = ∞, where z̄ ≡ Φ

¡
h̄
¢
is the

maximal flow rate of innovation (with h̄ defined above).

We next describe the evolution of technologies within each industry. Suppose that leader

i in industry ν at time t has a technology level of

(14.82) qi (ν, t) = λni(ν,t),
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and that the follower −i’s technology at time t is

(14.83) q−i (ν, t) = λn−i(ν,t),

where, naturally, ni (ν, t) ≥ n−i (ν, t). Let us denote the technology gap in industry ν at

time t by n (ν, t) ≡ ni (ν, t)− n−i (ν, t). If the leader undertakes an innovation within a time

interval of ∆t, then the technology gap rises to n (ν, t+∆t) = n (ν, t) + 1 (the probability of

two or more innovations within the interval ∆t is again o (∆t)). If, on the other hand, the

follower undertakes an innovation during the interval ∆t, then n (ν, t+∆t) = 0. In addition,

let us assume that there is an intellectual property rights (IPR) policy of the following form:

the patent held by the technological leader expires at the exponential rate κ <∞, in which
case, the follower can close the technology gap.

Given this specification, the law of motion of the technology gap in industry ν can be

expressed as

(14.84)

n (ν, t+∆t) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
n (ν, t) + 1

0

n (ν, t)

with probability

with probability

with probability

zi (ν, t)∆t+ o (∆t)

(z−i (ν, t) + κ)∆t+ o (∆t)

1− (zi (ν, t) + z−i (ν, t) + κ)∆t− o (∆t))

.

Here o (∆t) again represents second-order terms, in particular, the probabilities of more than

one innovations within an interval of length ∆t. The terms zi (ν, t) and z−i (ν, t) are the

flow rates of innovation by the leader and the follower, while κ is the flow rate at which the

follower is allowed to copy the technology of the leader. In the first line, when n (ν, t) = 0,

so that the two firms are neck and neck, zi (ν, t) should be taken as equal to 2z (ν, t), since

the two firms will undertake the same amount of research effort given by z (ν, t) and the

technology gap will increase to 1 if one of them is successful, which has probability 2z (ν, t).

We next write the instantaneous “operating” profits for the leader (i.e., the profits ex-

clusive of R&D expenditures and license fees). Profits of leader i in industry ν at time t

are

Πi (ν, t) = [pyi (ν, t)−MCi (ν, t)] yi (ν, t)

=

µ
w (t)

q−i (ν, t)
− w (t)

qi (ν, t)

¶
Y (t)

pyi (ν, t)

=
³
1− λ−n(ν,t)

´
Y (t)(14.85)

where recall that n (ν, t) is the technology gap in industry j at time t. The first line simply

uses the definition of operating profits as price minus marginal cost times quantity sold. The

second line uses the fact that the equilibrium limit price of firm i is pyi (ν, t) = w (t) /q−i (ν, t)

as given by (14.78), and the final equality uses the definitions of qi (ν, t) and q−i (ν, t) from

(14.82) and (14.83). The expression in (14.85) also implies that there will be zero profits in
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an industry that is neck-and-neck, i.e., in industries with n (j, t) = 0. Followers also make

zero profits, since they have no sales.

The Cobb-Douglas aggregate production function in (14.74) is responsible for the simple

form of the profits (14.85), since it implies that profits only depend on the technology gap

of the industry and aggregate output. This will simplify the analysis below by making the

technology gap in each industry the only industry-specific payoff-relevant state variable.

The objective function of each firm is to maximize the net present discounted value of net

profits (operating profits minus R&D expenditures and plus or minus patent fees). In doing

this, each firm will take the sequence of interest rates, [r (t)]∞t=0, the sequence of aggregate

output levels, [Y (t)]∞t=0, the sequence of wages, [w (t)]
∞
t=0, the R&D decisions of all other

firms and policies as given. Note that as in the baseline model of Schumpeterian growth in

Section 14.1, even though technology and output in each sector are stochastic, total output,

Y (t), given by (14.74) is nonstochastic.

14.4.2. Equilibrium. Let μ (t)≡ {μn (t)}∞n=0 denote the distribution of industries over
different technology gaps, with

P∞
n=0 μn (t) = 1. For example, μ0 (t) denotes the fraction

of industries in which the firms are neck-and-neck at time t. Throughout, we focus on

Markov Perfect Equilibria (MPE), where strategies are only functions of the payoff-relevant

state variables. MPE is a natural equilibrium concept in this context, since it does not

allow for implicit collusive agreements between the follower and the leader. While such

collusive agreements may be likely when there are only two firms in the industry, in most

industries there are many more firms and also many potential entrants, making collusion more

difficult. Throughout, we assume that there are only two firms to keep the model tractable

(see Appendix Chapter C for references and a further discussion of MPE). The focus on MPE

allows us to drop the dependence on industry ν, thus we refer to R&D decisions by zn for the

technological leader that is n steps ahead and by z−n for a follower that is n steps behind.

Let us denote the list of decisions by the leader and follower with technology gap n at time

t by ξn (t) ≡ hzn (t) , p
y
i (ν, t) , yi (ν, t)i and ξ−n (t) ≡ z−n (t). Throughout, ξ will indicate the

whole sequence of decisions at every state, ξ (t) ≡ {ξn (t)}∞n=−∞.6

An allocation in this economy is then given by time paths of decisions for a leader that

is n = 0, 1, ...,∞ steps ahead, [ξn (t)]
∞
t=0, time paths of R&D decisions for a follower that is

n = 1, ...,∞ steps behind,
£
ξ−n (t)

¤∞
t=0
, time path of wages and interest rates [w (t) , r (t)]∞t=0,

and time paths of industry distributions over technology gaps [μ (t)]∞t=0.

6There are two sources of abuse of notation here. First, pricing and output decisions, given by (14.78) and
(14.79), depend on the aggregate level of output Y (t) as well. However, profits, as given by (14.85), and other
choices do not depend on Y (t), and we suppress this dependence without any affect on the analysis. Second,
the sequences [py∗i (ν, t)]

∞
t=0 and [y

∗
i (ν, t)]

∞
t=0 are stochastic, while the rest of the objects specified above are

not. Since the stochastic nature of these sequences has no effect on the analysis, we suppress this feature as
well.
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We can define an equilibrium as follows. A Markov Perfect Equilibrium is represented by

time paths [ξ∗ (t) , w∗ (t) , r∗ (t) , Y ∗ (t)]∞t=0 such that (i)
£
py∗i (ν, t)

¤∞
t=0

and [y∗i (ν, t)]
∞
t=0 implied

by [ξ∗ (t)]∞t=0 satisfy (14.78) and (14.79); (ii) R&D policies [z∗ (t)]∞t=0 are best responses to

themselves, i.e., [z∗ (t)]∞t=0 maximizes the expected profits of firms taking aggregate output

[Y ∗ (t)]∞t=0, factor prices [w
∗ (t) , r∗ (t)]∞t=0, and the R&D policies of other firms [z

∗ (t)]∞t=0 as

given; (iii) aggregate output [Y ∗ (t)]∞t=0 is given by (14.74); and (iv) the labor and capital

markets clear at all times given the factor prices [w∗ (t) , r∗ (t)]∞t=0.

We next characterize the equilibrium. Since only the technological leader produces, labor

demand in industry ν with technology gap n (ν, t) = n can be expressed as

(14.86) ln (t) =
λ−nY (t)

w (t)
for n ≥ 0.

In addition, there is demand for labor coming from R&D of both followers and leaders in

all industries. Using (14.80) and the definition of the G function, we can express industry

demands for R&D labor as

(14.87) hn (t) =

⎧⎨⎩ G (zn (t)) +G (z−n (t)) if n ≥ 1

2G (z0 (t)) if n = 0
,

where z−n (t) refers to the R&D effort of a follower that is n steps behind. Moreover, this

expression takes into account that in an industry with neck-and-neck competition, i.e., with

n = 0, there will be twice the demand for R&D coming from the two “symmetric” firms.

The labor market clearing condition can then be expressed as:

(14.88) 1 ≥
∞X
n=0

μn (t)

∙
1

ω (t)λn
+G (zn (t)) +G (z−n (t))

¸
,

and ω (t) ≥ 0, with complementary slackness, where

(14.89) ω (t) ≡ w (t)

Y (t)

is the labor share at time t. The labor market clearing condition, (14.88), uses the fact that

total supply is equal to 1, and the demand cannot exceed this amount. If demand falls short

of 1, then the wage rate, w (t), and thus the labor share, ω (t), have to be equal to zero

(though this will never be the case in equilibrium). The right-hand side of (14.88) consists

of the demand for production (the terms with ω in the denominator), the demand for R&D

workers from the neck-and-neck industries (2G (z0 (t)) when n = 0) and the demand for R&D

workers coming from leaders and followers in other industries (G (zn (t)) +G (z−n (t)) when

n > 0).

The relevant index of aggregate quality in this economy is no longer the average, but

reflects the Cobb-Douglas aggregator in the production function,

(14.90) lnQ (t) ≡
Z 1

0
ln q (ν, t) dν.
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Given this, the equilibrium wage can be written as (see Exercise 14.28):

(14.91) w (t) = Q (t)λ−
∞
n=0 nμn(t).

14.4.3. Steady-State Equilibrium. Let us now focus on steady-state (Markov Per-

fect) equilibria, where the distribution of industries μ (t) ≡ {μn (t)}∞n=0 is stationary, ω (t)
defined in (14.89) and g∗, the growth rate of the economy, is constant over time (we refer

to this as a steady-state Markov perfect equilibrium, since the potentially more accurate

term “balanced growth path Markov perfect equilibrium” sounds awkward). We will estab-

lish the existence of such an equilibrium and characterize a number of its properties. If the

economy is in steady state at time t = 0, then by definition, we have Y (t) = Y0e
g∗t and

w (t) = w0 exp (g
∗t). The two equations also imply that ω (t) = ω∗ for all t ≥ 0. Throughout,

we assume that the parameters are such that the steady-state growth rate g∗ is positive but

not large enough to violate the transversality conditions. This implies that net present val-

ues of each firm at all points in time will be finite and enable us to write the maximization

problem of a leader that is n > 0 steps ahead recursively.

Standard arguments imply that the value function for a firm that is n steps ahead (or

−n steps behind) is given by

(14.92)

r (t)Vn (t)− V̇n (t) = max
zn(t)

{[Πn (t)− w∗ (t)G (zn (t))]

+zn (t) [Vn+1 (t)− Vn (t)] +
¡
z∗−n (t) + κ

¢
[V0 (t)− Vn (t)]}.

In steady state, the net present value of a firm that is n steps ahead, Vn (t), will also grow at

a constant rate g∗ for all n ∈ Z+. Let us then define normalized values as

(14.93) vn (t) ≡
Vn (t)

Y (t)

for all n which will be independent of time in steady state, i.e., vn (t) = vn.

Using (14.93) and the fact that from (14.73), r (t) = g (t) + ρ, the steady-state value

function (14.92) can be written as:

ρvn = max
zn
{
¡
1− λ−n

¢
− ω∗G (zn) + zn [vn+1 − vn] ,(14.94)

+
£
z∗−n + κ

¤
[v0 − vn]} for all n ≥ 1,

where z∗−n is the equilibrium value of R&D by a follower that is n steps behind, and ω∗ is

the steady-state labor share (while zn is now explicitly chosen to maximize vn).

Similarly the value for neck-and-neck firms is

(14.95) ρv0 = max
z0
{−ω∗G (z0) + z0 [v1 − v0] + z∗0 [v−1 − v0]} ,

546



Introduction to Modern Economic Growth

while the values for followers are given by

ρv−n = max
z−n

{−ω∗G (z−n) + [z−n + κ] [v0 − v−n]} .

It is clear that these value functions and profit-maximizing R&D decision for followers should

not depend on how many steps behind the leader they are, since a single innovation is sufficient

to catch-up with the leader. Therefore, we can write

(14.96) ρv−1 = max
z−1

{−ω∗G (z−1) + [z−1 + κ] [v0 − v−1]} ,

where v−1 represents the value of any follower (irrespective of how many steps behind it

is). The maximization problems involved in the value functions are straightforward and

immediately yield the following profit-maximizing R&D decisions

z∗n = max

½
G0−1

µ
[vn+1 − vn]

ω∗

¶
, 0

¾
(14.97)

z∗−n = max

½
G0−1

µ
[v0 − v−n]

ω∗

¶
, 0

¾
(14.98)

z∗0 = max

½
G0−1

µ
[v1 − v0]

ω∗

¶
, 0

¾
,(14.99)

where G0−1 (·) is the inverse of the derivative of the G function, and since G is twice con-

tinuously differentiable and strictly concave, G0−1 is continuously differentiable and strictly

increasing. These equations therefore imply that innovation rates, the z∗n’s, are increasing

in the incremental value of moving to the next step and decreasing in the cost of R&D, as

measured by the normalized wage rate, ω∗. Note also that since G0 (0) > 0, these R&D levels

can be equal to zero, which is taken care of by the max operator.

The response of innovation rates, z∗n, to the increments in values, vn+1 − vn, is the key

economic force in this model. For example, a policy that reduces the patent protection of

leaders that are n + 1 steps ahead (by increasing κ) will make being n + 1 steps ahead less

profitable, thus reduce vn+1−vn and z∗n. This corresponds to the standard disincentive effect
of relaxing IPR protection. However, relaxing IPR protection may also create a beneficial

composition effect ; this is because, typically, {vn+1 − vn}∞n=0 is a decreasing sequence, which
implies that z∗n−1 is higher than z∗n for n ≥ 1 (see Proposition 14.13 below). Weaker patent
protection (in the form of shorter patent lengths) will shift more industries into the neck-

and-neck state and potentially increase the equilibrium level of R&D in the economy.

Given the equilibrium R&D decisions, the steady-state distribution of industries across

states μ∗ has to satisfy the following accounting identities:

(14.100)
¡
z∗n+1 + z∗−1 + κ

¢
μ∗n+1 = z∗nμ

∗
n for n ≥ 1,

(14.101)
¡
z∗1 + z∗−1 + κ

¢
μ∗1 = 2z

∗
0μ
∗
0,

(14.102) 2z∗0μ
∗
0 = z∗−1 + κ.

547



Introduction to Modern Economic Growth

The first expression equates exit from state n+1 (which takes the form of the leader going one

more step ahead or the follower catching-up the leader) to entry into this state (which takes

the form of a leader from the state n making one more innovation). The second equation,

(14.101), performs the same accounting for state 1, taking into account that entry into this

state comes from innovation by either of the two firms that are competing neck-and-neck.

Finally, equation (14.102) equates exit from state 0 with entry into this state, which comes

from innovation by a follower in any industry with n ≥ 1.
The labor market clearing condition in steady state can then be written as

(14.103) 1 ≥
∞X
n=0

μ∗n

∙
1

ω∗λn
+G (z∗n) +G

¡
z∗−n

¢¸
and ω∗ ≥ 0,

with complementary slackness.

The next proposition characterizes the steady-state growth rate in this economy:

Proposition 14.10. The steady-state growth rate is given by

(14.104) g∗ = lnλ

"
2μ∗0z

∗
0 +

∞X
n=1

μ∗nz
∗
n

#
.

Proof. Equations (14.89) and (14.91) imply

Y (t) =
w (t)

ω (t)
=

Q (t)λ−
∞
n=0 nμ

∗
n(t)

ω (t)
.

Since ω (t) = ω∗ and {μ∗n}∞n=0 are constant in steady state, Y (t) grows at the same rate as
Q (t). Therefore,

g∗ = lim
∆t→0

lnQ (t+∆t)− lnQ (t)
∆t

.

During an interval of length ∆t, we have that in the fraction μ∗n of the industries with

technology gap n ≥ 1 the leaders innovate at a rate z∗n∆t + o (∆t) and in the fraction μ∗0 of

the industries with technology gap of n = 0, both firms innovate, so that the total innovation

rate is 2z∗0∆t+ o (∆t)). Since each innovation increases productivity by a factor λ, we obtain

the preceding equation. Combining these observations, we have

lnQ (t+∆t) = lnQ (t) + lnλ

"
2μ∗0z

∗
0∆t+

∞X
n=1

μ∗nz
∗
n∆t+ o (∆t)

#
.

Subtracting lnQ (t), dividing by ∆t and taking the limit as ∆t→ 0 gives (14.104). ¤

This proposition clarifies that the steady-state growth comes from two sources:

(1) R&D decisions of leaders or of firms in neck-and-neck industries.

(2) The distribution of industries across different technology gaps, μ∗ ≡ {μ∗n}∞n=0.
The latter channel reflects the composition effect discussed above. This type of compo-

sition effect implies that the relationship between competition and growth (or intellectual

property rights protection and growth) is more complex than in the models we have seen so
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far, because such policies will change the equilibrium market structure (i.e., the composition

of industries).

Definition 14.1. A steady-state equilibrium is given by hμ∗, v, z∗, ω∗, g∗i such
that the distribution of industries μ∗ satisfy (14.100), (14.101) and (14.102), the values

v ≡ {vn}∞n=−∞ satisfy (14.94), (14.95) and (14.96), the R&D decisions z∗ are given by,

(14.97), (14.98) and (14.99), the steady-state labor share ω∗ satisfies (14.103) and the steady-

state growth rate g∗ is given by (14.104).

We next provide a characterization of the steady-state equilibrium. The first result is a

technical one that is necessary for this characterization.

Proposition 14.11. In a steady state equilibrium, we have v−1 ≤ v0 and {vn}∞n=0 forms
a bounded and strictly increasing sequence converging to some positive value v∞.

Proof. Let {zn}∞n=−1 be the R&D decisions of a firm and {vn}∞n=−1 be the sequence of
values, taking the decisions of other firms and the industry distributions, {z∗n}∞n=−1, {μ∗n}

∞
n=−1,

ω∗ and g∗, as given. By choosing zn = 0 for all n ≥ −1, the firm guarantees vn ≥ 0 for all
n ≥ −1. Moreover, since flow profits satisfy πn ≤ 1 for all n ≥ −1, we have vn ≤ 1/ρ for all
n ≥ −1, establishing that {vn}∞n=−1 is a bounded sequence, with vn ∈ [0, 1/ρ] for all n ≥ −1.

Proof of v1 > v0 : Suppose, first, v1 ≤ v0, then (14.99) implies z∗0 = 0, and by the symme-

try of the problem in equilibrium, (14.95) implies v0 = v1 = 0. As a result, from (14.98) we ob-

tain z∗−1 = 0. Equation (14.94) then implies that when z
∗
−1 = 0, v1 ≥

¡
1− λ−1

¢
/ (ρ+ κ) > 0,

yielding a contradiction and proving that v1 > v0.

Proof of v−1 ≤ v0 : Suppose, to obtain a contradiction, that v−1 > v0. Then, (14.98)

implies z∗−1 = 0, which leads to v−1 = κv0/ (ρ+ κ), contradicting v−1 > v0 since κ/ (ρ+ κ) <

1 (given that κ <∞).

Proof of vn < vn+1 : Suppose, to obtain a contradiction, that vn ≥ vn+1. Now (14.97)

implies z∗n = 0, and (14.94) becomes

(14.105) ρvn =
¡
1− λ−n

¢
+ z∗−1 [v0 − vn] + κ [v0 − vn] .

Also from (14.94), the value for state n+ 1 satisfies

(14.106) ρvn+1 ≥
¡
1− λ−n−1

¢
+ z∗−1 [v0 − vn+1] + κ [v0 − vn+1] .

Combining the two previous expressions, we obtain¡
1− λ−n

¢
+ z∗−1 [v0 − vn] + κ [v0 − vn] ≥

1− λ−n−1 + z∗−1 [v0 − vn+1] + κ [v0 − vn+1] .
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Since λ−n−1 < λ−n, this implies vn < vn+1, contradicting the hypothesis that vn ≥ vn+1, and

establishing the desired result, vn < vn+1.

Consequently, {vn}∞n=−1 is nondecreasing and {vn}
∞
n=0 is (strictly) increasing. Since a

nondecreasing sequence in a compact set must converge, {vn}∞n=−1 converges to its limit
point, v∞, which must be strictly positive, since {vn}∞n=0 is strictly increasing and has a
nonnegative initial value. This completes the proof. ¤

A potential difficulty in the analysis of the current model is that we have to determine

R&D levels and values for an infinite number of firms, since the technology gap between the

leader and the follower can, in principle, take any value. However, the next result shows that

we can restrict attention to a finite sequence of values:

Proposition 14.12. There exists n∗ ≥ 1 such that z∗n = 0 for all n ≥ n∗.

Proof. See Exercise 14.29. ¤

The next proposition provides the most important economic insights of this model and

shows that z∗ ≡ {z∗n}∞n=0 is a decreasing sequence, which implies that technological lead-
ers that are further ahead undertake less R&D. Intuitively, the benefits of further R&D

investments are decreasing in the technology gap, since greater values of the technology gap

translate into smaller increases in the equilibrium markup (recall (14.85)). The fact that

leaders that are sufficiently ahead of their competitors undertake little R&D is the main

reason why composition effects play an important role in this model. For example, all else

equal, closing the technology gap across a range of industries will increase R&D spending

and equilibrium growth (though, as discussed in the previous section, this may not always

increase welfare, especially if there is a strong business stealing effect).

Proposition 14.13. In any steady-state equilibrium, we have z∗n+1 ≤ z∗n for all n ≥ 1
and moreover, z∗n+1 < z∗n if z

∗
n > 0. Furthermore, z∗0 > z∗1 and z

∗
0 ≥ z∗−1.

Proof. From equation (14.97),

(14.107) δn+1 ≡ vn+1 − vn < vn − vn−1 ≡ δn

is sufficient to establish that z∗n+1 ≤ z∗n.

Let us write:

(14.108) ρ̄vn = max
zn

©¡
1− λ−n

¢
− ω∗G (zn) + zn [vn+1 − vn] +

¡
z∗−1 + κ

¢
v0
ª
,
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where ρ̄ ≡ ρ+ z∗−1 + κ. Since z∗n+1, z
∗
n and z∗n−1 are maximizers of the value functions vn+1,

vn and vn−1, (14.108) implies:

ρ̄vn+1 = 1− λ−n−1 − ω∗G
¡
z∗n+1

¢
+ z∗n+1 [vn+2 − vn+1] +

¡
z∗−1 + κ

¢
v0,

(14.109)

ρ̄vn ≥ 1− λ−n − ω∗G
¡
z∗n+1

¢
+ z∗n+1 [vn+1 − vn] +

¡
z∗−1 + κ

¢
v0, ,

ρ̄vn ≥ 1− λ−n − ω∗G
¡
z∗n−1

¢
+ z∗n−1 [vn+1 − vn] +

¡
z∗−1 + κ

¢
v0, ,

ρ̄vn−1 = 1− λ−n+1 − ω∗G
¡
z∗n−1

¢
+ z∗n−1 [vn − vn−1] +

¡
z∗−1 + κ

¢
v0.

Now taking differences with ρ̄vn and using the definition of δn’s, we obtain

ρ̄δn+1 ≤ λ−n
¡
1− λ−1

¢
+ z∗n+1 (δn+2 − δn+1)

ρ̄δn ≥ λ−n+1
¡
1− λ−1

¢
+ z∗n−1 (δn+1 − δn) .

Therefore, ¡
ρ̄+ z∗n−1

¢
(δn+1 − δn) ≤ −kn + z∗n+1 (δn+2 − δn+1) ,

where kn ≡ (λ− 1)2 λ−n−1 > 0. Now to obtain a contradiction, suppose that δn+1 − δn ≥
0. From the previous equation, this implies δn+2 − δn+1 > 0 since kn is strictly positive.

Repeating this argument successively, we have that if δn0+1 − δn0 ≥ 0, then δn+1 − δn > 0

for all n ≥ n0. However, we know from Proposition 14.11 that {vn}∞n=0 is strictly increasing
and converges to a constant v∞. This implies that δn ↓ 0, which contradicts the hypothesis
that δn+1 − δn ≥ 0 for all n ≥ n0 ≥ 0, and establishes that z∗n+1 ≤ z∗n. To see that the

inequality is strict when z∗n > 0, it suffices to note that we have already established (14.107),

i.e., δn+1 − δn < 0, thus if equation (14.97) has a positive solution, then we necessarily have

z∗n+1 < z∗n.

Proof of z∗0 ≥ z∗−1 : (14.95) can be written as

(14.110) ρv0 = −ω∗G (z∗0) + z∗0 [v−1 + v1 − 2v0] .

We have v0 ≥ 0 from Proposition 14.11. Suppose v0 > 0. Then (14.110) implies z∗0 > 0 and

v−1 + v1 − 2v0 > 0(14.111)

v1 − v0 > v0 − v−1.

This inequality combined with (14.99) and (14.98) yields z∗0 > z∗−1. Suppose next that v0 = 0.

Inequality (14.111) now holds as a weak inequality and implies that z∗0 ≥ z∗−1. Moreover,

since G (·) is strictly convex and z∗0 is given by (14.99), (14.110) then implies z∗0 = 0 and thus
z∗−1 = 0.

Proof of z∗0 > z∗1 : See Exercise 14.30. ¤

This proposition therefore shows that the highest amount of R&D is undertaken in neck-

and-neck industries. This explains why composition effects can increase aggregate innovation.
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Exercise 14.31 shows how a relaxation of intellectual property rights protection can increase

the growth rate in the economy.

So far, we have not provided a closed-form solution for the growth rate in this economy.

It turns out that this is generally not possible, because of the endogenous market structure in

these types of models. Nevertheless, it can be proved that a steady state equilibrium exists in

this economy, though the proof is somewhat more involved and does not generate additional

insights for our purposes (see Acemoglu and Akcigit, 2006).

An important feature of this model is that equilibrium markups are endogenous and evolve

over time as a function of competition between the firms producing in the same product line.

More importantly, when a particular firm is sufficiently ahead of its rival, it undertakes less

R&D. Therefore, this model, contrary to the baseline Schumpeterian model and also contrary

to all expanding varieties models, implies that greater competition may lead to higher growth

rates. Greater competition generated by closing the gap between the followers and leaders

induces the leaders to undertake more R&D in order to escape the competition from the

followers.

14.5. Taking Stock

This chapter introduced the basic Schumpeterian model of economic growth (i.e., models

with “competitive innovations”) to emphasize the importance of competition among firms

both in the innovation process and in the product market. Schumpeterian growth introduces

a process of creative destruction, where new products or machines replace older models, and

thus new firms replace incumbent producers.

The baseline model features process innovations leading to quality improvements. The

description of economic growth that emerges from this model is, in many ways, more realistic

than the expanding variety models. In particular, technological progress does not always cor-

respond to new products or machines complementing existing ones, but involves the creation

of higher-quality producers replacing incumbents. Arrow’s replacement effect, discussed in

Chapter 12, implies that there is a strong incentive for new entrants to undertake research

because the new, higher-quality products will replace the products of incumbents, leading

to Schumpeterian creative destruction as the engine of economic growth. Even though the

description of economic growth in this model is richer than the expanding varieties model,

the mathematical structure turns out to be quite similar to the models we studied in the

previous chapters. In reduced form, the model again resembles an AK economy. The main

difference is that now the growth rate of the economy, through the rate of replacement of old

products, affects the value of innovation. Nevertheless, in the baseline version of the model,

the effects of various policy interventions are the same as in the expanding product variety

model of the previous chapter.
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An important insight of Schumpeterian models is that growth comes with potential con-

flict of interest. The process of creative destruction destroys the monopoly rents of previous

incumbents. This raises the possibility that distortionary policies may arise endogenously

as a way of protecting the rents of politically powerful incumbents. Models of creative de-

struction therefore raise the political economy issues that are central for understanding the

fundamental causes of economic growth and provide us insights about both the endogenous

nature of technology and about the potential resistance to technological change.

Schumpeterian models also enable us to make greater contact with the industrial organi-

zation of innovation. In particular, the process of creative destruction implies that the market

structure may be evolving endogenously over time. Nevertheless, the baseline Schumpeterian

models have a number of major shortcomings, and addressing these is an interesting and im-

portant area for future research. An important discrepancy between the baseline models and

the data is that, while the models predict all productivity growth to be driven by the process

of creative destruction and entry, in the data much of productivity growth is driven by inno-

vation by continuing firms and plants. Section 14.3 provided a first look at how the baseline

models can be extended to account for these patterns and to provide a richer framework for

the analysis of the industrial organization of innovation. A second important shortcoming

of the baseline models is that they predict that markups are constant and there is always a

single firm supplying the entire market. These implications can also be relaxed by consider-

ing a richer framework, for example, by allowing cumulative or step-by-step innovation and

competition between multiple firms that engage in innovation. Section 14.4 showed how the

baseline model can be extended to incorporate step-by-step (cumulative) innovations and how

such a model leads to endogenously evolving monopoly markups and market structure. Per-

haps more interestingly, we have seen that in these models that incorporate different aspects

of the industrial organization of innovation, the effects of competition and patent protection

on economic growth are potentially quite different from both the baseline model of Schum-

peterian growth and from models of expanding varieties. This suggests that Schumpeterian

models might provide a useful framework for the analysis of a range of industrial policies,

including anti-trust policies, licensing and intellectual property rights policies.

14.6. References and Literature

The baseline model of Schumpeterian growth presented in Section 14.1 is based on the

work by Aghion and Howitt (1992). Similar models have also been developed by Segerstrom,

Anant and Dinopoulos (1990), Grossman and Helpman (1991a,b). Aghion and Howitt (1998)

provide an excellent survey of many Schumpeterian models of economic growth and numerous

extensions. The specific modeling assumptions made in the presentation here draw on Ace-

moglu (1998), which also uses the aggregate production function with proportional quality
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improvements and costs of production and R&D increasing proportionally with quality. The

original Aghion and Howitt (1992) approach is very similar to that used in Section 14.2.

Aghion and Howitt (1992) also discuss uneven growth and potential growth cycles, which

were presented in Section 14.2. Uneven growth and cycles are also possible in expanding

product or input variety models as shown by Matsuyama (1999, 2001). I only discussed the

possibility of such cycles in the context of Schumpeterian growth, since the forces leading to

such cycles are more pronounced in these models.

The effect of creative destruction on unemployment is first studied in Aghion and Howitt

(1994). The implications of creative destruction for firm-specific investments are discussed in

Francois and Roberts (2001) and in Martimort and Verdier (2003).

The model in Section 14.3 draws on Acemoglu (2008) and is a first attempt to introducing

productivity growth driven both by incumbents and entrants (see also Barro and Sala-i-

Martin, 2004, for a model in which incumbents undertake R&D because they have cost

advantage). A related paper is Klette and Kortum (2004). Klette and Kortum construct a

richer model of firm and aggregate innovation dynamics based on expanding product varieties.

Their key assumption is that firms with more products have an advantage in discovering

more new products. With this assumption, their model generates the same patterns of firm

growth as the simple model and Section 14.3, and also matches certain additional facts

about propensity to patent and the differential survival probabilities of firms by size. One

disadvantage of this approach is that the firm size distribution is not driven by the dynamics

of continuing plans (in fact, if new products are interpreted as new plants, the Klette-Kortum

model predicts that all productivity growth will be driven by entry of new plants, though

this may be an extreme interpretation, since some new products may be produced in existing

plants). Lentz and Mortensen (2006) extend Klette and Kortum’s model by introducing

additional sources of heterogeneity and estimate this extended model on Danish data. Klepper

(1996) documents various facts about the firm size, entry and exit decisions and innovation,

and provides a simple descriptive model that can account for these facts. None of these papers

consider a Schumpeterian growth featuring innovation both by incumbents and entrants

that can be easily mapped to decomposing the contribution of new and continuing plants

(firms) to productivity growth. Other papers related to the model presented in Section

14.3 include Jovanovic (1987), Hopenhayn (1992), Melitz (2003), Rossi-Hansberg and Wright

(2003, 2004), and Luttmer (2004, 2007). All of these papers generate realistic firm-size

distributions based on heterogeneity of productivity (combined with fixed costs of operation),

but do not endogenize the stochastic process for productivity growth or the productivity of

firms. The promising area for future research appears to be to develop theoretical and

empirical models that can incorporate the heterogeneity emphasized by these models, while
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at the same time generating the process of productivity growth of continuing plans and new

entrants endogenously.

Step-by-step or cumulative innovations have been analyzed in Aghion, Harris and Vick-

ers (1999) and Aghion, Harris, Howitt and Vickers (2001). The model presented here is a

simplified version of Acemoglu and Akcigit (2006), which includes a detailed analysis of the

implications of intellectual property rights policy and licensing in this class of models. The

proof of existence of a steady-state equilibrium under a somewhat more general environment

is provided in that paper. The notion of Markov Perfect Equilibrium used in Section 14.4

is a standard equilibrium concept in dynamic games and is a refinement of subgame perfect

equilibrium, that restricts strategies to depend only on payoff-relevant state variables. These

concepts are discussed in the Appendix Chapter C and in Fudenberg and Tirole (1994).

Blundell (1999), Nickell (1999) and Aghion, Bloom, Blundell, Griffith and Howitt (2005)

provide evidence that greater competition may encourage economic growth and technological

progress. The latter paper shows that industries where the technology gap between firms

is smaller are typically more innovative. Aghion, Harris, Howitt and Vickers (2001) and

Aghion, Bloom, Blundell, Griffith and Howitt (2005) show that in step-by-step models of

innovation greater competition may increase growth. Aghion, Dewatripont and Ray (2000)

provide another reason why competition may encourage growth. In their model competitive

pressure improves managerial incentives and efficiency.

14.7. Exercises

Exercise 14.1. (1) Prove that in the baseline model of Schumpeterian growth in Sec-

tion 14.1, all R&D will be undertaken by entrants, and there will never be R&D by

incumbents. [Hint: rewrite (14.12) by allowing for a choice of R&D investments].

(2) Now suppose that the flow rate of success of R&D is φη/q for an incumbent as

opposed to η/q for an and turned. Show that for any value of φ, the incumbent will

still choose zero R&D. Explain this result.

Exercise 14.2. The baseline endogenous technological change models, including the model of

Schumpeterian growth in this chapter, assume that new products are protected by perpetual

patents. This exercise asks you to show that this is not strictly necessary in the logic of

these models. Suppose that there is no patent protection for any innovation, but copying an

innovator requires a fixed cost ε > 0. Any firm, after paying this cost, has access to the same

technology as the innovator. Prove that in this environment there will be no copying and all

the results of the model with fully-enforced perpetual patents apply.

Exercise 14.3. Complete the proof of Proposition 14.1. In particular, verify that the equi-

librium growth rate is unique, strictly positive and such that the transversality condition

(14.15) is satisfied.
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Exercise 14.4. Prove Proposition 14.2.

Exercise 14.5. * In the baseline Schumpeterian growth model, instead of (14.3), suppose

that the production function of the final good sector is given by

Y (t) =
1

1− β

∙Z 1

0
q(ν, t)ζ1x(ν, t | q)1−βdν

¸
Lβ.

Suppose also that producing one unit of an intermediate could of quality q costs ψqζ2 and

that one unit of final good devoted to research on the machine line with quality q generates

a flow rate of innovation equal to η/qζ3 . Characterize the equilibrium of this economy and

determine what combinations of the parameters ζ1, ζ2 and ζ3 will ensure balanced growth.

Exercise 14.6. Derive equation (14.24).

Exercise 14.7. Show that condition (14.5) is sufficient to ensure that a firm that innovates

will set the unconstrained monopoly price. [Hint: first suppose that the innovator sets the

monopoly price ψq/ (1− β) for a product of quality q. Then, consider the firm with the next

highest quality, λ−1q. Suppose that this firm sells at marginal cost, ψλ−1q. Then find the

value of λ such that final good producers are indifferent between buying a machine of quality

q at the price ψq/ (1− β) versus a machine of quality λ−1q at the price ψλ−1q.]

Exercise 14.8. Analyze the baseline model of Schumpeterian growth in Section 14.1 assum-

ing that (14.5) is not satisfied.

(1) Show that monopolists will set a limit price.

(2) Characterize the BGP equilibrium growth rate.

(3) Characterize the Pareto optimal allocation and compare it to the equilibrium al-

location. How does the comparison differ from the case in which innovations were

drastic?

(4) Now consider a hypothetical economy in which the previous highest-quality producer

disappears so that the monopolist can charge a markup of 1/ (1− β) instead of the

limit price. Show that the BGP growth rate in this hypothetical economy is strictly

greater than the growth rate characterized in 2 above. Explain this result.

(5) Let us now go back to the question in Exercise 14.1 and suppose that the incumbent

firm has an advantage in R&D as in that exercise. Show that if φ is sufficiently

high, the incumbent will undertake R&D. Why does this result differ from the one

in Exercise 14.1?

Exercise 14.9. Modify the baseline model of Section 14.1 so that the aggregate production

function for the final good is

Y (t) =
1

1− β

∙Z 1

0
(q(ν, t)x(ν, t | q))1−β dν

¸
Lβ.

All the other features of the model remain unchanged.
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(1) Show that with this production function, a BGP does not exist. Explain why this

is.

(2) What would you change in the model to ensure the existence of a BGP.

Exercise 14.10. Suppose that there is constant exponential population growth at the rate

n. Modify the baseline model of Section 14.1 so that there is no scale effect and the economy

grows at the constant rate (with positive growth of income per capita). [Hint: suppose that

one unit of final good spent on R&D for improving the machine of quality q leads to flow

rate of innovation equal to η/qφ, where φ > 1].

Exercise 14.11. Consider a version of the model of Schumpeterian growth in which the

x’s do not depreciate fully after use (similar to Exercise 13.22 in the previous chapter).

Preferences and the rest of the production structure are the same as in the baseline model in

Section 14.1.

(1) Define an equilibrium.

(2) Formulate the maximization problem of a monopolist with the highest quality ma-

chine.

(3) Show that, contrary to Exercise 13.22, the results are different than those in Section

14.1. Explain why depreciation of machines was not important in the expanding

varieties model but it is important in the model of competitive innovations.

Exercise 14.12. Consider a version of the model of Schumpeterian growth in which inno-

vations reduce costs instead of increasing quality. In particular, suppose that the aggregate

production function is given by

Y (t) =
1

1− β

∙Z 1

0
x(ν, t)1−βdν

¸
Lβ,

and the marginal cost of producing machine variety ν at time t is given by MC (ν, t). Every

innovation reduces this cost by a factor λ.

(1) Define an equilibrium in this economy.

(2) Specify a form of the innovation possibilities frontier that is consistent with balanced

economic growth.

(3) Derive the BGP growth rate of the economy and show that there are no transitional

dynamics.

(4) Compare the BGP growth rate to the Pareto optimal growth rate of the economy.

Can there be excessive innovations?

(5) What are the similarities and differences between this model and the baseline model

presented in Section 14.1.
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Exercise 14.13. Consider the model in Section 14.2, with R&D performed by workers.

Suppose instead that the aggregate production function for the final good is given by

Y (t) =
1

1− β

∙Z 1

0
q(ν, t)x(ν, t | q)1−βdν

¸
LE (t)

β ,

where LE (t) denotes the number of workers employed in final good production at time t.

(1) Show that in this case, there will only be R&D for the machine with the highest

q(ν, t).

(2) How would you modify the model so that the equilibrium has balanced R&D across

sectors?

Exercise 14.14. Consider the model of Schumpeterian growth in Section 14.1, with one dif-

ference: conditional on success an innovation generates a random improvement of λ over

the previous technology, where the distribution function of λ is H (λ) and has supporth
(1− β)−(1−β)/β , λ̄

i
.

(1) Define an equilibrium in this economy.

(2) Characterize the balanced economic growth path and specify restrictions on para-

meters so that the transversality condition is satisfied.

(3) Why did we assume that the lower support of λ is (1− β)−1? How would the analysis

change if this were relaxed?

(4) Show that there are no transitional dynamics in this economy.

(5) Compare the BGP growth rate to the Pareto optimal growth rate of the economy.

Can there be excessive innovations?

Exercise 14.15. In the model of Section 14.2 show that the economy experiences no growth

of output for intervals of average length 1/ηL∗R.

Exercise 14.16. (1) Prove Proposition 14.4, in particular verifying that the allocation

described there is unique, that the average growth rate is given by g∗ = lnληL∗R and

that condition (14.27) is necessary and sufficient for the existence of the equilibrium

described in the proposition.

(2) Explain why the growth rate features lnλ rather than λ − 1 as in the model of
Section 14.1.

Exercise 14.17. Consider the one-sector Schumpeterian model in discrete time. Suppose as

in the model in Section 14.2 that consumers are risk neutral, there is no population growth,

and the final good sector has the production function given by (14.25). Assume that the

R&D technology is such that LR > 0 workers employed in research will necessarily lead to an

innovation, and the number of workers used in research simply determines the quality of the

innovation via the function λ (LR), which is strictly increasing, continuously differentiable,

strictly concave and satisfies the Inada conditions.
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(1) Define an equilibrium in this economy.

(2) Characterize the BGP and specify restrictions on parameters so that the transver-

sality condition is satisfied.

(3) Compare the BGP growth rate to the Pareto optimal growth rate of the economy.

Show that the size of innovations is always too small relative to the size of innovations

in the Pareto optimal allocation.

Exercise 14.18. * Consider the one-sector Schumpeterian model in discrete time analyzed

in the previous exercise. Suppose that when a new innovation arrives a fraction ϕ of workers

employed in the final good production will not be able to adapt to this new technology and

will need to remain unemployed for one time period to “retool”.

(1) Define an equilibrium in this economy. [Hint: also specify the number of unemployed

workers in equilibrium].

(2) Characterize the balanced growth path of this economy and determine the number

of unemployed workers in equilibrium.

(3) Show that the economy will experience bursts of unemployment, followed by periods

of full employment.

(4) Show that a decline in ρ will increase the average growth rate and the average

unemployment rate in the economy.

Exercise 14.19. * Derive equations (14.28)-(14.30).

Exercise 14.20. * Consider the model discussed in subsection 14.2.2.

(1) Choose a functional form for η (·) such that equations (14.30) have solutions L1R
and L2R 6= L1R. Explain why, when such solutions exist, there is a perfect foresight

equilibrium with two-period endogenous cycles.

(2) Show that even when solutions exist, there also exists a steady-state equilibrium

with constant research.

(3) Show that when such solutions do not exist, there exists an equilibrium which ex-

hibits oscillatory transitional dynamics converging to the steady state characterized

in 2 above.

Exercise 14.21. * Show that the results of the model in subsection 14.2.2 generalize when

there is a single firm undertaking research, thus internalizing the effect of LR on η (LR).

Exercise 14.22. Suppose that in the model of Section 14.3 incumbents also have access to the

radical innovation technology used by entrants. Show that there cannot existing equilibrium

in which incumbents undertake positive R&D with this technology. [Hint: use the free entry

condition for entrants together with to condition that makes such investments profitable for

incumbents and derive a contradiction].
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Exercise 14.23. Set up the social planner’s problem (of maximizing the utility of the rep-

resentative household) in Section 14.3.

(1) Show that this maximization problem corresponds to a concave current-value Hamil-

tonian and derive the unique solution to this problem. Show that this solution in-

volves the consumption of the representative household growing at a constant rate

at all points.

(2) Show that the social planner will tend to increase growth because she avoids the

monopoly markup over machines.

(3) Show that the social planner will tend to choose lower entry because of the negative

externality in the research process.

(4) Give numerical examples in which the growth rate in the Pareto optimal allocation

is greater than or less than the decentralized growth rate.

Exercise 14.24. Consider the model of Section 14.3 and suppose that the R&D technology

of the incumbents for innovation is such that if an incumbent with a machine of quality q

spends an amount zq for incremental innovations, then the flow rate of innovation is φ (z)

(and this innovation again increases the quality of the incumbent’s machine to λq). Assume

that φ (z) is strictly increasing, strictly concave, continuously differentiable, and satisfies

limz→0 φ
0 (z) =∞ and limz→∞ φ0 (z) = 0.

(1) Focus on steady-state equilibria and conjecture that V (q) = vq. Using this con-

jecture, show that incumbents will choose R&D intensity z∗ such that (λ− 1) v =
φ0 (z∗). Combining this equation with the free entry condition for entrants and the

equation for growth rate given by (14.55), show that there exists a unique BGP

equilibrium (under the conjecture that V (q) is linear).

(2) Is it possible for an equilibrium to involve different levels of z for incumbents with

different quality machines?

(3) In light of your answer to 2, what happens if we consider the “limiting case” of this

model where φ (z)= constant?

(4) Show that this equilibrium involves positive R&D both by incumbents and entrants.

(5) Now introduce taxes on R&D by incumbents and entrants at the rates τ i and τ e.

Show that, in contrast to the results in Proposition 14.7, the effects of both taxes

on growth are ambiguous. What happens if η (z) =constant?

Exercise 14.25. (1) Prove Proposition 14.6 for the case in which z (ν, t | q) could differ
across incumbents with different levels of q. Show that the same BGP as in Propo-

sition 14.6 applies and is essentially unique, in the sense that average incumbent

R&D effort is always equal to z∗.
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(2) Show that the BGP characterized in Proposition 14.6 also applies when the distri-

bution of R&D efforts across incumbents is given by (14.71).

Exercise 14.26. Consider the model of Section 14.3, but modify the production function

to Y (t) =
hR 1
0 q(ν, t)x(ν, t | q)1−βdν

i
Lβ/ (1− β) and assume that production of an input of

quality q requires ψq units of the final good as in the baseline model of Section 14.1. Show

that the equilibrium growth rate and the decomposition of productivity growth between

incumbents and entrants are identical in this case tothe results in Section 14.3, but there are

no firm size dynamics. Explain why this is. Are there dynamics of profits? How does the

distribution of profits across firm evolve over time?

Exercise 14.27. * Derive equation (14.78).

Exercise 14.28. * Derive equation (14.91). [Hint: write lnY (t) =
R 1
0 ln q (ν, t) l (ν, t) dν =R 1

0

h
ln qi (ν, t) + ln

Y (t)
w(t)λ

−n(ν)
i
dν and rearrange this equation]

Exercise 14.29. * Prove Proposition 14.12.

Exercise 14.30. * Complete the proof of Proposition 14.13, in particular, prove that z∗0 > z∗1
[Hint: use similar arguments to the first part of the proof.]

Exercise 14.31. * Consider a steady-state equilibrium in the model of Section 14.4. Suppose

that we have κ = 0 and

G0 (0) <
1− λ

ρ

Let

z∗ ≡ G0−1
µ
1− λ

ρ

¶
and suppose also that

G0 (0) <
z∗ (1− λ) /ρ+G (z∗)

ρ+ z∗
.

(1) Show that in this case the steady state equilibrium has zero growth.

(2) Show that κ > 0 will lead to a positive growth rate. Interpret this result and contrast

it to the negative effects of relaxing the protection of intellectual property rights in

the baseline model of Schumpeterian growth.

Exercise 14.32. * Modify the model presented in Section 14.4 such that followers can now

use the innovation of the technological leader and immediately leapfrog the leader, but in

this case they have to pay a license fee of ζ to the leader.

(1) Characterize the growth rate of a steady-state equilibrium in this case

(2) Write the value functions.

(3) Explain why licensing can increase the growth rate of the economy in this case, and

contrast this result with the one in Exercise 12.9, where licensing was never used in

equilibrium. What is the source of the difference between the two sets of results?
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Exercise 14.33. (1) What is the effect of competition on the rate of growth of the

economy in a standard product variety model of endogenous growth? What about

the quality-ladder model? Explain the intuition.

(2) Now consider the following one-period model. There are two Bertrand duopolists,

producing a homogeneous good. At the beginning of each period, duopolist 1’s mar-

ginal cost of production is determined as a draw from the uniform distribution [0, c̄1]

and the marginal cost of the second duopolist is determined as an independent draw

from [0, c̄2]. Both cost realizations are observed and then prices are set. Demand is

given by Q = A− P , with A > 2max {c̄1, c̄2}.
(a) Characterize the equilibrium pricing strategies and calculate expected ex ante

profits of the two duopolists.

(b) Now imagine that both duopolists start with a cost distribution [0, c̄], and can

undertake R&D at cost μ. If they do, with probability η, their cost distribution

shifts to [0, c̄− α] where α < c̄. Find the conditions under which one of the

duopolists will invest in R&D and the conditions under which both will.

(c) What happens when c̄ declines? Interpreting the decline in c̄ as increased com-

petition, discuss the effect of increased competition on innovation incentives.

Why is the answer different from that implied by the baseline endogenous tech-

nological change models of expanding varieties or Schumpeterian growth?
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CHAPTER 15

Directed Technological Change

The previous two chapters introduced the basic models of endogenous technological

change. These models provide us with a tractable framework for the analysis of aggregate

technological change, but focus on a single type of technological change. Even when there are

multiple types of machines, these all play the same role in increasing aggregate productivity.

Consequently, technological change in these models is always “neutral” (that is, Hicks-neutral

as defined in Chapter 2). There are two important respects in which these models are incom-

plete. First, technological change in practice is often not neutral: it benefits some factors of

production and some agents in the economy more than others. Only in special cases, such as

in economies with Cobb-Douglas aggregate production functions, these types of biases can be

ignored. The study of why technological change is sometimes biased towards certain factors

or sectors is both important for understanding the nature of endogenous technology and also

because it clarifies the distributional effects of technological change, which determine which

groups will embrace new technologies and which will oppose them. Second, limiting the

analysis to only one type of technological change potentially obscures the different competing

effects that determine the nature of technological change.

The purpose of this chapter is to extend the models of the last two chapters to consider

directed technological change, which endogenizes the direction and bias of new technologies

that are developed and adopted. Models of directed technological change not only generate

new insights about the nature of endogenous technological progress, but also enable us to ask

and answer new questions about recent and historical technological developments.

I start with a brief discussion of a range of economic problems in which considering the

endogenous bias of technology is important and also present some of the general economic

insights that will be important in models of directed technological change. The main results

are presented in 15.3. The rest of the chapter generalizes the results and presents a few of their

applications. Section 15.6 uses these models to return to the question raised in Chapter 2

concerning why technological change might take a purely labor-augmenting (Harrod-neutral)

form. Section 15.8 presents an alternative approach to this question suggested by Jones

(2005).

563



Introduction to Modern Economic Growth

15.1. Importance of Biased Technological Change

To see the potential importance of the biased technological change, let us first review a

number of examples:

(1) Perhaps the most important example of biased technological change is the so-called

skill-biased technological change, which has played an important role in the analysis

of recent labor market developments and changes in the wage structure. Figure 15.1

plots a measure of the relative supply of skills (defined as the number of college

equivalent workers divided by noncollege equivalents) and a measure of the return

to skills, the college premium. It shows that over the past 60 years, the U.S. relative

supply of skills has increased rapidly, but there has been no tendency for the returns

to college to fall in the face of this large increase in supply–on the contrary, there

has been an increase in the college premium over this time period. The standard

explanation for this pattern is that new technologies over the post-war period have

been skill-biased. In fact, at some level this has to be so; if skilled and unskilled

workers are imperfect substitutes, an increase in the relative supply of skills, without

technological change, will necessarily reduce the skill premium.

The figure also shows that beginning in the late 1960s, the relative supply of

skills increased much more rapidly than before, and the skill premium increased

very rapidly beginning precisely in the late 1970s. The standard explanation for

this increase is an acceleration in the skill bias of technical change that happens to

be coincidental with the significant changes in the relative supply of skills.

An obvious question is why technological changes have been skill-biased over

the past 60 years or even 100 years? Relatedly, why does it appear that skill-biased

technological change accelerated starting in the 1970s, precisely when the supply

of skills increased rapidly? While some economists are happy to treat the bias of

technological change as exogenous, this is not entirely satisfactory. We have seen

that understanding the endogenous nature of technology is important for our study

of cross-country income differences and the process of modern economic growth. It

is unlikely that, while the amount of aggregate technological change is endogenous,

the bias of technological change is entirely exogenous. It is therefore important to

study the determinants of endogenous bias of technological change and ask why

technological change has become more skill-biased in recent decades.

(2) This conclusion is strengthened when we look at the historical process of technologi-

cal change. In contrast to the developments during the recent decades, technological

changes during the late 18th and early 19th centuries appear to have been unskill-

biased. The artisan shop was replaced by the factory and later by interchangeable
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Figure 15.1. Relative supply of college graduates and the college premium
in the U.S. labor market.

parts and the assembly line. Products previously manufactured by skilled artisans

started to be produced in factories by workers with relatively few skills, and many

previously complex tasks were simplified, reducing the demand for skilled workers.

Mokyr (1990, p. 137) summarizes this process as follows:

“First in firearms, then in clocks, pumps, locks, mechanical reapers, typewrit-

ers, sewing machines, and eventually in engines and bicycles, interchangeable parts

technology proved superior and replaced the skilled artisans working with chisel and

file.”

Even though the types of skills valued in the labor market during the 19th

century were different from those supplied by college graduates in today’s labor

markets, the juxtaposition of technological change biased towards college graduates

in the recent past and biased against the most skilled workers of the time in the 19th

century is both puzzling and intriguing. It raises the question: why was technological

change, that has been generally skill-biased over the 20th century, biased towards

unskilled workers in the 19th century?

565



Introduction to Modern Economic Growth

(3) Beginning in the late 1960s and the early 1970s, both unemployment and the share of

labor in national income increased rapidly in a number of continental European coun-

tries. During the 1980s, unemployment continued to increase, but the labor share

started a steep decline, and in many countries it fell below its initial level. Blanchard

(1997) interprets the first phase as the response of these economies to a wage-push

by workers, and the second phase as a possible consequence of capital-biased techno-

logical changes. Is there a connection between capital-biased technological changes

in European economies and the wage push preceding it?

(4) As we have seen in Chapters 2 and 8, balanced economic growth is only possible when

technological change is asymptotically Harrod-neutral, i.e., purely labor-augmenting.

If technological change is not labor-augmenting, we should not expect equilibrium

growth to be balanced. But a range of evidence suggests that modern economic

growth has been relatively balanced. Is there any reason to expect technological

change to be endogenously labor-augmenting?

(5) The past several decades have experienced a large increase in the volume of inter-

national trade and a rapid process of globalization. Do we expect globalization to

affect the types of technologies that are being developed and used?

We can provide answers to these questions and develop a framework of directed techno-

logical change by extending the ideas we have studied in the past few chapters. The main

insight is to think of profit incentives as affecting not only the amount but also the direction

of technological change. Before presenting detailed models, let us review the basic arguments,

which are quite intuitive.

Imagine an economy which has two different factors of production, say L and H (cor-

responding to unskilled and skilled workers), and two different types of technologies that

can complement either one or the other factor. We would expect that whenever the prof-

itability of H-augmenting technologies is greater than the L-augmenting technologies, more

of the former type will be developed by profit-maximizing (research) firms. But then, what

determines the relative profitability of developing different technologies? The answer to this

question summarizes most of the economics in the models of directed technological change.

Two potentially counteracting effects shape the relative profitabilities of different types of

technologies:

(1) The price effect : there will be stronger incentives to develop technologies when the

goods produced by these technologies command higher prices.

(2) The market size effect : it is more profitable to develop technologies that have a

larger market, for the reasons discussed in Chapter 12.
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We will see that this market size effect will be powerful enough to outweigh the price

effect. In fact, our analysis will show that under fairly general conditions the following two

results will hold:

• Weak Equilibrium (Relative) Bias : an increase in the relative supply of a factor

always induces technological change that is biased in favor of this factor.

• Strong Equilibrium (Relative) Bias: if the elasticity of substitution between factors

is sufficiently large, an increase in the relative supply of a factor induces sufficiently

strong technological change biased towards itself that the endogenous-technology

relative demand curve of the economy becomes upward-sloping.

To explain these concepts in a little more detail, suppose that the (inverse) relative

demand curve takes the form wH/wL = D (H/L,A), where wH/wL is the relative price of

the H factor relative to the L factor, and H/L is the relative supply of the H factor. A

is a technology term. A is H-biased if D is increasing in A, so that a higher A increases

the relative demand for the H factor. The standard microeconomic theory implies that D is

always decreasing inH/L. Equilibrium bias concerns the behavior of A asH/L changes, so let

us write this asA (H/L) and suppose that it is indeedH-biased. Weak equilibrium bias simply

implies that A (H/L) is increasing (nondecreasing) in H/L. Strong equilibrium bias, on the

other hand, implies that A (H/L) is sufficiently responsive to an increase in H/L that the

total effect of the change in relative supply H/L is to increase wH/wL. In other words, let the

endogenous-technology relative demand curve be wH/wL = D (H/L,A (H/L)) ≡ D̃ (H/L).

Then strong equilibrium bias corresponds to this endogenous-technology relative demand

curve, D̃, being increasing.

At first, both the weak and the strong equilibrium bias results appear surprising. However,

we will see that they are quite intuitive once the logic of directed technological change is

understood. Moreover, they have a range of important implications. In particular, subsection

15.3.3 below shows how the weak and the strong relative bias results provide us with potential

answers to the questions posed at the beginning of this section.

15.2. Basics and Definitions

Before studying directed technological change, it is useful to clarify the difference between

factor-augmenting and factor-biased technological changes, which are sometimes confused in

the literature. For this purpose and for much of the analysis in this chapter, we assume that

the production side of the economy can be represented by an aggregate production function,

Y (t) = F (L (t) ,H (t) , A (t)) ,
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Figure 15.2. The effect of H-biased technological change on relative demand
and relative factor prices.

where L (t) is labor, and H (t) denotes another factor of production, which could be skilled

labor, capital, land or some intermediate goods, and A (t) represents technology. Without

loss of generality imagine that ∂F/∂A > 0, so a greater level of A corresponds to “better

technology”. Recall that technological change is L-augmenting if

∂F (L,H,A)

∂A
≡ L

A

∂F (L,H,A)

∂L
.

This is clearly equivalent to the production function taking the more special form, F (AL,H).

In the case where L corresponds to labor and H to capital, this is also equivalent to Harrod-

neutral technological change. Conversely, H-augmenting technological change is defined sim-

ilarly, and corresponds to the production function taking the special form F (L,AH).

Though often equated with factor-augmenting changes, the concept of factor-biased tech-

nological change is very different. We say that technological change change is L-biased, if it

increases the relative marginal product of factor L compared to factor H. Mathematically,

this corresponds to

∂ ∂F (L,H,A)/∂L
∂F (L,H,A)/∂H

∂A
≥ 0.

Put differently, biased technological change shifts out the relative demand curve for a factor,

so that its relative marginal product (relative price) increases at given factor proportions

(i.e., given relative quantity of factors). Conversely, technological change is H-biased if

this inequality holds in reverse. Figure 15.2 plots the effect of an H-biased (skill-biased)

technological change on the relative demand for factor H and on its relative price, the skill

premium.

568



Introduction to Modern Economic Growth

These concepts can be further clarified using the constant elasticity of substitution (CES)

production function, which we will use for the rest of this chapter. The CES production

function takes the form

Y (t) =
h
γL (AL (t)L (t))

σ−1
σ + γH (AH (t)H (t))

σ−1
σ

i σ
σ−1

,

where AL (t) and AH (t) are two separate technology terms, the γis determine the importance

of the two factors in the production function, and γL + γH = 1. Finally, σ ∈ (0,∞) is
the elasticity of substitution between the two factors. When σ = ∞, the two factors are
perfect substitutes, and the production function is linear. When σ = 1, the production

function is Cobb-Douglas, and when σ = 0, there is no substitution between the two factors,

and the production function is Leontieff. When σ > 1, we refer to the factors as “gross

substitutes,” and when σ < 1, we refer to them as “gross complements”. While there are

multiple definitions of complementarity in the microeconomics literature, this terminology is

useful to distinguish the two cases in which σ < 1 and σ > 1, which will have very different

implications in the current context.

Clearly, by construction, AL (t) is L-augmenting, while AH (t) is H-augmenting. Inter-

estingly, whether technological change that is L-augmenting (or H-augmenting) is L-biased

or H-biased depends on the elasticity of substitution, σ. Let us first calculate the relative

marginal product of the two factors (see Exercise 15.1):

(15.1)
MPH
MPL

= γ

µ
AH (t)

AL (t)

¶σ−1
σ
µ
H (t)

L (t)

¶− 1
σ

,

where γ ≡ γH/γL. The relative marginal product ofH is decreasing in its relative abundance,

H (t) /L (t). This is simply the consequence of the usual substitution effect, leading to a

negative relationship between relative supplies and relative marginal products (or prices) and

thus to a downward-sloping relative demand curve (see Figure 15.3). The effect of AH (t) on

this relative marginal product depends on σ, however. If σ > 1, an increase in AH (t) (relative

to AL (t)) increases the relative marginal product of H. In contrast, when σ < 1, an increase

in AH (t) reduces the relative marginal product of H. Therefore, when the two factors are

gross substitutes, H-augmenting technological change is also H-biased. In contrast, when the

two factors are gross complements, the relationship is reversed, and H-augmenting technical

change is now L-biased. Naturally, when σ = 1, we are in the Cobb-Douglas case, and neither

a change in AH (t) nor in AL (t) is biased towards any of the factors. Note also for future

reference that by virtue of the fact that σ is the elasticity of substitution between the two

factors, we have

σ = −
µ
d log (MPH/MPL)

d log (H/L)

¶−1
The intuition for why, when σ < 1, H-augmenting technical change is L-biased is simple

but important: with gross complementarity (σ < 1), an increase in the productivity of H
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increases the demand for labor, L, by more than the demand for H. As a result, the marginal

product of labor increases by more than the marginal product of H. This can be seen most

clearly in the extreme case where σ → 0, so that the two factors become Leontieff. In this

case, starting from a situation in which γLAL (t)L (t) = γHAH (t)H (t), a small increase in

AH (t) will create an “excess of the services” of the H factor (and thus “excess demand” for

L), and the price of factor H will fall to 0.

I have so far defined the meaning of H-biased and L-biased technological changes. It is

also useful to define two concepts that will play a major role in the remainder of this chapter.

There is weak equilibrium bias of technology if an increase in the relative supply of H, H/L,

induces technological change biased towards H. Mathematically, this is equivalent to:

∂MPH/MPL
∂AH/AL

dAH/AL

dH/L
≥ 0.

From (15.1), it is clear that this condition will hold if

d (AH (t) /AL (t))
σ−1
σ

dH/L
≥ 0,

so that in response to the change in relative supplies AH (t) /AL (t) changes in a direction

that is biased towards the factor that has become more abundant.

On the other hand, there is strong equilibrium bias if an increase in H/L induces a

sufficiently large change in the bias of technology so that the marginal product ofH relative to

that of L increases following the change in factor supplies. Mathematically, this is equivalent

to
dMPH/MPL

dH/L
> 0,

where I now use a strict inequality to distinguish strong equilibrium bias from the case in

which relative marginal products are independent of relative supplies (e.g., because factors

are perfect substitutes). These equations make it clear that the major difference between

weak and strong equilibrium bias is whether the relative marginal product of the two factors

are evaluated at the initial relative supplies (in the case of weak bias) or at the new relative

supplies (in the case of strong bias). Consequently, strong equilibrium bias is a much more

demanding concept than weak equilibrium bias.

15.3. Baseline Model of Directed Technological Change

In this section, we present the baseline model of directed technological change, which

uses the expanding varieties model of endogenous technological change and the lab equip-

ment specification of the innovation possibilities frontier. The former choice is motivated

by the fact that the expanding varieties model is somewhat simpler to work with than the

model of Schumpeterian growth introduced in the previous chapter. The lab equipment spec-

ification, on the other hand, highlights that none of the results here depend on technological

570



Introduction to Modern Economic Growth

externalities. Section 15.4 will consider a model of directed technological with change knowl-

edge spillovers. Exercise 15.19 shows that all of the results presented here generalize to a

model of Schumpeterian growth, thus the assumption of expanding varieties is only adopted

for convenience.

The baseline economy has a constant supply of two factors, L and H, and admits a

representative household with the standard CRRA preferences given by

(15.2)
Z ∞

0
exp (−ρt) C (t)

1−θ − 1
1− θ

dt,

where, as usual, ρ > 0. The supply side is represented by an aggregate production function

combining the outputs of two intermediate sectors with a constant elasticity of substitution:

(15.3) Y (t) =
h
γLYL (t)

ε−1
ε + γHYH (t)

ε−1
ε

i ε
ε−1 ,

where YL (t) and YH (t) denote the outputs of two intermediate goods. As the indices indicate,

the first is L-intensive, while the second is H-intensive. The parameter ε ∈ [0,∞) is the
elasticity of substitution between these two intermediate goods. The assumption that (15.3)

features a constant elasticity of substitution simplifies the analysis but is not crucial for

the results. How relaxing this assumption affects the results is discussed at the end of this

chapter.

The resource constraint of the economy at time t takes the form

(15.4) C (t) +X (t) + Z (t) ≤ Y (t) ,

where, as before, X (t) denotes total spending on machines and Z (t) is aggregate R&D

spending.

The two intermediate goods are produced competitively with the following production

functions:

(15.5) YL (t) =
1

1− β

ÃZ NL(t)

0
xL (ν, t)

1−β dν

!
Lβ

and

(15.6) YH (t) =
1

1− β

ÃZ NH(t)

0
xH (ν, t)

1−β dν

!
Hβ,

where xL (ν, t) and xH (ν, t) denote the quantities of the different types of machines (used in

the production of one or the other intermediate good) and β ∈ (0, 1).1 These machines are
again assumed to depreciate after use. The parallel between these production functions and

the aggregate production function of the economy in the baseline expanding product varieties

model of Chapter 13 is obvious. There are two important differences, however. First, these

are now production functions for intermediate goods rather than the final good. Second, the

1Note that the range of machines used in the two sectors are different (there are two disjoint sets of
machines); we use the index ν to denote either set of machines for notational simplicity.
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two production functions (15.5) and (15.6) use different types of machines. The range of

machines complementing labor, L, is [0, NL (t)], while the range of machines complementing

factor H is [0, NH (t)].

Again as in Chapter 13, we assume that all machines in both sectors are supplied by

monopolists that have a fully-enforced perpetual patent on the machines. We denote the

prices charged by these monopolists at time t by pxL (ν, t) for ν ∈ [0, NL (t)] and pxH (ν, t) for

ν ∈ [0, NH (t)]. Once invented, each machine can be produced at the fixed marginal cost ψ

in terms of the final good, which we again normalize to ψ ≡ 1 − β. This implies that total

resources devoted to machine production at time t are

X (t) = (1− β)

ÃZ NL(t)

0
xL (ν, t) dν +

Z NH(t)

0
xH (ν, t) dν

!
.

The innovation possibilities frontier is assumed to take a form similar to the lab equipment

specification in Chapter 13:

(15.7) ṄL (t) = ηLZL (t) and ṄH (t) = ηHZH (t) ,

where ZL (t) is R&D expenditure directed at discovering new labor-augmenting machines at

time t, while ZH (t) is R&D expenditure directed at discovering H-augmenting machines.

Total R&D spending is the sum of these two, i.e.,

Z (t) = ZL (t) + ZH (t) .

The value of a monopolist that discovers one of these machines is again given by the

standard formula for the present discounted value of profits:

(15.8) Vf (ν, t) =

Z ∞

t
exp

∙
−
Z s

t
r
¡
s0
¢
ds0
¸
πf (ν, s)ds,

where πf (ν, t) ≡ pxf (ν, t)xf (ν, t) − ψxf (ν, t) again denotes instantaneous profits for f = L

or H, and r (t) is the market interest rate at time t. Once again, it is sometimes more

convenient to work with the Hamilton-Jacobi-Bellman version of this value function, which

takes the form:

(15.9) r (t)Vf (ν, t)− V̇f (ν, t) = πf (ν, t).

Throughout, we normalize the price of the final good at every instant to 1, which is

equivalent to setting the ideal price index of the two intermediates equal to one, i.e.,

(15.10)
h
γεL (pL (t))

1−ε + γεH (pH (t))
1−ε
i 1
1−ε

= 1 for all t,

where pL (t) is the price index of YL at time t and pH (t) is the price of YH . We also denote

the factor prices by wL (t) and wH (t).
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15.3.1. Characterization of Equilibrium. An allocation in this economy is de-

fined by the following objects: time paths of consumption levels, aggregate spend-

ing on machines, and aggregate R&D expenditure [C (t) ,X (t) , Z (t)]∞t=0, time paths

of available machine types, [NL (t) , NH (t)]
∞
t=0, time paths of prices and quantities

of each machine and the net present discounted value of profits from that machine,

[pxL (ν, t) , xL (ν, t) , VL (ν, t)]
∞

t=0,
ν∈[0,NL(t)]

and [pxH (ν, t) , xH (ν, t) , VH (ν, t)]
∞

t=0,
ν∈[0,NH(t)]

, and time

paths of factor prices, [r (t) , wL (t) , wH (t)]
∞
t=0.

An equilibrium is an allocation in which all existing research firms chooseh
pxf (ν, t) , xf (ν, t)

i∞
t=0,

ν∈[0,Nf (t)]
for f = L, H to maximize profits, the evolution of

[NL (t) ,NH (t)]
∞
t=0 is determined by free entry, the time paths of factor prices,

[r (t) , wL (t) , wH (t)]
∞
t=0, are consistent with market clearing, and the time paths of

[C (t) ,X (t) , Z (t)]∞t=0 are consistent with consumer optimization.

To characterize the (unique) equilibrium, let us first consider the maximization problem

of producers in the two sectors. Since machines depreciate fully after use, these maximization

problems are static and can be written as

(15.11) max
L,[xL(ν,t)]ν∈[0,NL(t)]

pL (t)YL (t)− wL (t)L−
Z NL(t)

0
pxL (ν, t)xL (ν, t) dν,

and

(15.12) max
H,[xH(ν,t)]ν∈[0,NH (t)]

pH (t)YH (t)− wH (t)H −
Z NH(t)

0
pxH (ν, t)xH (ν, t) dν.

The main difference from the maximization problem facing final good producers in Chapter

13 is the presence of prices pL (t) and pH (t), which reflect the fact that these sectors pro-

duce intermediate goods, whereas factor and machine prices are expressed in terms of the

numeraire, the final good.

These two maximization problems immediately imply the following demand for machines

in the two sectors:

(15.13) xL (ν, t) =

∙
pL (t)

pxL (ν, t)

¸1/β
L for all ν ∈ [0, NL (t)] and all t,

and

(15.14) xH (ν, t) =

∙
pH (t)

pxH (ν, t)

¸1/β
H for all ν ∈ [0, NH (t)] and all t.

Similar to the demands for machines in Chapter 13, these are iso-elastic, so the maximization

of the net present discounted value of profits implies that each monopolist should set a

constant markup over marginal cost and thus a price of

pxL (ν, t) = pxH (ν, t) = 1 for all ν and t.
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Substituting these prices into (15.13) and (15.14), we obtain

xL (ν, t) = pL (t)
1/β L for all ν and all t,

and

xH (ν, t) = pH (t)
1/β H for all ν and all t.

Since these quantities do not depend on the identity of the machine, only on the sector that

is being served, profits are also independent of the machine type. In particular, we have

(15.15) πL (t) = βpL (t)
1/β L and πH (t) = βpH (t)

1/β H.

This implies that the net present discounted values of monopolists only depend on which

sector they are supplying and can be denoted by VL (t) and VH (t).

Next, combining these with (15.5) and (15.6), we obtain the derived production functions

for the two intermediate goods:

(15.16) YL (t) =
1

1− β
pL (t)

1−β
β NL (t)L

and

(15.17) YH (t) =
1

1− β
pH (t)

1−β
β NH (t)H.

These derived production functions are similar to (13.12) in Chapter 13, except for the

presence of the price terms.

Finally, the prices of the two intermediate goods are derived from the marginal product

conditions of the final good technology, (15.3), which imply

p (t) ≡ pH (t)

pL (t)
= γ

µ
YH (t)

YL (t)

¶− 1
ε

= γ

µ
p (t)

1−β
β

NH (t)H

NL (t)L

¶− 1
ε

= γ
εβ
σ

µ
NH (t)H

NL (t)L

¶−β
σ

,(15.18)

where again γ ≡ γH/γL and

σ ≡ ε− (ε− 1) (1− β)

= 1 + (ε− 1)β.

is the (derived) elasticity of substitution between the two factors. The first line of this

expression simply defines p (t) as the relative price between the two intermediate goods and

uses the fact that the ratio of the marginal productivities of the two intermediate goods must

be equal to this relative price. The second line substitutes from (15.16) and (15.17) above.
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Using the latter equation, we can also calculate the relative factor prices in this economy as:

ω (t) ≡ wH (t)

wL (t)

= p (t)1/β
NH (t)

NL (t)

= γ
ε
σ

µ
NH (t)

NL (t)

¶σ−1
σ
µ
H

L

¶− 1
σ

.(15.19)

The first line of (15.19) defines ω (t) as the relative wage of factor H compared to factor L.

The second line uses the definition of marginal product combined with (15.16) and (15.17),

and the third line uses (15.18). We refer to σ as the (derived) elasticity of substitution

between the two factors, since it is exactly equal to

σ = −
µ

d logω (t)

d log (H/L)

¶−1
.

To complete the description of equilibrium in the technology side, we need to impose the

following free entry conditions:

(15.20) ηLVL (t) ≤ 1 and ηLVL (t) = 1 if ZL (t) > 0.

and

(15.21) ηHVH (t) ≤ 1 and ηHVH (t) = 1 if ZH (t) > 0.

Finally, the consumer side is characterized by the same necessary conditions as usual:

(15.22)
Ċ (t)

C (t)
=
1

θ
(r (t)− ρ) ,

and

(15.23) lim
t→∞

∙
exp

µ
−
Z t

0
r (s) ds

¶
(NL (t)VL (t) +NH (t)VH (t))

¸
= 0,

which uses the fact that NL (t)VL (t) +NH (t)VH (t) is the total value of corporate assets in

this economy.

We are now in a position to characterize a balanced growth path (BGP) equilibrium. Let

us define the BGP equilibrium to be one in which consumption grows at the constant rate,

g∗, and the relative price p (t) is constant. From (15.10) this implies that pL (t) and pH (t)

are also constant.

Let VL and VH be the BGP net present discounted values of new innovations in the two

sectors. Then (15.9) implies that

(15.24) VL =
βp

1/β
L L

r∗
and VH =

βp
1/β
H H

r∗
,

where r∗ is the BGP interest rate, while pL and pH are the BGP prices of the two intermediate

goods. The comparison of these two values is of crucial importance. As discussed intuitively
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above, the greater is VH relative to VL, the greater are the incentives to developH-augmenting

machines, NH , rather than NL. Taking the ratio of these two expressions, we obtain

VH
VL

=

µ
pH
pL

¶ 1
β H

L
.

This expression highlights the two effects on the direction of technological change dis-

cussed in Section 15.1.

(1) The price effect manifests itself because VH/VL is increasing in pH/pL. The greater is

this relative price, the greater are the incentives to invent technologies complement-

ing the H factor. Since goods produced by relatively scarce factors will be relatively

more expensive, the price effect tends to favor technologies complementing scarce

factors.

(2) The market size effect is a consequence of the fact that VH/VL is increasing in H/L.

The market for a technology is the workers (or the other factors) that will be using

and working with this technology. Consequently, an increase in the supply of a factor

translates into a greater market for the technology complementing that factor. The

market size effect encourages innovation for the more abundant factor.

The above discussion is incomplete, however, since prices are endogenous. Combining

(15.24) together with (15.18), we can eliminate relative prices and obtain the relative prof-

itability of the technologies as:

(15.25)
VH
VL

= γ
ε
σ

µ
NH

NL

¶− 1
σ
µ
H

L

¶σ−1
σ

.

Note for future reference that an increase in the relative factor supply, H/L, will increase

VH/VL as long as σ > 1 and it will reduce it if σ < 1. This shows that the elasticity of

substitution between the factors, σ, regulates whether the price effect dominates the market

size effect. Since σ is not a primitive, but a derived parameter, we would like to know when

it is greater than 1. It is straightforward to check that

σ T 1 ⇐⇒ ε T 1.

So the two factors will be gross substitutes when the two intermediate goods are gross sub-

stitutes in the production of the final good.

Next, using the two free entry conditions (15.20) and (15.21), and assuming that both of

them hold as equalities, we obtain the following BGP “technology market clearing” condition:

(15.26) ηLVL = ηHVH.

Combining this with (15.25), we obtain the following BGP ratio of relative technologies

(15.27)
µ
NH

NL

¶∗
= ησγε

µ
H

L

¶σ−1
,
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where η ≡ ηH/ηL and the *’s denote that this expression refers to the BGP value. The notable

feature here is that relative productivities are determined by the innovation possibilities

frontier and the relative supply of the two factors. In this sense, this model totally endogenizes

technology. Equation (15.27) contains most of the economics of directed technology. However,

before discussing this, it is useful to characterize the BGP growth rate of the economy. This

is done in the next proposition:

Proposition 15.1. Consider the directed technological change model described above.

Suppose that

β
h
γεH (ηHH)

σ−1 + γεL (ηLL)
σ−1
i 1
σ−1

> ρ and(15.28)

(1− θ)β
h
γεH (ηHH)

σ−1 + γεL (ηLL)
σ−1
i 1
σ−1

< ρ.

Then there exists a unique BGP equilibrium in which the relative technologies are given by

(15.27), and consumption and output grow at the rate

(15.29) g∗ =
1

θ

µ
β
h
γεH (ηHH)

σ−1 + γεL (ηLL)
σ−1
i 1
σ−1 − ρ

¶
.

Proof. The derivation of (15.29) is provided by the argument preceding the proposition.

Exercise 15.2 asks you to check that condition (15.28) ensures that free entry conditions

(15.20) and (15.21) must hold, to verify that this is the unique relative equilibrium technology,

to calculate the BGP equilibrium growth rate and to verify that the transversality condition

is satisfied. ¤

It can also be verified that there are simple transitional dynamics in this economy whereby

starting with technology levels NH (0) and NL (0), there always exists a unique equilibrium

path and it involves the economy monotonically converging to the BGP equilibrium of Propo-

sition 15.1. This is stated in the next proposition:

Proposition 15.2. Consider the directed technological change model described above.

Starting with any NH (0) > 0 and NL (0) > 0, there exists a unique equilibrium path. If

NH (0) /NL (0) < (NH/NL)
∗ as given by (15.27), then we have ZH (t) > 0 and ZL (t) = 0

until NH (t) /NL (t) = (NH/NL)
∗. If NH (0) /NL (0) < (NH/NL)

∗, then ZH (t) = 0 and

ZL (t) > 0 until NH (t) /NL (t) = (NH/NL)
∗.

Proof. See Exercise 15.3. ¤

More interesting than the aggregate growth rate and the transitional dynamics behavior

of the economy are the results concerning the direction of technological change and its effects

on relative factor prices. These are studied in the next subsection.
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15.3.2. Directed Technological Change and Factor Prices. Let us start by study-

ing (15.27). This equation implies that, in BGP, there is a positive relationship between the

relative supply of theH factor, H/L, and the relative factor-augmenting technologies, N∗
H/N

∗
L

only when σ > 1. In contrast, if the derived elasticity of substitution, σ, is less than 1, the

relationship is reversed. This might suggest that, depending on the elasticity of substitution

between factors (or between the intermediate goods), changes in factor supplies may induce

technological changes that are biased in favor or against the factor that is becoming more

abundant. However, this conclusion is not correct. Recall from Section 15.2 that N∗
H/N

∗
L

refers to the ratio of factor-augmenting technologies, or to the ratio of physical productivities.

What matters for the bias of technology is the value of marginal product of factors, which is

affected by changes in relative prices. We have already seen that the relationship between

factor-augmenting technologies and factor-biased technologies is reversed precisely when σ is

less than 1. Thus, when σ > 1, an increase in N∗
H/N

∗
L is relatively biased towards H, while

when σ < 1, it is a decrease in N∗
H/N

∗
L that is relatively biased towards H.

This immediately establishes the following weak equilibrium bias result :

Proposition 15.3. Consider the directed technological change model described above.

There is always weak equilibrium (relative) bias in the sense that an increase in H/L always

induces relatively H-biased technological change.

Recall that weak bias was defined in Section 15.2 with a weak inequality, so that the

proposition is also correct when σ = 1, even though in this case it can be verified easily from

(15.27) that N∗
H/N

∗
L does not depend on H/L.

Proposition 15.3 is the basis of the discussion about induced biased technological change

in Section 15.1, and already gives us a range of insights about how changes in the relative

supplies of skilled workers may be at the root of the skill-biased technological change. These

implications are further discussed in the next subsection.

The results of this proposition reflect the strength of the market size effect discussed above.

Recall that the price effect creates a force favoring factors that become relatively scarce. In

contrast, the market size effect, which is related to the non-rivalry of ideas discussed in

Chapter 12, suggests that technologies should change in a way that favors factors that are

becoming relatively abundant. Proposition 15.3 shows that the market size effect always

dominates the price effect.

Proposition 15.3 is only informative about the direction of the induced technological

change, but does not specify whether this induced effect will be strong enough to make the

endogenous-technology relative demand curve for factors upward-sloping. Recall that in basic

producer theory, all demand curves, and thus relative demand curves, are downward-sloping

as well. However, as hinted in Section 15.1, directed technological change can lead to the
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seemingly paradoxical result that relative demand curves can be upward-sloping once the

endogeneity of technology is taken into account. To obtain this result, let us substitute for

(NH/NL)
∗ from (15.27) into the expression for the relative wage given technologies, (15.19),

and obtain the following BGP relative factor price ratio (see Exercise 15.4):

(15.30) ω∗ ≡
µ
wH

wL

¶∗
= ησ−1γε

µ
H

L

¶σ−2
.

Inspection of this equation immediately establishes conditions for strong equilibrium (relative)

bias.

Proposition 15.4. Consider the directed technological change model described above.

Then if σ > 2, there is strong equilibrium (relative) bias in the sense that an increase in H/L

raises the relative marginal product and the relative wage of the factor H compared to factor

L.

Figure 15.3 illustrates the results of Propositions 15.3 and 15.4, referring to H as skilled

labor and L as unskilled labor as in the first application discussed in Section 15.1.

Skill premium

Relative Supply of Skills

CT--constant
technology
demand

ET1--endogenous
technology
demand

ET2--endogenous
technology demand

Figure 15.3. The relationship between the relative supply of skills and the
skill premium in the model of directed technical change.

The curve marked with CT corresponds to the constant-technology relative demand from

equation (15.19). It is always downward-sloping because it holds the relative technologies,

NH/NL, constant, and thus only features the usual substitution effect. The fact that this
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curve is downward-sloping follows from basic producer theory. The curve marked as ET1
applies when technology is endogenous, but the condition in Proposition 15.4, that σ > 2,

is not satisfied. We know from Proposition 15.3 that even in this case an increase in H/L

will induce skill-biased (H-biased) technological change. This implies that when H/L is

higher than its initial level, the induced-technology effect will shift the constant-technology

demand curve CT to the right (i.e., as technology changes, it will be another CT curve,

above the original one, that will apply). When it is below, the same effect will shift CT to

the left. Consequently, the locus of points that the endogenous-technology demand, ET1, is

shallower than CT . [This can be also verified comparing the relative demand functions with

constant and endogenous technology, (15.19) and (15.30), and noting that σ− 2 is never less
than −1/σ]. There is an obvious analogy between this result and Samuelson’s LeChatelier
principle, which states that long-run demand curves, which apply when all factors can adjust,

must be more elastic than the short-run demand curves which hold some factors constant. We

can think of the endogenous-technology demand curve as adjusting the “factors of production”

corresponding to technology. However, the analogy is imperfect because the effects here are

caused by general equilibrium changes, while the LeChatelier principle and the basic producer

theory focus on partial equilibrium effects. In fact, in basic producer theory, with or without

the LeChatelier effects, all demand curves must be downward-sloping, whereas here ET2,

which applies when the conditions of Proposition 15.4 hold, is upward-sloping; higher levels

of relative supply of skills correspond to higher skill premia.

A complementary intuition for this result can be obtained by going back to the importance

of non-rivalry of ideas as discussed in Chapter 12. Here, as in the basic endogenous technology

models of the last two chapters, the non-rivalry of ideas leads to an aggregate production

function that exhibits increasing returns to scale (in all factors including technologies). It is

the increasing returns to scale in the production possibilities set of the economy that leads

to potentially upward-sloping relative demand curves. Put differently, the market size effect,

which results from the non-rivalry of ideas and is at the root of aggregate increasing returns,

can create sufficiently strong induced technological change to increase the relative marginal

product and the relative price of the factor that has become more abundant.

15.3.3. Implications. The results of Propositions 15.3 and 15.4 are not only of theo-

retical interest, but also shed light on a range of important empirical patterns. As already

discussed above, one of the most interesting applications is to changes in the skill premium.

For this application, suppose that H stands for college-educated workers. In the U.S. labor

market, the skill premium has shown no tendency to decline despite a very large increase in

the supply of college educated workers. On the contrary, following a brief period of decline
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during the 1970s in the face of the very large increase in the supply of college-educated work-

ers, the skill (college) premium has increased very sharply throughout the 1980s and the

1990s, to reach a level not experienced in the postwar era. Figure 15.1 above showed these

general patterns.

In the labor economics and parts of the macroeconomics literature, the most popular

explanation for these patterns is skill-biased technological change. For example, computers

or new IT technologies are argued to favor skilled workers relative to unskilled workers. But

why should the economy adopt and develop more skill-biased technologies throughout the

past 30 years, or more generally throughout the entire 20th century? This question becomes

more relevant once we remember that during the 19th century many of the technologies that

were fueling economic growth, such as the factory system and the major spinning and weaving

innovations, were unskill-biased rather than skill-biased.

Thus, in summary, we have the following stylized facts:

(1) Secular skill-biased technological change increasing the demand for skills throughout

the 20th century.

(2) Possible acceleration in skill-biased technological change over the past 25 years.

(3) A range of important technologies biased against skill workers during the 19th cen-

tury.

The current model, in particular, Propositions 15.3 and 15.4, gives us a way to think about

these issues. In particular, when σ > 2, the long-run (endogenous-technology) relationship

between the relative supply of skills and the skill premium is positive. With an upward-
sloping relative demand curve, or simply with the degree of skill bias endogenized, we have a

natural explanation for all of the patterns mentioned above.

(1) According to Propositions 15.3 and 15.4, the increase in the number of skilled work-

ers that has taken place throughout the 20th century should cause steady skill-biased

technical change. Therefore, models of directed technological change offer a natural

explanation for the secular skill-biased technological developments of the past cen-

tury.

(2) Acceleration in the increase in the number of skilled workers over the past 25 years,

shown in Figure 15.1, should induce an acceleration in skill-biased technological

change. We will also discuss below how this class of models might account for the

dynamics of factor prices in the face of endogenously changing technologies.

(3) Can the framework also explain the prevalence of skill-replacing/labor-biased tech-

nological change in the late 18th and 19th centuries? While we know less about both

changes in relative supplies and technological developments during these historical

periods, available evidence suggests that there were large increases in the number of
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unskilled workers available to be employed in the factories during this time periods.

Bairoch (1988, p. 245), for example, describes this rapid expansion of the supply of

unskilled labor as follows:

“ ... between 1740 and 1840 the population of England ... went up from 6 million

to 15.7 million. ... while the agricultural labor force represented 60-70% of the total

work force in 1740, by 1840 it represented only 22%.”

Habakkuk’s well-known account of 19th-century technological development (pp.

136-137) also emphasizes the increase in the supply of unskilled labor in English

cities, and attributes it to five sources. First, “technical changes in agriculture

increased the supply of labor available to industry” (p. 137). Second, “population

was increasing very rapidly” (p. 136). Third, labor reserves of rural industry came to

the cities. Fourth, “there was a large influx of labor from Ireland” (p. 137). Finally,

enclosures released substantial labor from agriculture.2 According to our model of

directed technological change, this increase in the relative supply of unskilled labor

should have encouraged unskill-biased technical change, and this is consistent with

the patterns discussed above.

In addition to accounting for the recent skill-biased technological developments and for

the historical technologies that appear to have been biased towards unskilled workers, this

framework also gives a potential interpretation for the dynamics of the college premium

during the 1970s and 1980s. It is reasonable to presume that the equilibrium skill bias of

technologies, NH/NL, is a sluggish variable determined by the slow buildup and development

of new technologies (as the analysis of transitional dynamics in Proposition 15.2 shows). In

this case, a rapid increase in the supply of skills would first reduce the skill premium as the

economy would be moving along a constant technology (constant NH/NL) curve as shown in

Figure 15.4. After a while technology would start adjusting, and the economy would move

back to the upward sloping relative demand curve, with a relatively sharp increase in the

college premium. This approach can therefore explain both the decline in the college premium

during the 1970s and its subsequent large surge, and relates both of these phenomena to the

large increase in the supply of skilled workers.

If on the other hand we have σ < 2, the long-run relative demand curve will be downward

sloping, though again it will be shallower than the short-run relative demand curve. Following

the increase in the relative supply of skills there will again be an initial decline in the college

premium, and as technology starts adjusting the skill premium will increase. But it will end

2Although there is general agreement that the supply of unskilled labor in British cities increased between
the 18th and 19th centuries, there is disagreement among economic historians about the importance of various
factors. For example, Habakkuk’s emphasis on the importance of enclosures is challenged by Allen (1992,
2004). The exact contribution of the enclosures movement to the increase in the supply of unskilled labor is
secondary for the argument here.
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Skill premium

Long-run relative 
demand for skills

Exogenous Shift in 
Relative Supply

Initial premium

Short-run
Response

Long-run premium

Figure 15.4. Dynamics of the skill premium in response to an exogenous
increase in the relative supply of skills, with an upward-sloping endogenous-
technology relative demand curve.

up below its initial level. To explain the larger increase in the college premium in the 1980s,

in this case we would need some exogenous skill-biased technical change. Figure 15.5 draws

this case.

Consequently, a model of directed technological change can shed light both on the secular

skill bias of technology and on the relatively short-run changes in technology-induced factor

prices. We will study other implications of these results below. However, before doing

this, a couple of further issues need to be discussed. First, Proposition 15.4 shows that

upward-sloping relative demand curves arise only when σ > 2. In the context of substitution

between skilled and unskilled workers, an elasticity of substitution much higher than 2 is

unlikely. Most estimates put the elasticity of substitution between 1.4 and 2. One would

like to understand whether σ > 2 is a feature of the specific model discussed here and

how different assumptions about the technology of production or the innovation possibilities

frontier affect this result. This issue will be discussed in Section 15.4. Second, we would like to

understand the relationship between the market size effect and the scale effects, in particular,

whether the results on induced technological change are an artifact of the scale effect (which

many economists do not view as an attractive feature of endogenous technological change

models). Section 15.5 shows that this is not the case and exactly the same results apply
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Skill premium

Long-run relative 
demand for skills

Exogenous Shift in 
Relative Supply

Initial premium

Short-run
Response

Long-run premium

Figure 15.5. Dynamics of the skill premium in response to an increase in
the relative supply of skills, with a downward-sloping endogenous-technology
relative demand curve.

when scale effects are removed. Third, we would like to apply these ideas to investigate

whether there are reasons for technological change to be endogenously labor-augmenting in

the neoclassical growth model. This will be investigated in Section 15.6. Finally, it is also

useful to contrast equilibrium allocation to the Pareto optimal allocation. We will start with

this latter comparison in the next subsection.

15.3.4. Pareto Optimal Allocations. The analysis of Pareto optimal allocation is

very similar to the analysis of optimal growth in Chapter 13. For this reason, we will present

only a sketch of the argument. As in that analysis, it is straightforward to see that the social

planner would not charge a markup on machines, thus we have

xSL (ν, t) = (1− β)−1/β pL (t)
1/β L and xSH (ν, t) = (1− β)−1/β pH (t)

1/β H.

Combining these with the production function and some algebra establish that net output,

which can be used for consumption or research, is equal to (see Exercise 15.6):

(15.31) Y S (t) = (1− β)−1/β β

∙
γεL
¡
NS
L (t)L

¢σ−1
σ + γεH

¡
NS
H (t)H

¢σ−1
σ

¸ σ
σ−1

.

In view of this, the current-value Hamiltonian for the social planner can be written as

H
¡
NS
L , N

S
H , Z

S
L , Z

S
H , C

S, μL, μH
¢
=

CS (t)1−θ − 1
1− θ

+ μL (t) ηLZ
S
L (t) + μH (t) ηHZ

S
H (t) ,
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subject to

CS (t) = (1− β)−1/β
∙
γεL
¡
NS
L (t)L

¢σ−1
σ + γεH

¡
NS
H (t)H

¢σ−1
σ

¸ σ
σ−1
− ZS

L (t)− ZS
H (t) .

The necessary conditions for this problem give the following characterization of the Pareto

optimal allocation in this economy.

Proposition 15.5. The stationary solution of the Pareto optimal allocation involves

relative technologies given by (15.27) as in the decentralized equilibrium. The stationary

growth rate is higher than the equilibrium growth rate and is given by

gS =
1

θ

µ
(1− β)−1/β β

h
(1− γ)ε (ηHH)

σ−1 + γε (ηLL)
σ−1
i 1
σ−1 − ρ

¶
> g∗,

where g∗ is the BGP growth rate given in (15.29).

Proof. See Exercise 15.7. ¤

15.4. Directed Technological Change with Knowledge Spillovers

I now consider the directed technological change model of the previous section with knowl-

edge spillovers. This exercise has three purposes. First, it will show how the main results on

the direction of technological change can be generalized to a model using the other common

specification of the innovation possibilities frontier. Second, this analysis will show that the

strong bias result in Proposition 15.4 can hold under somewhat weaker conditions. Third,

this formulation will be essential for our study of labor-augmenting technological change in

Section 15.6.

The lab equipment specification of the innovation possibilities frontier is special in one

respect: it does not allow for state dependence. State dependence refers to the phenomenon in

which the path of past innovations affects the relative costs of different types of innovations.

The lab equipment specification implied that R&D spending always leads to the same increase

in the number of L-augmenting and H-augmenting machines. We will now introduce a

specification with knowledge spillovers, which allows for state dependence. Recall that, as

discussed in Section 13.2 in Chapter 13, when there are scarce factors used for R&D, then

growth cannot be sustained by continuously increasing the amount of these factors allocated

to R&D. Therefore, in order to achieve sustained growth, these factors need to become more

and more productive over time, because of spillovers from past research. Here for simplicity,

let us assume that R&D is carried out by scientists and that there is a constant supply

of scientists equal to S (Exercise 15.18 shows that the results are identical when workers

can be employed in the R&D sector). With only one sector, the analysis in Section 13.2 in

Chapter 13 indicates that sustained endogenous growth requires Ṅ/N to be proportional to

S. With two sectors, instead, there is a variety of specifications with different degrees of
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state dependence, because productivity in each sector can depend on the state of knowledge

in both sectors. A flexible formulation is the following:

(15.32)

ṄL (t) = ηLNL (t)
(1+δ)/2NH (t)

(1−δ)/2 SL (t) and ṄH (t) = ηHNL (t)
(1−δ)/2NH (t)

(1+δ)/2 SH (t) ,

where δ ≤ 1, and SL (t) is the number of scientists working to produce L-augmenting ma-

chines, while SH (t) denotes the number of scientists working on H-augmenting machines.

Clearly, market clearing for scientists requires that

(15.33) SL (t) + SH (t) ≤ S.

In this specification, δ measures the degree of state-dependence: when δ = 0, there is no

state-dependence–
³
∂ṄH/∂SH

´
/
³
∂ṄL/∂SL

´
= ηH/ηL irrespective of the levels of NL and

NH–because both NL and NH creates spillovers for current research in both sectors. In this

case, the results are identical to those in the previous subsection. In contrast, when δ = 1,

there is an extreme amount of state-dependence. In this case,
³
∂ṄH/∂SH

´
/
³
∂ṄL/∂SL

´
=

ηHNH/ηLNL, so an increase in the stock of L-augmenting machines today makes future

labor-complementary innovations cheaper, but has no effect on the cost of H-augmenting

innovations. This discussion clarifies the role of the parameter δ and the meaning of state

dependence. In some sense, state dependence adds another layer of “increasing returns,” this

time not for the entire economy, but for specific technology lines. In particular, a significant

amount of state dependence implies that when NH is high relative to NL, it becomes more

profitable to undertake more NH-type innovations.

With this formulation of the innovation possibilities frontier, the free entry conditions

become (see Exercise 15.8):

ηLNL (t)
(1+δ)/2NH (t)

(1−δ)/2 VL (t) ≤ wS (t)(15.34)

and ηLNL (t)
(1+δ)/2NH (t)

(1−δ)/2 VL (t) = wS (t) if SL (t) > 0.

and

ηHNL (t)
(1−δ)/2NH (t)

(1+δ)/2 VH (t) ≤ wS (t)(15.35)

and ηHNL (t)
(1−δ)/2NH (t)

(1+δ)/2 VH (t) = wS (t) if SH (t) > 0,

where wS (t) denotes the wage of a scientist at time t. When both of these free entry conditions

hold, BGP technology market clearing implies

(15.36) ηLNL (t)
δ πL = ηHNH (t)

δ πH ,

where δ captures the importance of state-dependence in the technology market clearing con-

dition, and profits are not conditioned on time, since they refer to the BGP values, which are

constant as in the previous section (recall (15.15)). When δ = 0, this condition is identical

to (15.26) in the previous section. Therefore, as claimed above, all of the results concerning
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the direction of technological change would be identical to those from the lab equipment

specification.

This is no longer true when δ > 0. To characterize the results in this case, let us

combine condition (15.36) with equations (15.15) and (15.18), we obtain the equilibrium

relative technology as (see Exercise 15.9):

(15.37)
µ
NH

NL

¶∗
= η

σ
1−δσ γ

ε
1−δσ

µ
H

L

¶ σ−1
1−δσ

,

where recall that γ ≡ γH/γL and η ≡ ηH/ηL. This expression shows that the relationship

between the relative factor supplies and relative physical productivities now depends on δ.

This is intuitive: as long as δ > 0, an increase in NH reduces the relative costs of H-

augmenting innovations, so for technology market equilibrium to be restored, πL needs to

fall relative to πH . Substituting (15.37) into the expression for relative factor prices for given

technologies, which is still (15.19), yields the following long-run (endogenous-technology)

relationship between relative factor prices and relative factor supplies:

(15.38) ω∗ ≡
µ
wH

wL

¶∗
= η

σ−1
1−δσ γ

(1−δ)ε
1−δσ

µ
H

L

¶σ−2+δ
1−δσ

.

It can be verified that when δ = 0, so that there is no state-dependence in R&D, both of the

previous expressions are identical to their counterparts in the previous section.

The growth rate of this economy is determined by the number of scientists. In BGP, both

sectors grow at the same rate, so we need ṄL (t) /NL (t) = ṄH (t) /NH (t), or

ηHNH (t)
δ−1 SH (t) = ηLNL (t)

δ−1 SL (t) .

Combining this equation with (15.33) and (15.37), we obtain the following BGP condition

for the allocation of researchers between the two different types of technologies,

(15.39) η
1−σ
1−δσ

µ
1− γ

γ

¶− ε(1−δ)
1−δσ

µ
H

L

¶− (σ−1)(1−δ)
1−δσ

=
S∗L

S − S∗L
,

and the BGP growth rate (15.40) below. Notice that given H/L, the BGP researcher alloca-

tions, S∗L and S∗H , are uniquely determined. We summarize these results with the following

proposition:

Proposition 15.6. Consider the directed technological change model with knowledge

spillovers and state dependence in the innovation possibilities frontier. Suppose that

(1− θ)
ηLηH (NH/NL)

(δ−1)/2

ηH (NH/NL)
(δ−1) + ηL

S < ρ,

where NH/NL is given by (15.37). Then there exists a unique BGP equilibrium in which the

relative technologies are given by (15.37), and consumption and output grow at the rate

(15.40) g∗ =
ηLηH (NH/NL)

(δ−1)/2

ηH (NH/NL)
(δ−1) + ηL

S.

587



Introduction to Modern Economic Growth

Proof. See Exercise 15.10. ¤

In contrast to the model with the lab equipments technology, transitional dynamics

do not always take the economy to the BGP equilibrium, however. This is because of

the additional increasing returns to scale mentioned above. With a high degree of state

dependence, when NH (0) is very high relative to NL (0), it may no longer be profitable for

firms to undertake further R&D directed at labor-augmenting (L-augmenting) technologies.

Whether this is so or not depends on a comparison of the degree of state dependence, δ, and

the elasticity of substitution, σ. The latter matters because it regulates how prices change as

there is an abundance of one type of technology relative to another, and thus determines the

strength of the price effect on the direction of technological change. The next proposition

analyzes the transitional dynamics in this case.

Proposition 15.7. Consider the directed technological change model with knowledge

spillovers and state dependence in the innovation possibilities frontier. Suppose that

σ < 1/δ.

Then, starting with any NH (0) > 0 and NL (0) > 0, there exists a unique equilibrium path. If

NH (0) /NL (0) < (NH/NL)
∗ as given by (15.37), then we have ZH (t) > 0 and ZL (t) = 0 until

NH (t) /NL (t) = (NH/NL)
∗. NH (0) /NL (0) < (NH/NL)

∗, then ZH (t) = 0 and ZL (t) > 0

until NH (t) /NL (t) = (NH/NL)
∗.

If

σ > 1/δ,

then starting with NH (0) /NL (0) > (NH/NL)
∗, the economy tends to NH (t) /NL (t) → ∞

as t →∞, and starting with NH (0) /NL (0) < (NH/NL)
∗, it tends to NH (t) /NL (t)→ 0 as

t→∞.

Proof. See Exercise 15.12. ¤

Of greater interest for our focus are the results on the direction of technological change.

Our first result on weak equilibrium bias immediately generalizes from the previous section:

Proposition 15.8. Consider the directed technological change model with knowledge

spillovers and state dependence in the innovation possibilities frontier. Then there is al-

ways weak equilibrium (relative) bias in the sense that an increase in H/L always induces

relatively H-biased technological change.

Proof. See Exercise 15.13. ¤

While the results regarding weak bias have not changed, inspection of (15.38) shows that

it is now easier to obtain strong equilibrium (relative) bias.
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Proposition 15.9. Consider the directed technological change model with knowledge

spillovers and state dependence in the innovation possibilities frontier. Then if

σ > 2− δ,

there is strong equilibrium (relative) bias in the sense that an increase in H/L raises the

relative marginal product and the relative wage of the H factor compared to the L factor.

Intuitively, the additional increasing returns to scale coming from state dependence makes

strong bias easier to obtain, because the induced technology effect is stronger. When a

particular factor, say H, becomes more abundant, this encourages an increase in NH relative

to NL (in the case where σ > 1). However, from state dependence, this makes further

increases in NH more profitable, thus has a larger effect on NH/NL. Since with σ > 1 greater

values of NH/NL tend to increase the relative price of factor H compared to L, this tends to

make the strong bias result easier to obtain.

Returning to our discussion of the implications of the strong bias results for the behavior

of the skill premium in the U.S. market, Proposition 15.9 implies that values of the elasticity

of substitution between skilled and unskilled labor significantly less than 2 may be sufficient to

generate strong equilibrium bias. How much lower than 2 the elasticity of substitution can be

depends on the parameter δ. Unfortunately, this parameter is not easy to measure in practice,

even though existing evidence suggests that there is some amount of state dependence in the

R&D technologies. For example, this is confirmed by the empirical finding that most patents

developed in a particular industry build upon and cite previous patents in the same industry.

15.5. Directed Technological Change without Scale Effects

We will now see that the market size effect and its implications for the direction of

technological change are independent of whether or not there are scale effects. The market size

effect here refers to the relative market sizes of the users of two different types of technologies,

not necessarily to the scale of the entire economy, whereas the scale effect concerns the impact

of the size of the population on the equilibrium growth rate. The results in this section show

that it is possible to entirely separate the market size effect responsible for the weak and

strong endogenous bias results and the scale effect.

Suppose that we are in the case with knowledge-based R&D model of the previous section,

but only with limited spillovers from past research. In particular, suppose that equation

(15.32) is modified to

(15.41) ṄL = ηLN
λ
LSL and ṄH = ηHN

λ
HSH ,

where λ ∈ (0, 1]. In the case where λ = 1, we have the knowledge-based R&D formulation

of the previous section, but with no state dependence. When λ < 1, the extent of spillovers
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from past research are limited, and this economy will not have steady growth in the absence

of population growth.

Let us also modify the baseline environment by assuming that total population, in partic-

ular, the population of scientists, grows at the exponential rate n. With a similar arguments

to that in Section 13.3 in Chapter 13, it can be verified that aggregate output in this economy

will grow at the rate (see Exercise 15.15):

(15.42) g∗ =
n

1− λ
.

Consequently, even with limited knowledge spillovers there will be income per capita growth

at the rate n/ (1− λ). As usual, this is because of the amplification to the externalities

provided by population growth. It can also be verified that when λ = 1, there is no balanced

growth and output would reach infinity in finite time (see Exercise 15.16).

The important point for the focus here concerns the market size effect on the direction of

technical change. To investigate this issue, note that the technology market clearing condition

implied by (15.41) is (see Exercise 15.17):

(15.43) ηLN
λ
LπL = ηHN

λ
HπH ,

which is parallel to (15.36). Exactly the same analysis as above implies that equilibrium

relative technology can be derived as

(15.44)
µ
NH

NL

¶∗
= η

σ
1−λσ γ

ε
1−λσ

µ
H

L

¶ σ−1
1−λσ

.

Now combining this with (15.19)–which still determines the relative factor prices given

technology–we obtain

(15.45) ω∗ ≡
µ
wH

wL

¶∗
= η

σ−1
1−λσ γ

(1−λ)ε
1−λσ

µ
H

L

¶σ−2+λ
1−λσ

.

This equation shows that even without scale effects we obtain exactly the same results as

before. Specifically:

Proposition 15.10. Consider the directed technological change model with no scale effects

described above. Then there is always weak equilibrium (relative) bias, meaning that an

increase in H/L always induces relatively H-biased technological change.

Proof. See Exercise 15.8. ¤

Proposition 15.11. Consider the directed technological change model with no scale effects

described above. If

σ > 2− λ,

then there is strong equilibrium (relative) bias in the sense that an increase in H/L raises the

relative marginal product and the relative wage of the H factor compared to the L factor.
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15.6. Endogenous Labor-Augmenting Technological Change

One of the advantages of the models of directed technical change is that they allow us

to investigate why technological change might be purely labor-augmenting as required for

balanced growth. We will see that models of directed technological change create a natural

reason for technology to be more labor-augmenting than capital-augmenting. However, under

most circumstances, the resulting equilibrium is not purely labor-augmenting and as a result,

a BGP fails to exist. However, in one important special case, the model delivers long-run

purely labor-augmenting technological changes exactly as in the neoclassical growth model,

thus providing a rationale for one of the strong assumptions of the standard growth models.

In thinking about labor-augmenting technological change, it is useful to consider a two-

factor model with H corresponding to capital, that is, H (t) = K (t), in the aggregate pro-

duction function (15.3). Given the focus on capital, throughout the section we use NL and

NK to denote the varieties of machines in the two sectors. Let us also simplify the discussion

by assuming that there is no depreciation of capital. Note also that in this case the price of

the second factor, K (t), is the same as the interest rate, r (t), since investing in the capital

stock of the economy is a way of transferring consumption from one instant to another.

Let us first note that in the context of capital-labor substitution, the empirical evidence

suggests that an elasticity of substitution of σ < 1 is much more plausible (whereas in the

case of substitution between skilled and unskilled labor, the evidence suggested that σ > 1).

An elasticity less than 1 is not only consistent with the available empirical evidence, but it is

also economically plausible. For example, with the CES production function an elasticity of

substitution between capital and labor greater than 1 would imply that production is possible

without labor or without capital, which appears counterintuitive.

Now, recall that when σ < 1, factor-augmenting and factor-biased technologies are re-

versed. Therefore, labor-augmenting technological change corresponds to capital-biased tech-

nological change. Then the question becomes: under what circumstances would the economy

generate relatively capital-biased technological change? And also, when will the equilibrium

technology be sufficiently capital biased that it corresponds to Harrod-neutral technological

change? What distinguishes capital from labor is the fact that it accumulates. In other

words, most growth models feature some type of capital-deepening, with K (t) /L increasing

as the economy grows. This implies that in contrast to our analysis so far, where the focus

was on the effect of one-time changes in relative supplies, our interest will now be on the

implications of continuous changes in the relative supply of capital on technological change.

In light of this observation, the answer to the first question above is straightforward: capital

deepening, combined with Proposition 15.3, implies that technological change should be more

labor-augmenting than capital-augmenting.
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The next proposition summarizes the main idea of the previous paragraph. For simplic-

ity, this proposition treats the increase in K (t) /L as a sequence of one-time increases (full

equilibrium dynamics are investigated in the next two propositions).

Proposition 15.12. In the baseline model of directed technological change with H (t) =

K (t) as capital, if K (t) /L is increasing over time and σ < 1, then NL (t) /NK (t) will also

increase over time, i.e., technological change will be “labor-augmenting”.

Proof. Equation (15.27) or equation (15.37) together with σ < 1 implies that an increase

in K (t) /L will raise NL (t) /NK (t). ¤

This result already gives us important economic insights. The reasoning of directed

technological change indicates that there are natural reasons for technology to be more labor-

augmenting than capital-augmenting. While this is encouraging, the next proposition shows

that the results are not easy to reconcile with the fact that technological change should be

purely labor-augmenting (Harrod neutral). To state this result in the simplest possible way

and to facilitate the analysis in the rest of this section, let us simplify the analysis and suppose

that capital accumulates at an exogenous rate, i.e.,

(15.46)
K̇ (t)

K (t)
= sK > 0.

Then the next proposition shows a negative result on the possibility of purely labor-

augmenting technological change.

Proposition 15.13. Consider the baseline model of directed technological change with

the knowledge spillovers specification and state dependence. Suppose that δ < 1 and capital

accumulates according to (15.46). Then there exists no BGP.

Proof. See Exercise 15.22. ¤

Intuitively, even though technological change is more labor-augmenting than capital-

augmenting, there is still capital-augmenting technological change in equilibrium. This, com-

bined with capital accumulation, is inconsistent with balanced growth. In fact, even a more

negative result can be proved (see again Exercise 15.22): in any asymptotic equilibrium, the

interest rate cannot be constant, thus consumption and output growth cannot be constant.

In contrast to these negative results, there is a special case that justifies the basic structure

of the neoclassical growth model. This takes place when there is extreme state dependence,

that is, δ = 1. This case is, in many ways, quite natural and posits that spillovers are limited

to the same class of technologies, so that ṄL (t) /NL (t) = ηLSL (t) and ṄH (t) /NH (t) =

ηHSH (t). In this case, it can be verified that technology market equilibrium implies the
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following relationship in BGP (see Exercise 15.23):

(15.47)
r (t)K (t)

wL (t)L
= η−1.

Thus, directed technological change implies that in the long-run the share of capital is con-

stant in national income. Long-run constant factor shares (combined with capital deepening)

means that asymptotically all technological change must be purely-labor-augmenting. More

specifically, recall from (15.19) that

r (t)

wL (t)
= γ

ε
σ

µ
NK (t)

NL (t)

¶σ−1
σ
µ
K (t)

L

¶− 1
σ

,

where γ ≡ γK/γL and γK replaces γH in the production function (15.3). Consequently,

r (t)K (t)

wL (t)L (t)
= γ

ε
σ

µ
NK (t)

NL (t)

¶σ−1
σ
µ
K (t)

L

¶σ−1
σ

.

In this case, (15.47) combined with (15.46) implies that

(15.48)
ṄL (t)

NL (t)
− ṄK (t)

NK (t)
= sK .

Moreover, it can be verified that the equilibrium interest rate is given by (see Exercise 15.24):

(15.49) r (t) = βγKNK (t)

"
γL

µ
NL (t)L

NK (t)K (t)

¶σ−1
σ

+ γL)

# 1
σ−1

.

Let us now define a constant growth path as one in which consumption grows at a constant

rate. From (15.22), this is only possible if r (t) is constant and equal to some r∗. Equation

(15.48) then implies that (NL (t)L) / (NK (t)K (t)) is constant, thus NK (t) must also be

constant. Therefore, equation (15.48) implies that for the economy to ultimately converge

to a constant growth path, long-run technological change must be purely labor-augmenting.

This is summarized in the following proposition:

Proposition 15.14. Consider the baseline model of directed technological change with

the two factors corresponding to labor and capital. Suppose that the innovation possibilities

frontier is given by the knowledge spillovers specification and extreme state dependence, i.e.,

δ = 1 and that capital accumulates according to (15.46). Then there exists a constant growth

path allocation in which there is only labor-augmenting technological change, the interest rate

is constant and consumption and output grow at constant rates. Moreover, there cannot be

any other constant growth path allocations.

Proof. Part of the proof is provided by the argument preceding the proposition. Exercise

15.25 asks you to complete the proof and show that no other constant constant growth path

allocation can exist. ¤
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Notice that Proposition 15.14 does not imply that all technological change must be Harrod

neutral (purely labor-augmenting). Along the transition path, there can be (and in fact

there will be) capital-augmenting technological change. However, in the long run (that is,

asymptotically or as t→∞), all technological change will be labor-augmenting.
It can also be verified that the constant growth path allocation with purely labor-

augmenting technological change is globally stable if σ < 1 (see Exercise 15.26). This is

reasonable, especially in view of the results in Proposition 15.7, which indicated that the sta-

bility of equilibrium dynamics in the model with the knowledge spillovers requires σ < 1/δ.

Since here we have extreme state dependence, δ = 1, stability requires σ < 1. Intuitively, if

capital and labor were gross substitutes (σ > 1), the equilibrium would involve rapid accumu-

lation of capital and capital-augmenting technological change, leading to an asymptotically

increasing growth rate of consumption. However, when capital and labor are gross comple-

ments (σ < 1), capital accumulation would increase the price of labor and the profits from

labor-augmenting technologies. This will then encourage further labor-augmenting techno-

logical change. These strong price effects are responsible for the stability of the constant

growth path allocation in Proposition 15.14. Intuitively, we can interpret this as an elastic-

ity of substitution less than 1 inducing the economy to strive towards a balanced allocation

of effective capital and labor units (where “effective” here refers to capital and labor units

augmented with their complementary technologies). Since capital accumulates at a constant

rate, a balanced allocation implies that the productivity of labor should increase faster, in

particular, the economy should converge to an equilibrium path with purely labor-augmenting

technological progress.

The results in Proposition 15.14 are important, since they provide a justification for the

assumption in the Solow and neoclassical growth models that long-run technological change is

purely labor-augmenting. Naturally, whether or not this is the case in practice is an empirical

matter and is an interesting topic of future empirical research.

15.7. Generalizations and Other Applications

The results presented so far rely on a range of specific assumptions that are inherent in

endogenous technological change models (e.g., Dixit-Stiglitz preferences and linear structure

to ensure sustained growth). One may naturally wonder whether the results on weak and

strong equilibrium bias generalize to situations in which these assumptions are relaxed. The

answer is broadly yes. Acemoglu (2007) shows that, as long as only factor-augmenting techo-

logical changes are possible, the main results presented here also apply in an environment in

which production and cost functions take more general forms. In particular, in this general

environment, there is always weak (relative) equilibrium bias in response to increases in rel-

ative supplies and there will be strong equilibrium bias when the elasticity of substitution is
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sufficiently high. However, once we allow for a richer menu of technological changes, these

results do not necessarily hold. Nevertheless, the essence of the results appears to be much

more general. Acemoglu (2007) defines the complementary notions of weak and strong ab-

solute equilibrium bias, which refer to whether the equilibrium price of a factor change as the

supply of that factor changes (rather than the price of a factor relative to the price of another

factor, which is what we have focused on in this chapter). Standard producer theory again

suggests that an increase in the supply of a factor should reduce price. Acemoglu (2007)

shows that under very weak regularity assumptions, there is always weak absolute equilib-

rium bias, in the sense that an increase in the supply of a factor always induces technological

change biased in favor of that factor. Moreover, under plausible assumptions, this effect can

be strong enough that the price of the factor that has become more abundant can increase.

In this case, there is strong absolute equilibrium bias and the (general equilibrium) demand

curves for factors are upward sloping. Since these results require additional notation and

somewhat different arguments, I will not present them here.

It is also useful to briefly discuss a number of other important applications of the models

of directed technological change. To save space, these are not discussed in the text and are

left as exercises for the reader. In particular, Exercise 15.20 shows how this model can be

used to shed light on the famous Habakkuk hypothesis in economic history, which relates

the rapid technological progress in 19th-century United States to relative labor scarcity.

Despite the importance of this hypothesis in economic history, there have been no compelling

models of this process. This exercise shows why neoclassical models may have difficulties in

explaining these patterns and how a model of directed technological change can account for

this phenomenon as long as the elasticity of substitution is less than 1.

Exercise 15.21 shows the effects of international trade on the direction of technological

change. It highlights that international trade will often affect the direction in which new

technologies are developed, and this often works through the price effect emphasized above.

Exercise 15.27 returns to the discussion of the technological change and unemployment

experiences of continental European countries we started with. It shows how a “wage push

shock” can first increase equilibrium unemployment, and then induce endogenous capital-

biased technological change, which reduces the demand for employment, further increasing

unemployment.

Finally, Exercise 15.28 shows how the relative supply of factors can be endogenized, so

that the two-way causality between relative supplies and relative technology can be studied.

15.8. An Alternative Approach to Labor-Augmenting Technological Change

The models presented so far in this chapter are all based on the basic directed techno-

logical change framework developed in Acemoglu (1998, 2002). Section 15.6 showed how
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this approach can be used to provide conditions under which technological change will be

endogenously labor-augmenting (recall that this type of technological progress is necessary

for balanced growth). An alternative approach to this problem is suggested in the recent

paper by Jones (2005). I now briefly discussed this alternative approach.

The models developed so far treat the different types of technologies (e.g., NL and NH in

the previous sections) as state variables. Thus short-run production functions correspond to

the production possibilities sets for given state variables, while long-run production functions

are derived from the production possibilities sets as the state variables themselves also ad-

just. Jones proposes a different approach, building on a classic paper by Houthakker (1995).

Houthakker suggested that the aggregate production function should be derived as the “up-

per envelope” of different techniques (or “activities”). Each technique or activity corresponds

to a particular way of combining capital and labor (thus to a Leontief production function

of these two factors of production). However, when a producer has access to multiple ways

of combining capital and labor, the resulting envelope will be different than Leontief. In a

remarkable result, Houthakker showed that if the distribution of techniques is given by the

Pareto distribution (which we already encountered in the previous chapter), this upper en-

velope will correspond to a Cobb-Douglas production function. Houthakker thus suggested

a justification for Cobb-Douglas production functions based on “activity analysis”.

Jones builds on and extend these insights. He argues that the long-run production func-

tion should be viewed as the upper envelope of different ideas generated over time. At a

given point in time, the set of ideas that the society has access to is fixed and these ideas

determine the short-run production function of the economy. In the long run, however, the

society generates more ideas (either exogenously or via R&D) and the long-run production

function is obtained as the upper envelope of this expanding set of ideas. Using a combination

of Pareto distribution and Leontief production possibilities for a given idea, Jones shows that

there will be a major difference between short-run and long-run production functions. In

particular, as in Houthakker’s analysis, the long-run production function will take a Cobb-

Douglas form and will imply a constant share of capital in national income. However, this is

not necessarily the case for short-run production functions. Then with an argument similar

to that in Section 15.6, the economy will adjust from the short-run to long-run production

functions by undergoing a form of labor-augmenting technological change.

I now provide a brief sketch of Jones’s model, focusing on the main economic insights.

As pointed out above, the key building block of Jones’s model are “ideas”. An idea is a

technique for combining capital and labor to produce output. At any given point in time,

the economy will have access to a set of ideas. Let us denote the set of possible ideas by

I ⊂ R and the set of ideas available at time t by I (t) ⊂ I. Each idea i ∈ I is represented
by a vector (ai, bi). The essence of the model is to construct the production possibilities of
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the economy from the set of available ideas. To do this, we first need to specify how a given

idea is used for production. Let us suppose that there is a single final good, Y , which can be

produced using any idea i ∈ I with a Leontief production function given by

(15.50) Y (t) = min{biK (t) , aiL (t)},

where K (t) and L (t) are the amounts of capital and labor in the economy. In general, the

economy may use multiple ideas, thus K (t) and L (t) should be indexed by i to denote the

amount of capital and labor allocated to idea i. However, I will follow Jones and assume that

at any point in time the economy will use a single idea. This is a restrictive assumption, but

it simplifies the model and its exposition significantly (see Exercise 15.30). The production

function (15.50) makes it clear that ai corresponds to labor-augmenting productivity of idea

i and bi is its capital-augmenting productivity.

Recall from Section 15.6 that the standard model delivers purely labor-augmenting tech-

nological change only under the (special) assumption of extreme state dependence or δ = 1

(cfr. Proposition 15.14). In this model, we also have to make a special assumption, which,

following Houthakker, is that ideas are independently and identically drawn from a Pareto

distribution. In particular, we assume that each component of the idea, ai and bi, are drawn

(independently) from two separate Pareto distributions. Recall from Section 14.3 in the

previous chapter that y has a Pareto distribution if its distribution function is given by

G (y) = 1 − Γy−α for some parameter α. The assumption that ai and bi are independently

drawn from Pareto distributions then implies that

Pr [ai ≤ a] = 1−
µ

a

γa

¶−α
, for a ≥ γa > 0

Pr [bi ≤ b] = 1−
µ

b

γb

¶−β
, for b ≥ γb > 0

where γa, γb, α and β are strictly positive constants, and α + β > 1 (see Exercise 15.32 for

the importance of this last inequality).

This Pareto assumption will play a crucial role in the result of this model. It is therefore

appropriate to understand what the special features of the Pareto distribution are and why

this distribution plays an important role in many different areas of economics. The Pareto

distribution has two related special features. One is that its tails are relatively thick (and

for this reason, the variance of a variable that is distributed Pareto is infinite, see Exercise

15.31). The second special feature is that if y has a Pareto distribution, then its expected

value conditional on being greater than some y0, E [y | y ≥ y0], is proportional to y0. Thus

loosely speaking, the Pareto distribution has a certain degree of “proportionality” built into

it. The expectation of something better in the future is proportional to what has been

achieved today. This makes it quite convenient in the modeling of growth-related processes.
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Now, given this structure, let us define the function

(15.51) G(b, a) ≡ Pr [ai ≥ a and bi ≥ b ] =

µ
b

γb

¶−β µ a

γa

¶−α
as the joint probability ai ≥ a and bi ≥ b. Denote the level of aggregate output that can

be produced using technique i with capital K and labor L by Ỹi(K,L). Before we know

the realizations of ai and bi for idea i, this level of output is a random variable. Since the

production function is Leontief, the distribution of Ỹi can be represented by the distribution

function of this variable,

H(y) ≡ Pr
h
Ỹi ≤ y

i
= 1− Pr [aiL ≥ y and biK ≥ y ](15.52)

= 1−G
³ y

K
,
y

L

´
= 1− γKβLαy−(α+β),

where the second line follows from the definition of the function G and the third line from

(15.51) with γ ≡ γαaγ
β
b . This implies that the distribution of Ỹi is also Pareto (provided that

y ≥ min{γbK, γaL}).
Let us next turn to the “global” production function, which describes the maximum

amount of output that can be produced using any of the available techniques. In other

words, let Ỹ (K,L) = maxi∈I(t) Ỹi (K,L). Let N (t) denote the total number of production

techniques (ideas) that are available in the set I (t) (at time t). This equivalently implies that
by time t there have been N distinct ideas that have been discovered. Since, by assumption,

these N ideas are drawn independently, the “global” production function can be alternatively

written as

(15.53) Ỹ (t;N (t)) = F (K (t) , L (t) ;N (t)) ≡ max
i=1,...,N(t)

min {biK (t) , aiL (t)} ,

where Ỹ (t;N (t)) is also a random variable. Since the realization of the N ideas are random,

output at time t, Ỹ (t;N (t)), conditional on capital K (t) and L (t), is a random variable and

we are interested in determining its distribution. Here the fact that the N draws of ideas

are independent simplifies the analysis. In particular, the probability that the realization of

Ỹ (t;N (t)) is less than y is equal to the probability that each of the N ideas will produce

less than y. Therefore,

Pr
h
Ỹ (t;N (t)) ≤ y

i
= H(y)N(t).(15.54)

=
³
1− γK (t)β L (t)α y−(α+β)

´N(t)
.

Equation (15.54) makes it clear that as the number of ideas N gets large, the probability

that Y is less than any level of y will go to zero. This is simply a restatement of the

fact that output will grow without bound, which here follows from the fact that the Pareto

distribution has unbounded support. Therefore, we cannot simply determine the distribution
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of output as N (t) → ∞. Instead, we have to look at aggregate output normalized by an
appropriate variable, such as its “expected value” (and apply a type of reasoning similar to

the Central Limit Theorem). Given the Pareto distribution, the normalizing factor turns out

to be n (t) ≡
³
γN (t)K (t)β L (t)α

´ 1
α+β , so that we can write

Pr

∙
Ỹ (t;N (t)) ≤

³
γN (t)K (t)β L (t)α

´ 1
α+β

y

¸
=

³
1− γK (t)β L (t)α (n (t) y)−(α+β)

´N(t)
=

Ã
1− y−(α+β)

N (t)

!N(t)

,(15.55)

where the second line, (15.55), makes it clear that n (t) ≡
³
γN (t)K (t)β L (t)α

´ 1
α+β was

indeed the correct normalizing factor. Now recalling that limN→∞(1 − x/N)N = exp(−x),
we obtain

(15.56) lim
N(t)→∞

Pr

∙
Ỹ (t;N (t)) ≤

³
γN (t)K (t)β L (t)α

´ 1
α+β

y

¸
= exp(−y−(α+β))

for y > 0. Equation (15.56) gives the famous Fréchet distribution, which is one of the three

limiting distributions for extreme values.3 More specifically, this implies that

(15.57)
Ỹ (t;N (t))

(γN (t)K (t)β L (t)α)1/α+β
∼ Fréchet(α+ β),

so that the global production function, appropriately normalized, converges asymptotically to

a Fréchet distribution. This means that as N (t) becomes large (which will happen naturally

as t → ∞ and more ideas are discovered), the long-run or the “global” production function

behaves approximately like

(15.58) Ỹ (t;N (t)) ≈ ε (t)
³
γN (t)K (t)β L (t)α

´ 1
α+β

where ε (t) is a random variable drawn from a Fréchet distribution. The intuition for this

result is similar to Houthakker’s result that aggregation over different units producing with

techniques drawn independently from a Pareto distribution leads to a Cobb-Douglas produc-

tion function The implications are quite different, however. In particular, since the long-run

production function behaves approximately as Cobb-Douglas, it implies that factor shares

must be constant in the long run. However, the short-run production function (for a finite

number of ideas) is not Cobb-Douglas. Therefore, as N (t) increases, the production function

evolves endogenously towards the Cobb-Douglas limit with constant factor shares, and as in

the analysis in Section 15.6, this means that technological change must ultimately become

purely labor-augmenting. Therefore, Jones’s model shows that ideas related to Houthakker’s

3In particular, a basic result in statistics shows that regardless of the distribution F (y), if we take N
independent draws from F and look at the probability distribution of the highest draw, then as N →∞, this
distribution converges to one of the following three distributions: the Weibull, the Gumbel or the Frechet. In
fact, the Frechet distribution is the most common one. See, for example, Billingsley (1995, Section 14).
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derivation of a static production function also imply that the short-run production function

will evolve endogenously on average with labor-augmenting technological change dominating

the limiting behavior and making sure that the economy, in the long run, acts as if it has a

Cobb-Douglas production function.

Although this is an interesting idea, and as we have already seen in Section 14.3, the

Pareto distribution appears in many important contexts and has various desirable properties,

it is not clear whether it provides a compelling reason for technological change to be labor-

augmenting in the long run. Labor-augmenting technological change should be an equilibrium

outcome (resulting from the research and innovation incentives of firms and workers). The

directed technological change models emphasized how these incentives play out under various

scenarios. In the current model, the Cobb-Douglas production function arises purely from

aggregation. There is no equilibrium interactions, price or market size effects. Related

to this, the unit of analysis is unclear. The same argument can be applied to a single

firm, to an industry, or to a region. Thus if we are happy with this argument for the

economy as a whole, we may also wish to apply it to firms, industries, and regions, concluding

that the long-run production function of every unit of production or every firm, industry

and region should be Cobb-Douglas. However, existing evidence suggests that there are

considerable differences in the production functions across industries and they can not be

well-approximated by Cobb-Douglas production functions (see the overview of the evidence

on industry and aggregate production functions in Acemoglu 2003a). This suggests that the

potentially promising approach related to aggregation of different activities or “ideas ”used in

Houthakker and Jones’s papers should be combined with some type of equilibrium structure,

which will delineate at what level the aggregation should take place and why it may apply

to (some) economies, but not necessarily to single firms or industries. This appears to be

another interesting area for future research.

15.9. Taking Stock

This chapter introduced the basic models of directed technological change. These ap-

proaches differ from the endogenous technological change models of the previous two chap-

ters because they not only determine the rate of aggregate technological change, but also

endogenize the direction and bias of technological change. The bias of technological change

is potentially important for the distributional consequences of the introduction of new tech-

nologies (i.e., who will be the losers and who will be the winners from technological progress?).

Therefore, the bias of technological change will play an important role in our study of political

economy of growth.

Equally important, models of directed technological change enable us to investigate a

range of new questions. These include the sources of skill-biased technological change over
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the past 100 years, the causes of acceleration in skill-biased technological change during

more recent decades, the causes of unskilled-biased technological developments during the

19th century, the impact of international trade on the direction of technological change,

the relationship between labor market institutions and the types of technologies that are

developed and adopted, and last but not least, an investigation of why technological change

in neoclassical-type models may be largely labor-augmenting.

We have seen that a relatively simple class of directed technological change models can

shed light on all of these questions. These models are quite tractable and allow closed-form

solutions for equilibrium relative technologies and long-run growth rates. Their implications

for the empirical questions mentioned above stem from two important, and perhaps at first

surprising, results, which we can refer to as weak equilibrium bias and strong equilibrium bias

results. The first states that under fairly weak assumptions an increase in the relative supply

of a factor always induces endogenous changes in technology that are relatively biased towards

that factor. Consequently, any increase in the ratio of skilled to unskilled workers or in the

capital-labor ratio will have major implications for the relative productivity of these factors.

The more surprising result is the strong equilibrium bias one, which states that contrary to

basic producer theory, (relative) demand curves can slope up. In particular, if the elasticity

of substitution between factors is sufficiently high, a greater relative supply of a factor causes

sufficiently strong induced technological change to make the resulting relative price of the

more abundant factor increase. In other words, the long run (endogenous-technology) relative

demand curve becomes upward-sloping. The possibility that relative demand curves may be

upward-sloping not only has a range of important empirical implications, but also illustrates

the strength of endogenous technological change models, since such a result is not possible

in the basic producer theory with exogenous technology.

The chapter has concluded with a number of applications of these ideas to a range of

empirically important areas. Models of directed technological change are very much in their

infancy and there are many theoretical dimensions in which further developments are possible.

Perhaps more importantly, there are also numerous applications of these ideas.

Finally, this chapter has also been an important step in our investigation of the causes

of cross-country income differences and sources of modern economic growth. Its main lesson

for us is in clarifying the determinants of the nature of technological progress. Technology

should not be thought of as a black box, but the outcome of decisions by firms, individuals

and other agents in the economy. This implies that profit incentives will play a major role

in both the aggregate rate of technological progress and also in the biases of the technologies

that are being developed and adopted. Models of directed technological change illustrate this

reasoning in a sharp way and show a range of its implications.
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15.10. References and Literature

Models of directed technological change were developed in Acemoglu (1998, 2002a,

2003a,b, 2007a), Kiley (1999), and Acemoglu and Zilibotti (2001). These papers use the term

directed technical change, but here we used the related term directed technological change,

to emphasize continuity with the models of endogenous technological change studied in the

previous chapters. The framework presented here builds on Acemoglu (2002a). A some-

what more general framework, with much less functional form restrictions, is presented in

Acemoglu (2007a).

Other papers modeling the direction of technological change include Caselli and Coleman

(2004), Xu (2001), Gancia (2003), Thoenig and Verdier (2003), Ragot (2003), Duranton

(2004), Benabou (2005), and Jones (2005).

Models of directed technological change are closely related to the earlier literature on

induced innovation. The induced innovation literature was started indirectly by Hicks, who

in The Theory of Wages (1932), argued

“A change in the relative prices of the factors of production is itself a spur

to invention, and to invention of a particular kind–directed to economizing

the use of a factor which has become relatively expensive.” (pp. 124-5).

Hicks’ reasoning, that technical change would attempt to economize on the more expensive

factor, was criticized by Salter (1960) who pointed out that there was no particular reason for

saving on the more expensive factor–firms would welcome all cost reductions. Moreover, the

concept of “more expensive factor” did not make much sense, since all factors were supposed

to be paid their marginal product. An important paper by Kennedy (1964) introduced the

concept of “innovation possibilities frontier” and argued that it is the form of this frontier–

rather than the shape of a given neoclassical production function–that determines the factor

distribution of income. Kennedy, furthermore, argued that induced innovations would push

the economy to an equilibrium with a constant relative factor share (see also Samuelson,

1965, and Drandakis and Phelps, 1965). Around the same time, Habakkuk (1962) published

his important treatise, American and British Technology in the Nineteenth Century: the

Search for Labor Saving Inventions, where he argued that labor scarcity and the search for

labor saving inventions were central determinants of technological progress. The flavor of

Habakkuk’s argument was one of induced innovations: labor scarcity increased wages, which

in turn encouraged labor-saving technical change. Nevertheless, neither Habakkuk nor the

induced innovation provided any micro-founded model of technological change or technology

adoption. For example, in Kennedy’s specification the production function at the firm level

exhibited increasing returns to scale because, in addition to factor quantities, firms could

choose “technology quantities,” but this increasing returns to scale was not taken into account
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in the analysis. Similar problems are present in the other earlier works as well. It was also

not clear who undertook the R&D activities and how they were financed and priced. These

shortcomings reduced the interest in this literature, and there was little research for almost

30 years, with the exception of some empirical work, such as that by Hayami and Ruttan

(1970) on technical change in American and Japanese agriculture.

The analysis in Acemoglu (1998) and the subsequent work in this area, instead, starts

from the explicit micro-foundations of the endogenous technological change models discussed

in the previous two chapters. The presence of monopolistic competition avoids the problems

that the induced innovations literature had with increasing returns to scale.

Acemoglu (2002 and 2003b) show that the specific way in which endogenous technological

change is modeled does not affect the major results on the direction of technological change.

This is also illustrated in Exercises 15.19 and 15.29. In addition, even though the focus here

has been on technological progress, Acemoglu (2007a) shows that all of the results generalize

to models of technology adoption as well. Acemoglu (2007a) also introduces the alternative

concept of weak absolute bias and strong absolute bias, which look at the marginal product

of a factor rather than relative marginal product. He shows that there are even more general

theorems on weak and strong absolute bias. I sometimes referred to weak relative bias and

strong relative bias to distinguish the results here from the absolute bias results. The results

in Acemoglu (2007a) also show that the constant elasticity of substitution aggregator of the

output of the two sectors is unnecessary for the results. Nevertheless, I have kept the constant

elasticity of substitution structure to simplify the exposition.

Changes in the US wage inequality over the past 60 years are surveyed in Katz and

Autor (1999), Autor, Katz and Krueger (1998) and Acemoglu (2002b). The latter paper

also discusses how models on directed technological change can provide a good explanation

for changes in wage inequality over the past 100 years and also changes in the direction

of technological change in the US and UK economies over the past 200 years. There are

many studies estimating the elasticity of substitution between skilled and unskilled workers.

The estimates are typically between 1.4 and 2. See, for example, Katz and Murphy (1992),

Krusell, Ohanian, Rios-Rull and Violante (1999), and Angrist (1995). A number of estimates

are summarized and discussed in Hamermesh (1993) and Acemoglu (2002b).

Evidence that 19th century technologies were generally labor-complementary (unskilled-

biased) is provided by, among others, James and Skinner (1985) and Mokyr (1990), while

Goldin and Katz (1998) argued the same for a range of important early 20th century tech-

nologies.

Blanchard (1997) discusses the persistence of European unemployment and argues that

the phase during the 1990s can only be understood by changes in technology reducing demand
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for high-cost labor. This is the basis of Exercise 15.27 below. Caballero and Hammour (1999)

provide an alternative and complementary explanation to that suggested here.

Acemoglu and Zilibotti (2001) discuss implications of directed technological change for

cross-country income differences. We have not dwelled on this topic here, since this will be

discussed in greater detail in Chapter 18.4 in the context of appropriate technologies.

Acemoglu (2003b) suggested that increased international trade can cause endogenous

skill-biased technological change. Exercise 15.21 is based on this idea. Variants of this story

have been developed by Xu (2001), Gancia (2003), Thoenig and Verdier (2003).

The model of long-run purely labor-augmenting technological change presented in Section

15.6 was first proposed in Acemoglu (2003a), and the model presented here is a simplified

version of the model in the paper. Similar ideas were discussed informally in Kennedy (1964)

and a recent paper by Funk (2002) provides microfoundations for the ideas by Kennedy.

Section 15.8 builds on Jones (2005), which in turn uses ideas that first appeared in Houthakker

(1955). A related paper to Jones (2005) is Lagos (2001), who also uses an approach similar

to Houthakker’s (1955) and shows how aggregation of productivity across heterogeneous

production units can determine aggregate total factor productivity in the economy.

The assumption that the elasticity of substitution between capital and labor is less than 1

receives support from a variety of different empirical strategies. The evidence is summarized

in Acemoglu (2003a).

The Habakkuk hypothesis has been widely debated in the economic history literature.

It was first formulated by Habakkuk (1962), though Rothbarth (1946) had anticipated these

ideas almost two decades earlier. David (1975) contains a detailed discussion of the Habakkuk

hypothesis and potential theoretical explanations. Recent work by Allen (2005) argues for the

importance of the Habakkuk hypothesis for understanding the British Industrial Revolution.

Exercise 15.20 shows how models of directed technological change can clarify the conditions

necessary for this hypothesis to apply.

15.11. Exercises

Exercise 15.1. Derive equation (15.1).

Exercise 15.2. Complete the proof of Proposition 15.1. In particular, verify that in any

BGP, (15.27) must hold and derive the equilibrium growth rate as given by (15.29). Also

prove that (15.28) ensures that the two free entry conditions (15.20) and (15.21) must hold as

equalities. Finally, check that this condition is also sufficient to guarantee that the transversal-

ity condition is satisfied. [Hint: calculate the equilibrium interest rate and then use (15.22)].

Exercise 15.3. Prove Proposition 15.2. [Hint: use (15.9) to show that when NH (0) /NL (0)

does not satisfy (15.27), (15.20) and (15.21) cannot both hold as equalities].

Exercise 15.4. Derive equation 15.30.
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Exercise 15.5. Explain why in Proposition 15.1 the effect of γ on the BGP growth rate,

(15.29), is ambiguous. When is this effect positive? Provide an intuition.

Exercise 15.6. Derive equation 15.31.

Exercise 15.7. Prove Proposition 15.5. [Hint: first substitute for C (t) from the constraint.

Then show that μH (t) /μL (t) = (ηH (t) /ηL (t))
−1. Then use the necessary conditions with

μ̇H (t) = μ̇L (t)].

Exercise 15.8. Derive the free entry conditions (15.34) and (15.35). Provide an intuition

for these conditions.

Exercise 15.9. Derive equation (15.37).

Exercise 15.10. Prove Proposition 15.6. In particular, check that there is a unique BGP

and that the BGP growth rate satisfies the transversality condition.

Exercise 15.11. In the model of Section 15.4, show that an increase in ηH will raise the

number of scientists working in H-augmenting technologies in the BGP, S∗H , when σ > 1

(and σ < 1/δ) and reduce it when σ < 1. Interpret this result.

Exercise 15.12. (1) Prove Proposition 15.7. In particular, use equation (15.9) and

show that when (15.37) is not satisfied, both free entry conditions cannot hold

simultaneously. Then show that if σ < 1/δ, there will be greater incentives to

undertake research for the technology that is relatively scarce, and the opposite

holds when σ > 1/δ.

(2) Interpret the economic significance of the condition σ < 1/δ. [Hint: relate this to

the fact that When σ < 1/δ, ∂
¡
N δ
HVH/N

δ
LVL

¢
/∂ (NH/NL) < 0, but the inequality

is reversed when σ > 1/δ].

Exercise 15.13. Prove Proposition 15.8.

Exercise 15.14. Characterize the Pareto optimal allocation in the model with knowledge

spillovers and state dependence (Section 15.4). Show that the relative technology ratio in the

stationary Pareto optimal allocation no longer coincides with the BGP equilibrium. Explain

why this result differs from that in Section 15.3.

Exercise 15.15. Derive equation (15.42).

Exercise 15.16. Show that in the model of Section 15.5, if λ = 1, there exists no BGP.

Exercise 15.17. Derive equations (15.43) and (15.44).

Exercise 15.18. Generalize the model of Section 15.4 so that there are no scientists and the

R&D sector also uses workers. Thus the labor market clearing condition is

LE (t) + LR
L (t) + LR

H (t) ≤ 0,

where LE (t) is employment in the final good sector and LR
L (t) and LR

H (t) denote the em-

ployment in the two R&D sectors.

(1) Define an equilibrium in this economy.
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(2) Specify the free entry conditions for each machine variety.

(3) Characterize the BGP equilibrium, show that it is uniquely defined and determine

conditions such that the growth rate is positive and the transversality condition is

satisfied.

(4) Show that the equivalents of Propositions 15.3 and 15.4 hold in this environment.

(5) Characterize the transitional dynamics and show that they are similar to those in

Proposition 15.2.

(6) Characterize the Pareto optimal allocation in this economy and show that the Pareto

optimal ratio of technologies in the stationary equilibrium are also given by (15.27).

Exercise 15.19. Consider a version of the baseline directed technological change model

introduced above with the only difference that technological change is driven by quality

improvements rather than expanding machine varieties. In particular, let us suppose that

the intermediate goods are produced with the production functions:

YL (t) =
1

1− β

∙Z 1

0
qL(ν, t)xL(ν, t | q)1−βdν

¸
Lβ, and

YH (t) =
1

1− β

∙Z 1

0
qH(ν, t)xH(ν, t | q)1−βdν

¸
Hβ.

Producing a machine of quality q costs ψq, where we again normalize ψ ≡ 1 − β. R&D of

amount Zf (ν, t) directed at a particular machine of quality qf (ν, t) leads to an innovation at

the flow rate ηfZf (ν, t)/qf (ν, t) and leads to an improved machine of quality λqf (ν, t), where

f = L or H, and λ ≥ (1− β)−(1−β)/β, so that firms that undertake an innovation can charge

the unconstrained monopoly price.

(1) Define an equilibrium in this economy.

(2) Specify the free entry conditions for each machine variety.

(3) Characterize the BGP equilibrium, show that it is uniquely defined and determine

conditions such that the growth rate is positive and the transversality condition is

satisfied.

(4) Show that the relative technologies in the BGP equilibrium are given by (15.27).

(5) Show that the equivalents of Propositions 15.3 and 15.4 hold in this environment.

(6) Characterize the transitional dynamics and show that they are similar to those in

Proposition 15.2.

(7) Characterize the Pareto optimal allocation in this economy and show that the Pareto

optimal ratio of technologies in the stationary equilibrium are also given by (15.27).

(8) What are the pros and cons of this model relative to the baseline model studied in

Section 15.3.

Exercise 15.20. As a potential application of the models of directed technological change,

consider the famous Habakkuk hypothesis, which claims that technology adoption in the U.S.
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economy during the 19th century was faster than in Britain because of relative labor scarcity

in the former (which increased wages and encouraged technology adoption).

(1) First, consider a neoclassical-type model with two factors, labor and technology,

F (A,L), where F exhibits constant returns to scale. Show that an increase in

wages, either caused by a decline in labor supply or an exogenous increase in wages

because of the minimum wage, cannot increase A.

(2) Next, consider the model here with H interpreted as land and assume that NH is

fixed (so that there is only R&D for increasing NL). Show that if σ > 1, the opposite

of the Habakkuk hypothesis obtains. If in contrast, σ < 1, the model delivers results

consistent with the Habakkuk hypothesis. Interpret this result and explain why the

implications are different from the neoclassical model considered in 1 above.

Exercise 15.21. Consider the baseline model of directed technological change in Section

15.3 and assume that it is in steady state.

(1) Show that in steady state the relative price of the two intermediate goods, p, is

proportional to (H/L)β.

(2) Now assume that the economy opens up to world trade, and faces a relative price

of intermediate goods p0 < p. Derive the implications of this for the endogenous

changes in technology. Explain why the results are different from those in the text.

[Hint: relate your results to the price effect].

Exercise 15.22. (1) Prove Proposition 15.13. In particular, show that in any BGP

equilibrium (15.37) must hold, and that this equation is inconsistent with capital

accumulation.

(2) * Prove that there exists no equilibrium allocation in which consumption grows at

the constant rate. [Hint: show that a relationship similar to (15.37) must hold, and

this will lead to an increase in NK (t), which then implies that the interest rate

cannot be constant].

Exercise 15.23. Derive equation (15.47).

Exercise 15.24. Derive equation (15.49).

Exercise 15.25. Complete the proof of Proposition 15.14 and show that there cannot exist

any other constant growth path equilibrium.

Exercise 15.26. * Show that if σ < 1, the constant growth path equilibrium in Proposition

15.14 is globally stable. Show that if σ > 1, it is unstable. Relate your results to Proposition

15.7.

Exercise 15.27. Now let us use the results of Proposition 15.14 to revisit the discussion of

the experiences of continental European economies provided in Blanchard (1997). Consider

the model of Section 15.6. Discuss how a wage push, in the form of a wage floor above the
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market clearing level will first cause unemployment and then if σ < 1, it will cause capital-

biased technological change. Can this model shed light on the persistent unemployment

dynamics in continental Europe? [Hint: distinguish two cases: (i) the minimum wage floor

is constant; (ii) the minimum wage floor increases at the same rate as the growth of the

economy].

Exercise 15.28. * The analysis in the text has treated the supply of the two factors as

exogenous and looked at the impact of relative supplies on factor prices. Clearly, factor

prices can also affect relative supplies. In this exercise, we look at the joint determination of

relative supplies and technologies.

Let us focus on a model with the two factors corresponding to skilled and unskilled labor.

Suppose a continuum υ of unskilled agents are born every period, and each faces a flow rate

of death equal to υ, so that population is constant at 1 (as in Section 9.8 above). Each agent

chooses upon birth whether to acquire education to become a skilled worker. For agent x

it takes Kx periods to become skilled, and during this time, he earns no labor income. The

distribution of Kx is given by the distribution function Γ(K) which is the only source of

heterogeneity in this economy. The rest of the setup is the same as in the text. Suppose that

Γ(K) has no mass points. Define a BGP as a situation in which H/L and the skill premium

remain constant.

(1) Show first that in BGP, there is a single-crossing property: if an individual with

cost of education Kx chooses schooling, another with Kx0 < Kx must also acquire

skills. Conclude from this that there exists a cutoff level of talent, K̄, such that all

Kx > K̄ do not get education.

(2) Show that, along BGP relative supplies take the form:

H

L
=

Γ(K̄)

1− Γ(K̄) .

Explain why such a simple expression would not hold away from the BGP.

(3) How would you determine K̄? [Hint: agent with talent K̄ has to be indifferent

between acquiring skills and not].

Show that the relative supply of skills as a function of the skill premium must

satisfy
H

L
=

Γ (lnω/ (r∗ + υ − g∗))

1− Γ (lnω/ (r∗ + υ − g∗))
,

where r∗ and g∗ refer to the BGP interest-rate and growth rate.

(4) Determine the BGP skill premium by combining this equation with (15.27) and

(15.30). Can there be multiple equilibria? Explain the intuition.

Exercise 15.29. * Consider an economy with a constant population and risk neutral con-

sumers discounting the future at the rate r. Utility is defined over the final good, which is
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produced as

Y (t) =

∙Z n

0
y (ν, t)

ε−1
ε dν

¸ ε
ε−1

where ε > 1 and intermediate y (ν, t) can be produced using either skilled or unskilled labor.

In particular, when a new intermediate is invented, it is first produced using skilled labor

only, with the production function y (ν, t) = h (ν, t), and eventually, another firm may find a

way to produce this good using unskilled labor with the production function y (ν, t) = l (ν, t).

Assume that when there exist n goods in the economy and m goods can be produced using

unskilled labor, we have

ṅ (t) = bnXn (t) and ṁ (t) = bmXm (t)

where Xn (t) and Xm (t) are expenditures on R&D to invent new goods and to transform

existing goods to be produced by unskilled labor. A firm that invents a new good becomes

the monopolist producer, but can be displaced by a new monopolist who finds a way of

producing the good using unskilled labor.

(1) Denote the unskilled wage by w (t) and the skilled wage by v (t). Show that, as long

as v (t) is sufficiently larger than w (t), the instantaneous profits of a monopolist

producing skill-intensive and labor-intensive goods are

πh (t) =
1

ε− 1
v (t)H

n (t)−m (t)
and πl (t) =

1

ε− 1
w (t)L

m (t)

where L is the total supply of unskilled labor and H is the total supply of skilled

labor. Interpret these equations. Why is the condition that v (t) is sufficiently larger

than w (t) necessary?

(2) Define a balanced growth path as an allocation where n andm grow at the same rate

g (and output and wages grow at the rate g/ (ε− 1)). Assume moreover that a firm
that undertakes R&D to replace the skill-intensive good has an equal probability of

replacing any of the existing n −m skill-intensive goods. Show that the balanced

growth path has to satisfy the following condition

vH

(1− μ) (r + λ− (1− μ)λ/μ)
=

wL

(r − (1− μ)λ/μ)μ

where μ ≡ m/n and λ ≡ ṁ/ (n−m) = gμ/ (1− μ). [Hint: Note that a monopolist

producing a labor-intensive good will never be replaced, and its profits will grow at

the rate g (because equilibrium wages are growing). A monopolist producing a skill-

intensive good faces a constant flow rate of being replaced, and while it survives, its

profits grow at the rate g.]

(3) Using consumer demands over varieties (i.e., the fact that y (ν, t) /y (ν0, t) =

(p (ν, t) /p (ν0, t))−1/ε), characterize the balanced growth path level of μ. What is

the effect of an increase in H/L on μ? Interpret.
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Exercise 15.30. Consider the model presented in Section 15.8.

(1) Show that if capital and labor are allocated in competitive markets, in general more

than one technique will be used in equilibrium. [Hint: construct an example in

which there are three ideas i = 1, 2 and 3, such that when only one can be used, it

will be i = 1, but output can be increased by allocating some of labor and capital

to ideas 2 and 3].

(2) * Show that in this case the exact aggregation result used in Section 15.8 does not

apply.

Exercise 15.31. Suppose that y has a Pareto distribution given by G (y) = 1−By−α. Show
that the variance of y is infinite.

Exercise 15.32. Suppose that y has a Pareto distribution given by G (y) = 1−By−α. Show
that

E
£
y | y ≥ y0

¤
=

α

α− 1
y0

C−α
.

What happens if α < 1?
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