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Abstract

Nominal discount bonds issued by the government can be interpreted as
government shares that pay dividends in terms of new shares. The associated
dividend yield is the nominal interest rate. We describe policies that allow
the government to uniquely implement any sequence of taxes and purchases
that, following any history, has a non-negative present value when evaluated at
the marginal utilities implied by endowments and government purchases. The
response of the government to low off-equilibrium-path prices of its shares is
to raise nominal interest rates in surplus periods, and to reduce spending in
deÞcit periods.

1. Introduction

The US Treasury does not deÞne the payoff of a T-bill in terms of some Þxed bundle of
commodities. Instead, it deÞnes a T-bill as a claim to deposits at the Federal Reserve,
or perhaps as a claim to new T-bills. If the Federal Reserve were to eliminate the
rate-of-return differential between T-bills and deposits held at the Federal Reserve,
then it would probably pay interest simply by issuing new deposits, or printing new
Federal Reserve Notes. Government securities have the striking feature that their
payoffs appear not to be deÞned in terms of commodities that provide utility or can
be used in production, but using a recursion�a T-bill today is a claim to more T-bills
tomorrow, and so on. What determines the value of such securities?

∗This is an expository paper written for my course on monetary economics, Spring 2003. Com-
ments welcome. This version is preliminary and incomplete.

�The views expressed herein are those of the author and not necessarily those of the Federal
Reserve Bank of Minneapolis or the Federal Reserve System.
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In this paper, we study an exchange economy with a sequence of competitive
markets and a general class of government securities. These securities are deÞned, in
part implicitly, by the government policies that describe taxes, government purchases,
and trading strategies for government securities. These policies can be complicated
functions of history and the new information revealed in every period.
We assume that the government is a price taker in the sequence of markets in

which it trades. In every period, the government must choose a demand schedule
that is budget feasible at any vector of prices. As a large agent, the government can
manipulate prices using the shape of its demand schedules. Government policy is also
required to satisfy a set of legal restrictions that deÞne planned taxes and government
purchases. We only allow policy rules that are consistent with a competitive equilib-
rium following every possible history, and we assume the government can commit to
follow these rules. We are interested in policies that implement the legally mandated
taxes and government purchases as the outcome of a unique competitive equilibrium.
We concentrate on government policies that do not have the government lend to

other agents in the economy. This means that the government cannot build up re-
serves to Þnance future deÞcits. In particular, it is not possible for the government
to issue, in the Þrst period, a single security backed by all its future tax revenues,
invest the proceeds in state-contingent consumption claims on other agents in the
economy, and then Þnance all subsequent government purchases by selling these con-
sumption claims. Instead, in every period in which the government intends to run
a primary deÞcit, it has to sell securities to the public. Market expectations about
future government policy will determine the amount of revenue that can be raised in
this way.
Despite these restrictions, we show that the government can construct policies

so that the unique competitive equilibrium yields the planned sequence of taxes and
government purchases, as long as these sequences imply that the present value of taxes
minus purchases is non-negative following any history�where the present values are
evaluated using the marginal utilities implied by aggregate endowments and planned
government purchases.
There are a great many policies that can accomplish this. A very simple one is

for the government to sell �government shares� when it plans to run a deÞcit, and
pay dividends or repurchase some of these shares when it has a surplus. In any
equilibrium, the present value of current and future primary surpluses will be equal
to the market value of government shares. But how the government plans to trade
at off-equilibrium prices is crucial for determining the primary surpluses that will be
realized.
In a deÞcit period, a policy of selling more shares can run into trouble only if

the price of government shares is actually zero. According to the policy we describe,
the government starts to reduce spending when the market value of its shares drops
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far below the present value of its planned primary surpluses. This response to out-
of-equilibrium prices raises the present value of primary surpluses and helps to rule
out very low prices of government shares as possible equilibria. If the present value
of planned primary surpluses is zero, then the government cannot sell more of its
outstanding shares at a positive price. Instead, the government must issue a new
type of shares to Þnance its planned current deÞcit. These shares are, in equilibrium,
a claim against planned future primary surpluses with a strictly positive present value,
and they will therefore trade at a strictly positive price. The price of the old shares
will be zero. One can interpret this as a �currency reform.�
In a surplus period, the government can choose to pay dividends or repurchase

shares. If government share prices are too low, a policy of using the surplus to
repurchase shares could lead the government to repurchase all of its shares. This
would then force the government to implement primary surpluses that have a zero
present value in the next period, even though the original plan may have called for a
strictly positive present value. The result can be a self-fulÞlling equilibrium in which
the government spends less than planned. To rule out this possibility, the government
must switch to paying dividends instead of repurchasing shares when the price of its
shares is too low.
If we use the cum-dividend price of government shares as the numeraire, then

the dividend yield on government shares �deÞned as the ratio of the dividend paid
over the ex-dividend price of government shares� is just the nominal interest rate
in the economy. An ex-dividend share is just a claim to one cum-dividend share in
the next period. Since this cum-dividend share will be the numeraire, this makes
an ex-dividend share into a one-period nominal discount bond. By altering the split
between dividends and share-repurchases, the government can regulate the nominal
interest rate in this economy.
With this change of numeraire, the policy we described for periods in which the

government plans to run a surplus can be translated as: the government should raise
nominal interest rates when the price level �the price of consumption goods in terms
of cum-dividend government shares� is too high. This gives a possible interpretation
of the common policy prescription of raising nominal interest rates to �Þght inßation�
or to defend the value of a currency against a �speculative attack.� Note however
that the high-interest rate policies described here are only applied at off-equilibrium
prices.
The policies we have described lead to a unique equilibrium in which the govern-

ment implements its planned primary surpluses. It is easy to construct examples of
policies that lead to multiple equilibria. These policies make the primary surpluses
of the government a function of the market value of its outstanding securities in ways
that can lead to self-fulÞlling adjustments of these primary surpluses. Roughly, if
the market puts a high (low) value on future primary surpluses, and government
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policy then makes these surpluses increase (decrease) as a result, then the market
valuations will be justiÞed automatically. In our examples, a policy of committing to
repurchase some fraction of the supply of outstanding securities is what leads to the
indeterminacy.

Related Literature Traditionally, nominal assets are deÞned as assets that have
payoffs deÞned in terms of Þat money. The economy described in this paper is a
frictionless economy without Þat money, and we need another deÞnition. Our setup
borrows from a literature in general equilibrium theory that deÞnes nominal securities
as securities with payoffs deÞned in terms of some numeraire. Nominal assets can
easily lead to an indeterminacy of equilibrium. When markets are incomplete, this
indeterminacy includes real allocations, and this has been the focus of much of the
work in general equilibrium theory (Geanakoplos and Mas-Colell (1989), Balasko and
Cass (1989), Werner (1990)).
Somewhat different indeterminacy issues are at the heart of the debate about

the Þscal theory of the price level, as proposed by Leeper (1991), Sims (1994) and
Woodford (1995). This theory states that the price level is uniquely determined when
the government commits to a sequence of real primary surpluses and deÞcits. One way
to interpret this theory is to suppose that the government is the Walrasian auctioneer
and selects prices such that the implied aggregate net trade by agents in the economy
matches its own desired net trade. When consumers have strictly convex preferences
this will lead to a unique competitive equilibrium. Kocherlakota and Phelan (1999)
suggest that this may amount to selecting a unique equilibrium out of the many that
could arise if the government must take prices as given. Buiter (2002) has argued,
similarly, that the government should be understood as taking prices as given and
formulating policies that are well deÞned at all prices.
In an important contribution to this debate, Bassetto (2002a) uses the market

game of Shubik (1973) and describes strategies for the government so that the unique
subgame perfect equilibrium outcome is equal to the competitive equilibrium out-
come that a government intends to implement. The notion of implementing plans
of government purchases and taxes used in this paper is related to ideas in Bassetto
(2002b).
The analogy between nominal securities issued by the government and shares

issued by Þrms follows Cochrane (2001a). But we specify government policy for all
non-negative prices of government shares, rather than only for a speciÞc sequence of
equilibrium prices. The speciÞcation of policy at out-of-equilibrium prices is crucial
for a government that cannot set prices.
A government policy in this paper is a set of rules that describes how the govern-

ment trades in a sequence of markets at whatever prices it faces. We specify these
rules such that an equilibrium exists following every history. The government is com-
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mitted to follow these rules, and the origin of these rules is taken to be exogenous.
It is important to determine how these rules come about, and to what extent gov-
ernments can indeed commit to follow them. The literature on Þscal and monetary
policy under alternative assumptions about commitment and government objectives
is large. This literature is surveyed in Chari and Kehoe (1999). The tight connection
between Þscal policy and inßation dates back to Sargent and Wallace (1981).
Section 2 describes the economy. A basic result on nominal dividend neutrality

is discussed in Section 3. Real dividend policies are discussed in Section 4. Policies
with zero dividends on the equilibrium path are presented in Section 5. Section 6
gives examples of policies that lead to multiple equilibria.

2. The Economy

The economy is a discrete-time exchange economy with many consumers and a gov-
ernment. Time is indexed by t = 0, 1, 2, . . . , and the information revealed over time
is described by a non-decreasing sequence of sigma-algebra�s {Ft}∞t=0 deÞned on some
underlying probability space. All agents in the economy have access to the same in-
formation. The expectation operator conditional on Ft is denoted by Et[·]. Random
variables or functions indexed by t are Ft-measurable.

2.1. Consumers

There is a continuum of identical, inÞnitely-lived consumers who can consume a single
type of good in every period. A typical consumer in period t has preferences over
consumption processes {cv}∞v=t given by:

Et

" ∞X
v=t

βvu(cv)

#
(1)

for some subjective discount factor β > 0 and a period utility function u. We maintain
the following assumption.

Assumption 1: The utility function u : R+ → R ∪ {−∞} is strictly increasing,
strictly concave, differentiable on R++, with a marginal utility that is unbounded
near zero.

Consumers receive endowments {et}∞t=0 and pay lump-sum taxes {θt}∞t=0.
There is a sequence of markets. In every period consumers can trade in one-

period ahead state-contingent claims, and government securities. The number of
government securities traded in period t is denoted by nt. Before trade takes place in
period t, the government announces an nt×nt−1 matrix at that describes how the set
of securities is adjusted. This matrix will be discussed below. For now it is sufficient
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to know that at ≥ 0, and that the government can only close down markets for a
particular government security if the outstanding supply is zero. The government
securities traded in period t pay non-negative dividends given by an nt-vector dt.
In any period, trade takes place, and then dividends are paid. The cum-dividend
prices of government securities are denoted by the nt-vector st, measured in units of
consumption.
The prices of state-contingent claims can be used to compute the probability-

weighted price of state-contingent consumption in period t in terms of consumption
in period 0. This price is denoted by πt/π0, where π0 is some arbitrary positive
number. Consumers take the stochastic process of prices {πt, st}∞t=0 as given and
choose consumption and holdings of contingent claims and government securities
subject to the following sequence of budget constraints:

ct +
1

πt
Et[πt+1bt+1] + (st − dt)0kt ≤ et − θt + bt + s0tatkt−1, (2)

together with the present-value borrowing constraints:

πt+1(bt+1 + s
0
t+1at+1kt) + Et+1

" ∞X
v=t+1

πv(ev − θv)
#
≥ 0, (3)

and the non-negativity constraint kt ≥ 0, for t = 0, 1, 2, . . . . The initial values b0 and
k−1 are given by 0 and some non-negative n−1-vector, respectively.1

Consumers are not allowed to counterfeit government securities. That is, they
are not allowed to print their own government securities, and sell them at a price
st, even if they deliver the same dividends as the government does. As we shall see,
government securities may trade at a positive price even if the government never
pays any dividends, essentially because the government is committed to use primary
surpluses to repurchase government securities. A consumer who could print govern-
ment securities without being committed to buy them back would have an arbitrage
opportunity.2 Here we only allow consumers to issue one-period claims to consump-

1The contingent claims are redundant in this representative agent economy. They are not when
agents are heterogeneous. In an heterogeneous-agent economy it can also be important to allow
consumers to trade claims that are contingent on the prices of government securities. Otherwise
certain government policies would have to be excluded simply because they would bankrupt some
consumers and lead to non-existence of a competitive equilibrium.

2The constraint (3) actually rules this out, but it is more transparent to impose kt ≥ 0. Suppose
there is only one government security, and no uncertainty. If the government does not pay dividends,
then it is going to be the case that st grows at the real interest rate. If a consumer chose, for
example, bt = 0 and kt = −1 throughout, then (3) would eventually be violated, since πt+1st+1
would be constant, while the discounted present value in (3) would go to zero. Although kt ≥ 0,
one can still allow for short sales deÞned as forward contracts contingent on the price of government
securities. This is how short sales (as opposed to new issues) of securities work in actual economies.
The arbitrage transaction described in the text would arise if we had replaced st+1kt in (3) by
1

πt+1
Et+1

£P∞
v=t+1 πvdv

¤
kt.
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tion, and we assume that consumers are forced to honor these claims. The borrowing
constraint (3) makes sure that they always can. We could allow consumers to issue
their own long-lived securities, but then we would have to specify what dividend and
repurchase policies consumers were committed to conduct.
In any equilibrium, the prices of government securities must satisfy:

πt(st − dt)0 − Et[πt+1s0t+1at+1] ≥ 0¡
πt(st − dt)0 − Et[πt+1s0t+1at+1]

¢
kt = 0

(4)

If the inequality ran in the opposite direction, then a consumer could make unbounded
proÞts by selling contingent claims and investing in government securities. If the
complementary slackness condition did not hold, then a consumer could sell certain
government securities, and buy state-contingent claims that yield the same period-
t+ 1 payoff, but at a lower cost.
Because consumer borrowing is constrained only by (3), it must be that the present

value of after-tax endowments is Þnite in any equilibrium. Combining (2), (3) and
(4), one can verify that an optimal consumption process must maximize (1) subject
to the present-value budget constraint:

Et

" ∞X
v=t

πvcv

#
≤ Et

" ∞X
v=t

πv(ev − θv)
#
+ πt(bt + s

0
tatkt−1) (5)

as of any period t. Furthermore, because preferences are strictly increasing in con-
sumption, it must be that this inequality holds as an equality. One can verify that
therefore:

lim
T→∞

Et[πT (bT + sTa
0
TkT−1)] = 0 (6)

almost surely, in any equilibrium.

2.2. The Government

We consider a government that only trades in consumption goods and its own secu-
rities. It does not lend to consumers. This means that the only prices that show up
in the budget constraints of the government are the prices of its own securities.
A government policy is a sequence of functions that describes, for every history,

government purchases, lump-sum taxes, securities trades and the dividends paid by
the government. Government policy must be consistent with a set of legal restrictions,
and satisfy a sequence of budget constraints. In particular, in every period, the
government must take the prices of its securities as given and government policy
must be feasible for every possible vector of prices.
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Histories Let σ−1 = k−1 and deÞne Σ−1 = {σ−1}. For periods t = 0, 1, 2, . . . , the
sets of possible histories are deÞned recursively by a sequence of random functions:

Nt : Σt−1 → N

and:
Σt =

n
(s, σ) : s ∈ RNt(σ)+ , σ ∈ Σt−1

o
The functions Nt are the outcome of government policy, as described below. Note
that if N0(σ−1) is random, then Σ0 will be a random set, and similarly for subsequent
sets of histories. Every Σt is simply the non-negative orthant of some Euclidean
space, but the dimension may be stochastic. In period t, and following a history
σ ∈ Σt−1, Nt(σ) represents the number of government securities traded. Given a
period-t history (s, σ) ∈ Σt, s represents the Nt(σ)-vector of prices of government
securities in period t, and σ ∈ Σt−1. We let sn denote the nth component of s. For
a random variable (st, σt−1) ∈ Σt, the period-t price of the nth security is written as
sn,t.

Budget Constraints At the beginning of any period t, the government uses the
information revealed by Ft to adjust the set of traded government securities. Given
a history (s, σ) ∈ Σt−1, this adjustment is described by an Nt(s, σ)×Nt−1(σ) random
matrix At(s, σ). The government�s choice of At implicitly determines Nt. The supply
of government securities in period t is deÞned by an Ft-measurable random function
Kt that maps price histories contained in Σt into a non-negative vector of dimension
Nt. For every σ ∈ Σt−1, the matrix At(σ) has zero entries everywhere, except that
the nth column has a 1 in some row if Kn,t−1(σ) is positive. That is, markets for
securities that are still held by consumers cannot be closed down.
Given the markets that are open in period t, government policy speciÞes taxes

Tt(σ), purchases Gt(σ), a supply of securities Kt(σ), and dividends Dt(σ), for every
period-t history σ ∈ Σt. These policies are random functions that depend on the
information revealed in Ft, and they must satisfy the period-t budget constraint:

Dt(s,σ)
0Kt(s, σ) = s

0 [Kt(s, σ)− At(σ)Kt−1(σ)] + Tt(s, σ)−Gt(s, σ) (7)

and:
0 ≤ Dt(s, σ), Kt(s, σ) (8)

for all period-t histories (s, σ) ∈ Σt. The budget constraint (7) says that dividend
payments have to be Þnanced out of the primary surplus of the government, or out of
sales of additional cum-dividend securities. By (8), consumers cannot be forced to pay
dividends on the securities they hold. The non-negativity constraint on the supply of
government securities prevents the government from lending to consumers and implies
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that the government cannot Þnance primary deÞcits out of assets accumulated in the
past. It is important to note that, for a given set of traded securities, all government
actions in (7) are allowed to depend on the current price of cum-dividend government
securities.
For securities that are outstanding at the beginning of period t following a history

σ ∈ Σt−1, the government must compete with the consumers who hold Kt−1(σ) if
it tries to sell additional quantities of these securities. The government can avoid
this competition by issuing new types of securities and sell them at whatever is the
market clearing price. The government can issue new securities by letting At(σ) have
extra rows of zeros. Note that this does not necessarily mean that the government
will actually sell these securities: Kt(s, σ) may be zero in the corresponding rows.
To retire the nth security, the government can set Kn,t(s, σ) = 0 if sn ≤ Dn,t(s,σ)

and Kn,t(s, σ) = Kn,t−1(σ) otherwise, and then never pay dividends or trade in the
security again.

Legal Restrictions Government purchases and taxes are mandated by law. The
law speciÞes a desired stochastic process of purchases {gt}∞t=0 and taxes {τ t}∞t=0. Gov-
ernment policy has to satisfy:

Gt(σ) ∈ [0, gt] (9)

Tt(σ) ≤ τ t (10)

for every σ ∈ Σt.

Commitment We are going to assume that the government decides on a particular
policy at the beginning of period 0, and commits to follow it at all times. The
restrictions (7)-(10) leave a lot of ßexibility in the design of government policy rules.
Furthermore, the mere fact that government policy is feasible following any history
says nothing about whether a policy is consistent with a competitive equilibrium or
not. The possibility of non-existence of equilibrium following a particular history
gives the government a lot of power to rule out equilibria. All the government needs
to do is design a policy that rules out equilibrium following a particular history, and
then this history cannot be part of any equilibrium. Since the government is a large
player, it is easy to construct such policies.
But this stretches the assumption of commitment. If, following some history, no

equilibrium exists under the pre-speciÞed government policy, will it really be the case
that government policy is not adjusted if this history is realized anyway? And if so,
what happens then?
To avoid this, we will only consider policy rules that are consistent with the

existence of an equilibrium following every history.
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2.3. Competitive Equilibrium

A competitive equilibrium is deÞned by an Ft-adapted stochastic process {πt, st}∞t=0 of
state prices and securities prices. The process of securities prices implies a stochastic
process of histories {σt}∞t=0 via the recursion σt = (st,σt−1). Using these histories,
one can deÞne {at, ct, dt, nt, θt}∞t=0 by at = At(σt−1), ct = et − Gt(σt), dt = Dt(σt),
nt = Nt(σt−1) and θt = Tt(σt). The state prices and securities prices are equilibrium
prices if the consumption process {ct}∞t=0 is optimal for consumers given {πt, st}∞t=0
and the implied {at, dt, nt, θt}∞t=0.
A Þrst requirement for optimality is the absence of arbitrage opportunities (4)

between state-contingent claims and government securities. Furthermore, it must
be that after-tax wealth of consumers is Þnite, and that their present-value budget
constraints (5) hold with equality at all times. Together these observations imply that
the period-0 market value s00a0k−1 of cum-dividend government shares is equal to the
present value of the primary surpluses {Tt(σt) − Gt(σt)}∞t=0. Assumption 1 implies
that ct must be positive in all periods, as long as consumer wealth is strictly positive.
A standard Þrst-order condition then implies that the πt-process must be proportional
to the process of marginal utilities. This motivates the following deÞnition.

DeÞnition 1: Given k−1 and government policy functions {(At, Dt, Gt, Kt, Tt)}∞t=0
that satisfy (7)-(10), a competitive equilibrium consists of a stochastic process of
non-negative prices {πt, st}∞t=0 together with histories constructed recursively by σt =
(st, σt−1), such that:

πt = β
tDu(et −Gt(σt)) (11)

πts
0
t − πtDt(σt)0 − Et[πt+1s0t+1At+1(σt)] ≥ 0¡

πts
0
t − πtDt(σt)0 − Et[πt+1s0t+1At+1(σt)]

¢
Kt(σt) = 0

(12)

and:

s0tAt(σt−1)Kt−1(σt−1) =
1

πt
Et

" ∞X
v=t

πv[Tv(σv)−Gv(σv)]
#

(13)

in all periods t = 0, 1, 2, . . . , almost surely.

Implicit in condition (13) of DeÞnition 1 is the requirement that the sum on the right-
hand side is well-deÞned and Þnite. Note that (13) together with ct = et−Gt(σt) and
bt = 0 implies that the period-t present-value budget constraint (5) of consumers holds
with equality. Together with (11)-(12) this implies that ct = et − Gt(σt) deÞnes an
optimal consumption process, and justiÞes calling the process {πt, st}∞t=0 a competitive
equilibrium.
The fact that the right-hand side of (13) converges implies that:

lim
T→∞

Et [πTs
0
TAT (σT−1)KT−1(σT−1)] = 0
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almost surely, in any equilibrium. It is important to note that this need not be true
for Et[πT sT ] as T gets large. In particular, we shall see examples in which equilibrium
dividends Dt(σt) are zero, and πtst = Et[πTsT ] > 0.
The following assumption characterizes the stochastic processes of government

purchases {gt}∞t=0 and taxes {τ t}∞t=0 for which we want to design government policies.

Assumption 2: Planned government purchases {gt}∞t=0 and taxes {τ t}∞t=0 are such
that max{τ t, gt} < et, together with:

E0

" ∞X
t=0

βtu(et − gt)
#
> −∞ (14)

and:

E0

" ∞X
t=0

βtDu(et − gt)et
#
<∞. (15)

Furthermore:

Vt =
1

Du(et − gt)Et
" ∞X
v=t

βv−tDu(ev − gv)(τ v − gv)
#
≥ 0, (16)

for all non-negative t.

Part (16) imposes that the present value of intended primary surpluses is non-negative
starting from any period. The need for this restriction to hold in every period arises
from the fact that we do not allow the government to accumulate claims on consumers.
As argued earlier, it is easy to construct examples of government policy rules

for which no equilibrium can exist. There are also policy rules that give rise to
multiple competitive equilibria, and it can be the case that some equilibria imply that
Gt(σt) = gt and Tt(σt) = τ t , while others do not. We are interested in specifying
policy rules that ensure that the government achieves its desired spending.

DeÞnition 2: The government policy {(At, Dt, Gt,Kt, Tt)}∞t=0 implements {gt, τ t}∞t=0
if it satisÞes (7)-(10), and if in every competitive equilibrium prices {πt, st}∞t=0 are
such that the recursion σt = (st, σt−1) yields gt = Gt(σt) and τ t = Tt(σt) for all t.

The following easy proposition indicates that Dt(0,σ) must be positive if the govern-
ment is to have any chance of implementing {gt, τ t}∞t=0.

Proposition 1: Suppose government policy speciÞes Dt(0, σ) = 0 for any σ ∈ Σt−1.
Then there is a competitive equilibrium in which st = 0 at all times. Government pur-
chases in period t are given by min{gt, τ t}. Taxes are equal to government purchases
in every period.
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If, following a history σt−1, consumers in period t believe that st+1 = 0, then
they will not want to purchase any government securities at a positive ex-dividend
price in period t. Thus Dt(st, σt−1) = st, and this equation is solved by st = 0,
by assumption. Given st = 0, the government budget constraint (7) implies that
Tt(0, σt−1) = Gt(0,σt−1). The spending rule (9) and the limitation on taxes (10)
then imply the taxes and government purchases described in the proposition. For
consumers, no trade is optimal if st = 0 at all times.
Note that Proposition 1 does not say that st = 0 is necessarily the only equilib-

rium. It is not difficult to construct examples in which Dt is identically zero, and in
which the equilibrium prices of government securities are positive at all times. But
equilibrium indeterminacy is inevitable in such examples.

2.4. Some Examples

Nominal Dividends Let δt be an Nt-vector of non-negative, real-valued random
functions deÞned on Σt. An important special type of dividend policy is the following
�nominal dividend policy:�

Dn,t(s, σ) =
δn,t(s, σ)sn
1 + δn,t(s, σ)

(17)

for any (s, σ) ∈ Σt. Note the obvious fact thatDn,t(0, σ) = 0 in (17). By construction,
sn ≥ Dn,t(s, σ), and this inequality is strict if sn and δn,t(s, σ) are strictly positive.
In that case, Dn,t(s,σ)/[sn − Dn,t(s, σ)] is equal to δn,t(s,σ), and for this reason we
call δn(s, σ) the dividend yield on the nth security.
One way the government can implement a nominal dividend policy with dividend

yield δn,t(s, σ) is simply to hand out δn,t(s, σ) new units of security n, per unit held by
consumers at the end of period t. In particular, if the government does not otherwise
change the supply of this security, then:

Kn,t(s, σ) = [1 + δn,t(s,σ)]Kn,t−1(σ) (18)

and thus:
Dn,t(s, σ)Kn,t(s,σ) = sn [Kn,t(s, σ)−Kn,t−1(s,σ)]

for all (s, σ) ∈ Σt. Under this policy, the nth security is not used to Þnance a deÞcit
or pay out a surplus in period t, following σ ∈ Σt−1.

An Alternative Numeraire Suppose that {πt, st}∞t=0 is a stochastic process of
equilibrium prices, and write {σt}∞t=0 for the associated histories. Suppose that s1,t
is positive at all times. Then one can use the Þrst government security as the nu-
meraire in all periods. Let pt be the price of one unit of consumption in terms of
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this numeraire, and let qt be the price of a one-period nominal discount bond in this
numeraire. Then:

pt =
1

s1,t

qt = 1− 1

s1,t
D1,t(σt)

The price of a nominal discount bond follows from the fact that an ex-dividend unit
of security 1 costs s1,t−D1,t(σt) units of consumption, and this translates into qt units
of cum-dividend government security 1. The non-negativity of D1,t(σt) implies that
nominal interest rates are non-negative. The no-arbitrage condition (4) implies that
the price of a nominal discount bond is non-negative in any equilibrium. Observe
that for a nominal dividend policy D1,t(s, σ) = δ1,t(s,σ)s1/(1+ δ1,t(s, σ)) one obtains
qt = 1/(1 + δ1,t(σt)). Thus δ1,t(σt) is simply the nominal interest rate. Note that
while D1,t(σt) is the dividend paid in period t, the associated dividend yield δ1,t(σt)
is the nominal interest rate that applies to the holding period from t to t+ 1.
A dividend policy Dt(s, σ) ≥ st for all s below st can keep s from falling below

st, provided the government has the required primary surpluses to Þnance these div-
idends. The expression for qt shows that this policy amounts to committing to pay
agents to hold nominal discount bonds in case s1,t < s1,t, and thus s1,t ≥ s1,t in any
equilibrium. If government policy is such that s1 > D1,t(s, σ) ≥ s1,t also holds for s1
slightly above s1,t, then government policy amounts to raising the nominal interest
rate to very high levels as s1 gets close to the intended lower bound s1,t.

Multi-Period Nominal Discount Bonds Suppose that starting from some pe-
riod t and history σt ∈ Σt−1, security 2 is characterized by:

D2,t(x0, σt−1) = 0

D2,t+1(x1, σt−1) = 0
...

D2,t+N−1(xN−1, σt−1) = 0

D2,t+N(s, xN−1, σt−1) = s1

for all (xv, σt−1) ∈ Σt+v+1, v = 0, . . . , N − 1 and (s, xN−1, σt−1) ∈ Σt+N . Following
this, the security is retired. Thus, if security 1 is the numeraire, then security 2 is
an N-period nominal discount bond in period t. At the beginning of period t + N ,
owning one unit of security 2 is equivalent to owning one unit of security 1. In either
case, one unit of the security represents one unit of a maturing nominal discount
bond. In equilibrium, it will be the case that s1,t+N = s2,t+N . At these prices, the
government can repurchase all of the supply of security 2 in exchange for an equal
number of units of security 1.

13



3. Nominal Dividend Neutrality

We want to be able to analyze the effects of alternative nominal interest rate policies.
This is easy when the government sells only one type of government security. In
this section, therefore, suppose that Nt = 1, and thus Σt = Rt+, and ignore the At
matrices.
Consider a feasible policy {(D∗

t , G
∗
t ,K

∗
t , T

∗
t )}∞t=0, and let {δt}∞t=0 be some sequence

of non-negative real-valued random functions, with δt(·) deÞned on Σt. Let ∆−1 = 1,
and deÞne recursively:

∆t(s, σ) = [1 + δt(s,σ)]∆t−1(σ) (19)

for all histories (s,σ). Construct the following histories of scaled prices:

S∗t (s, σ) = (s∆t−1(σ), S∗t−1(σ)) (20)

for all (s, σ). Note that given σ one can recover s from S∗t (s, σ) by dividing the Þrst
component of S∗t (s, σ) by ∆t−1(σ). Thus there is a one-to-one mapping between the
two types of histories. We can now deÞne the following alternative government policy:

Gt(s, σ) = G
∗
t (S

∗
t (s, σ))

Tt(s, σ) = T
∗
t (S

∗
t (s,σ))

Dt(s, σ) = [D
∗
t (S

∗
t (s, σ)) + s∆t−1(σ)δt(s, σ)] /∆t(s, σ)

Kt(s, σ) = K
∗
t (S

∗
t (s, σ))∆t(s,σ)

(21)

for all (s, σ) ∈ Σt. The policy (19)-(21) is constructed so that the government budget
constraint (7) holds, and such that government purchases and taxes are the same for
appropriately re-scaled prices.

Proposition 2: Let {δt}∞t=0 be some sequence of non-negative real-valued random
functions, with δt(·) deÞned on Σt. DeÞne {∆t}∞t=0 and {S∗t}∞t=0 as in (19)-(20). Then
{πt, st}∞t=0 deÞnes a competitive equilibrium for the policy {(Dt, Gt, Kt, Tt)}∞t=0 con-
structed in (21) and the associated histories σt = (st, σt−1) if and only if {π∗t , s∗t}∞t=0
is a competitive equilibrium for the policy {(D∗

t , G
∗
t , K

∗
t , T

∗
t )}∞t=0, and:

π∗t = πt (22)

s∗t = st∆t−1(σt−1) (23)

for all t = 0, 1, 2, . . . .

The proof follows from feasibility and the fact that {Dt,Kt}∞t=0 implies the same real
returns for consumers at prices {st}∞t=0 as {D∗

t ,K
∗
t } does at prices {s∗t}∞t=0.
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Note that the equilibrium supplies {kt}∞t=0 and {k∗t }∞t=0 of government securities
for the two economies in Proposition 2 are related via kt = k∗t∆t(σt). Note also
that the equilibrium price st constructed in (23) depends on the policies {δu}t−1u=0, but
not on {δu}∞u=t. In particular, a surprise in δt has no effect on the period-t value of
cum-dividend shares.
It should be emphasized that Proposition 2 allows for very general interest rate

rules {δt}∞t=0. One can allow for complicated forms of feedback between current
nominal interest rates and current and past inßation. The much-discussed Taylor
rules are included. It is easy to construct examples of rules that generate unstable or
chaotic dynamics in prices and nominal interest rates.
As we shall see later, Proposition 2 depends crucially on the assumption that

there are no other securities with payoffs that could be affected by the price of the
security for which the dividend policy is adjusted.

4. Government Shares with Real Dividends

In this section we suppose initially that the present value of planned primary sur-
pluses is always strictly positive. For this case, we assume there is only one type of
government security, and we refer to it as a government share. When the present
value of primary surpluses can occasionally hit zero, additional securities may be
required.

4.1. Strictly Positive Present Values

We assume that the process {Vt}∞t=0 of present values deÞned in (16) is strictly positive
at all times. This will ensure that the price of government shares never has to be
zero in an equilibrium in which the government tries to implement {gt, τ t}∞t=0. The
initial supply of government shares is k−1 = 1. In the policies described below, the
government never repurchases shares, and so Kt(σ) ≥ 1 under all circumstances.
Consider Þrst states of the world in which τ t ≥ gt. That is, the government intends

to run a primary surplus. We assume the government simply pays the surplus as a
dividend:

Gt(s, σ) = gt

Tt(s,σ) = τ t

Dt(s, σ) = (τ t − gt)/Kt−1(σ)

Kt(s, σ) = Kt−1(σ)

(24)

for any (s,σ) ∈ Σt. Since Kt−1(σ) will be no less than 1, this policy is well deÞned.
Next consider states of the world in which τ t < gt, so that the government needs

to Þnance a deÞcit. As long as s > 0, the government could simply sell as many new
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shares as needed to Þnance a deÞcit. At s = 0, this is no longer possible, and the
government will have to adjust purchases. We specify the following class of policies,
deÞned for αt ∈ (0, 1]:

Gt(s, σ) = τ t + (gt − τ t)min {1, sKt−1(σ)/αtVt}
Tt(s, σ) = τ t

Dt(s, σ) = 0

Kt(s, σ) = Kt−1(σ) + limx↓s 1x [Gt(s, σ)− Tt(s,σ)]

(25)

for any (s,σ) ∈ Σt. Observe that (25) is a continuous function of s. The policies de-
Þned by (25) Þx taxes, and implement the planned purchases when s ≥ αtVt/Kt−1(σ).
The government sells just as many shares as it needs to. For s ≤ αtVt/Kt−1(σ), the
government continues to sell as many shares as it would have at a price αtVt/Kt−1(σ),
but it reduces spending as much as needed to satisfy its budget constraint. In the ex-
treme case of s = 0, spending is reduced all the way down to tax revenues. If αt = 1,
then the government starts to reduce spending as soon as the price of its shares falls
below the price that is consistent with its intended primary surpluses. For small but
positive values of αt, the government adjusts spending only for very low share prices.
To examine the policy (24)-(25), note that:

τ t −G ≤ 0 implies ∂

∂G
[Du(et −G) (τ t −G)] ≤ 0 (26)

That is, when the government runs a deÞcit, lowering government purchases a little
bit can only bring the shadow value of the deÞcit closer to zero. The policy (24)-(25)
therefore implies that:

Du(ev −Gv(σv))
Du(et −Gt(σ)) [Tv(σv)−Gv(σv)] ≥

Du(ev − gv)
Du(et − gt) [τ v − gv] (27)

for any history σ ∈ Σt and any sequence of histories σv, v ≥ t, such that projΣtσv =
σ. Together with the equilibrium condition (13) this implies that stKt−1(σt−1) ≥
Vt ≥ αtVt for any equilibrium price process {πt, st}∞t=0 with associated histories σt =
(st, σt−1). And then (25) implies that stKt−1(σt−1) = Vt is the only equilibrium. This
gives the following proposition.

Proposition 3: If Assumptions 1 and 2 hold, and Vt > 0 at all times, then the policy
(24)-(25) implements {gt, τ t}∞t=0.

Equilibrium Nominal Interest Rates In equilibrium, the policy (24)-(25) im-
plies:

qt = 1−max {πt(τ t − gt), 0}
Ã
Et

" ∞X
v=t

πv(τ v − gv)
#!−1
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Thus, nominal interest rates are zero in periods in which the government runs a
primary deÞcit. In periods in which it runs a surplus, the nominal interest rate is
just the share of the current primary surplus out of the present value of all current
and future primary surpluses. Thus, nominal interest rates will bounce around quite
a bit if τ t− gt does. If aggregate consumption et− gt is stable, then inßation bounces
around as well. The dividend neutrality result described in Proposition 2 can be
used to smooth nominal interest rates and expected inßation. Note however that all
of the period-t surprise in the present value of expected primary surpluses must be
reßected in a surprise in st. The initial supply Kt−1(σt−1) is given, and there is only
one security price that can respond to news.

4.2. Occasionally Zero Present Values

The assumption that present values of planned primary surpluses are strictly positive
at all times is crucial to make the policy (24)-(25) work. In particular, (25) is not
well deÞned at Vt = 0 and s = 0. Furthermore, it would have to be the case that
stKt−1(σt−1) = 0 if Vt = 0. Since Kt(σt−1) ≥ 1 it follows that st = 0 in any
equilibrium. But then the government has no chance to raise any revenue by issuing
more of this security to Þnance a deÞcit τ t − gt < 0.
The solution to this problem is simply for the government to issue a new secu-

rity and stop trading in the old one when Vt hits zero. Note that it follows from
Assumption 2 that Vt = 0 implies τ t − gt ≤ 0. Furthermore, Vt+1 > 0 with positive
probability if τ t − gt < 0. The policy for the new security is:

Gt(s, σ) = τ t + (gt − τ t)min {1, s}
Tt(s, σ) = τ t

Dt(s, σ) = 0

Kt(s, σ) = (gt − τ t)min {1/s, 1}

(28)

where s is now the price of the new security. The policy (24)-(25) then applies to
the new security, as long as the present value of planned primary surpluses is strictly
positive. If this present value hits zero again, then another new security is issued,
and (28) is used again in that period.
In the special case in which Vt = 0 is known in period t − 1 while Vt−1 > 0, the

government could also try to use its primary surplus in period t− 1 to repurchase all
its shares. But if the government does not commit to issue a new security in period t
in case it was not able to repurchase all its shares in period t−1, then there can be a
self-fulÞlling equilibrium in which the primary surplus in period t − 1 is not enough
to repurchase all shares, and the government ends up having to reduce spending in
period t or at some later date, if only marginally, to make sure that the present value
of its outstanding securities is strictly positive as of period t.
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5. Government Shares with Zero Dividends in Equilibrium

We know from Proposition 1 that a policy that never pays any dividends cannot
guarantee that the government implements its Þscal mandate {gt, τ t}∞t=0. In this
section we show that it is possible to implement {gt, τ t}∞t=0 using a policy that pays
dividends only at non-equilibrium prices. It then follows from Proposition 2 that the
government can choose any stochastic process of equilibrium nominal interest rates.
The policy (24)-(25) already speciÞes no dividends when the government intends

to implement a primary deÞcit. The policy described here is simply (25) in that
event. If Vt happens to be zero, and τ t − gt < 0, then the government issues a new
security. Note that the supply of government securities can only increase in a deÞcit
period.
Consider next a state of the world in which the intended primary surplus τ t−gt is

non-negative. We replace (24) by a class of policies parameterized by some γt ∈ (0, 1]:
Gt(s, σ) = gt

Tt(s, σ) = τ t

Dt(s, σ) = s+ (τ t − gt − sKt−1(σ))/Kt(s, σ)

Kt(s, σ) = limx↓smax
©
Kt−1(σ) + 1

x
(gt − τ t), γtKt−1(σ)

ª (29)

for any (s,σ) ∈ Σt. Observe that this policy is a continuous function of s, provided
Kt−1(σ) > 0. Note that Kt(s, σ) ≥ γtKt−1(σ). Since we take γt > 0, there will
always be some shares that are held by consumers after trading. Because of this, the
government can commit to pay as a real dividend the part of its primary surplus that
was not spent on repurchasing shares. The resulting dividend satisÞes:

s−Dt(s, σ) = 1

γt
min

½
γts, s− γt

µ
τ t − gt
Kt−1(σ)

¶¾
This will be non-negative if and only if sKt−1(σ) ≥ γt(τ t − gt). By setting γt small
but positive, the government offers an arbitrage opportunity for very low values
of sKt−1(σ). If γt < 1, then the dividend on government shares is zero whenever
sKt−1(σ) ≥ (τ t − gt)/(1 − γt). If γt is small, then the government starts to pay a
dividend only if the price of its cum-dividend shares falls to a level that is marginally
above its current primary surplus. Since we assume that the present value of primary
surpluses is strictly positive at all times, it is possible to set γt small enough so that
no dividends are paid in equilibrium.
In states of the world in which τ t − gt < 0, government policy is exactly as

described before, in (25). As a result, government policy again satisÞes (27), and this
leads to the following proposition.

Proposition 4: If Assumptions 1 and 2 hold, and Vt > 0 at all times, then the policy
deÞned by (25) and (29) implements {gt, τ t}∞t=0.
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If we choose the stochastic process {γt}∞t=0 so that:

Et

" ∞X
v=t+1

πv(τ v − gv)
#
≥
µ

γt
1− γt

¶
πt(τ t − gt) (30)

then dividends are zero along the equilibrium path. This is also true at high off-
equilibrium prices. At positive but low enough off-equilibrium prices, the government
starts paying a dividend if it has a primary surplus. Instead of using the surplus to
repurchase shares, it uses the surplus to pay a dividend.
The nominal dividend neutrality result of Proposition 2 can be used to modify

(25) and (29) to obtain any arbitrary sequence of positive nominal interest rates
along the equilibrium path. Suppose there is some desired exogenous process {δt}∞t=0
for nominal interest rates. Combining (25) with (29) and (19)-(21) we obtain the
following policy:

Gt(s, σ) = min {τ t + (gt − τ t)min {1, sKt−1(σ)/αtVt} , gt}
Tt(s, σ) = τ t

Dt(s, σ) = s+ [Tt(s, σ)−Gt(s, σ)− sKt−1(σ)] /Kt(s, σ)

Kt(s, σ) = (1 + δt) limx↓smax
©
Kt−1(σ) + 1

x
[Gt(s, σ)− Tt(s, σ)] , γtKt−1(σ)

ª (31)

for all (s, σ) ∈ Σt. The resulting nominal interest rates will indeed be given by
{δt}∞t=0 if {γt}∞t=0 satisÞes (30). If aggregate consumption is smooth, then a stable
positive nominal interest rate process will generate stable expected inßation. Off the
equilibrium path, (31) speciÞes a cut in spending if the price of government shares
is too low and the government intends to run a deÞcit. In case of a surplus, there
is no cut in spending when the price of government shares is too low. Instead, (31)
prescribes an increase in the nominal interest rate above its planned level. This
increase in the nominal interest rate is the same as an increase in the dividend paid
on shares, and this allows to government to maintain the planned surplus without
buying back all of its shares. Raising nominal interest rates is the classic recipe for
Þghting inßation or fending off an attack on a currency. The policy described here
provides an interpretation, but only for off-equilibrium prices.
By choosing δt large enough so that:

δt
1 + δt

≥ τ t − gt
Vt

at all times, the government can make sure that the supply of government shares
never declines along the equilibrium path. The price of government shares will be
positive and uniquely determined, even though the government does not repurchase
its shares along the equilibrium path. Government policy at off-equilibrium prices
ensures that government shares still trade at a positive price.
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5.1. The Price of Fiat Money is Zero

To emphasize the importance of government policy at off-equilibrium prices, suppose
now that there is a second government security with an initial supply k2,−1 > 0. Let
security 1 be the one described above, and suppose that the government follows the
exact same policy for this security as before. For security 2, the policy is as in (17)-
(18), at all times. That is, the government pays a nominal dividend on security 2,
and it does so by simply selling more of security 2. Because of this, the government�s
policy for security 2 has no impact on the feasibility of its policy for taxes, government
purchases and security 1. The policy (17)-(18) can be used irrespective of prices.
It is not difficult to check that the only possible price for security 2 is s2,t = 0 at all

times. To be speciÞc, suppose {δ2,t}∞t=0 is some stochastic process, and let D2,t(σt) =
s2,tδ2,t/(1 + δ2,t) and k2,−1 > 0. Then (12) implies πts2,t = (1+ δ2,t)Et[πt+1s2,t+1] and
(17)-(18) implies K2,t(σt) = (1 + δ2,t)K2,t−1(σt−1). This gives:

Et
£
πt+1s

0
t+1Kt(σt)

¤ ≥ Et £πt+1s02,t+1K2,t(σt)
¤
= π0s2,0k2,−1

If s2,0 were positive, then Et
£
πt+1s

0
t+1Kt(σt)

¤
would not converge to zero, and this is

not consistent with equilibrium.
It might seem that the crucial difference is that security 1 is repurchased, and

that security 2 is not. This is not the case. We could use Proposition 2 to con-
struct a unique equilibrium for the one-security economy in which the government is
never �in equilibrium� a net purchaser of any of the supply of its one outstanding
security. We simply have to choose a dividend yield that is large enough. In the
associated two-securities economy with a second security that satisÞes (17)-(18), the
unique equilibrium will again be the one in which s2,t = 0. Neither security is ever
repurchased in equilibrium, but the two securities trade at different prices because
of the policy to pay a real dividend on security 1, and not on security 2, even if the
price of the security drops down to zero.

6. Long-Term Nominal Bonds

We assume that the present value Vt of planned primary surpluses is strictly positive
at all times.
Suppose there are several government securities that are traded. As before, take

Tt(σ) = τ t for every σ ∈ Σt, and suppose government purchases are determined by:

Gt(s, σ) = min {τ t + (gt − τ t)min {1, s0Kt−1(σ)/αtVt} , gt}

for every (s, σ) ∈ Σt. As before, αt ∈ (0, 1]. This policy cuts spending to some level
below gt only if the government intends to run a deÞcit, and if the market value of all
its outstanding securities falls below some fraction αt of the intended present value
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Vt. The policy again implies that (27) holds, and therefore that the present value of
primary surpluses will be Vt in any equilibrium.
In the following, we examine government policies for trading in long-term nominal

bonds. At the outset, we make two assumptions about these trading policies that
simplify the presentation. First, government policy is such that the government never
repurchases nominal bonds above par. Second, government policy is such that there
are always government shares outstanding. If necessary, the government can always
pay a high dividend on its shares. Together these two assumptions imply that long-
term bonds can never trade above par.
To see this formally, suppose {πt, st}∞t=0 is an equilibrium price process, and let

{σt}∞t=0 represent the associated histories. Suppose the Þrst security is the govern-
ment share, and the nth security is a long-term bond that matures in period tn. If
consumers hold on to this long-term bond beyond tn, then the long-term bond be-
comes Þat money, and we know this must have zero value. Therefore sn,tn ≤ s1,tn.
The government may repurchase all of the supply of the nth security before tn. Let
t∗n ≤ tn be the random time at which this happens. The fact that the government
never repurchases its bonds above par implies that sn,t∗n ≤ s1,t∗n . Since government
shares are always in positive supply, it must be that:

πts1,t = πtD1,t(σt) + Et[πt+1s1,t+1]

πtsn,t = Et[πt+1sn,t+1]

for all t < t∗n. Together, these conditions imply that:

sn,t =
1

πt
Et[πt∗ns1,t∗n ] = s1,t −

1

πt
Et

"
t∗n−1X
v=t

πvD1,v(σv)

#
≤ s1,t (32)

for all t < t∗n, and thus sn,t ≤ s1,t for all t ≤ t∗n ≤ tn. Given this conclusion, we can
restrict attention to long-term bond prices that are not above par. Note that one
implication of this restriction on prices is that s1,t = 0 implies st = 0.
The equilibrium conditions s00k−1 = V0 and (32) imply that:

s1,0

"
n−1X
n=1

kn,−1

#
=
1

π0
E0

"
n−1X
n=2

t∗n−1X
t=0

πtD1,t(σt)

#
+ V0

in any equilibrium. In general, the random times t∗n and the dividendsD1,t(σt)depend,
via the speciÞcation of government policy, on the price s1,0. How the government Þ-
nances deÞcits, and how it uses surpluses to repurchase securities, will affect whether
or not long-term bonds of a particular maturity are held by the public. The policy
to keep a certain quantity of government shares outstanding can also force the gov-
ernment to raise nominal interest rates, and the quantity outstanding after period 0
is affected by s1,0.
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7. Some Policies That Lead to Indeterminacy

We have already seen that multiple equilibria are possible if the present value of
primary surpluses can reach zero and the government cannot commit to issue a new
type of security. The equilibria differ in terms of the real allocations implied. Here
we give two more examples of policies that lead to indeterminacy, even though the
present value of planned primary surpluses is always strictly positive.

7.1. Nominal Indeterminacy

Suppose k−1 = 1, τ t > gt, and consider the following policy:

Gt(s, σ) = gt

Tt(s, σ) = min{τ t, gt + αsKt−1(σ)}
Dt(s, σ) = [γsKt−1(σ) + min{τ t − gt,αsKt−1(σ)}] /Kt(s, σ)

Kt(s, σ) = (1 + γ)Kt−1(σ)

(33)

all (s, σ) ∈ Σt, and for some α ∈ [0, 1] and γ ≥ 0. This policy creates a steady growth
rate of the supply of government shares. It also incorporates a commitment to use
taxes to repurchase a fraction α of the supply of shares, to the extent possible given
the tax ceiling τ t and the mandated purchases gt. In contrast to all of our earlier
examples, taxes are only set at their ceiling τ t if this is necessary to implement the
intended repurchase of shares.
By construction, state prices must be given by πt = β

tDu(et − gt) in any equilib-
rium. The remaining equilibrium conditions are then:

πtst = πtDt(st, σt−1) + Et[πt+1st+1]

πtstKt−1(σt−1) = Et

" ∞X
v=t

πvmin{τ v − gv,αsvKv−1(σv−1)}
#

for all t. Clearly, st = 0 is one equilibrium.
More generally, suppose we have an equilibrium {πt, st}∞t=0 with associated histo-

ries {σt}∞t=0 so that αstKt−1(σt−1) < τ t − gt at all times. Then {πt,φst}∞t=0 will also
an equilibrium for any φ ∈ [0, 1]. It remains to verify that there are other equilibria
besides the one in which st = 0 at all times. Note Þrst that αstKt−1(σt−1) < τ t − gt
implies:

st −Dt(st,σt−1) =
µ
1− α
1 + γ

¶
st

and therefore: µ
1− α
1 + γ

¶
πtst = Et[πt+1st+1] (34)
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On the other hand, the present-value condition becomes:

πtstKt−1(σt−1) = αEt

" ∞X
v=t

πvsvKv−1(σv−1)

#
(35)

if αstKt−1(σt−1) < τ t − gt at all times. Since Kt(σt) = (1 + γ)t+1k−1, any process
{πtst}∞t=0 that satisÞes (34) satisÞes (35). Thus we only need to make sure that the
price process for government shares satisÞes (34) and αstKt−1(σt−1) < τ t − gt at all
times.
As an example, suppose now that Et[πt+1]/πt = µ, for some constant µ. Real

interest rates are constant. DeÞne:

st = s0

µ
1− α
µ(1 + γ)

¶t
Then {st}∞t=0 satisÞes (34)-(35). All we need then is that:

τ t − gt >
·
1− α
µ

¸t
s0k−1

This will be satisÞed for a range of initial share prices s0 if τ t − gt is bounded away
from zero and 1 < α + µ. A weaker parameter restriction obtains if τ t − gt grows
geometrically as well.
Clearly, the indeterminacy in this example arises from the fact that the governmen-

t�s policy rule makes the level of taxes depend on the market value of its outstanding
shares. In particular, if the market puts a low value on these shares, then repurchases
are cheap, and taxes will be low. The result is a primary surplus that is also low, and
this then justiÞes the low market value of the shares.
Note that the nominal interest rate is given by (γ + α)/(1− α) in all these equi-

libria. For every particular equilibrium obtained here, a policy that commits to the
associated taxes, and that prescribes a dividend yield (γ + α)/(1− α) together with
off-equilibrium path policies as described in Section 5 would have led to a unique
equilibrium.

7.2. Real Indeterminacy

The following is a variation on the example of nominal indeterminacy given above.
Assume again that gt < τ t and suppose g∗t ∈ [0, gt). We modify (33) as follows:

Gt(s, σ) =

½
gt τ t − gt > αsKt−1(σ)
g∗t otherwise

Tt(s, σ) = τ t

Dt(s, σ) = [sγKt−1(σ) + τ t −Gt(s, σ)] /(1 + γ)Kt−1(σ)

Kt(s, σ) = (1 + γ)Kt−1(σ)

(36)
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for all (s, σ) ∈ Σt, and some α ∈ [0, 1] and γ ≥ 0. Now taxes are set at their ceiling,
but the goal of spending tax revenues to repurchase αsKt−1(σ) takes priority over
planned government purchases. Again, the primary surplus depends on (s, σ) ∈ Σt.
Consider a candidate equilibrium {π∗t , s∗t}∞t=0 in which Gt(σ∗t ) = g∗t and thus π∗t =

βtDu(et − g∗t ). This yields:

s∗tKt−1(σ∗t−1) =
1

π∗t
Et

" ∞X
v=t

π∗v(τ v − g∗v)
#

For this to be an equilibrium, all we need to make sure is that:

π∗t (τ t − gt) < αEt
" ∞X
v=t

π∗v(τ v − g∗v)
#

(37)

at all times. Conversely, for a candidate equilibrium {πt, st}∞t=0 in which Gt(σt) = gt
and thus πt = β

tDu(et − gt), we must have:

πt(τ t − gt) > αEt
" ∞X
v=t

πv(τ v − gv)
#

(38)

Suppose cDu(c) is increasing. Since τ t−gt < τ t−g∗t at all times, it is easy to construct
examples for which both (37) and (38) are satisÞed.
A before, the policies discussed in Sections 4 and 5 can be used to implement

{gt, τ t}∞t=0, and the nominal dividend neutrality result can be used to obtain the
desired inßation or nominal interest rates.

8. Concluding Remarks

The model presented here backs up the determinacy propositions made in the litera-
ture on the Þscal theory of the price level with a complete description of government
policy for a government that operates in competitive markets and cannot set prices
directly. The government policies obtained for off-equilibrium prices are potentially
interesting. In surplus periods, the government should raise nominal interest rates
in reaction to inßation that is not consistent with planned taxes and government
purchases.
Of course, it is puzzling from the perspective of the model presented here why

anyone would hold Federal Reserve Notes instead of T-bills, given the higher return
on T-bills. But the supply of Federal Reserve Notes is less than one seventh of the
supply of other government securities, and for some purposes it may be convenient
to ignore Federal Reserve Notes. By using maturing T-bills as the numeraire, one
obtains a potentially useful frictionless benchmark for understanding inßation.
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