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1. Consider the following optimal growth problem:

max
fct;kt+1 ;xtgt=0;1; :::

1X

t=0

¯t log ct

subject to:
ct + xt · Ak®t

kt+1 · kt(1 ¡ ±) + xt
ct, kt+1 ¸ 0
k0 given:

where 0 < ® < 1; 0 < ¯ < 1; and 0 < ± < 1.

(a) Use the ¯rst-order conditions of this problem to write an equation that a solu-
tion to the problem must satisfy, relating the loss and bene¯t from giving up a
small amount of consumption in period t for consumption in period t+ 1. (The
Euler equation).

(b) Write a condition stating that, as time goes to in¯nity, the "value" of the capital
stock, in terms of the discounted utility of current consumption, goes to zero.
(The transversality condition).

(c) De¯ne a steady-state for this problem. Use (a) to calculate the steady-state
values of all variables.
Now suppose ± = 1.

(d) Write the functional equation (Bellman's equation) for this problem. Guess that
the value function has the form v(k) = B0 + B1 log k, and calculate B0, B1, and
the optimal policy function g(k). Show that the sequence de¯ned recursively by
kt+1 = g(kt) satis¯es the Euler equation and transversality condition, and that,
given any positive value for k0, this sequence converges to the steady-state you
found in part (c).

(e) Log-linearize the Euler equation and the feasibility constraint of this problem
around the steady state. Guess that the optimal decisions for ct and kt+1 take the
form

log ct = °c + Ãc log kt

log kt+1 = °k + Ãk log kt

and solve for the coe±cients °c, Ãc, °k, and Ãk.
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2. Consider the problem in 1. with the following parameters:

® = 0:3; ¯ = 0:6; ± = 1; A = 20:

(a) Take the discrete grid X = f2; 4; 6; 8; 10g for the values of the capital stock.
Consider the procedure of directly iterating on the functional equation,

vn+1(k) = max
k 02X

©
log(20k0:3 ¡ k0) + (0:6)vn(k0)

ª

with the initial guess v0(k) = 0 for all k.
Calculate v1 and v2 by hand.

(b) Now consider the (much ¯ner) grid X = f0:05; 0:10; 0:15; : : : ; 9:90; 9:95; 10g. Use
a computer to perform value function iteration. Perform the iteration until
max
k2X

jvn+1(k)¡ vn(k)j < 10¡5, and report the resulting value function and policy
function. Compare these functions to your answer in 1.(d) above. Use the policy
function to calculate kt and ct for the ¯rst 25 periods, for the given initial condition
k0 = 1:00. Do the same for k0 = 9:00. (Note that with the approximate policy
function as calculated, kt must be in the grid X, but not ct.)

(c) Now, let ± = 0:5. Repeat the computation in part (b)
(Note: there is now no analytical solution for comparison)

3. Consider the following optimal growth problem:

max
1X

t=0

¯t log
µ
Ct
Nt

¶

subject to :

Ct +Kt+1 ¡ (1¡ ±)Kt ·
¡
°1¡®

¢t AK®t N1¡®
t

Ct;Kt ¸ 0
K0 given; N0 given
Nt = ´tN0

Where Ct is aggregate consumption, Nt is population, which grows constantly at the
rate ´, Kt is aggregate capital stock.

The parameters of this problem are ¯, the discount rate, ±, the depreciation rate, °
and ´, the exogenously speci¯ed growth rates, and A and ®, the parameters on the
production function.

(a) Write the Euler equation for this problem.
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(b) A balanced growth path for this problem is de¯ned as a solution in which the
variables CtNt (consumption per capita), KtNt (capital stock per capita), and Yt

Nt
(output per capita), all grow at constant rates (though they may not be the
same). Show that in a balanced growth path for this problem, the following are
true:

1. CtNt ,
Kt
Nt

, and YtNt , all grow at the constant (gross) rate ° - that is, for example,
Ct+1=Nt+1
Ct=Nt

= ° for all t.

2. the real interest rate rt ¡ ±, the factor shares of output, wtNtYt and rtKtYt , and
the capital-output ratio, KtYt are all constant. (rt is the marginal product of
capital and wt is the marginal product of labor in the production function.)

3. the variable KtYt (capital-output ratio) is constant.

(c) Calibrate the parameters of this model by using data for a country other than
the Netherlands, from the past 30 or 40 years, assuming that country was in a
balanced growth path of this model during that time.
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