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background
e fiscal theory of the price level whenr < g

— Bassetto and Cui [2018] suggest price level indeterminacy

— but Amol and Luttmer [2024] construct off-equilibrium path gov-
ernment policies that guarantee price level determinacy

— major caveat: nominal government debt is the only bubble security!
e Kareken and Wallace [1981]

— two-period OLG, low autarky interest rates as in Samuelson
— the relative price of two bubble securities is indeterminate
— bubble prices are martingales in Manuelli and Peck [1992]

e today: the Kareken-Wallace indeterminacy can actually be usetul

— an environment in which multiple bubble securities are essential
— stochastic relative prices can help implement an efficient allocation,
— need to avoid inefficient equilibria with deterministic relative prices
— this requires a coordination of beliefs or patterns of behavior



barriers to sharing risk

1. limited enforcement, as in

e Kehoe and Levine [1993], Kocherlakota [1996]
e Kiyotaki and Moore [1997], Alvarez and Jermann [2000]

2. no repeated interactions at all, as in Townsend [1980]
» in our two-period OLG setting,

— the outside options are very easy
» but the Samuelson case

— violates the “high implied interest rates” condition used in Al-
varez and Jermann [2000]

» we construct stationary equilibria that are efficient

1. with a single safe bubble security that can be used as collateral
2. with a stochastic bubble forest in a Townsend turnpike setting

¢ need these bubbles even though our economy has a stock market with
a full-rank dividend matrix



two-period OLG of people and Lucas trees
e agqregate shocks {n;},-, C {0,1}, iid with m, = Prln, = 5] € (0,1)
e equal measures of consumer types j € { K, L}, with preferences
U(Cy, Co, C) = (1 = Bu(Cy) + 5 Z myu(C)
ne{0,1}
e consumers of type j are born with

— inalienable consumption endowments
— equal to Y}, ; when young and [Y} ;, Y7 ;] when old,
—and M, ; > 0 units of Lucas trees of types i € {a, b}

e saplings are transferrable but produce no fruit

— in their second period of life, the mature trees produce fruit

B_ [50] _ [Bo,a, BO,Z)]
B B, Bip |’

and then they die.
— the tree owner cannot be forced to give up any fruit
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feasible allocations at time ¢

e tree holdings N;; x > 0 and N, ;, > 0 must satisty
Niik+Niir=M g+ M, 1€{a,b}

e consumption of young consumers born at t must satisty
D Cuyjthi= ) Y,
Je{K,L} je{K,L}
for some A; > 0

e consumption of old consumers born at ¢ — 1 must satisfy

Ot_1777t7j — K?taj —|_ BntNt_laj + Xt_lantvj

where X;_,, x > 0and X;_;,, 1 > 0 must satisty
Z Xt_lantuj — At
jE{K,L}

when the aggregate state at time ¢ equals 1, € {0,1}

(1)

(2)

(3)

(4)



feasible old-age transfers to X and L consumers

e blue: non-negative tree portfolios
— their non-negative span may or may not contain the safe payoff

e red: add a non-negative safe transfer from young to old consumers

e green: allow these transfers to be state contingent
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decentralization 1—a collateralizable safe bubble
e in a stationary equilibrium,

C,i+PN;+dX; =Y, +p M,

N; e R? X; cR?, (1)
and
Chi=Y,,+BN;+X,; ne{01}, forj e {K,L}. (2)
e state contingent claims backed by a safe bubble D > 0 priced at s > 0
> Xy=sD, nefo1] 3)
Je{K,L}

— no aggregate bubble means X, ; = 0 for every (7, j)
e if s > ( then state-contingent claims prices must satisfy
Qo+ aq =1
» the Lucas trees can trade at a discount,
P'=q¢'B, qeRl,, q¢-qcR]
and ¢ # ¢ is very much a possibility
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decentralization 2—a stochastic bubble orchard
» replace state-contingent claims and the safe bubble with

— 2 long-lived securities D,, > 0 with bubble names w € {0, 1}
— define s;41,, = S, 7411, Where

Stoln Do =Zin A, Sialn] Di= (1 =Zn))A,  ne{0,1} (1)
e here, =;[-| is determined by &, = =;_4|n,| € (0,1) and

— . —dt 1f77:O
Sl =6+ { o @)

— for some d; € (0,¢,) and u; € (0,1 — &) that satisfy qod; = q1uy
— where ¢y and ¢, are the state prices from decentralization 1
e and A > 0 is the safe aggregate bubble from decentralization 1
» at time ¢, type-j consumers can choose [D; j, D; 1 j| subject to
Z Stw N Diwj >0, forbotheventsn € {0,1} att+1 (3)

— can short one bubble against the collateral of the other
— these are “solvency constraints”—the collateral must be perfect
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decentralization 3—a stochastic bubble forest
e but what if the institutions to facilitate collateral are missing?

— combine OLG with a Townsend turnpike within every generation
— use many bubble securities, all subject to short-sale constraints

e start with an interval |0, 1) of bubble securities

— given that the strictly positive prices at time ¢ are in [l;, h),
— and given some z; € (l;, hy),

N1 =0 M1 = 1
prices in |l;, z;) collapseto 0 rise in unison
prices in [z;, h;)  rise in unison collapse to 0

— all bubble securities subject to short-sale constraints
e prices ¢y and ¢;, and an aggregate bubble A, from decentralization 1,

— construct the cutoffs x; and
— the price increases of the surviving bubble securities
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stochastic bubble forest prices
e given a supply D, =D > 0forw € |0,1), prices at t = 0 are
sowD =A, wel01)
where A > 0 is the market value of the aggregate bubble
e given positive date-t prices in |l;, h;),

St+lw = St,w [77t+1]

where
B 1 St,w 1if N = 0
St,w[ﬁ] —%{ 0 if n=1 ) wE[lt,ZCt)
1 0 if n=0
St,W[n] T a { St,w if n = 1 y W S [xt7ht>
with

Ty = q1ly + qohy

e these prices are risk-neutral martingales

Stw = Z ant,w[n] = & [5t+1,w]

ne{0,1}
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stochastic bubble forest prices—an example

7 T T T T
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=

e prices for the partial history [n,, n;,7.] = [0,1,0] and [qo, 1] = [1,2]/3
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propositions
1. the economy has at least one stationary equilibrium
o let its allocation be {C', ;, Coj, C1j} (k.13
e and define its “minimal supporting prices” to be

B, Du(C’M)
— ’ 0.1
o ﬁ?ﬁ} {1 — BDu(C, ;) )’ nE 10,1}

2. any such equilibrium is Pareto efficient if and only if it satisfies
Qo+q =1

e there is always a Pareto efficient equilibrium
3. if every no-bubble equilibrium satisfies
Qo +q1 > 1,
e then there is also a bubble equilibrium, which is Pareto efficient

» may well have tree prices that satisty

p/:a/Ba ZIVG R%——H q_aé Ri

with
50 -+ Z]& <1
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different types of stationary bubble equilibria
e if the no-bubble equilibrium has

Du(C), ;
qQ+q1 = max {5% ! ”’j)}>1,

ne{()?l}je{K,L} 1 — 5Du(Cy ;)

then the stochastic bubble forest equilibrium is efficient

e if the no-bubble equilibrium has

By DU(CM>
giv = 1nax Z " > 1,
nel0.1} 1 — BDU(Cy,ﬂ

(1)

(2)

— then the no-collateral economy also has a safe bubble equilibrium
— this is an incomplete markets equilibrium—generally not efficient

e note that ¢y + ¢ > gy, and we may well have

go+q1>1>qm
in that case,

— there does not exist a safe bubble equilibrium
— there is an efficient stochastic forest equilibrium

e 50 ¢qn < 1 does not rule out bubbles
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old-age Edgeworth boxes for KX and L consumers
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equivalent Bewley economies
e infinitely-lived consumers with types
(7,7) € {even,odd} x {K, L}
— and a subjective discount factor 6 = 5/(1 — 3) € (0,1)

e the endowments of consumption goods and trees are
t=20 t=1 t=2 .-
1= even: [M; Y, ;| [Yo;,Y1,] [M;,Y,;] - Je{K, L}
1= odd : [Yo;,V1,] [M;, Y] [Yo, Y1l -

» same stationary stochastic bubble forest equilibrium allocation as in
the OLG economy...

e provided that the parameters are such that consumers choose to run
down their savings every other period:
By Du(Cy,;)
1 — BDU(Oh,j)7 ( )
571'77 Du C?J,j .
pi = By % , ite{a,b},
776{20,1} K 1 — BDU(C}LJ)
for both h € {0,1} and both j € {K, L}

q > ne€{0,1},
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Bewley with Markov regime switching

e consumer endowments at ¢t in state , € {B, R},

n,=B n =R
type-H  yn YH
type-L  ym YL

— where yr, € (0, yn)
— the Markov transition probabilities are 7, ,» > 0 from 7 to 7’

o intermediaries sell state contingent claims against bubble collateral
— nobody can sell anything short without collateral
o if type-L endowments are risky enough,
— there is a stationary equilibrium with a risky aggregate bubble
e consumption is a function |cy ,, ¢ ] only of the current state

— type-H consumers at ¢ buy only claims contingent on 7,,; = B
— type-L consumers at ¢ buy only claims contingenton 7, ; = R
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state prices and the aggregate bubble values

e there are state prices ¢, ,» that satisty

DU(CL,R

dBB — 57TB,B, dBR = 57TB,R X

Du(cH,B)
D’LL(CH,R)

DU(CL,B

qQrRB = OTRB X , QRR = OTRR

— consumption is constant if the state does not change
— perfect sorting of consumers into state contingent claims
e the market values A, > 0 of the aggregate bubble must satisfy
Ap __ | 94B8B 4BR Ap
Ar gr.B qrR | | Ar
— the matrix of state prices has Perron-Frobenius eigenvalue 1

— safe discount bond prices are not equal to 1

» but what if the institutions to facilitate collateral are missing?
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a stochastic bubble forest with a risky aggregate bubble
e for a trajectory {#,},-,, construct price functions {s;.},", as follows

—atdatet =0, let
sowD = Ay, we|0,1)

— at all subsequent dates

1 Stw i n, =m0
St+lw — . , W E [lt,ZCt)
" Uninea { 0 if T 74 Tt+1
1 0 ifn, =14
St+lw — . , WeE|T ,h
L Ty i { St,w if n, # M+ [ : t)

where
Tt = (1 - qnt,mﬂt + qmﬂ?tht

— recall that g, ,, = o7, ,, € (0,1)

e switch or no switch, precisely one of the two intervals survives,

—if .y = n, then [li11, heyr) = [l 24)
—if ny .y # n, then |lp1, hiyr) = |24, )
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the aggregate bubble value at ¢ + 1 equals A

Mt+1
o ifw e [l;,xy) and .., = n,;, then

513t—lt

St+1,wD X (le't — lt) = Sth X = Stwa X (ht — lt) =A, =A

e 2 Nt41
Any.my

o if w € [z, hy) and 1, ; # n,, then

h _
St_|_17wD X (ht — .ft) — St,wD X ! L
Dnemesq
1—q’ (ht_lt> 1—q’ A
_ St,wD > ( Nt Ut) _ ( Nt 77t> Nt _ Am+1
q77tﬂ7t+1 qﬂtmtﬂ

because
An — QH,BAB + QH,RARJ i < {Ba R}

» so we have

St—l—l,wD X <ht+1 - Zt—}-l) — Am+1> W € [lt—f—la ht—}—l)
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a Huggett economy with bubble securities

» consumers at time ¢ receive perfect signals of their type at ¢ + 1,

— type L with probability 1/4, and type H otherwise, i.i.d.
— type-contingent endowments are y;, = 2 and yy = 4

» at ¢t = 1, there is an MIT news shock saying that

— there is a 50-50 chance of a recession att = 2
— if that happens, endowments are y;, = 1 and yy = 4

1. an economy with 1 bubble security:

e consumers cannot target the recession state with their savings

e the bubble security adds to risk, since it depreciates more when
there is a recession than when there is no recession

2. a stochastic bubble orchard with 2 securities:

e one survives if there is a recession, the other survives if there is
Nno recession

e consumers with signal L, endowments y;, and limited financial
means: only need to buy the recession bubble

21



the one-bubble economy
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the two-bubble economy (efficient equilibrium)
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e both bubbles are positive at ¢t € {0, 1}

e only one of the two bubbles is positive att € {2,3,...}
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investment

investment

w

w

o

t = 1 portfolio choices by type

signal L

signal H

recession bubble
no-recession bubble

endowments + bubble securities
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ratios of consumption-equivalent value functions

LL LH
1.04 ' 1.04 '
1.03 ¢ 1 103 1
1.02 1 ] 1.02
101 ¢ ] 101t
1 ~—— 1=
0.99 : 0.99
0 5 10 0 5 10
HL HH
1.04 ' 1.04 '
1.03 ¢ 1 103 1
1.02 1 ] 1.02
1.01 \ 1 1.01
1 —_—— 1
0.99 : 0.99 :
0 5 10 0 5 10

horizontal: pieces of paper x steady state prices
vertical: ratio of value functions: two-bubble/one-bubble
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some implications

. in Bewley-Huggett-Aiyagari style economies there is likely to be a
role for multiple stochastic bubble securities

. guiding an economy to an equilibrium with stable bubble prices may
destroy efficiency

o there likely will be winners and losers

e in our example, the losers are sophisticated low-income consumers
facing concentrated risk (Mankiw 1986)

. repeated entry of new bubble securities would be inefficient

e just as permanent primary deficits of the government are ineffi-
cient when it has access to a non-distortionary tax

e instead, need to rely on differentiation in how existing bubble se-
curity prices respond to news

. it is a mistake to use a large portfolio of finitely lived Lucas trees to
infer the state prices needed to determine if there can be a bubble
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