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background

• fiscal theory of the price level when r < g

– Bassetto and Cui [2018] suggest price level indeterminacy
– but Amol and Luttmer [2024] construct off-equilibrium path gov-

ernment policies that guarantee price level determinacy
– major caveat: nominal government debt is the only bubble security!

• Kareken and Wallace [1981]

– two-period OLG, low autarky interest rates as in Samuelson
– the relative price of two bubble securities is indeterminate
– bubble prices are martingales in Manuelli and Peck [1992]

• today: the Kareken-Wallace indeterminacy can actually be useful

– an environment in which multiple bubble securities are essential
– stochastic relative prices can help implement an efficient allocation,
– need to avoid inefficient equilibria with deterministic relative prices
– this requires a coordination of beliefs or patterns of behavior
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barriers to sharing risk

1. limited enforcement, as in

• Kehoe and Levine [1993], Kocherlakota [1996]
• Kiyotaki and Moore [1997], Alvarez and Jermann [2000]

2. no repeated interactions at all, as in Townsend [1980]

I in our two-period OLG setting,

– the outside options are very easy

I but the Samuelson case

– violates the “high implied interest rates” condition used in Al-
varez and Jermann [2000]

I we construct stationary equilibria that are efficient

1. with a single safe bubble security that can be used as collateral
2. with a stochastic bubble forest in a Townsend turnpike setting

• need these bubbles even though our economy has a stock market with
a full-rank dividend matrix
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two-period OLG of people and Lucas trees

• aggregate shocks {ηt}
∞
t=0 ⊂ {0, 1}, iidwith πη = Pr[ηt = η] ∈ (0, 1)

• equal measures of consumer types j ∈ {K,L}, with preferences

U(Cy, C0, C1) = (1− β)u(Cy) + β
∑

η∈{0,1}

πηu(Cη)

• consumers of type j are born with

– inalienable consumption endowments
– equal to Yy,j when young and [Y0,j, Y1,j] when old,
– and Mi,j ≥ 0 units of Lucas trees of types i ∈ {a, b}

• saplings are transferrable but produce no fruit

– in their second period of life, the mature trees produce fruit

B =

[
B0
B1

]
=

[
B0,a B0,b
B1,a B1,b

]
,

and then they die.
– the tree owner cannot be forced to give up any fruit
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feasible allocations at time t

• tree holdings Nt,i,K ≥ 0 and Nt,i,L ≥ 0 must satisfy

Nt,i,K + Nt,i,L = Mi,K + Mi,L, i ∈ {a, b} (1)

• consumption of young consumers born at t must satisfy∑
j∈{K,L}

Ct,y,j + At =
∑

j∈{K,L}

Yy,j (2)

for some At ≥ 0

• consumption of old consumers born at t− 1 must satisfy

Ct−1,ηt,j = Yηt,j + BηtNt−1,j + Xt−1,ηt,j (3)

where Xt−1,ηt,K ≥ 0 and Xt−1,ηt,L ≥ 0 must satisfy∑
j∈{K,L}

Xt−1,ηt,j = At (4)

when the aggregate state at time t equals ηt ∈ {0, 1}

6



feasible old-age transfers to K and L consumers
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• blue: non-negative tree portfolios

– their non-negative span may or may not contain the safe payoff

• red: add a non-negative safe transfer from young to old consumers

• green: allow these transfers to be state contingent
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decentralization 1—a collateralizable safe bubble

• in a stationary equilibrium,

Cy,j + p′Nj + q′Xj = Yy,j + p′Mj,

Nj ∈ R2+, Xj ∈ R2+, (1)

and

Cη,j = Yη,j + BηNj + Xη,j, η ∈ {0, 1} , for j ∈ {K,L}. (2)

• state contingent claims backed by a safe bubbleD > 0 priced at s ≥ 0∑
j∈{K,L}

Xη,j = sD, η ∈ {0, 1} (3)

– no aggregate bubble means Xη,j = 0 for every (η, j)

• if s > 0 then state-contingent claims prices must satisfy

q0 + q1 = 1

I the Lucas trees can trade at a discount,

p′ = q̃ ′B, q̃ ∈ R2++, q − q̃ ∈ R2+
and q̃ 6= q is very much a possibility
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decentralization 2—a stochastic bubble orchard
I replace state-contingent claims and the safe bubble with

– 2 long-lived securities Dω > 0 with bubble names ω ∈ {0, 1}
– define st+1,ω = St,ω [ηt+1], where

St,0 [η]D0 = Ξt [η]A, St,1 [η]D1 = (1− Ξt [η])A, η ∈ {0, 1} (1)

• here, Ξt[·] is determined by ξt = Ξt−1[ηt] ∈ (0, 1) and

Ξt [η] = ξt +

{
−dt if η = 0
ut if η = 1

(2)

– for some dt ∈ (0, ξt) and ut ∈ (0, 1− ξt) that satisfy q0dt = q1ut
– where q0 and q1 are the state prices from decentralization 1

• and A > 0 is the safe aggregate bubble from decentralization 1

I at time t, type-j consumers can choose [Dt,0,j, Dt,1,j] subject to∑
ω∈{0,1}

St,ω [η]Dt,ω,j ≥ 0, for both events η ∈ {0, 1} at t + 1 (3)

– can short one bubble against the collateral of the other
– these are “solvency constraints”—the collateral must be perfect
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decentralization 3—a stochastic bubble forest

• but what if the institutions to facilitate collateral are missing?

– combine OLG with a Townsend turnpike within every generation
– use many bubble securities, all subject to short-sale constraints

• start with an interval [0, 1) of bubble securities

– given that the strictly positive prices at time t are in [lt, ht),
– and given some xt ∈ (lt, ht),

ηt+1 = 0 ηt+1 = 1
prices in [lt, xt) collapse to 0 rise in unison
prices in [xt, ht) rise in unison collapse to 0

– all bubble securities subject to short-sale constraints

• prices q0 and q1, and an aggregate bubble A, from decentralization 1,

– construct the cutoffs xt and
– the price increases of the surviving bubble securities
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stochastic bubble forest prices

• given a supply Dω = D > 0 for ω ∈ [0, 1), prices at t = 0 are

s0,ωD = A, ω ∈ [0, 1) (1)

where A > 0 is the market value of the aggregate bubble

• given positive date-t prices in [lt, ht),

st+1,ω = St,ω[ηt+1] (2)

where

St,ω[η] =
1

q0

{
st,ω if η = 0
0 if η = 1

, ω ∈ [lt, xt) (3)

St,ω[η] =
1

q1

{
0 if η = 0
st,ω if η = 1

, ω ∈ [xt, ht) (4)

with
xt = q1lt + q0ht (5)

• these prices are risk-neutral martingales

st,ω =
∑

η∈{0,1}

qηSt,ω[η] = Et [st+1,ω]
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stochastic bubble forest prices—an example
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• prices for the partial history [η0, η1, η2] = [0, 1, 0] and [q0, q1] = [1, 2]/3
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propositions
1. the economy has at least one stationary equilibrium

• let its allocation be {Cy,j, C0,j, C1,j}j∈{K,L}
• and define its “minimal supporting prices” to be

qη = max
j∈{K,L}

{
βπη

1− β
Du(Cη,j)

Du(Cy,j)

}
, η ∈ {0, 1}

2. any such equilibrium is Pareto efficient if and only if it satisfies
q0 + q1 ≤ 1

• there is always a Pareto efficient equilibrium

3. if every no-bubble equilibrium satisfies
q0 + q1 > 1,

• then there is also a bubble equilibrium, which is Pareto efficient

I may well have tree prices that satisfy
p′ = q̃ ′B, q̃ ∈ R2++, q − q̃ ∈ R2+

with
q̃0 + q̃1 < 1
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different types of stationary bubble equilibria
• if the no-bubble equilibrium has

q0 + q1 =
∑

η∈{0,1}

max
j∈{K,L}

{
βπη

1− β
Du(Cη,j)

Du(Cy,j)

}
> 1, (1)

then the stochastic bubble forest equilibrium is efficient

• if the no-bubble equilibrium has

qIM = max
j∈{K,L}

∑
η∈{0,1}

βπη
1− β

Du(Cη,j)

Du(Cy,j)
> 1, (2)

– then the no-collateral economy also has a safe bubble equilibrium
– this is an incomplete markets equilibrium—generally not efficient

• note that q0 + q1 ≥ qIM, and we may well have
q0 + q1 > 1 > qIM (3)

in that case,

– there does not exist a safe bubble equilibrium
– there is an efficient stochastic forest equilibrium

• so qIM < 1 does not rule out bubbles
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old-age Edgeworth boxes for K and L consumers

C0,K

0 10 20

C
1,

K

0

2

4

6

8

10

12

14

16

18

20

no bubble

C0,K

0 10 20
0

2

4

6

8

10

12

14

16

18

20

a bubble forest

C0,K

0 10 20
0

2

4

6

8

10

12

14

16

18

20

a safe bubble

15



equivalent Bewley economies
• infinitely-lived consumers with types

(i, j) ∈ {even, odd} × {K,L}
– and a subjective discount factor δ = β/(1− β) ∈ (0, 1)

• the endowments of consumption goods and trees are
t = 0 t = 1 t = 2 · · ·

i = even: [Mj, Yy,j] [Y0,j, Y1,j] [Mj, Yy,j] · · ·
i = odd : [Y0,j, Y1,j] [Mj, Yy,j] [Y0,j, Y1,j] · · ·

j ∈ {K,L}

I same stationary stochastic bubble forest equilibrium allocation as in
the OLG economy. . .

• provided that the parameters are such that consumers choose to run
down their savings every other period:

qη ≥
βπη

1− β
Du(Cy,j)

Du(Ch,j)
, η ∈ {0, 1} ,

pi ≥
∑

η∈{0,1}

Bη,i ×
βπη

1− β
Du(Cy,j)

Du(Ch,j)
, i ∈ {a, b} ,

for both h ∈ {0, 1} and both j ∈ {K,L}
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Bewley with Markov regime switching

• consumer endowments at t in state ηt ∈ {B,R} ,
ηt = B ηt = R

type-H yH yH
type-L yH yL

– where yL ∈ (0, yH)

– the Markov transition probabilities are πη,η′ > 0 from η to η′

• intermediaries sell state contingent claims against bubble collateral

– nobody can sell anything short without collateral

• if type-L endowments are risky enough,

– there is a stationary equilibrium with a risky aggregate bubble

• consumption is a function [cH,η, cL,η] only of the current state

– type-H consumers at t buy only claims contingent on ηt+1 = B

– type-L consumers at t buy only claims contingent on ηt+1 = R
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state prices and the aggregate bubble values

• there are state prices qη,η′ that satisfy

qB,B = δπB,B, qB,R = δπB,R ×
Du(cL,R)

Du(cL,B)

qR,B = δπR,B ×
Du(cH,B)

Du(cH,R)
, qR,R = δπR,R

– consumption is constant if the state does not change
– perfect sorting of consumers into state contingent claims

• the market values Aη > 0 of the aggregate bubble must satisfy[
AB
AR

]
=

[
qB,B qB,R
qR,B qR,R

] [
AB
AR

]
– the matrix of state prices has Perron-Frobenius eigenvalue 1
– safe discount bond prices are not equal to 1

I but what if the institutions to facilitate collateral are missing?
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a stochastic bubble forest with a risky aggregate bubble

• for a trajectory {ηt}
∞
t=0, construct price functions {st,·}∞t=0 as follows

– at date t = 0, let
s0,ωD = Aη0, ω ∈ [0, 1)

– at all subsequent dates

st+1,ω =
1

qηt,ηt+1

{
st,ω if ηt = ηt+1
0 if ηt 6= ηt+1

, ω ∈ [lt, xt)

st+1,ω =
1

qηt,ηt+1

{
0 if ηt = ηt+1
st,ω if ηt 6= ηt+1

, ω ∈ [xt, ht)

where
xt = (1− qηt,ηt)lt + qηt,ηtht

– recall that qηt,ηt = δπηt,ηt ∈ (0, 1)

• switch or no switch, precisely one of the two intervals survives,

– if ηt+1 = ηt then [lt+1, ht+1) = [lt, xt)

– if ηt+1 6= ηt then [lt+1, ht+1) = [xt, ht)
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the aggregate bubble value at t + 1 equals Aηt+1

• if ω ∈ [lt, xt) and ηt+1 = ηt, then

st+1,ωD × (xt − lt) = st,ωD ×
xt − lt
qηt,ηt

= st,ωD × (ht − lt) = Aηt = Aηt+1

• if ω ∈ [xt, ht) and ηt+1 6= ηt, then

st+1,ωD × (ht − xt) = st,ωD ×
ht − xt
qηt,ηt+1

= st,ωD ×
(
1− qηt,ηt

)
(ht − lt)

qηt,ηt+1
=

(
1− qηt,ηt

)
Aηt

qηt,ηt+1
= Aηt+1

because
Aη = qη,BAB + qη,RAR, η ∈ {B,R}

I so we have

st+1,ωD × (ht+1 − lt+1) = Aηt+1, ω ∈ [lt+1, ht+1)
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a Huggett economy with bubble securities

I consumers at time t receive perfect signals of their type at t + 1,

– type L with probability 1/4, and type H otherwise, i.i.d.
– type-contingent endowments are yL = 2 and yH = 4

I at t = 1, there is an MIT news shock saying that

– there is a 50-50 chance of a recession at t = 2

– if that happens, endowments are yL = 1 and yH = 4

1. an economy with 1 bubble security:

• consumers cannot target the recession state with their savings
• the bubble security adds to risk, since it depreciates more when

there is a recession than when there is no recession

2. a stochastic bubble orchard with 2 securities:

• one survives if there is a recession, the other survives if there is
no recession
• consumers with signal L, endowments yL, and limited financial

means: only need to buy the recession bubble
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the one-bubble economy
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the two-bubble economy (efficient equilibrium)
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• both bubbles are positive at t ∈ {0, 1}
• only one of the two bubbles is positive at t ∈ {2, 3, . . .}
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t = 1 portfolio choices by type
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ratios of consumption-equivalent value functions
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some implications

1. in Bewley-Huggett-Aiyagari style economies there is likely to be a
role for multiple stochastic bubble securities

2. guiding an economy to an equilibrium with stable bubble prices may
destroy efficiency

• there likely will be winners and losers
• in our example, the losers are sophisticated low-income consumers

facing concentrated risk (Mankiw 1986)

3. repeated entry of new bubble securities would be inefficient

• just as permanent primary deficits of the government are ineffi-
cient when it has access to a non-distortionary tax
• instead, need to rely on differentiation in how existing bubble se-

curity prices respond to news

4. it is a mistake to use a large portfolio of finitely lived Lucas trees to
infer the state prices needed to determine if there can be a bubble
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