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1 Resetting Property for a General Class of Environ-

ments

In this section, we show that the resetting property holds for a broader class of environments.

Since, with private information, the resetting property at the top comes from no distortion at

the top, we focus on the full information case and provide necessary and sufficient conditions

for resetting to hold in a more general class of environments. Consider the model in section 2

of the paper where utility of an agent of type @ is given by U(cy,y,n,0) 4+ fnu(cy),where y is

income in the first period. The specification in section 2 is a special case where U(cy,y,n,6) =

u(c) +h(1 — % — bn). Moreover, suppose that having children has an additional cost f(n, )

in terms of period 1 goods if the parent is of type 6. The planing problem, when types are

public information, is given by
max Z i |y — i — f(ng, 0;) + lniCQi
i=H,L R

subject to

Z 7 [U(c1s, yir i, 6;) + Bnju(cy)] > w
i—H.,L
0; > vyi; c1i, i, Yiy c2i > 0.

The following lemma can be proved about the solution of the problem (1):

Lemma 1 Suppose that the solution to the above problem is interior. Then

Uy (c1i, Yir iy 05)
Uy(c1i, yi,ni, 0;)

U(Cgi)
u’ (CQZ')

— ¢y = Rfa(ni6;) + R

Proof. The first order conditions for the above problem are given by

AU, = 1

1 _
—fn(ni, 0;) — EC% + A |:Un + Bnn] 1“(021')} =0

1 11
— R + ABnlu' (cy) = 0= ABn]" = R(cn)

(1)

where A is the multiplier on promise keeping. By replacing terms in (3), we get the following:



1 1 ;
o Un Lule)

(i, 0:) = R U, Ru(cy)
which implies the lemma’s claim. m

Note that for section 2’s specification, f* = 0 and U, /U, = bf, in which (2) becomes
equation (4) in the paper. Given the above characterization for c¢y;, one can state the following

result:

Remark 2 The resetting property, i.e., co; being independent of w, holds if and only if the

function
Un(c,y,n,0)

falos, 1) &

is only a function of 0 and not of (¢,y,n).

The above remark implies that if we add linear goods cost of children to the model in
the paper resetting still holds. Another environment that satisfies the above condition is
when f is linear in n and U = fu(c) + h(1 —y — bn). This analysis also shows that resetting
property holds when there is no leisure cost of children and goods cost changes linearly with

n for each type.

2 Non-Homothetic Example

In this section, we will generalize the discussion from the two period example in section 2 of
the paper to non-homthetic preferences. Suppose parents have the following, non-homothetic

preferences:
u(cr) + h(1 —1—bn) + Bg(n)u(cs)

Assume that g(n)u(ce) is strictly increasing, strictly concave, differentiable and

ng'(n)/g(n)

<D <oo Vey,n,
cou!(c) Ju(ca) 2

i.e., the (negative of) elasticity of substitution between Cy and n is uniformly bounded above.

In this case, the analog of equation (4) in the paper is:

n(Wo,0m)g' (n(Wo,0))

dnWo.om)) Uee(Wo On)) = w (c2(Wo, 0))ca(Wo, 011) + b0y Rut' (cs(Wo, 01 )).




This can be rewritten as:

n(Wo,01)g' (n(Wo,01))/g(n(Wo, 0g)) 14 by R

CQ(W(], 9H>’U/(C2(W0, 9H>>/U,(CQ(W0, 9[{)) CQ(W(), QH) .

Since the elasticity on the left is assumed bounded, it follows that cy(Wy,0y) must be
bounded away from zero for all values of Wj. It follows immediately that per capita utility
— u(ca(Wo, 0p)) — is also bounded below.

In other words, including fertility in the model will give rise to a level of per capita
continuation utility that is bounded below as long as these elasticities are bounded. That
is homothetic utility is not required for ¢y to be bounded away from zero. Rather what is
required is that income expansion paths in (Cy, n) space should have slope that is bounded
away from zero. The example given below illustrates this point.

Example.Suppose g(n) = n™ + An™ with 0 > 7, > 79. In this case, problem (8) in
section 2 becomes the following

1
min bdgn + —=nc
e TR

subject to

(n™ 4+ An™)u(cy) = W(Wo, 0g).

If we equate the marginal rate of transformation between ¢y and n to the associated

marginal rate of substitution, we get

mn™ ! A" u(cy)
nm—t 4 Apm=t /(o)

— Cg = bRQH

Now suppose that W, and therefore, W (W, 6y) converges to —oo. In this case, one can
argue that n has to converge to zero. If not, by promise keeping co has to converge to 0

violating the above equation. Note that

mn" ! 4y An!
n—0 nnl—l + AnﬂQ—l

g 772'

This means that as W, converges to —oo, the above equation becomes:
— = —cy =bROy

which implies that ¢, is bounded away from 0. Income exapnsion paths for this example
are giveun in Figure 1. Note that at Wy = —oo, co(Wy,0y) is the slope of the income

expansion path at the origin which is positive. Morevoer, % is bounded away from zero for



all points on the curve.

Income expansion path for fertility and aggregate consumption of children
2 T T T T T

2

Aggregate consumption of children, C

0 0.1 02 03 04 05 0.6
Fertility, n

Figure 1: Income expansion path in an example with non-homothetic formulation. The slope
of the income expantion path is per capita consumption. Example for g(n) = n™ + An™.

3 Full Information Efficient Allocation is not Incentive

Compatible

In this section, we show that the efficient allocations when there is no private information
does not satisfy the incentive compatibility constraints for the maximization problem in
section 3 of the paper. The efficient allocation with full information solves the following

recursive problem:
v(w) = minz 7(0) [0(9) —01(0) + %n(@)v(w'(@)) (Pfi)

subject to

S w(O)[ule(8)) + h(L — 1(8) — bn(6)) + Bn(6)"w ()] > w.

0



This implies the following first order and Envelope conditions:

u(c(0)) = u'(e(0)) (4)

ou'(c(9)) = K(1—10)—bn(0)) (5)

()’ (w'(0)) = BRn(0)" (6)

' (w'(0))w'(0) — v(w'(0)) = bRO. (7)

Intuitively, from intra-family risk sharing, equation (4), we know that per capita con-
sumption among siblings is equal. Moreover, efficiency requires that leisure is decreasing
in productivity, equation (5). It is therefore sufficient to show that future utility for a low
productivity agent is higher than a high productivity agent. This is shown below.

One intuition for this comes from the curvature properties of the cost function, v(w). In
the unconstrained efficient allocation, the planner equates per capita marginal cost n(6)' ="' (w'(6))
across various types. Notice that convexity of the above problem implies that both v'(w)
and nv'(w)w — v(w) are increasing functions of w. This implies that ¢/(-) has a curvature
higher than 1;1777, ie., :,/((5,)) > (%)% Therefore, for a given relative fertility ;((g,)) =A>1,
equating per capita marginal cost implies that relative promised utility ;”,I((g,)) is at most A”".
This implies that n(0)"w’ () > n(6")"w'(#'). Hence, overall promised value, n(0)"w'(0), is

higher for agents with a higher number of children (agents with lower productivity).

Hence, we can state the following lemma:

Lemma 3 The solution to the problem (Pfi), is not incentive compatible, i.e., it violates the

incentive constraint (9) in the paper.
Proof. Consider the solution to (Pfi). From (4) and (6), we have that

n(0) 1 (w'(0)) = n(0") "' (w'(6)), V0,6’ (8)
Moreover, since nv'(w)w — v(w) is increasing in w, we know that

wv"(w)>1—77 v”(w)>1—n1
v'(w) 1 Viw) T w

If we assume that 0 > 6', then w'(f) > w'(¢’) and we can integrate the above equation to

e log (v’(w’(@)) ) _ /w'(e) U//(w)dw > L= log <wl(9) )
v'(w'(6")) wie) V(W) 7 w'(0")




and therefore .

- (518)

Combining the above with (8), we get the following inequality

1-7

(@) v~ () =more@=norso. o

Moreover, since ¢(6) does not depend on # and leisure is decreasing in §. Therefore 1 —1(0) —
bn(@) <1 —100")—bn(@) <1—-010")/0 —bn(d), when § > ¢'. These properties together
with (9) gives us the following inequality

u(c()) + h(1 = 1(0) — bn(0)) + Bn(0)"w'(0) <

< u(c(d)) + h(1 — % —bn(8')) + pn(0")"w'(0"),V0 > ¢’

which means that under the efficient allocation, agents with higher productivity would like
to pretend to be low productivity. So the unconstrained efficient allocation is not incentive

compatible. m

4 Sufficiency of Downward Incentive Constraints

In this section we show, if the an allocation satisfies certain properties then downward
incentive constraints are sufficient. Hence, in any solution, we can check whether the any
solution of the model satisfies these conditions. These conditions are easy to check and they
hold in our numerical examples that are done with two types. We provide our suffieicnt

conditions in the following lemma:
Lemma 4 Suppose an allocation (¢(0),1(0),n(0),w'(8)) satisfies the following:

1. 1(0)0 is increasing in 0
2. 1—1(0) —bn(8) <19 _pn(@'), for all § > ¢

3. Local downward incentive constraints are binding:

u(c(0;)) + h(1 —1(0;) — bn(0;)) + Bn(0;)w'(6;) =
u(c(@i_l)) + h(l — 911[9(921) — bn(&i_l)) + 6n(9i_1)’7w/(9i_1).

Then, incentive compatibility holds for any 0,6'.

7



Proof. By part 3 of the assumption, we have

w(c(ti-1)) + Bn(0i1)"w'(0;-1) — u(c(6:)) — Br(0;)"w'(0;) =
— h(1 = 1(6:) — bn(6,)) — h(1 — %9—1) ~ bn(6,1)).

i
By part 2 and 3 of the assumption we have

1
0i—1

(0:1(0;) — 0;-11(6;1)) > %(9,-[(90 — 0;-11(0;-1)) > b(n(0;—1) — n(6;)).
Hence, for any = € [1/6;,1/60;_1]

= 1—a0;_101(0;—1) —bn(b;—1) > 1 — x6;1(0;—1) — bn(6;).

Therefore, using part 1 and concavity of h(-),

Integrating both sides from 1/6; to 1/60;_1, we get

0;1(6;)
0;—1

0i—11(6i-1)

h(1=1(6i-1) =bn(0i-1)) —h(1 - =4

—bn(&i_l)) Z h(l—

—bn(6:)) —h(1—1(6;) —bn(6;)).

Therefore,

u(c(bi—1)) + Bn(fi—1)"w' (0i-1) — u(c(6;)) — Bn(b;)"w'(6;) >
6:l(6:) _ bn(6;)) — h(1 — 1(6;_1) — bn(6;_1)).

i—1

> n(1—

Hence, the local upward incentive constraints are satisfied.
Now, we will show that other upward incentive constraints are satisfied . To illustrate
we show the argument for ¢ and ¢ 4+ 2 and a similar inductive argument works for higher

differences. By condition 2, we know that:

i(&ﬁl(@ﬁ) — 0i1l(0i41)) > b(n(0i1) — n(0i42))



and therefore,

1

9i+1

1
5(9i+2l(9i+2) — 0i1l(0i1)) > (0i+2l(0iy2) — 0i111(0i11)) = b(n(Oit1) — n(Bi12))-
Hence, for any = € [1/6,41,1/6,],

1— x9i+1l(9i+1) — bN(91+1> 2 1— x0i+2l(9i+2) — bn(eHg)

and we have,

h/(l — $9i+1l(9i+1> — bn(@lﬂ)) S h/(l — $9i+2l(6i+2) — bn(91+2))
= —h/<1 — $01+1l(9i+1) — bn<9¢+1>>9i+1l<9i+1) Z —h/(l — $¢91+21(91+2) — bn(9i+2))c9¢+gl(9”2).

So,
B - 9i+1l‘9(;9i+1) — bn(0i1)) — h(1 = 1(0;11) — br(Bis1)) (10)
> h(l - BuralBisa) _ bn(bit2)) — h(1 — birallBiva) _ bn(0i+2)).
0; Oit1
Rewriting local IC’s for ¢,2 4+ 1 and 7 + 1,7 + 2:
u(c(6:)) + Bn(0;)"w'(0;) — u(c(0iv1)) — Br0p1)"w' (i41) = (11)
> (= PO g, 0) < - 108) - bn(8)
w(c(0i-1)) + Br(0ip1)"w' (0i41) — w(c(0ir2)) — Br(bive)"w' (0i12) > (12)
> (1= 22O ) — 01 1000) — 0
i+

Summing over inequalities (10)-(12), we get:

u(c(fi-1)) + Bn(0:)"w' (0;) — u(c(fiya)) — Br(Bir2)"w' (0iy2) >
L(0:r

> (1 - Bel2) g ) - n1 - 10) - bm(6)

s

which is the upward incentive constraint for i,7 + 2. The rest of the upward and downward
incentive constraints can be proved in a similar way. m

The conditions provided are very intuitive. The first condition asserts that income has
to be increasing in type. A similar condition arises in most Mirrleesian environments. The
second assumption implies that leisure from lying downward is higher than leisure under

telling the truth. Notice that, in environments without fertility, conditions 1 and 2 are

9



equivalent. However, since fertility is endogenous and potentially different for different types
condition 2 is needed. Condition 3 is very common in the literature can sometimes shown to
be binding. This lemma is similar to a result in mechanism design that provides sufficiency

of local incentive constraints, see Matthews and Moore (1987), and Pavan et al. (2009).

5 Spreading of Future Promises

In this section, we show that when SR = 1, then it is optimal for the planner to spread
continuation utility for the highest and lowest values of shock. This is in fact very similar to
lemma 5 in Thomas and Worrall (1990). Therefore, it suggests that the same proof as theirs
would work to show that total continuation utility, Ntlfnwt converges to its lowest bound,
when SR = 1.

Lemma 5 Suppose that R = 1. Thenn(w,0,)' "' (w'(w, 1)) < v'(w) < n(w, 6;) ' (w'(w, 0;)),
for allw. Moreover, if u(I, ) (u(j, 1)) is positive for some j, v'(w) < n(w, 0r)* ="' (w'(w, 0;)) (W' (w) >

n(w, 6;) =" (w'(w, 6;))).

Proof. The FOC w.r.t w'(#;) and w'(6;) are given by:

B I

Bu(6)7 | Ae(6) = S p )| = L6 (W 6))
SO a0+ Y (0| = a0 wl6)

where p(7,j) > 0 is the Lagrange multiplier on the incentive constraint 4, j with ¢ > j and
A > 0 is the multiplier associated with the promise-keeping constraint. Since SR = 1, the
above equalities imply that n(6;)"'(w'(61)) < X < n(6;)* "' (w'(0;)) with the inequalities
being strict if and only if one of the multipliers p(/,7) and w(i,1) are positive. By the

Envelope theorem, we know that A = ¢v/(w). This proves the claim. =

6 Existence of Bounded Ergodic Set

Assumption 6 For any given w, if l(w,6;) = 0 for some 1 < i < I, then l(w,6;) =0 for
all j < 1.

Assumption 7 The policy function w'(w,0) is continuous for all 6.

10



Proposition 8 Suppose V(N, W) is convex and continuously differentiable and assumptions
6 and 7 hold. The, there exist w < 0 and w > —oo such that for every w € [w, w], w'(w,d)
belongs to [w,w] for all 0 € ©.

Suppose there are I types © = {61,...,0;} and 6,1 > 0, for all 1 <i < I. We break the

proof into few lemmas.

Consider the following problem

v(w) = min > w9 (0(9) —01(0) + %n(&)v(w'(@)))

(6).1(6).n(0) e

st Y () (u(c(8)) + k(1 — 1(6) — bn(6)) + Bn(6)"w'(0)) > w

0cO

u(c(6:)) + h(1 = 1(6;) — bn(6:)) + Sn(6:)"w'(0;) =
u(c(0;)) + h (1 UG bn(Qj)) + Bn(0;)"w'(0;); Vi, Vj <.

i

We have shown in Lemma 1 in the paper that convexity and differentiability of V' (N, W)
implies that v(w) is differentiable and convex. It also implies that nwv'(w) — v(w) is an

increasing function of w.
Lemma 9 For any w such that l(w,07) > 0 we have w'(w, ;) < w'(w,0) for all i < I.

Proof. Let A and p(i,7) be multipliers on promise keeping and incentive constraint of type
6; who wants to pretend to be of type 6;. For now suppose [(w, §;) > 0 for all i. First order
conditions are (we suppress the dependence of the allocation on w, it plays no role in the

following arguments):
9171'(9]) = ( 8] + Z,U, I j > h/ 1-— l(@[) - bn(@I)) (13)
0;m(6;) = ( ) + Z,u i, ] ) h'(1 —1(6;) — bn(6;)) (14)

N 6l(9;)
_ Z ki) 2 I (1— 0 —bn(@i))

k

11



m(0)v(w'(0r)) = ( (Or)X + Zu (1,5 > (nBRn(6;)"'w'(6;) — Rbh' (1 — 1(6;) — bn(6;)))
m(0)v(w'(6;)) = < —l—Zu i,j ) nBRn(6;)"'w'(6;) — RbR' (1 —1(6;) — bn(6;)))

kzzi;l,u( )(UﬁRn( )7 (6;) — Rbh’( %ﬁ”—bn(@)) (17)
for 1 <i<1I.

Combining these equations we can get the following

nw' (07)v' (w'(0r)) — v(w'(0;)) = RbO; (18)

i—1

nw'(0;)v' (w'(6;)) — v(w'(6;)) = Rb <)\ + 7r(16@) u(i,j)) h'(1—1(6;) — bn(6;))

j=1

I

_wl(%el:) > ulk,n <1 B % _bn(ei))' o

h—it k

Since nwv'(w) — v(w) is increasing in w, to establish the claim of the lemma it is enough
to show that the right hand side of the equation (19) is smaller that Rbf;. But notice that

Rb ()\ + 7r(16’,) ; M(i,j)> R'(1—1(6;) — bn(b;)) —

J=1

w}(Zi) S ulk, il (1——91';(52') —bn(&i)) <

Rb ()\ + 7(191) iu(%ﬁ) P(L—1(6;) — bn(6;)) —

66,

12



The first inequality follows from the fact that g—; < 1 for k > i. The rest follows from (14).
This finishes the proof for the case in which I(w,6;) > 0.

Now consider the case in which the non-negativity constraint on hours is binding for some
types 1 < ¢ < I. Then by assumption 6 for all types ; ,1 < j < ¢ we have l(w, ;) = 0. Then
all types 0;, 1 < i < j receive the same allocations and therefore p(i,j) = 0 for 1 < j < i.
The equations (14) and (19) for type 6; change to

0 < (A - u<k,i>§i;> (1~ bn(6:)

(6:) k=it1

and

(6,0 (w'(6,)) — v(w'(61)) = R (A— =P u(k,w) (1 ba(0)

Suppose w'(6;) > w'(0;), then

RbO; < nw'(0;)0"(w'(6;)) — v(w'(6;)) = Rb ()\ — w(lei) > u(k:,i)) W (1 —bn(6;))

and therefore

0r
A= ﬁ Zizi—l—l p(k, i)

01
— — = h'(1—0bn(0;) —1(6))).
A iy s il )

K- b)) >

Hence

On the other hand w'(6;) > w'(6;) implies

IR o U (0) v w'(6r) LS
<)\_mk;1,u(k,z))n(9i) =—%r > " 4R —<A+W(91)ZM(LJ)>”(9I)

Jj=1

and therefore
n(6r) > n(0;).

These implies that [(6;) has to be negative which is a contradiction. Therefore, we must

have w'(w, 0;) < w'(w, d;) for all w such that I(w, ;) > 0. By assumption 6 [(w,6;) = 0 for

13



all j < i, and we know that w'(w, ;) = w'(w, ;) < w'(w, ;) for all j < i (since all types 6,
receive the same allocations for 1 < j <i). m

Next we will find the promised utility at which the non-negativity for type #; just binds.
At this point, all types work zero hours and therefore receive the same allocation (assump-
tion 6).

Let ¢ , n and wy solve the following equations

0 (6) = H(1—bn)
V(wu'(¢) = SR

nwv'(wy) — v(wr) = Rb;.

Define
w = u(é) + h(1 —bn) + Bn"wy.

Note that w'(w, 0;) = w'(w, ;) = wy for all 7.

Our goal is to show that for w > w, it is optimal for type #; to work zero hours for all 6.
After we establish that, we can prove the claim of the proposition for two cases on wy; > w
and w; < w.

Lemma 10 If w > w, then l(w,0;) = 0.

Proof. Suppose otherwise and consider the following equations
w = u(c) + h(m) + pnw;

and

Opu'(c) = W (m)
V(wu'(c) = BRn"

in which m =1 — [ — bn. Also, the first order conditions at w are

0,0 (¢) = ()
o(w)l(e) = BRAT

14



w = u(¢) + h(1 —bn) + fnw;

in which m = 1 — bn. Subtract the first order conditions at w and w to obtain:

w —w = u(c) — u(¢) + h(m) — h(m) + Pwr(R" —n") (20)

On(u'(c) —u'(¢)) = N'(m)—N(m)
Vw) (W' (c) = /(€)= AR —a"h).

Then, by concavity of u(c), h(m) and n" we know that (¢ — ¢),(m —m) and (n —n) must all

have the same signs.

Also, from (20) we have

~

u'(¢)(c — ¢) + h(m) + B () (m — m) + pwma™ H(n —n) >w — b > 0.

This implies that (¢ — ¢),(m —m) and (n —n) must be all positive. If m > m and n > n,
then we must have l =1—m —bn <1 —m —bn = 0. This is a contradiction, therefore, the

non-negativity constraint on hours must be binding at w. m
Lemma 11 If w; > w, there exist 0 < w* < 0 such that w'(w*,0) = w*.

Proof. Recall that that since [(w, ) > 0 is binding, by assumption 6 all types work zero
hours and receive the same allocations. Therefore, the incentive constraint is slack. The first

order conditions for type 6; are
)\h/(l — bn<0[>> > 9[

and

v(w'(0;)) + RbAW (1 — bn(6;)) = AnBRn(0;)" w'(6;).

Therefore
nw'(07)v (w'(0r)) — v(w'(0;)) = ROAR' (1 — bn(6;)) > Rb;.

This implies w'(w, 0;) > wy > w. Define the function w’(-,8) : [, —€] — [, —¢] as

w'(+,0) ifwl(-,0) < —e

—e if wi(-,0) > —e '

15



This function must have a fixed point w! € [w, —e¢]. We know that w'(-,6) = lim,o w’(-, 0).
Then, either a @ < w* < 0 exists such that w'(w*, ) = w* or lim,_,ow'(w,f) = 0. (Note
that because no one works all types receive the same allocations). m

So far we have established that if w; > w, then we can choose w = w = w* and the

proposition is proved.

Now suppose w; < w. By lemma 9, we have w(w, ) < w; < w for all w. Let w = w
and notice that proposition 3 together with continuity of w'(w, ;) (assumption 7) implies
that there exist a w small enough so that w'(w, ;) > —oo. By assumption 7, w'(w,6;) is
continuous in w and hence has a minimum w in [@,w]. This concludes the proof of the

proposition.

7 A Uniqueness Result

In this example, we assume that resetting property at the top holds for every w < wy.
For this case, using a direct constructive proof, we show that the model implies a long-run
distribution for per capita consumption and characterize its properties. What is convenient
about this example is that we can show that if resetting holds at all w and Assumption 8
holds with w = wy, then there is a unique stationary distribution within a certain class.
We know that wg = w'(w, 0g) is independent of w for all w < wy. Hence, we can define

the following set of promised values:
W = {wp|wys1 = w'(w,,0r),Yn > 0}

By Corollary 7 in the paper, there is a lower bound w such that w < w < wy, for all w € W.
Assumption 12 Assume that w; # w; if j # 1.

Consider a distribution over W, ¥ = (¢g,%1,---) with > 1, = 1. For ¥ to be a

stationary distribution, there must exist a v such that the following conditions hold:

Yo = TH Z n(wi, O )i (21)
i—0
YY; = (w1, 0p)i—1, 7>1 (22)

Iterating on equation (22) implies the following:

L

G = (7) (11, 00) (W, 01) -+, 0 )
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Replacing in (21) implies the following equation:

v =Tg (n(wo, On) + Z (%)mn(wml, Op)n(wm—2,01) - - n(wo, Or)n(wn, QH)> (23)

Given that in the original problem, we must have n(w, ) < 1/b. This means that the right
hand side of the above equation is lower than )" *_ (7. /(by))™. Therefore, if we let v — oo,
the right hand side converges to a finite number, wgn(wo, 05). Notice that the left hand side
is strictly increasing and the right hand side is strictly decreasing in . Moreover, at v =0
RHS is higher than LHS and at 7 = co, RHS is lower than LHS. Because of this, if we knew
that RHS was continuous, this would be sufficient to say that there is a v satisfying equation
(23) and that it is unique. To handle this last technical detail, we proceed as follows — Define

vk as follows:

VK = TH (n(wo, Oy) + Z (E)mn(wml, Op)n(wpm—2,01) - - n(wo, O )n (W, 9H)> )

TK

m=1

By definition, vx < yx11. We know that n(w,6) < 3, therefore

1 K T m o/ m+1
< =+ =) (= :
e (32 (5)6)")
Suppose that b’;—; < 1or %t < yg. Then, the above inequality implies that

7TH—|—7TL 1
=M < —/——— = —.
YK b b

byk < 7TH1

_ 7L
by

This shows that vk is a bounded increasing sequence. Hence, there exists v* such that
vk — 7 with v* > ~k. It needs to be shown that at v*, RHS of (23) exists. Suppose not
and that the sum is infinity. Define Fi(7y) to be the RHS of (23) up to K-th term. Fg(y)
is a continuous and decreasing function. Therefore, vx = Fi(vx) > Fx(y*). Moreover,
Fr(v*) = F(v*) and hence F(v*) < 4*. This means that RHS of (23) cannot be infinity
and (23) is satisfied at ~*.

Now by Corollary 13, we know that

JA>0 ; n(w,0y) > An(w,0,) Yw € [w,w]. (24)
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Therefore, using (23), we will have

N = 7wy (n(’wo,eﬂ) + i (E>mn(wm1,9L)n(wm2,9L) o 'n(wo,GL)n(wm,eH)>
> WHAi (@)mn<wm,eL)n(wm_l,eL) - n(wo, Or).

Hence

o] m+1
T T
(;) i, B2 1,02) -, 00) < T

m=0

Now define, 1 as

1

m+1
13000 (2) " nlwn, 00)n(wn1,60) -+ nluo, 01)

Yo =

By the above inequality, we know that vy exists and it is greater than zero. Moreover, we
can automatically define v;’s using (22). Hence, the definition of 7, being the solution to
(23) together with the definition of ¢y, makes sure that W satisfies (21)-(22) and hence, it is a
stationary distribution. As it appears in the proof, in some sense, bounded relative fertility'
together with the resetting property at the top are the key elements of having a long-run
stationary distribution. First, every time any one receives a high shock, her promised value
is reset. Secondly, relatively, there are enough children being born by high types so that we
get stationarity. Moreover, the above proof shows that when the set of w’s is restricted to

W, the stationary distribution is unique.?

8 Proofs

In this section we provide various proofs omitted in the paper.

8.1 Proof of Lemma 2

We show that when V' is continuously differentiable and strictly convex, v(w) is continuously
differentiable, and strictly convex and nv'(w)w — v(w) is strictly increasing. By definition,

we have

V(N,W) = Nu(N~"W)

LA high type’s number of kids relative to the low type’s
2A similar argument shows that there is a unique stationary distribution on W even if Assumption 12
does not hold. In this case, it follows that W is necessarily finite and the same logic applies.
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Therefore, if V' is continuously differentiable, v has the same property. Moreover, strict
convexity and differentiability of V' imply that Vi (Vjy) is strictly increasing in N(W). Notice
that

Vie(W,N) = N""'(N""W)
VW(W,N) = o(NT"W)—- NT"TWo(NTW)
Hence, Vjy being strictly increasing in W implies that v/(w) is strictly increasing and

hence v(-) is strictly convex. Moreover, Vi being strictly increasing in N implies that

v(w) — nwv'(w) is strictly decreasing in w.

8.2 Proof of Corollary 7

By Proposition 6, we know that

wglzloo wl(w’ QZ) — W

This implies that there exists a w, such that
Vw < w,, |w'(w,0;) —w;| < e
By assumption 6, w; < w. Now define,

w = min {we,gl — €Wy — €, ,w, —€, inf 'w’(w,@;)}

WE[we,W],i

Notice that since w’ is a continuous function that is always in R and the infimum is taken over
a compact set, w is well-defined. Pick € > 0 small enough so that inf ey, m),i 0" (w,8;) < w;—e

for all j. Then by definition of w. we must have
w'(w, 6;) € [w, w], Yw € [w, 0]

|
Since utility is unbounded below and 7 is negative, n(w, ;) must be positive. Hence we

can have the following corollary:

Corollary 13 For all w € [w,w], we must have n(w,0;) > n and Z((Z’(;’f)) > A, for all
ie{l,---,n} and for some n,A > 0.
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8.3 Proof of Remark 10

Since l(w,0,) > 0 for all w € [w,wy|, resetting property at the top holds. Therefore, by

definition
A() T ({up}) = /S n(w, 6,)d (w)
y(¥) = /SZWm(w,Qi)d\IJ(w)

< Wn/sn(w,en)dlll(w)
(1 — ) A /S n(w, 0,)d (w)

= (et (1= m)A™) [ o, 6)av(w

Therefore,

TR A
v P L —
({wo}) = 1—m, +mA

9 A Numerical Example

In this section, we provide a numerical solution for the model provided in section 3 of the
paper. In light of this example, we are able to provide some more intuitive properties of the
model that we have not proved in the paper.
We assume that individuals have CRRA preferences over consumption and leisure
l1—0c l1—0c

u(c) = lc_ p and h(m) = qb?ln_ S

in which m =1 — 1 — bn is leisure, [ is hours worked and n is number of kids for each parent.

For this example we assume the following values for parameters: = 0.3, R =4, 0 = 1.5,
¢ =0.5,b=0.41 and n = —2. We assume two levels of productivity shocks {6,0} = {2,6}.
Shocks are i.i.d across generations and dynasties and the probability of the high shock is
mg = 0.1.

Figure 2, presents the optimal policy functions in the recursive problem given above
specification. It can be seen that whenever hours worked are positive, the per capita contin-
uation value of parents with high productivity shock is constant, i.e., the Resetting Property.

Moreover, as it is established in proposition 6 in the paper, the per capita continuation value
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for a parent with a low productivity shock converges to a finite number as parent’s promised
utility tends to —oc.

One observation that cannot be shown analytically is that fertility for less productive
agents is lower than that of more productive agents. When there is no private information,
full risk sharing and cost minimization deliver this result. Full risk sharing implies that per
capita marginal utility from having children must be equated across types. This implies that
consumption per child is negatively correlated with the number of children. On the other
hand, kids are more expensive for more productive types (in terms of their time). Therefore,
it is cost effective to deliver utility from having children to more productive types by giving
more per capita consumption to each of their children and have them have fewer children.
With private information, however, full risk sharing is violated and the argument above does
not work. However, it is observed in our numerical example that more productive types have
a lower fertility rate. Our calculations, also show that the spread in fertility is lower under

private information compared to full information.

Consumption Function, c(w 0) Hours, I(w 0)

25 T T T T 1

=== High shock
= = = ow shock

(w0)

0 ; ; ; ; -
-14 -12 -10 -8 -6 -4 -2
Current promised utility, w Current promised utility, w
Fertility, n(w§) Future utility promised to each kid, wv(w,ﬁ)
2.5 T -2 T T T T T
L4
—4r 3
’
.
.
—6F U
.
- =~ N
q; 5 -8 r
= s .
------------------ ]
—10F T e ]
~, ot
] .
.
—12F "
0 L L L L L —14 i L L L L L
-14 -12 -10 -8 -6 -4 -2 -14 -12 -10 -8 -6 -4 -2
Current promised utility, w Current promised utility, w

Figure 2: Optimal consumption, hours, fertility and promised utility allocations for the
numerical example

It is important to note here that incentives are provided both by the level of per capita

promised utility to the children and the number of children. In other words the future
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utility that is promised to a parent is n(w,#)"w'(w,#). This promised utility is always
monotone increasing in the current utility promised to the parent. This property is similar

to benchmark dynamic Mirrleesian models with no fertility choice. Figure 3 illustrates this.

Future utility promised to each parent, n(w,ﬁ)"w’(w,e)

T T T T
=== High shock : : e
= = =Low shock et
.

n(wH)"w (w9)

i i i i i
—-14 -12 -10 -8 -6 —4 -2
Current promised utility, w

Figure 3: Future promised utility to the parents.

We can use the construction procedure in section 7 to calculate the stationary distribution
of per capita promised utilities and the growth rate of population, yg-. The stationary
distribution is shown in Figure 4. For this economy, the growth rate of population is yg« =

1.0355. As it is mentioned in remark 10 in the paper, a positive fraction of agents are always
at the resetting value wy = —3.0826.

Stationary distribution of promised utility

T T T
il I_l_
0.8r
g 0.6
=
04r
0.2F
0 ; ; ; ; ;
—14 -12 -10 -8 -6 -4 -2

Current promised utility, w

Figure 4: Stationary distribution
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10 Linear Utility of Leisure

In this section we focus on the case with linear utility from leisure. This allows to prove many
of the unproved assumptions in the main body of the paper for the general case. To do so,

we consider the problem (P1) in the paper with the additional assumption that h(m) = ¢¥m:

1

. 1 ,
VW) = i Do) C— 0L+ v (P5)

I
C.
1 0;) |N" — 1— Li _ b—
o |v (v () +e (-5 -0g)) <o) 2w
C; L; N|
N" — 1— — —b— >
(0(5)+o(1-5 o)) +owi=
C; 0;L, N
N7 = 1 J2 3 !
() e (-3 -vw)) oo
Vi, j.
Notice that the set of reports is not restricted to lower reports since we can prove that general
incentive compatibility is equivalent to local downward constraints being binding and output

being increasing, a similar approach to Thomas and Worrall (1990). Notice that adding the

IC constraint where j pretends to be ¢ and the reverse implies that:

>4
N ON N N

Therefore, if 0; > 0;, then 0,L; > 0;L; which means output is increasing.

Moreover, if we assume that local downward IC constraints are binding and output is increas-
ing, it can be easily shown that the local upward constraints are satisfied. Thus, summing
over local incentive constraints gives the general ones. We also assume that output being

increasing is not binding so we can neglect it. Therefore the functional equation becomes
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the following;:

-y oo o)

s o (o5 () v
v (u(G) o (1 o)y

Ci_1 0i—1L; 1 Ni_,
n _ _ ¢ !
N’@(jv)+¢<1 i 19N>)+/3w2_1

Let —AN'~" be the lagrange multiplier on promise-keeping constraint and —u; N1=" be the

multiplier for ¢-th IC constraint. Then the first order condition for hours worked is the

following:

w0 = (Amr + pp)

m&z@m+m—&MHw,i:Z~wn (25)
0i+1
0
7T191 = ()\7'('1 - IHMQ )¢ (26)
2

We can define p1 = pry1 = 0 and (25) holds for i = 1,..., 1. If we divide the i-th equation

by 6; and sum over all ¢’s, the p;’s will cancel and we have

A= = (27)

Therefore, . . .
0 Z” ijz‘e_j _9429‘972721‘”3'_2]2@‘97
T S o,

j>t

Since 6;’s increasing, all the p;’s are positive.

The first order conditions with respect to consumption are:

Ci
i = (A + i — piga)u’ (ﬁ) .

Obviously, we need consumption to be increasing and marginal utility to be positive. This
gives us a condition on distribution of #;. Moreover, we can see that consumption is inde-
pendent of the state variable (N, W).
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The first order conditions with respect to N/, W/ are:

1

T Vv (NG, W) = —b(OWi + s = pia )Y (28)
1

WiEVW(Ni/? W) = N O + s — phiga) B- (29)

Now for every 7, define after-taz-productivity as follows:

b — ¢)\7Ti + i — fit1

v

Notice that we have u/(C;/N)f; = ¢ and 6; does not depend on the state variables. From
before, we know that there exists a function v(-) such that V(N, W) = Nu(N~"W). There-
fore,

Vi (N, W) = v(w) — nuwv'(w), Vi (N, W) = N'"1 (w)

where w = N7"W. Hence, from (29) we have that:

i (w)) — v(w)) = bRY;
N/ (w;) = BRN'"6;.

)

The above, implies that n; = N//N,w) are also independent of the state. Moreover, from

the Envelope condition we have that:

Nt

Vig (N, W) = AN = ———— = N/ (w).
LD »
Therefore, v(-) is a linear function and we have:
w WNL=

v(w) =A+ = V(N,W)= AN +

D iy

Notice that for the problem to be concave, we need N "h(%) to be concave and therefore,
to have N7~ M be weakly concave, we must have n = 1. In this case V(IN, W) is linear in
(N, W) and therefore weakly convex.
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