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Optimal coding and neuronal adaptation in
economic decisions

Aldo Rustichini!, Katherine E. Conen?, Xinying Cai%® & Camillo Padoa-Schioppa® 234

During economic decisions, offer value cells in orbitofrontal cortex (OFC) encode the values
of offered goods. Furthermore, their tuning functions adapt to the range of values available in
any given context. A fundamental and open question is whether range adaptation is beha-
viorally advantageous. Here we present a theory of optimal coding for economic decisions.
We propose that the representation of offer values is optimal if it ensures maximal expected
payoff. In this framework, we examine offer value cells in non-human primates. We show that
their responses are quasi-linear even when optimal tuning functions are highly non-linear.
Most importantly, we demonstrate that for linear tuning functions range adaptation max-
imizes the expected payoff. Thus value coding in OFC is functionally rigid (linear tuning) but
parametrically plastic (range adaptation with optimal gain). Importantly, the benefit of range
adaptation outweighs the cost of functional rigidity. While generally suboptimal, linear tuning
may facilitate transitive choices.
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hoosing between two goods entails computing and com-
paring their subjective values. Evidence from lesions and
neurophysiology indicates that these mental operations
engage the orbitofrontal cortex (OFC)!~3. Experiments in which
rhesus monkeys chose between different juices identified three
groups of neurons in this area. Offer value cells encode the values
of individual goods and are thought to provide the primary input
to the decision. Conversely, chosen juice cells and chosen value
cells represent the binary choice outcome and the value of the
chosen good® °. The present study focuses on offer value cells.
Previous work indicated that these neurons undergo range
adaptation. In any behavioral context, their firing rate is a linear
function of the offered values; their tuning slope is inverselgr
proportional to the range of values available in that context®®.
Prima facie, range adaptation seems to ensure an efficient neu-
ronal representation. However, it was shown that uncorrected
adaptation in offer value cells would result in arbitrary choice
biases”—a problem conceptually analogous to the “coding

catastrophe” discussed for sensory systems!®~!2. Experimental
evidence presented in this study indicates that, in fact, changing
the range of offer values does not affect economic preferences. In
other words, range adaptation is corrected within the decision
circuit to avoid choice biases. This observation raises a funda-
mental question: If neuronal adaptation is indeed corrected
within the decision circuit, is neuronal adaptation at all beneficial
to the organism? Addressing this question requires a theory of
optimal coding.

Following the seminal work of Barlow!3, optimal coding has
been a frequent area of research in sensory systems. A corner-
stone concept is that sensory neurons are optimally tuned for
percep ion if they transmit maximal information about the sti-
muli’3~!°, In any behavioral context, such optimality is achieved
if tuning curves match the cumulative distribution function of the
stimuli'®. Importantly, neurons in many sensory regions adapt
optimally to the current behavioral context'®2, while tuning
functions in other sensory regions seem optimized for the

a b _______ ®e® 100
1A=41B @
B
o m o m||lE m ‘?
5} 5] L 3
[+]
&
Fixate, 0.5 s Offeron, 1-2s Go, RT 0.75 s, juice PY
mJuice A mJuice B rYws | 0
A+~ O
Srr-rAOGFTOSH
Offers (gB:qA)
c 100 d e
Q [0}
- e 5 1 g 1
Q o = O 100 =
o} = (o)} ()]
a = £ O B3 £
~ w = =
° e £o0s o =05
o ° @ = @
> o 8 0 50 5 &
c Q [ @ ©
= s £ ° £ °
’ - .-
—rONTT T O 0 0.33 067 1 0 0.5 1
e ‘_O‘;f - ‘(\' @ ‘r) ©oo Normalized offer value A Normalized offer value A
ers (gB:gA
f 100 g h
[0} [0]
- o g g
8 s P g Op0 . g
= & = O =
2 e 7 0b O, s 3
© ° @ = @
o @ = 50 & N
£ 2 ' ® s
i o £ £
Q o o
& = o o z
0
mONT O 0 02040608 1 0 05 1

Srr-r-ABFOSA
-

Offers (gB:qa)

Normalized offer value B

Normalized offer value B

Fig. 1 Quasi-linear coding of offer values, individual responses. a. Task design (see Methods). b. Example of choice pattern. The x-axis represents different
offer types, ranked by the ratio gs:ga. Black dots represent the percent of “choice B” trials. €. Example offer value A response. Black dots represent the
choice pattern. The histogram illustrates the number of trials presented for each offer type. Red symbols represent firing rates+SEM (diamonds and
squares for “choice A" and “choice B", respectively). The y-axis on the left refers to firing rates. The y-axis on the right refers both to the number of trials
(histogram) and to the choice pattern (black symbols). d. Comparing firing rates and ntrialscpr. Same response as in €. The x-axis represents normalized
quantity levels of juice A. The histogram illustrates the percent of trials for each quantity level. This session included 247 trials, and juice A was offered at
quantity levels O (39 trials, 16%), 1 (169 trials, 68%), 2 (19 trials, 8%), and 3 (20 trials, 8%). Note that low quantity levels were over-represented. Blue
circles represent the cumulative distribution function for the number of trials (ntrialscpr). The y-axis on the right refers both to the number of trials
(histogram) and to ntrialscpr (blue circles). Red circles represent firing rates. Here each neuronal data point is an average across all the trials with given
quantity level (not across a single trial type). The y-axis on the left refers to normalized firing rates. Limits on the y-axes were set such that the same line
(black) represents the best linear fit for firing rates and for ntrialscpr. (Because all measures are normalized, this is the identity line.) e. Curvature of firing
rates and ntrialscpr. Same data points as in d. Continuous and dotted lines are the result of the quadratic and cubic fit, respectively. f-h. Example offer value
B response
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Fig. 2 Quasi-linear coding of offer values, population analysis (N=447). a Quadratic term. Each data point in the scatter plot represents one response. The
x-axis and y-axis represent B, firing rate aNd P2, ntriats cor, respectively. The dotted line represents the identity line, and the responses illustrated in Fig. 1 are
highlighted. The histogram recapitulates the distribution for B, firing rate- Since low offer values were always over-represented in the experiments, generally
B2, ntrials coF < O. In contrast, measures for By, firing rate Were broadly scattered above and below zero (see histogram). b Cubic term. Same conventions as in
a. Generally, B3, nirials cor > O. In contrast, measures for B3, firing rate Were broadly scattered above and below zero. Notably, on average across the

population, measures for B firing rate Were close to, but significantly above zero (mean(py, firing rate) = 0.28; p < 1076, t-test). Conversely, measures for B3,
firing rate Were close to, but significantly below zero (mean(Bs, firing rate) = —1.42; p < 107", t-test). In both cases, the deviance from zero measured for Be, firing
rate Was in the direction opposite to that observed for the corresponding Be ntrials cor. indicating that tuning functions did not match ntrialscpr averaged

across sessions. We return to these deviances later in the article

distribution of natural stimuli'® 2324, Because they constitute the
input layer of the decision circuit, offer value cells are in some
ways analogous to sensory cells. One might thus wonder whether
their tuning functions match the cumulative distribution function
of the offered values. Experimental evidence presented here
indicates that this is not the case. More specifically, we show that
the tuning functions of offer value cells are quasi-linear and not
correlated with the cumulative distribution function of offered
values (or its average across sessions). Thus the coding of offer
values in OFC, while context-adapting, is not optimal in the sense
of information transmission.

In this article, we introduce a new theory of optimal coding for
economic decisions. In essence, we propose that offer value
neurons are optimally tuned for economic decisions if they ensure
maximal expected payoff. In this framework, we present a series
of theoretical and experimental results. Behavioral and neuronal
data were collected in two experiments in which monkeys chose
between different juices offered in variable amounts. First,
assuming linear tuning functions, we demonstrate that range
adaptation, corrected to avoid choice biases, ensures maximal
expected payoff. Second, confirming theoretical predictions, we
show that expected payoff and value range are inversely related in
the experiments. Third, relaxing the assumption of linearity, we
demonstrate that optimal response functions in our experi-
ments were in fact non-linear. Hence, linearity is a rigid property
of value coding not subject to contextual adaptation. Fourth, we
show that the benefit afforded by range adaptation outweighs the
cost imposed by functional rigidity. In other words, quasi-linear
but range-adapting tuning functions are sufficient to ensure close-
to-optimal choice behavior. Taken together, these results shed
new light on the nature of value coding and the role played by
neuronal adaptation in economic decisions.

Results

Relative value, choice variability and expected payoff. In Exp. 1,
monkeys chose between two juices (A and B, with A preferred)
offered in variable amounts (Fig. 1a, b). The range of quantities
offered for each juice remained fixed within a session, while the

18:1208

quantity offered on any given trial varied pseudo-randomly.
Monkeys’ choices generally presented a quality-quantity trade-
off. If the two juices were offered in equal amounts, the animal
would generally choose A (by definition). However, if sufficiently
large quantities of juice B were offered against one drop of juice
A, the animal would choose B. The “choice pattern” was defined
as the percentage of trials in which the animal chose juice B as a
function of the offer type. In each session, the choice pattern was
fitted with a sigmoid function, and the flex of the sigmoid pro-
vided a measure for the relative value of the two juices, referred to
as p (see Methods). The relative value allows one to express
quantities of the two juices on a common value scale. In one
representative session, we measured p = 4.1 (Fig. 1b).

Choice patterns often presented some variability. For example,
consider in Fig. 1b offers 6B:1A. In most trials, the animal chose
juice B, consistent with the fact that the value of 6B was higher
than the value of 1A. However, in some trials, the animal chose
the option with the lower value. Similarly, in some trials, the
animal chose 3B over 1A. Intuitively, choice variability is high
when the sigmoid is shallow. Thus in each session, the steepness
of the fitted sigmoid, referred to as 7, quantified the (inverse of)
choice variability (see Methods).

In any given trial, we define the payoff as the value chosen by
the animal. Thus given a set of offers and a sigmoid function, the
expected payoff is equal to the chosen value averaged across trials.
Importantly, the expected payoff is inversely related to choice
variability, and thus directly related to the steepness of the
sigmoid. When the sigmoid is steeper, choice variability is lower,
and the expected payoff is higher; when the sigmoid is shallower,
choice variability is higher, and the expected payoff is lower.
Notably, the relative value of two juices is entirely subjective. In
contrast, a key aspect of the expected payoff is objective: given a
set of offers, a relative value and two sigmoid functions, the
steeper sigmoid yields higher expected payoff.

Quasi-linear coding of offer values. While animals performed
the task, we recorded the activity of individual neurons in the
central OFC. Firing rates were analyzed in multiple time
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Fig. 3 Range adaptation is corrected within the decision circuit. a, b Uncorrected range adaptation would induce arbitrary choice biases. Panel a shows the
schematic response functions of two neurons encoding the offer value A (left) and the offer value B (right). Panel b shows the resulting choice patterns
under the assumption that decisions are made by comparing the firing rates of these two cells. We consider choices in two conditions, with the range AA
= [0 2] kept constant. When AB =[0 5], the firing rate elicited by offer 1A is between that elicited by offers 2B and 3B (p =2.5). When AB = [0 10], offer
value B cells adapt to the new value range. Now offer 1A elicits the same firing rate as offer 5B (p =5). Thus if range adaptation is not corrected, changing
either value range induces a choice bias. Importantly, this issue would vanish if both neurons adapted to the same value range. However, experimental
evidence indicated that each population of offer value cells adapts to its own value range °. ¢ Relative values measured in Exp.2. The two panels refer to the
two animals. In each panel, the axes represent the relative value measured when Q,/Qg = X (x-axis) and that measured when Q,/Qg = 2X (y-axis). Each
data point represents data from one session, and different symbols indicate different protocols (see legend). If decisions were made by comparing

uncorrected firing rates, data points would lie along the red dotted line. In contrast, data points lie along the black dotted line (identity line). In other words,
the relative values measured in the two trial blocks were generally very similar, indicating that range adaptation was corrected within the decision circuit.

Panels a and b are reproduced from®

windows. In each session, an “offer type” was defined by a pair of
offers (e.g., [LA:3B]); a “trial type” was defined by an offer type
and a choice (e.g., [1A:3B, B]); a “neuronal response” was defined
as the activity of one cell in one time window as a function of the
trial type. Earlier work showed that different responses encoded
variables offer value, chosen value and chosen juice® °. Unless
otherwise indicated, the present analyses focus on offer value
responses.

Previous studies failed to emphasize that the tuning of offer
value cells was quasi-linear even though the distribution of values
was highly non-uniform. To illustrate this point, we identified for
each offer value response the quantity levels for the correspond-
ing juice, and we calculated the number of trials in which each
quantity level had been presented to the animal within the
session. For example, Fig. lc illustrates one offer value A
response. In this session, juice A was offered in quantity levels
(number of trials): 0 (39), 1 (169), 2 (19), and 3 (20). For each set
of trials, we computed the mean firing rate of the cell. In addition,
we computed the cumulative distribution function for the
number of trials (ntrialscpg) as a function of the quantity level.
By analogy with sensory systems'4, neurons encoding ntrialscpg
would provide maximal information about the offer values. Firing

4

rates and ntrialscpr were highly correlated: for both of them, a
linear regression on the quantity level provided a reasonably good
fit (Fig. 1d). However, the non-uniform distribution of offer
values induced a curvature in ntrialscpg. Similarly, each neuronal
response taken alone always presented some curvature. To assess
whether and how the curvature in neuronal responses was related
to the curvature in ntrialscpy, we normalized both firing rates and
ntrialscpr (see Methods). We thus fit each set of data points with
a 2D polynomial, which provided a coefficient for the quadratic
term (B,). Separately, we fit each set of data points with a 3D
polynomial, which provided a coefficient for the cubic term (f3;
Fig. le; see also Fig. 1f-h).

Because lower offer values were over-represented in the
experiments, we generally measured B, piascpr<O and s
ntrialsCDF>O- In contrast, ﬁz, firing rate> and 63, firing rate varied
broadly across the population, and their distributions were fairly
symmetric around zero (Fig. 2a, b). In other words, neuronal
response functions were, on average, quasi-linear. These results
held true for individual monkeys, in each time window, and
independently of the sign of the encoding (Supplementary Fig. 1).
Similar results were also obtained for chosen value responses
(Supplementary Fig. 2).
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adaptation

Range adaptation is corrected within the decision circuit. As
previously shown, offer value cells undergo range adaptation
(Supplementary Fig. 3a-c)®. Linear tuning implies that any given
value interval is allotted the same activity interval in the neuronal
representation. Range adaptation ensures that the full activity
range is always available to represent the range of values offered
in the current context. Thus range adaptation seems to provide an
efficient representation for offer values. However, range adapta-
tion also poses a computational puzzle’ illustrated in Fig. 3a, b. In
essence, current models assume that binary economic decisions
are made by comparing the firing rates of two neuronal popu-
lations encoding the subjective values of the offered goods>>~2°. If
so, by varying the ranges of the two offers one could impose any
indifference point (an arbitrary choice bias).

Exp.2 was conducted to test this prediction in controlled
conditions. In each session, monkeys chose between two juices.
Trials were divided in two blocks. Across blocks, we either halved
or doubled the range of one of the two juices (2 x 2 design). For
each trial block, Q4 and Qp indicate the maximum quantities of
juices A and B offered, respectively. Thus independently of other
factors, the ratio Q4/Qp changed by a factor of two between
blocks (Q4/Qp =X or 2X). The experimental design controlled for
juice-specific satiety and other possible sources of choice bias (see
Methods).

We collected behavioral data in 220 sessions. In each session
and each trial block, we measured the relative value of the juices.
We then compared the measures obtained in the two trial blocks.

18:1208

According to the argument in Fig. 3a, b, the relative value
measured when Q4/Qp=X should be roughly twice that
measured when Q,/Qp=2X. Contrary to this prediction, the
relative values measured in the two trial blocks were generally
similar (Fig. 3c). Pooling all sessions, the ratio of relative values
measured for the two trial blocks was statistically indistinguish-
able from 1 (mean ratio = 1.006; p = 0.81, Wilcoxon signed rank
test) and significantly below 2 (p < 10737, Wilcoxon signed rank
test). These results held true for each animal.

Range adaptation maximizes the expected payoff. Exp. 2 indi-
cated that range adaptation is corrected within the decision cir-
cuit. We previously proposed a possible scheme for this
correction. In essence, choice biases are avoided if the synaptic
efficacies between offer value cells and downstream neuronal
populations are rescaled by the value ranges” 2°. However, if this
correction occurs, it is reasonable to question whether range
adaptation benefits the decision process at all. The central result
of this study is that range adaptation in offer value cells max-
imizes the expected payoff even if adaptation is corrected within
the decision circuit. The theoretical argument is summarized here
and detailed in the Supplementary Note, where we provide
mathematical proofs.

Consider the general problem of choices between two goods, A
and B. We indicate the quantities of A and B offered on a
particular trial with g4 and gp. Across trials, g4 varies in the range
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[0, Q4l, while g varies in the range [0, Qp]. We assume linear
indifference curves (Fig. 4a) and indicate the relative value with p.
Choices can be described by a sigmoid surface (Fig. 4b). For each
pair of offers, one of the two options provides a higher payof, but
in some trials the animal fails to choose that option (choice
variability). Intuitively, this may happen because the neural
decision circuit has a finite number of neurons, limited firing
rates, trial-by-trial variability in the activity of each cell, and non-
zero noise correlations.

Figure 4c illustrates the issue of interest. We assume that
neuronal response functions are linear. Actual neurons always
have a baseline firing rate (corresponding to a zero offer), but we
assume that this activity does not contribute to the decision. Thus
we focus on baseline-subtracted response functions. Let us
consider a hypothetical scenario in which there is no adaptation.
If so, neurons would have fixed tuning, corresponding to a linear
response function defined on a very large value range. In contexts
where the encoded good varies on a smaller range, neuronal firing
rates would span only a subset of their potential activity range. In
contrast, if neurons undergo complete range adaptation, firing
rates span the full activity range in each behavioral context.

To understand how range adaptation in offer value cells affects
the expected payoff, it is necessary to consider a specific decision
model. That is, the question must be addressed under some
hypothesis of how the activity of offer value cells is transformed
into a decision. We examined the linear decision model*® 3!
formulated as follows:

D=Xx*-Xx*

XE = Ky ot @

g=AB i=1l...n

where 74 is the firing rate of an offer value g cell, w¥ are decision
weights, n is the number of cells associated with each juice, and
K, is the synaptic efficacy of offer value g cells onto downstream
populations. Conditions D> 0 and D <0 correspond to choices
of goods A and B, respectively.

We model the firing rates of offer value cells as Poisson
variables and we approximate noise correlations with their mean
long-distance component®’. In accord with experimental mea-
sures, we set the noise correlation to £ = 0.01 for pairs of neurons
associated with the same good, and to zero for pairs of neurons
associated with different goods®. Importantly, £ does not depend
on firing rates (Supplementary Fig. 4). We thus compute the
probability of choosing juice A given offers g = (qa, g5), tuning
slopes t = (t4,tp) and synaptic efficacies K = (Ky, K3):

Kaqata — Kpqptp
2(K3qata + Kiqsts)

P(ch = Alq,t,K) =Pr (Z > — |Z ~ N(0, 1))

(2)

where N(0, 1) is the standard normal distribution and y = &£/4.

Eq. 2 allows one to calculate the expected payoft. Indicating
with 7 the maximum possible firing rate, we demonstrate that the
expected payoff is maximal when f, =7/Q,. This condition
corresponds to complete range adaptation (Fig. 4c). In the
symmetric case, defined by pQ,=Qp (equal value ranges), the
expected payoff is maximal when K4/Kp =1 and there is no
choice bias. In the general, asymmetric case (unequal value
ranges), the expected payoff is maximal when Ky /Kg ~ pQa/Qs.
In this condition, there is a small choice bias that favors the larger
value range and depends on y.

Eq. 2 expresses the sigmoid surface describing choices.
By computing the slope of this surface on the indifference
line, we show that under optimal coding the steepness of the
sigmoid is inversely related to the value ranges (Supplementary
Note, Eq. 28).
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a Monkey V (73 sessions) b Monkey L (91 sessions)

Log(gs/pga)

Log(gs/pga)

Fig. 5 Relation between sigmoid steepness and value range. a Monkey V
(73 sessions). For each session, the sigmoid fit provided measures for p and
n (Eqg. 6), and we computed the geometric mean value range A. In this plot,
different sigmoid functions are aligned at the flex (x-axis) and ranked based
on A, from top (small A) to bottom (large A). For each sigmoid, the thick
colored line (blue-green) depicts the result of the fit in a standard interval
[=2 2]. The thin black line highlights the range of values actually used in the
corresponding session. Different shades of color (from blue to green)
indicate the ordinal ranking of sessions according to A. Notably, sigmoid
functions at the bottom of the figure (larger A) were shallower (lower 7). b
Monkey L (91 sessions). Same format as in a

Relation between choice variability and value range. The pre-
vious section summarizes a theory of optimal coding of offer
values for economic decisions. The main prediction for linear
response functions is that the slope of the encoding should be
inversely proportional to the value range, as is indeed observed in
the experiments (range adaptation; Supplementary Fig. 3d, e).
The theory also makes another testable prediction. Consider
experiments in which monkeys choose between two juices and
value ranges vary from session to session. The sigmoid steepness
should decrease as a function of the value ranges. To test this
prediction, we examined 164 sessions from Exp.1. For each ses-
sion, we computed the geometric mean value range A=(p Q4 Qp)
12 and we obtained a measure for the sigmoid steepness (77) from
the sigmoid fit. We thus examined the relation between # and A.

Figure 5a, b illustrates the fitted sigmoid obtained for each
experimental session in our data set, separately for monkeys V
and L. For each animal, sigmoid functions were aligned at the flex
and ranked according to A. Notably, sigmoid functions with
small A were generally steeper (large #), while sigmoid functions
with large A were generally shallower (small #). In other words,
there was a negative correlation between # and A. This
correlation, summarized in a scatter plot (Fig. 6), was statistically
significant in each animal (monkey V: corr coef=-0.41, p <
0.0005; monkey L: corr coef=-0.26, p < 0.02). Control analyses
confirmed that this result was not due to differences between juice
pairings (Supplementary Fig. 5) or to fluctuations in the relative
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Fig. 6 Relation between sigmoid steepness and value range, scatter plots. a,
b. Panels a and b refer to monkey V (73 sessions) and monkey L

(91 sessions), respectively. In each panel, the x-axis represents the
geometric mean value range A=(p Qa Qp)"?, the y-axis represents the
steepness of the sigmoid (7)) and each data point represents one session. In
both animals, the two measures were significantly and negatively
correlated. In each panel, the black line represents the result of Deming'’s
regression (see Methods)

value (Supplementary Fig. 6). Similar results were also obtained
for data from Exp.2 (Supplementary Fig. 7).

Neuronal responses are functionally rigid. We have shown that
range adaptation maximizes the expected payoff under the
assumption of linear response functions. Next we address a clo-
sely related question, namely whether (or in what sense) linear
response functions are optimal in the first place. In the visual
system, optimal coding is achieved if tuning functions match the
cumulative distribution of the encoded stimuli'® !°. In the
valuation system, the equivalent condition would occur if offer
value responses matched the cumulative distribution of offered
values. We already showed that this is not the case (Fig. 2). In
retrospect, this finding is not surprising because a subject per-
forming economic decisions is best served by response functions
that maximize the expected payoff, which do not necessarily
maximize information transmission. Thus what is the optimal
response function for offer value cells?

The answer to this question depends on the joint distribution
of offers and on the relative value of the two goods. For example,
consider the case in which an animal chooses between goods A
and B and p=2. Good A is always offered in quantity 1, while
good B is offered in quantities between 0 and 5 (Fig. 7a). We
consider offer value B cells and we indicate with rp their firing
rate. It is easy to see that the payoff is maximal if rz(x) =0 when
x <2, rp(2) =0.5, and rp(x) = 1 when x > 2, where x are quantities
of juice B offered. Hence, the optimal response function is a step
function with the step located at x = 2. Next consider the case in
which quantities of both goods vary between 0 and 5, at least one
of the two goods is always offered in quantity 1, and p=2
(Fig. 7b). Again, the optimal response function for offer value B
cells is rg(x) = 0 when x < 2, rg(2) = 0.5, and rp(x) = 1 when x > 2.
For offer value A cells, the optimal response function is r4(0) =0,
r4(1)=0.5, and r,(x) =1 when x> 1. Thus for both goods, the
optimal response function is a step function. Analogously, if offer
types are the same but p=3 (Fig. 7c), the optimal response
function for offer value B cells is a step function with the step
located at x = 3.

The scenarios depicted in Fig. 7b, ¢ are similar to those
occurring in Exp.1. Indeed our sessions always included forced
choices for both juices. Furthermore, in 96% (200 out of 208) of
our sessions, when both juices were offered, at least one of them
was offered in quantity 1 (Supplementary Fig. 8). Thus in Exp.1,
optimal response functions for offer value cells would have been
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step functions, not linear functions. Our neuronal data clearly
belied this prediction (Fig. 2). In other words, our results indicate
that the functional form of offer value cells did not adapt to
maximize the payoff in each session. To further examine this
point, we ran two additional analyses.

First, we entertained the hypothesis that the functional form of
offer value cells might adapt on a longer time scale, over many
sessions. However, we found that the mean optimal response
function was a fairly sharp sigmoid (Fig. 7d), contrary to our
observations (Fig. 2). Second and most important, we recognized
that neuronal responses examined in Fig. 2 were originally
identified through a variable selection analysis that only
considered linear response functions? (see Methods). This
effectively imposed a bias in favor of linearity. To eliminate this
bias, we repeated the variable selection procedures including in
the analysis all the variables discussed in this study. These
included the cumulative distribution function of offer values
(ntrialscpg), the optimal responses in each session (step
functions) and the mean optimal response function across
sessions (Methods). The results confirmed previous findings:
variables offer value, chosen value and chosen juice still provided
the highest explanatory power. In particular, the explanatory
power of linear offer value variables was significantly higher than
that of each of the new variables (Supplementary Table 1).

In the final analysis of this section, we considered whether the
response functions observed experimentally would maximize the
expected payoff for other possible joint distributions of offers. To
do so, we generalized the theory of optimal coding by relaxing the
assumption of linear response functions (Supplementary Note,
Section 6). One interesting candidate was the symmetric uniform
distribution (Fig. 7e). We calculated the optimal response
functions given this distribution (ORFiform) and we found that
they are quasi-linear and slightly convex (Fig. 7e). Notably, this
non-linearity is in the same direction observed in Fig. 2a
(histogram). We then repeated the variable selection analysis
including variables based on ORF iform. Interestingly, neuronal
responses best explained by ORF,iform Variables were more
numerous than those best explained by linear offer value variables
(Fig. 8). As in previous studies?, we used two procedures for
variable selection, namely stepwise and best-subset (Methods).
Both procedures identified variables offer A ORFiform, Offer B
ORFypiform> chosen value and chosen juice as providing the
maximum explanatory power (Fig. 9). However, a post-hoc
analysis indicated that the explanatory power of ORFiform
variables was statistically indistinguishable from that of linear
offer value variables (Supplementary Table 2).

In conclusion, the variable selection analyses confirmed that
offer value responses were quasi-linear and thus suboptimal given
the joint distributions of offers in our experiments. Furthermore,
offer value responses were indistinguishable from optimal
responses functions calculated assuming a uniform joint
distribution of offers. We elaborate on the significance of this
finding in the Discussion.

Cost of functional rigidity and benefit of range adaptation. The
tuning of offer value cells is functionally rigid (quasi-linear) but
parametrically plastic (range adapting with optimal gain). In
terms of the expected payoff, functional rigidity ultimately
imposes some cost, while range adaptation ultimately yields some
benefit. We sought to quantify these two terms in our
experiments.

For each session of Exp.1, we focused on strictly binary choices
(i.e., we excluded forced choices). On the basis of the relative
value of the juices (p), we computed for each trial the chosen
value (i.e., the payoff) and the max value, defined as the higher of
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histogram)

the two values offered in that trial. We also defined the chosen
value pance as the chosen value expected if the animal chose
randomly between the two offers. Hence, chosen valuegnce =
(offer value A+offer value B)/2. For each session we defined the
fractional lost value (FLV) as:

lue — ch 1
FLV = fractional lost value = {max value — chosen value)

(max value — chosen value hance)
(3)

where brackets indicate an average across trials. Under normal
circumstances, FLV varies between 0 and 1. Specifically, FLV =0
if the animal always chooses the higher value (chosen value =
max value) and FLV =1 if the animal always chooses randomly
(chosen value =chosen valuegnce)- Thus FLV quantifies the
fraction of value lost to choice variability. For each session, we
also computed the percent error, defined as the percent of trials in

8
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which the animal chose the lower value. We examined these
metrics across sessions.

The percent error varied substantially from session to session,
between 0 and 23% (Fig. 10a). On average across sessions, mean
(percent error)=8.7%. The FLV also varied substantially across
sessions, between 0 and 0.24 (Fig. 10b). On average across
sessions, mean(FLV)=0.05. Importantly, this estimate provides an
upper bound for the value lost by the animal due to suboptimal
tuning functions, because other factors might also contribute to
choice variability. Hence, the cost of functional rigidity in the
coding of offer values may be quantified as <0.05.

Because we cannot observe decisions in the absence of
neuronal adaptation, quantifying the benefits of range adaptation
requires a simulation. We proceeded as follows. For each session
and for each trial, the sigmoid fit provided the probability that the
animal would choose juice B (P-p; see Eq. 5) or juice A
(Pch=a=1-P.—p). Thus in each trial the expected chosen value
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ORFniform: chosen value and chosen juice. Indeed the variable selection procedures identified these variables as the ones with the highest explanatory

power (Fig. 9)

(i.e., the expected payoff) was:

(4)

E(chosen value)=P,;,_4 offer value A+P,,_p offer value B

For each session, we computed the expected fractional lost
value (EFLV) by substituting the E(chosen value) for the chosen
value in Eq. 3. Importantly, we verified that EFLV provided a
good estimate for the actual FLV (Fig. 10c).

To address the question of interest, we reasoned along the lines
of Fig. 4c, where the absence of adaptation is approximated with a
scenario in which neurons adapt to a very large value range. We
already showed that increasing the value range decreases the
sigmoid steepness (Fig. 6). Thus we examined how reducing the
sigmoid steepness would affect the EFLV. We found that the
effects were large. For example, when we halved the sigmoid
steepness (y—n/2), we obtained mean(EFLV) =0.15; when we
divided the sigmoid steepness by ten (7 — 7/10), we obtained
mean(EFLV)=0.55 (Fig. 10d). Hence, the benefit of range
adaptation, while difficult to quantify exactly, is clearly very high.

To summarize, the benefit of range adaptation outweighs the
cost of functional rigidity. Our analyses suggest that a quasi-linear
but range-adapting coding of offer values is sufficient to ensure
close-to-optimal choice behavior.

NATURE COMMUNICATIONS | 8:1208
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Discussion

Sensory neurons are optimally tuned for perception if they
transmit maximal information about the stimuli. In contrast,
offer value neurons are optimally tuned for economic decisions if
they ensure maximal expected payoff. In this framework, we
examined the activity of offer value cells in OFC. These neurons
are believed to provide the primary input for economic decisions.
We showed that their tuning is functionally rigid (linear
responses) but parametrically plastic (range adaptation with
optimal gain). We also showed that range adaptation is corrected
within the decision circuit to avoid arbitrary choice biases. Cri-
tically, range adaptation ensures optimal tuning even considering
this correction. Confirming theoretical predictions, we showed
that choice variability is directly related to the range of values
offered in any behavioral context. Finally, we showed that the
benefit of range adaptation outweighs the cost of functional
rigidity. Importantly, our theoretical results were derived using a
linear decision model (Eq. 1)** 3!, Future work should extend this
analysis to other decision models®> 27> 29,

On average, offer value responses presented a small but sig-
nificant departure from linearity (Fig. 2). Their convexity closely
resembled that predicted for optimal response functions under a
uniform joint distribution (Fig. 7e), although in a direct com-
parison the explanatory power of ORFyiform functions was not
significantly higher than that of strictly linear functions. Thus
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future work should address this point and consider other joint
distributions that might explain neuronal responses in OFC.
Nonetheless, the quasi-linear nature of value coding in OFC is
noteworthy. We previously showed that the activity of neurons
associated with one good does not depend on the identity or value
of the other good offered in the same trial>2. With respect to
range adaptation, we also showed that each neuron adapts to its
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own value range, independently of the range of values offered for
the other good”. One implication of linear responses (or optimal
response functions under a symmetric uniform distribution) is
that the activity of neurons associated with one particular good
does not depend on the distribution of values offered for the other
good, or on the relative value of the two goods. Thus quasi-
linearity can be seen as yet another way in which neurons asso-
ciated with one particular good are blind to every aspect of the
other good. This blindness, termed menu invariance, guarantees
preference transitivity>> 4, which is a fundamental trait of eco-
nomic behavior. It is tempting to speculate that quasi-linear
coding might have been selected in the course of evolution
because it facilitates transitive choices.

Adaptive coding has been observed in numerous brain regions
that represent value-related variables including the amygdala®’,
anterior cingulate cortex’®, and dopamine cells*’~*. Indepen-
dently of the specific contribution of each area to behavior,
adaptation necessarily poses computational challenges analogous
to the coding catastrophe discussed in sensory systems’~!!. In
essence, uncorrected adaptation makes firing rates intrinsically
ambiguous. Thus neuronal adaptation at any processing stage
must be corrected at later Sta§6840 or ultimately results in
impaired behavioral performance'® 4!, With respect to offer value
cells in OFC, we previously proposed that choice biases poten-
tially introduced by range adaptation are corrected in the
synapses  between these neurons and  downstream
populations® 2°. The theory of optimal coding developed here
makes this same prediction, which should be tested in future
experiments. Interestingly, framing*> 4> and anchoring®* effects
documented in behavioral economics qualitatively resemble
adaptation-driven choice biases, although they are quantitatively
more modest. In principle, these effects could be explained if
synaptic rescaling trailed neuronal range adaptation. Similar
mechanisms have been hypothesized in the visual system to
explain illusions and aftereffects'’ 12,

The rationale for this study rests on the assumption that offer
value cells in OFC provide the primary input for the neural circuit
that generates economic decisions. Support for this assumption
comes from lesion studies**~4”, from the joint analysis of choice
probability and noise correlation®” and from the relation between
choice varijability and value range shown here. Indeed, current
neuro-computational models of economic decisions embrace this
view?® 2% 48-51 However, causal links between the activity of
offer value cells and the decision have not yet been demonstrated
with the gold-standard approach of biasing choices using elec-
trical or optical stimulation. Future work should fill this impor-
tant gap.

Methods
Experimental procedures. All experimental procedures conformed to the NIH
Guide for the Care and Use of Laboratory Animals and were approved by the

Fig. 9 Variable selection analysis. a Stepwise selection. The top panel is as
in Fig. 8b. At each iteration, the variable providing the maximum number of
best fits in a time window was selected and indicated with a * in the figure.
All the responses explained by the selected variable were removed from the
pool and the procedure was repeated on the residual data set. Selected
variables whose marginal explanatory power was <5% were eliminated
(Methods) and indicated with a e in the figure. In the first four iterations,
the procedure selected variables chosen juice, chosen value, offer A

ORF nitorm and offer B ORFynitorm, @and no other variables were selected in
subsequent iterations. b Percent of explained responses. The y-axis
represents the percentage of responses explained at the end of each
iteration. The total number of task-related responses (1378) corresponds to
100%. The number of responses explained by at least one of the variables
included in the analysis (1245/1378=90%) is indicated with a dotted line
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10, respectively

Institutional Animal Care and Use Committees at Harvard University (Exp.1) and
Washington University in St Louis (Exp.2). No subject randomization or blinding
during data analysis was used.

The procedures for Exp.1 have been described previously?. Briefly, one male (V,
9.5 kg) and one female (L, 6.5 kg) rhesus monkey participated in the experiment.
Animals sat in an electrically insulated enclosure with the head restrained, and a
computer monitor was placed in front of them at 57 cm distance. In each session,
the monkey chose between two juices, labeled A and B, with A preferred. At the
beginning of each trial, the animal fixated a center position on the monitor
(Fig. 1a). After 0.5, two sets of colored squares appeared on the two sides of the
center fixation. The two sets of squares represented the two offers, with the color
associated with a particular juice type and the number of squares indicating the
juice quantity. The animal maintained center fixation for a randomly variable delay
(1-2s), at the end of which the center fixation point was extinguished (go signal).
The animal revealed its choice by making a saccade towards one of two targets
located by the offers, and maintained peripheral fixation for an additional 0.75 s
before the chosen juice was delivered. While animals performed in the task, we
recorded the activity of individual neurons from the central OFC (see below). The
range of quantities offered for each juice remained fixed within a session, while the
quantity offered on any given trial varied pseudo-randomly. Across sessions, we
used various juice pairs and various quantity ranges for the two juices. The
minimum quantity was always zero drops (forced choice for the other juice), while
the maximum quantity varied from session to session between 2 and 10 drops.

In Exp.2, animals performed essentially the same task, except that sessions were
divided into two blocks of trials. One male (B, 9.0 kg) and one female (L, 6.5 kg)
rhesus monkey participated in the experiment. The task was controlled through
custom-written software based on Matlab (MathWorks)*% >3 and gaze direction
was monitored with an infrared video camera (Eyelink, SR research). The trial
structure was the same as Exp.1, except that the initial fixation lasted 1.5s. Each
session included two trial blocks. The minimum offered quantity for each juice was
always set to zero (forced choice for the other juice). The maximum quantity (and
thus the range) varied from session to session and from block to block. In the
second block, we either halved or doubled the range for one juice (A or B) while
keeping the other range unchanged. This procedure resulted in a 2x2 design. Each
block included 110-260 trials. In each block, an “offer type” was defined by a pair
of offers (e.g., [1A:3B]); a “trial type” was defined by an offer type and a choice (e.g.,
[1A:3B, B]). The relative value of the two juices was computed from the
indifference point (see below).

In principle, changes in relative value could arise from factors other than the
value range. Exp.2 was designed to minimize three potential sources of choice bias.
First, in previous work, we often noted that the relative value of any two juices
tends to increase over the course of each day, presumably because animals become
less thirsty. To deconfound changes in relative value due to changes in value range
from this effect, we alternated sessions in which we increased or decreased the
range of either juice A or juice B. The number of sessions for each of the 4 possible
combinations was not-predetermined with a statistical method but was comparable
(AA—2AA, 61 sessions; AB—2AB, 62 sessions; 2AA—AA, 49 sessions; 2AB—AB,
48 sessions). Second, within each trial block, monkeys might experience juice-
specific satiety or diminishing marginal returns. Thus to isolate the behavioral
effects of manipulating the value range, we ensured that in both trial blocks the
animal drank the same relative amounts of the two juices. For example, if the
animal drank juice A and juice B in quantity ratio 3:2 in the first block, we kept the
same ratio 3:2 in the second block (see below). Third, we previously found that, all
other things equal, monkeys tend to choose on any given trial the same juice they
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chose in the previous trial (choice hysteresis)s. If the relative number of trials in
which the animal chooses a particular juice varies from one block to the other,
choice hysteresis could introduce a systematic bias. To avoid this confound, we
ensured that the relative number of choices was the same in the two trial blocks.

The relative number of choices and the relative amount drunk by the animal for
each juice were controlled by adjusting the frequency with which each offer type
was presented. Specifically, offers were presented pseudo-randomly in mini-blocks
of 20-30 trials. To fine-tune the balance between juice A and B, we kept track of the
monkey’s choices online. If the choice ratio or the relative amount of juice changed
in the second block, the imbalance was corrected by adding forced choices of one of
the two juices.

Analysis of behavioral data. Monkeys’ choices generally presented a quality-
quantity trade-off. If the two juices were offered in equal amounts, the animal
would generally choose juice A (by definition). However, if sufficiently large
quantities of juice B were offered against one drop of juice A, the animal would
choose B. Choices were analyzed separately in each session (Exp.1) or in each trial
block (Exp.2). The “choice pattern” was defined as the percentage of trials in which
the animal chose juice B as a function of the log quantity ratio log(gs/q4), where g4
and gp indicate the quantities of juices A and B. Each choice pattern was fitted with
a sigmoid function:

X
P = LN(O, 1)dt )

X = ay + a1log(qs/qa)

where P,_p is the probability of choosing juice B and N(0,1) is the standard
normal distribution. The fit was done with Matlab function glmfit and link=probit.
From the fitted parameters a, and a; we defined the relative value p and the
steepness of the sigmoid # as follows:

p = exp(—ao/a1)

n=a

Given a set of offers, the expected payoff is directly related to #. In some
simulations (Fig. 10), we reduced the sigmoid steepness (e.g., a; — a,/10) while
keeping the relative value constant (ao/a; — ag/a;).

Exp.1 included 208 sessions. However, in some cases the choice patterns were
saturated (i.e., the animal did not split decisions for any offer type, a situation
referred to as “perfect separation”). In these cases, the sigmoid fit did not provide a
reliable measure for #. Thus the analysis shown in Fig. 5 and Fig. 6 included only
sessions for which choice patterns were not saturated (164 sessions).

In Exp.1, the minimum quantity offered for each juice was always 0, and we
indicate maximum quantities with Q4 and Qp. We usually set Q4 and Qg to
approximately satisfy p Q4 = Qp (symmetric condition). However, this relation did
not hold strictly, partly because the relative value p was determined by the animal
and fluctuated from session to session. Thus to test a theoretical prediction on
choice variability and value range, we computed the geometric mean value range
A = (p Q4 Qp)'"? and we examined the relation between 7 and A. Since errors of
measure affected both measures, standard regressions could not be used. We thus
used Deming’s regressions>*. Variance ratios 4 were computed through error
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propagation as follows:

var (1) _ (on)? _ 4a}(8a1)*
Var((pQAQB)l/z) QuQs(5(p'2))*  pQuQs(agdar — a18a,)’ (

A= 7)

where 8p, 61, dag, and 6a; are errors on the respective measures, and day and da;
are obtained as standard errors from the logistic regressions.

The relation between 7 and A was also analyzed using alternative definitions for
A including the simple mean A=(p Q4+Qp)/2 and the log geometric mean A = log
(p Qa Qp)/2, adjusting variance ratios accordingly. All variants of the analysis
provided very similar results.

One concern was whether the relation between choice variability and value
range (Fig. 6) was direct or reflected some other dependency. We considered two
issues. First, Fig. 6 includes sessions with different juice pairs, with different typical
values of p. In principle, choice variability could vary from juice pair to juice pair in
a way that induces the relation observed in Fig. 6. Second, for any given juice pair,
value range (A), relative value (p) and sigmoid steepness (7) are all inter-related by
definition (Eq. 6) and because value ranges were often chosen non independently of
p (in many sessions we set Q4=3 and chose Qg such that Qz~p Q). Thus the
relation between ;7 and A (Fig. 6) might simply reflect fluctuations in p. To address
these concerns, we divided sessions in different sets based on the animal and on the
juice pair. We considered only sets with > 5 sessions, and our data included 12 such
sets (6 from each monkey). We then analyzed each set of sessions separately. First,
we verified that the relation between A and 7 held true for individual juice pairs
(Supplementary Fig. 5). Second, to assess whether this relation simply reflected
fluctuations in p, we used multilinear regression. For each set, we regressed 5 on p
and then on A in a stepwise way. The coefficient obtained from the second
regression (f3,) essentially quantified the correlation between 7 and A not explained
by fluctuations of p.

Analysis of neuronal data. Neuronal data were collected in Exp.1. The data set
included 931 cells from central OFC (area 13). The number of cells recorded was
not pre-determined using statistical methods. Firing rates were analyzed in seven
time windows aligned with different behavioral events (offer, go, juice). A “neu-
ronal response” was defined as the activity of one cell in one time window as a
function of the trial type. Neuronal responses were computed by averaging firing
rates across trials for each trial type.

In a previous study®, we conducted a series of analyses to identify the variables
encoded in this area. First, we submitted each neuronal response to a 3-way
ANOVA (factors: position x movement direction x offer type), and we imposed a
significance threshold p < 0.001. In total, 505 (54%) neurons passed the criterion
for factor offer type in at least one time window. Pooling neurons and time
windows, 1379 neuronal responses passed the ANOVA criterion, and subsequent
analyses were restricted to this data set. Second, we defined a large number of
variables including variables related to individual juices (offer value A, offer value
B, chosen value A, chosen value B), other value-related variables (chosen value,
other value, value difference, value ratio, total value), number-related variables
(chosen number, other number, and so on) and choice-related variables (chosen
juice). We performed a linear regression of each response onto each variable. If the
regression slope differed significantly from zero (p < 0.05), the variable was said to
“explain” the response. Because variables were often correlated with each other, the
same neuronal response was often explained by more than one variable. Thus for
each response we also identified the variable that provided the best fit (i.e., the
highest R?). Third, we proceeded with a variable selection analysis to identify a
small subset of variables that best explained the neuronal population. We adapted
two methods originally developed for multi-linear regressions in the presence of
multi-collinearity, namely stepwise and best-subset®> *°. In the stepwise method,
we identified the variable and time window that provided the highest number of
best fits, and removed from the data set all the responses explained by that variable.
We then repeated the procedure until when the number of responses explained by
additional variables was < 5%. While intuitive, the stepwise procedure did not
guarantee optimality. In contrast, the best-subset procedure (an exhaustive
procedure) guaranteed optimality. In this case, for n=1, 2, 3,... we computed the
number of responses and the total R? explained by each subset of n variables. The
best subset was identified as that which explained the highest number of responses
or the maximum total R. In the original study, the stepwise and best-subset
procedures identified the same 4 variables, namely offer value A, offer value B,
chosen value and chosen juice. Fourth, we conducted a post-hoc analysis. While the
explanatory power of variables included in the best subset was (by definition)
higher than that of any other subset of variables, the procedure did not guarantee
that this inequality was statistically significant. The post-hoc analysis addressed this
issue by comparing the marginal explanatory power of each variable in the best
subset with that of other, non-selected variables (binomial test). In the original
study and subsequent work>? >7 38, we found that the explanatory power of offer
value A, offer value B, chosen value and chosen juice was statistically higher than
that of any other variable.

The results of these analyses provided a classification for neuronal responses.
Specifically, each neuronal response was assigned to the variable that explained the
response and provided the highest R Thus we identified 447 offer value, 370
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chosen value, and 268 chosen juice responses. Subsequent analyses of the same data
set demonstrated range adaptation® and quantified noise correlations™.

Previous work suggested that the encoding of value in OFC was close to
linear® ©. In this study, we conducted more detailed analyses to quantify how
neuronal responses departed from linearity. Furthermore, we compared the
curvature measured in neuronal responses with that measured for the cumulative
distribution of the encoded values. The cumulative distribution of encoded values
was taken as a benchmark by analogy with sensory systems!® 1. For each offer
value response, we identified the value levels present in the session (i.e., the unique
values). We then calculated the corresponding number of trials, divided it by the
total number of trials in the session, and computed the corresponding cumulative
distribution function (ntrialscpr). For each value level, we also averaged the firing
rates obtained across trials. The range of offered values and the range of firing rates
varied considerably from session to session and across the population
(Supplementary Fig. 3). Thus to compare the results obtained for different
responses, we normalized offer value levels, neuronal firing rates, and ntrialscpy.
Value levels were simply divided by the maximum value present in the session. For
example, normalized values for juice B were defined as qz/Qp. For neuronal firing
rates, we performed the linear regression y =a, +a; X, where x are normalized
value levels. Firing rates were thus normalized with the transformation fr —
(fr—ao)/a;. Similarly, for ntrialscpr, we performed the linear regression
y =bo +b; x, and we normalized them with the transformation ntrialscpr —
(ntrialscpr—bg)/b;. Examples of normalized firing rates and normalized ntrialscpr
are illustrated in Fig. 1d, g. To estimate the overall curvature, we fit each
normalized response function with a 2D polynomial and compared the quadratic
coefficient (f,) with that obtained from fitting the corresponding normalized
ntrialscpp. To estimate the overall S shape, we fit the normalized response
function with a 3D polynomial and compared the cubic coefficient (f;) with
that obtained for the corresponding normalized ntrialscpr. These measures were
used for the population of offer value responses (Fig. 2). Separately, we
repeated these analyses for the population of chosen value responses
(Supplementary Fig. 2).

Theoretical considerations indicated that optimal response functions in our
experiments would have been step functions (Fig. 7b, c), contrary to our
observations. One concern was whether empirical response functions were optimal
on average across sessions, if not for any particular session. Notably, the relative
value p varied from session to session, largely because we used a variety of different
juice pairs. Recent work indicates that the same neurons are associated with
different juices in different sessions, with remapping dictated by the preference
ranking®®. In any given session, the optimal offer value B response function would
have been a step function with step at x = p. However, since p varied from session
to session, the resulting optimal response function would have been more gradually
increasing. In fact, if the distribution of p/Qp across session had been uniform in
the interval [0 1], the mean optimal response for offer value B neurons would have
been linear. An important caveat is that the rationale that would justify linear offer
value B responses did not hold for offer value A responses. In any case, we
examined the distribution of p/Qp (Fig. 7d). For offer value B, the mean optimal
response function was computed as the cumulative distribution function for p/Qg.

Importantly, the data sets included in Fig. 2 and Supplementary Fig. 3 were
originally selected based on a procedures that only considered linear encoding of
value?. To assess the functional form of neuronal responses without bias in favor of
linearity, we repeated the variable selection procedures described above including
in the analyses all the variables defined in this study. The variable selection analysis
was still based on linear regressions. However, firing rates were regressed on several
non-linear value variables (response functions). The analysis included linear
response functions (offer A, offer B), cumulative distribution functions of offer
values (offer A ntrialcpy, offer B ntrialcpr), variance-equalized versions of the
cumulative distribution functions of offer values (offer A ntrialcpr VE, offer B
ntrialcpr VE; see below), optimal response functions (offer A ORF, offer B ORF),
mean optimal response functions across sessions (offer A mean(ORF), offer B
mean(ORF)), and optimal response functions obtained under the assumption that
the joint distribution of offer values is uniform and symmetric (offer A ORFyniform»
offer B ORF yniforms; See below). In addition, the analysis included chosen value, the
cumulative distribution function for chosen values (chosen value ntrialcpg), a
variance-equalized version of the cumulative distribution function for chosen
values (chosen value ntrialcpr VE), and variables other value, value difference,
value ratio, total value and chosen juice (20 variables total).

The last part of Supplementary Note generalizes the theory of optimal coding by
relaxing the assumption of linear response functions. In principle, this allows one
to compute the optimal response functions for any joint distribution of offers.
Optimal response functions for the symmetric uniform distribution (ORFypiform)
were computed numerically in Matlab.

We restricted the variable selection analysis to responses that passed the
ANOVA criterion (N=1379, see above) and we regressed each neuronal response
on each variable. For variance-equalized variables, we first computed the square
root of the firing rates and then performed the linear regressions® 0. For variable
selection we used the two procedures described above, and we refer to previous
work for additional details*. The best-subset method can be based either on the
number of responses or on the total R? explained by each subset. In previous
studies, the two metrics provided similar results. Here we found that the results
obtained based on the total R? were more robust, probably because the present
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analysis aimed at providing a better fit for the neuronal responses as opposed to
explaining more responses. The best-subset procedures and post-hoc analyses were
performed on collapsed variables*. The variable selection analyses were conducted
twice. First, we included all the variables described above except those based on
ORFypiform- In this case, linear response functions performed significantly better
than all the other variables (Supplementary Table 1). Second, we added in the
analysis the variables based on ORFpiform- In this case, the performance of

ORF niform Variables was better than, but statistically indistinguishable from that of
linear variables. It was significantly better than that of all the other variables
(Supplementary Table 2). Both analyses are described in the Results. Figures 8 and
9 refer to the analysis that included all 20 variables.

Code availability. The code used for data analysis and simulations is available
from the corresponding author upon reasonable request.

Data availability. The data that support the findings of this study are available
from the corresponding author upon reasonable request.
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Optimal Coding and Neuronal Adaptation
in Economic Decisions

SUPPLEMENTARY NOTE

ALDO RUSTICHINI, KATHERINE E. CONEN, XINYING CAI,
AND CAMILLO PADOA-SCHIOPPA

ABSTRACT. We formulate the general problem of optimal coding for a
linear model for the choice with two pools of neurons. Optimal coding
is defined as the problem of choosing the optimal response function for a
given environment, under physiological constraints (such as a maximum
firing rate), if one wants to maximize the expected value of the goods
selected.

We consider first the case of a linear response function, and analyze
the adjustment of the slope of the response to the distribution of offers
in a session. Our aim is to solve two problems at the same time: explain
why we observe adaptive coding (AC), and why AC does not induce a
choice bias (that is, a dependence of choice on the environment: this is
defined precisely in section 4.1).

We find:

(1) The optimal response requires adaptive coding (proposition 4.1
and theorem 5.2).

(2) If the firing rate and inputs have no upper limit, then the choice
does not exhibit bias depending on variation of the range of the
offers in different experimental sessions. There is no bias, but AC
improves the response (proposition 4.1).

(3) If the firing rate and inputs have upper limits, then as the range of
either good increases the stochastic choice becomes noisier (equa-
tion 26 in theorem 5.2).

(4) In both cases (upper bound or not) the consistency of choice is
not a constraint imposed on the process, but an outcome of the
optimization (proposition 4.1 and theorem 5.2).

In the second part we consider the general problem of characterizing the
best response function in the set of all functions, not necessarily linear.

1. CHOICE ENVIRONMENT

Two goods, A and B are offered during an experimental sessions. We use
the index g € {4, B}. In the main text we conducted the analysis in physical
goods space: thus, a quantity ga of good A and ¢p of good B are offered,
expressed in common physical units (say, ml), and g4 ~ ¢p (that is, the
animal is indifferent between g4 and ¢p) if and only if pg4 = qp. This setup
is closer to the nature of the neural coding (see Padoa-Schioppa (2009), in
particular figure 4 of that paper), but is less natural for the analysis. So
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Key words and phrases. Adaptive Coding, Economic Choice, Neuro-computational
Theory.
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in this supplementary material we work in value space, describing the two
offers x for good A and y for good B in terms of a common value; so in
this case x ~ y if an only if z = y; so that we can take = to be pga, and
y to be gg. The joint distribution of offers in a session is described by a
m € A(X xY); my is the marginal over quantities of good g.

2. LINEAR MODEL: NEURONAL CODING WITHIN SESSIONS

We first describe the response in a trial of a given experimental session.
There are two pools of neurons, one for each good g. Each set has the same
number n of neurons; we will take the limit as n — oo later. We consider
the output of the two pools as providing input current to a post synaptic
sets of neurons; so we will consider both the firing rate and the input to
the downstream neuron for every spike; the latter is regulated by synaptic
efficacy. We assume that all neurons in the pool fire at the same Poisson
rate:

Assumption 2.1. The spike process r4;,9 € {A, B} for each neuron i =
1,...,n is Poisson with rate v,.

We consider the total firing occurring in a fixed time interval At of ap-
proximate length 500 ms. There is no leak, thus all the spikes within this
interval are interchangeable. We write the input corresponding to each spike
of neurons of good g as Jg; this is the amount of positive charge entering
the membrane of the post-synaptic neuron due to one spike. Since At does
not play a role in our analysis, we choose it as time unit: At = 1. Now the
firing rate refers to this time unit, and r,; indicates the number of spikes
per unit time. We define D™ as the random variable obtained as a weighted
sum of the contributions of the two pools:

n
(1) XP=> wirgig
i=1
where w™ is a vector of n-positive weights, adding up to 1; and
(2) D"= X" — Xp
By the assumption 2.1
(3) E(rgidg) = vgdg, Var(rg:Jy) = nggz = anggz

We focus here on the simple case where

(4) Vi, w}

S

We want to take limits as n — oo, defining in the limit a random variable
D. Assuming stationarity (in the spatial dimension index) then by Birkhoff
ergodic theorem, a limit random variables D exists, which is the expectation
of the representative random variable r41J4 — rp 1Jp with respect to the
invariant o-algebra.
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The expectation of this limit variable is:
(5) E(D) = VAJA — I/BJB
The variance of D™ is

1
(6) Var(D") = ~(J3Var(rap) + JgVar(rp.1)+

1
(1— ﬁ) (JiC’ov(rA,erg) + J%CO’U(T‘BJTB’Q)) —2J4JgCov(rairpa)

We assume (on the basis of experimental evidence: see figure S4 of the
text) that the correlation among neurons is independent of the firing rate v
and the vector of inputs J:

Assumption 2.2. Corr(rgi7g42) = Xg,9 = A, B and Corr(rairp1) = 7,
all independent of the vectors rate v and input J.

Using 2.2 we get:

(7) Var(D) = XAUEAJI% + XBazBJ% — 270y, Ja0r5JB

Note that when x4 = xp = x and afA = ‘733 = ¢2 and J4 = Jp, then

X = 7, so correlation within pools is larger than the one across pools. In the
analysis below we set v = 0 for simplicity of notation; introducing it back is
trivial.

We assume that good A is chosen if D > 0, and B otherwise. This linear
decision model is a very reduced form of mutual and of pooled inhibition
models.

3. ADAPTIVE CODING ACROSS SESSIONS

We consider the problem of the adjustment of the neuronal response from
one session to another. Neurons corresponding to a good respond in each
trial to the quantity offered of the corresponding good; the function describ-
ing this response can vary across sessions, depending on m. We now consider
different possible restrictions on this dependence.

3.0.1. Flexibility of parameters. First we assume that the input J does not
depend on the quantities offered in the trial:

Assumption 3.1. A choice of response in a session is a pair of functions
assigning rate response and input to a distribution, (v4(-|m), Jy(m)), where
va(z|m) is the rate associated with the quantity x of A, and so on; Jg(m) is
a real number.

We justify this restriction arguing that the synaptic efficacy J can be
modified by learning during the session in a way that depends on = (for
example through Hebbian learning) but cannot adjust quickly enough to
trial by trial variations in the quantities offered.

A second restriction is that:
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Assumption 3.2. For both goods g, the rate function vy and input J, only
depend on w4 (and not on the marginal on the other good).

If this assumption holds, at the beginning of the session the pool of g-
neurons is “informed” of 74, can adjust to it, but its response cannot depend
on 7y, g' # g.

We will assume both assumption 3.1 and assumption 3.2 in the following.

4. MAXIMIZATION PROBLEM

Fix m and a choice (v, J) = (vy, Jg)4efa,py- For any given pair of quanti-
ties (z,y) we have a probability distribution on the real line, Q(-|(x, y), v, J).
The problem we consider is the maximization of the expected payoff:

(8) /Xxy(Q(Rﬂ((w, y),vi D))z + QR™[((z,y), v, J))y)dr(x, y)

where R and R~ are the sets of positive and strictly negative real numbers,
and 7 is the joint distribution defined at the end of section 1. So our problem
is:

O max [ (@R ((w0) v e+ QR |((e )0 ). )
WJ) Jxxy

where (v, J) satisfies the appropriate restrictions, depending on assumptions

3.1 and 3.2. After a simple rearrangement we have that (v, .J) is a solution

of 9 if and only if it is a solution of 10:

(10) max [ (QUR* (@), ) (o — v)da(z,)
wJ) Jxxy
From our analysis in section 2, using the formula for expectation and
variance of D we obtain the crucial information that the mean and variance
of the limit random variable scale as in equations 5 and 7. We have then:

(11) QR |((z,y),v,J)) =

va(z|m)Ja(m) — vp(y|m)Jp(T) )
(xava(z|m)J3(m) + xpvp(zlm) Jg ()12

where Z is a standardized random variable with mean 0 and variance 1.
We assume for computational convenience, particularly in the numerical
simulations, that the random variables D and Z are normal. A more detailed
description on D (beyond the information on mean and variance, which
are the key elements in our analysis below) requires a full model of the
the network, that will give account of the long distance correlation among
neurons. This full model, allowing for long distance positive correlation (and
not only asynchronous state, as in Renart et al. (2010) or Rosenbaum et al.
(2017)), is topic of current research.

Pr(Zz—
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Noting that the lower bound in the equation above is homogeneous of
degree zero in J, we reformulate the problem as maximization in v and
R = J—i where the probability in equation 11 has the form:

B va(z|m) — vp(y|m)R(m)
(12) b (Z - (xava(z|r) + XBVB@VW)RQ(W))UQ> .

4.1. Choice bias. Our analysis will provide a model for the probability that
the animal chooses good A if the pair offered is (x,y) and the probability
on goods in the session is 7, call it P(Ch = Alz,y, 7). We say that there is
no choice bias if two conditions are satisfied.

The first (equation 13) is that this probability only depends on the pair
(z,y) and not on 7 (as long as, of course, the pair (x,y) is in the support of
the distribution).

(13) Vr, 7' x,y: P(Ch = Alz,y,7) = P(Ch = Alx,y, ')

The condition 13 is not restrictive enough. For example, choosing A in all
trials of all sessions satisfies 13, so we add:

(14) Vr: P(Ch = Al|x,y, ) is increasing in z, decreasing in y and
equal to 1/2 if z = y.

4.2. Functional restrictions. So far we have constrained the response
functions v only through their dependence on w. We now consider the
additional restriction of linearity:

(15) va(z|m) = sa(m)z, vp(ylr) = sp(m)y
where s,(m) € R*. The constraint 15 is very strong; we discuss its weakening
in section 6 below.

We define the largest value in the support of the distribution of a good:
My (m) = max{z € support(ny)}; we may drop the 7 in the notation if this
dependence is clear. Consistently with experimental evidence, we assume
that x4 = xp = x. With the linearity assumption 15 we say that there is
full linear adaptive coding if there is a single s > 0 such that s, = M for
all g. In this case if My = Mp then va(z|r) = sz, vp(y|T) = sy, and the
formula 11 above becomes:

(16) Q(RT|((x,y),s,J)) = Pr(Ch = Alz,s,J) =

Jarsa — Jpysp

\/X(J,%HCSA + Jl%ysB)
which is equation (2) in the main text. Recall that  and y are value
units, so firing rate and synaptic efficacy for each good change accordingly.
Setting the correlation y notionally equal to 0 clarifies the scaling in both
cases. When using physical units, we want the effective firing rate (firing
rate t, times synaptic efficacy (call it K;) to be equal when the animal is
indifferent between the two offers, that is t4 K 4q4 = tgKpqp if and only if

Pr|Z>-—

1Z ~ N(0,1)
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pq4 = qp. This holds if and only if %‘KA = tgKp. In value units we want
the effective firing rate to be equal (saJaz = spJpy) if and only if z ~ y,
that is = y, and this occurs if and only if saJ4 = spJp. Thus, the pair
(x,y) here corresponds to (pga, ¢p) in the main text; the pair (J4, Jp) here
to (K4, Kp) in the main text, the pair (s4,sp) to the pair (%‘,tB), and
finally the pair (M4, Mp) to the pair (pQa, QB).

Proposition 4.1. If the mazimization problem satisfies equation 15 and
there is no constraint on the firing rate, then with full linear adaptive coding:

s
(17) Sg = —,J; = M,
g M, g g

(1) As s — o0, the expected payoff tends to the mazximum possible value

given by:
[ max{e.ydn(ay)
XxY

so there is no choice bias (that is, both equations 13 and 14 hold).
(2) If Jao = Jp the expected payoff in strictly increasing in \/s.

Proof. Under our assumption and functional form of the response the quan-
tities in 11 are equal to

1/2
s

18) Pr(Ch=Alx,y,n)=Pr | Z>— T —
(18) Pr(Ch = Ala,y,m) ( (o) ¢ m)
S0 as s — oo the probability of choosing max{z,y} tends to 1 for all (z,y),
independently of 7.

The statement (2) follows differentiating the expected payoff with respect
to /s; the derivative is the integral of a positive function. O

The restriction J4 = Jp is needed here because if ‘}—i > 1, say, and 7 is
concentrated on the sector of (z,y) such that ‘}—’jy > x > y then the deriv-
ative with respect to /s may be negative (as intuitively clear: increasing
/s reduces the probability of the A choice (because Jaz — Jpy < 0), when
x> y.)

4.3. Re-scaling of y. We clarify now the details linking the current anal-
ysis to the data, to justify setting xy = £/4 as in the main text, immediately
below equation (2). There are several different re-scalings that we use in
data analysis; they can all be conveniently represented by a multiplication
of the correlation coefficient y by a constant ¢. There are two re-scalings in
particular that need attention.

The first re-scaling is produced by the fact that we use in the analysis the
time unit of the decision time (called At in section 2). The crucial point
here is that the variable D™ defined in 2 considers the spikes in the time
interval At, and not in 1 second units. This is convenient because we can
ignore this At. Suppose this decision time is 0.5 seconds. Then if we use
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the firing rate in seconds (Hz), we have to adjust to compensate for the
different time units. For example if the firing rate in decision time units is
8, then the one in Hz is 16. If we replace the firing rate in At units with the
one in units of seconds, we have a different formula, where the correlation
coefficient is multiplied by ¢ = 2, or in general by a factor ﬁ

The second re-scaling is used in the numerical analysis of the linear re-
sponse model. Here we take vy = sz, for example. We constrain the
slope sa to reflect the constraint that the firing rate cannot be larger than

a maximum 7 for any quantity x, so we require
saMs4 <.

In our numerical simulations reported below we formulate the constraint for
convenience not sy4 < MLA but as s4 < 1. Again we can do this but we need
to re-scale the firing rate, because we are implicitly defining the new slope
as s A%, and we need to introduce an adjustment by introducing a scaling
factor c. In the numerical analysis the M 4 is given by the maximum number
of units of the good presented; the maximum rate 7 has to be estimated by
looking at the difference between the largest firing rate we observe and the
baseline firing rate, which in Hz is approximately 8 (see Padoa-Schioppa
(2013)). The multiplication by 2 and the division by 8 in the two re-scalings

explain the correction y = £/4.

5. CONSTRAINTS ON THE RESPONSES

Of course the limit in s — oo is biologically meaningless. In this section
we reconsider the maximization problem presented in section 4, but with
the assumption that the responses are linear, and introducing explicitly the
constraints on the responses. So we solve:

19 s o (U etee) e vpinte)

(where

saJax — spJpy

(20) O T P

¢ is the density of the standard normal), subject to:
v

21 Vg, 0 < s, < —.

( ) g, — 89 — Mg

The constraint 21 insures that the firing rate at all quantities offered of the
good is smaller than a maximum firing rate 7. The following also may seem
natural:

(22) Vg, 0< J, < J



8 A. RUSTICHINI, K. CONEN, X. CAI, AND C. PADOA-SCHIOPPA

but as we noted the value of L in equation 20 is homogeneous of degree zero
in the J inputs; so re-scaling them by a common positive factor does not
affect choice. The lower integration L can be rewritten as:

sax — spRy
(x(saz + spR%y))'/?
where R = %, constrained only by:

(24) R>0.

(23) L=

The original problem is equivalent to maximize 19, with L as in 23, subject
to the two constraints 21 and 24. Once an optimal triple (s4, sp, R) has been
determined, pairs of 22-feasible inputs (J4,.JJg) can be found, the optimal
J’s are indeterminate.

5.1. Symmetric distribution. We begin with a simple case, the symmet-
ric uniform distribution on offers.

Theorem 5.1. Let My = Mp = M and 7 be the product of the uniform
distribution on [0, M. The optimal linear response is:

(29 (sa50. 1) = (37371

The probability of choice of good A with offers (x,y) at the optimal solution
18

7 1/2
(26) Pr(Ch = Al|z,y,m) = Pr (Z > — <>M> (x — y))

Proof. Write the Lagrangean and solve. O

At s4 = sp = s the values of the net payoff (maximand in 19) for different
values of s and R is displayed in Supplementary Note Figure 1. The figure
confirms that (for s = 1) the local maximum at R = 1 is a global maximum.

5.2. Non-symmetric, uniform distribution. We consider here the more
general case of a uniform distribution but on two possibly different ranges.
To understand the shape of the optimal solution in this case it is first useful
to consider the basic trade-offs in the problem. To fix ideas we consider the
case in which Mg > My4.

If we consider the lower integration term L in equation 20, we note that
the mean scales in the firing rate slope s4 and sp linearly, whereas the
standard deviation (the denominator in L) scales as the square root; hence
we may want to make the slopes as large as possible. The slopes are bounded
by a maximum, and the maximum slope is decreasing in the range (equal to
U/My); hence once we set them to a maximum we are introducing a potential
bias in the choice, making the probability of choosing the good B smaller
than it should be. The J inputs can correct this; as we noted their scale is
irrelevant (both mean and SD scale linearly in the inputs) so we can correct
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Expected Payoff

SUPPLEMENTARY NOTE FIGURE 1. Surface of the ex-
pected payoff as function of (s, R). Value of s satisfy
the constraint in (21); R is unconstrained above but trun-
cated at R < 7. Here we set sy = sp = s, M4 = Mp =
1,7 =1, x = 0.02. The optimal solution is at (s, R) = (1,1).

entirely the bias, setting R = Mp/M 4. This describes an “almost optimal”
solution, depending on the value of y. However, this is not necessarily the
optimal solution, and this depends on the value of the correlation y.

To understand why the proposed solution is not precisely optimal, and
the role of the correlation x, one can compare this solution to the policy of
“always choosing B”. This policy chooses the wrong option (hence possibly
inducing a loss compared to the “no-bias” policy) only when x > y, which,
as Mp becomes large compared to M4, is unlikely; on the rest of the offers
region it chooses the right option for sure (hence a gain, compared to the
“no-bias” policy). When the noise is large, the gain overcomes the loss. The
true optimal solution adopts some of the “always choosing B”, introducing a
small bias in favor of the option B, by making R > %—i. This is better than
the no bias solution, because in this way we balance the small cost of the
bias in the triangular region between y = x and y = R%—ix, and the gain of
increasing the probability of the B choice over the entire region y > x.
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Theorem 5.2. Let 7 be the product of the uniform distribution on [0, M ] X
[0, MB]. The optimal linear response is:

(27) o) = (3727 )

If we let m = M—, we note that the ratio -* R has a natural interpretation
of a bias. To see thls consider that a bias is absent only if the probability
of choice of A is equal to 1/2 when z = y; that is when the lower extreme
of integration is L = 0; this in turn is true if and only if z = %y So for
the probability of choosing A over B to be exactly 1/2 when z = y it is
necessary that % =1.

In table 1 we report the bias in favor of the good B (a positive number
indicates that the good B is more likely to be chosen when x = y) at the
optimal values of R. The dependence of the optimal R on x and Mp is
illustrated in Supplementary Note Figure 2 for a range of x closer to the
empirically relevant value or larger. The optimal R is 1 at Mp = M4y,
R > MB/MA for Mp > M4, and R < MB/MA for Mg < Mu. As X
becomes larger, the optimal R deviates more from Mp/M 4.

TABLE 1. Bias as function of p and Mp. In the table
My =1,5=1. The entries denote the bias in favor of the
B good, that is the value 17- — 1 (see the remarks after the
statement of the theorem 5. 2) The values of x (ranging from
0.008 to 0.013) are indicated in the top row; the values of Mp
(ranging from 0.50 to 1.50) on the left column.

0.008 0.009 0.009 0.010 0.010 0.010 0.011 0.011 0.012 0.012 0.013

0.5 | -0.04 -0.04 -0.04 -0.04 -0.04 -0.05 -0.05 -0.05 -0.05 -0.05 -0.06
0.6 | -0.03 -0.03 -0.04 -0.04 -0.04 -0.04 -0.04 -0.04 -0.05 -0.05 -0.05
0.7 -0.03 -0.03 -0.03 -0.03 -0.04 -0.04 -0.04 -0.04 -0.04 -0.04 -0.04
0.8 | -0.03 -0.03 -0.03 -0.03 -0.03 -0.03 -0.03 -0.03 -0.03 -0.04 -0.04
091 -0.02 -0.02 -0.02 -0.02 -0.02 -0.02 -0.02 -0.02 -0.02 -0.02 -0.02

1| 000 000 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1.1| 002 002 002 002 002 002 002 002 002 002 0.02
1.2| 002 002 003 003 003 003 003 003 003 003 0.03
1.3 | 003 003 003 003 003 003 004 004 004 004 0.04
14| 003 003 003 003 004 004 004 004 004 004 0.05
1.5 003 0.03 0.03 004 004 004 004 0.04 0.05 0.05 0.05

5.3. Stochastic Choice. As ranges change, the slope of the stochastic
choice function changes. In the symmetric case (M4 = Mp), from equa-
tion 26, we have that (here m = 3.1415. .., not the distribution over goods):

_ 1/2
v

28 slope of the sigmoid at z = vy is )

(28) P & Y <27rxx(MA n MB)>
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Optimal R

0.014

MB 0.5 0.008 Chi

SUPPLEMENTARY NOTE FIGURE 2. Surface of the opti-
mal R as function of Mp and x. Here M4 = 1,7 = 1.

We write explicitly M4 and Mp for ease of comparison with the non sym-
metric case.

In the non symmetric case we can compute the slope on the line in the
x — y space where the probability of choice is equal to 1/2, that is on the
line where

(29) Jasax — Jgspy = 0.

because this is where we are going to compute the slope in the empirical
estimates. Due to the bias which is evident in Supplementary Note Figure
2, this is not the line y = x; the function giving the value y indifferent to z
as a function of x is flatter when Mp > M 4. In this case:

_ 1/2
(30) slope at (z,y) where (29) holds is <27rX$(1V+R)MA) '

Note that by our results on the optimal R (see remarks after theorem (5.2),

_ 1/2
the slope is less than (m) when Mpg > M4. The extent of

the flattening of the slope is provided by the equation 30, considering the
values of R given in Supplementary Note Figure 2.

This estimate of the slope provides an easy test of the model through the
dependence on the ranges of observed choices.

5.4. Payoff and Range. We now examine how the expected payoff changes
when the ranges of the two goods change.
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5.4.1. Re-scaling the range. In the symmetric case, consider first the effect
on the expected payoff of increasing the range, while keeping the symmetry
property. The expected payoff is homogeneous of degree one in the range: if
we write the expected payoff at the optimal solution in the range [0, T'M]? as
Pay(TM) then Pay(TM) = TPay(M). Thus, doubling the range doubles
the payoff. This is clear from a change of variable, considering the formula
for the lower term of integration L in equation (20). Consequently also the
ratio between the expected payoff at the optimal solution and the maximum
payoff does not change as the range is re-scaled. This is clear by the fact that
the maximum payoff too is homogeneous of degree 1 in the scaling factor T
Note that the slope of the response decreases when the range increases.

5.4.2. Conditional Payoff. Instead, the conditional payoff decreases as the
slope decreases. To be precise, let M = My = Mp, and re-scale M by a
factor T > 1. For any T" we can compute the conditional expected payoff
from the choices made when x and y are in the range [0, M]?, but with
the slope optimal for the range [0, 7M]?. The conditional expected payoff
is strictly decreasing in T for T' > 1; as one can check the derivative with
respect to 1" is given by

1 (z —y)?
—_— —L)——————dzdy.
2732 M? /[o,M}2 D T
hence strictly negative. The payoff as T" — 400 tends of course to the ex-
pected payoff from the random choice with equal probability on each option.

5.4.3. Comparison with the mazimum payoff. Supplementary Note Figure 3
displays the ratio of the expected payoff at the optimal choice of slopes and
R ratio over the expectation of the maximum payoff (obtained by choosing
the maximum of x and y at every point). Clearly the worst situation for the
optimal choice is the symmetric case, where the payoff is smallest for any
fixed value of y. Note that for realistic values of x close to the empirically
relevant value the deviations are very small. This is natural, as the payoff
from the constant policy “always choose the option with the largest range”
tends to the maximum payoff as the ratio between the two ranges increases
to infinity, and the optimal policy becomes close to the constant policy as
the range of one of the goods increases. As natural, the ratio decreases with
the correlation y.

6. NON-LINEAR RESPONSE FUNCTIONS

If we take the point of view of section 3 that the slope is chosen to maxi-
mize expected payoff it is natural to enquire what the best response would be
if the variable is the function instead of the slope, with no other constraint
than the bound of the firing rate.

A similar optimization criterion underlies the alternative Barlow-Simon
(BS) hypothesis, that the response function is the cumulative distribution
function of probability distribution of the stimulus in the environment. It is
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0.994

0.992

Ratio Optimal to Max

0.99
0.008

0.009

Chi 0.013 45

MB

SUPPLEMENTARY NOTE FIGURE 3. Ratio of the ex-
pected payoff at the optimal slope and optimal R
over the maximum payoff. Here M4 = 1,7 = 1.

well known that this response function is the optimal solution of a clearly de-
fined information theoretic problem, namely maximizing the entropy of the
distribution of the output signal over the response functions. The statement
follows from two observations. First, the unconstrained maximum entropy
over the output space (that is, the maximum entropy over all distributions)
is achieved by the uniform distribution. Second, the uniform distribution
over the output space can be achieved precisely, by setting the response
function to be the cdf of the signal (when the density is no-where zero). If
the objective function is not the entropy but the expected payoff the answer
may well be different, and for a good reason, as we will see (section 6.1). The
problem we consider is the one presented in section 4, with no restriction on
the v, response functions.

6.1. Intuitive Properties of the Optimal Solution. To understand the
fundamental feature of the optimal solution we can consider a simple ex-
ample. The good A is offered in a fixed quantity of 1/2. The good B has
offers in quantity y € {0, a, 1} with probabilities py, po and p3. To recover
the case of a no-where zero density we can if necessary combine this with a
uniform distribution over the unit interval. A function f from the space Y of
quantities of B and the unit interval in the signal space Z can be chosen. A
signal equal to f(y) + € is observed, where ¢ ~ N(0,2). The optimal choice
policy is clearly described by a threshold value zy, and the choice of B when
the observed signal is larger than the threshold. The optimal f is extreme
valued. First, it clearly sets f(0) = 0, f(1) = 1. If we think of o2 as small,
it is clear that the optimal f(a) is 0 when a < 1/2 (so the probability of the
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signal crossing the threshold is minimal) and symmetrically 1 when a > 1/2.
Now, adding several intermediate points a; between 0 and 1 will not change
the general S-shaped feature: all values below 1/2 will be mapped to 0, and
those above to 1; in general, low values and high values are lumped into
similar signals, and the optimal function f is S-shaped. The BS solution is
very different: the function f has three sharp increases at each of the three
values of y, independently of the relative position of a and 1/2.

The example illustrates the fundamental difference between the BS prob-
lem and the problem stated in section 4. Even if one does not accept the
criterion we suggested in section 4, the BS solution has some revealing and
counterintuitive features. First, the BS solution is only trying to maximize
the sharpness of the local resolution, and is not interested in the global
property of the distribution. This is obvious if one considers that the BS so-
lution consists in setting the derivative of the response function equal to the
density, a completely local definition (the value of the density at one point
defines completely the derivative of the firing rate function at that point).
Second, the BS is defined only by the properties of the environment and is
not interested in the properties of the system that is making the choice, as
none of the properties of this system enters into the solution. For instance
it does not consider the signal to noise ratio, or the correlation coefficient x
which is crucial instead to define the optimal solution to the problem stated
in section 4. These are obvious consequences of the fact that there is no
choice problem this policy is solving.

In summary, it should be clear that the BS solution is irrelevant in the
context of economic choice problems.

6.2. Results. Two main ideas describe the optimal response. One can iso-
late the first by considering first the symmetric case, where the distribution
on the product of space of the two goods is the product of the marginals,
and then proceeding to consider the non symmetric case in which the two
marginals are not the same.

6.2.1. Symmetric distributions. By symmetry, the optimal solution will have
vqa =vp =v and R = 1. The optimal v is displayed in Supplementary Note
Figure 4, for different values of the correlation coefficient. The best response
function has several main properties.

It is non-linear, S-shaped, with two almost flat regions at the low and
high level of offers, and an intermediate curve approximately convex. The
function depends on the correlation , becoming steeper in the intermediate
ranges as X increases. For low values of x the flat regions are absent, and the
function is monotonically strictly increasing, convex. Supplementary Note
Figure 4 illustrates these two properties.

6.2.2. Non-Symmetric distributions. When the distribution on the product
space is not the product of two identical distributions the value of R may be
different from 1. As we have seen in the case of the linear response function,
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SUPPLEMENTARY NOTE FIGURE 4. Optimal response
function and correlation coefficient. Here M4 = Mp =
1,7 = 1; the values of the correlation coefficient y are indi-
cated in the window. Grid of 200 values in the offer space.

the difference spJa — spJp is a measure of the bias, in favor of good A if
the difference is positive.

For small values of y and of the difference between the two distributions,
the optimal solution is of course close to the solution of a symmetric problem.
For larger values of both variables, R is substantially different from 1, but
the optimal firing rates and optimal R are adjusted so that in the region
of offers [0,1] x [0,1] the bias is minimal. Supplementary Note Figure 5
illustrates.
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for good A) to make the comparison between the two best
responses easier. Bottom panel: the sp function is multiplied
by the optimal R = 2.682.
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