MACROECONOMIC THEORY T.J. KEHOE
ECON 8105 FALL 2014
ANSWERS TO MIDTERM EXAMINATION

1. (a) With an Arrow-Debreu markets structure futures markets for goods are open in

period 0. Consumers trade futures contracts among themselves.

An Arrow-Debreu equilibrium is sequence of prices f,, p,, p,,... and consumption
A2 A2

levels €,,¢/,¢E),...; ¢ ,6,¢, ... such that

e Given f,, f,, P,,..., consumer i, i =1,2, chooses ¢,,C,C,,...to solve

max Y " f'logg,

O A O A i
st B <Y pw,
¢ >0.

o G+ =wW+wW,t=01,....

(b) With sequential market markets structure, there are markets for goods and bonds open
every period. Consumers trade goods and bonds among themselves.

A sequential markets equilibrium is sequences of interest rates f,,f,,f,,...,
consumption levels ¢,,¢/,C5,...; €;,67,65, ..., and bond holdings 6&,611,621,...;

602,612,622,... such that

e Given f,f,,F,..., the consumer i, i =1,2, chooses ¢;,¢/,C,,...; by,b/,b,,... to solve

max y " f'logc
<wW +(1+£)b, t=0,1,...
¢ >0,b >-B

by =0.

s.t.c +h,

Here b > B, where B >0 is chosen large enough, rules out Ponzi schemes but does not

otherwise bind in equilibrium.

o (G +C=w+wW,t=0,1,...

e b'+B2=0,t=0,1,...



(c) Proposition 1: Suppose that f,, p,, P,,...; €,C/,C,...; €,6,C5, ... is an Arrow-
Debreu equilibrium. Then f,f,,f,...; €),6,6,...; € ,67,65,...;

be,b,b;,... is a sequential markets equilibrium where

f=to
Py

b =W, +(1+ft)6ti —¢, t=0,1,....

t+1

Proposition 2: Suppose that f,f,,f,...; ¢,¢,C,...; €,6,¢,...; by,bl,b,...

by,b’,b7,... is a sequential markets equilibrium. Then f,, p,, P,,...;C),6/, 6, .05

A2 A2 A2

¢,,€ G5, ... 1s an Arrow-Debreu equilibrium where
po =1
1

t
P =|| ,t=12,....
n L

(d) Using the two consumers’ first order conditions

we can write

¢ A
=
C’[
In even periods,
1 2
c, +C =3

/12
LR LA
Similarly, in odd periods,
/12
L Iyl

Normalizing p, =1, we can use the first order condition to write



[t iftiseven

P = ,
t %,Bt ift is odd

which implies that

3A°

=P

Consequently,
P 7 LIRS T ¥ LR
2o PG =T 2P I Do P
1 32 " -
[ res =23 P42 Paa
132 . .
l_ﬂ /11+/12 :2Zt:0ﬂ +ﬂ2t:0’8
1 32 248
1“2+ 1-f
2 1
2373 2ep

A+ 1+ 31+p)

which implies that

b 1+28
A'+ AT 31+p8)
2+5 if t is even
1+ B
“T1412p
ift is odd
1+ 4
1+25 ift is even
, | 1+p
“T1244p
ift is odd
1+ 4

(We can even work out A' and A7, although the question does not require this and it
would be a waste of precious time to do so during the exam.



c, 2+p3
21 _ 1+
¢ 1+28
Check:
1+ 4 1
A 24 2+B
/11+12_1+ﬂ+1+,b’_ 1 1

2+ 1+2p0 2+ﬂ+1+2,6

A 1+28 0 1+2p
A+ A7 142842+ 8 3(1+p)

)

To calculate the sequential markets equilibrium, we just use the formulas from
proposition 1 in part c:

L—1 ift is even
2

Py 2 | iftisodd
B

Bti+1 =W +(1+ft)l3ti ~¢
b —w —¢ =2 AP
1+ 1+p
B

In even periods, consumer 1 lends
1+ 4

to consumer 2. Consumer 2 pays back " to

consumer 1 in odd periods.

(e) A sequential markets equilibrium is sequences of interest rates f,f,,f,...,
consumption levels ¢,,¢/,65,...; €.,67,65,...; 6,6 ,¢, ... and bond holdings

21 K1 K1 CR2 R2 L2 L R3 R3 53
by, by ,0,,...5 by,b7, by, s by Lk, by, .. such that
e Given f,f,,F,..., the consumer i, i=1,2, chooses ¢,¢|,C,,...; by,b/,b,,... to solve

maxZ:::Oﬂt logc;
s.t.cl+b, <w +(1+f)b, t=0,1,...
¢ >0,b>-B
by =0.



Here b > B, where B >0 is chosen large enough, rules out Ponzi schemes but does not
otherwise bind in equilibrium.

A A3 )l 2 3 _
o C +C +C =w +w +w,t=0,1,...

e b +B2+b>=0,t=0,1,...

2. (a) With an Arrow-Debreu markets structure futures markets for goods are open in
period 1. Consumers trade futures contracts among themselves.

An Arrow-Debreu equilibrium is a sequence of prices p,, p,,... and an allocation
¢),(¢,6),(6,6),... such that
e Given p,, consumer 0 chooses ¢ to solve

max logc/

st pc < pw,+m
¢ >0.

e Given p,,p,,,,consumert, t=12,..., chooses (¢,C;,,) to solve

t t
max C, +logc,,
At A t A A
s.t. PG + PGy = PW, + By W,

t At
C.,C,, =0.

o C'H+C=w,+w,t=1,2,....

(b) With sequential market markets structure, there are markets for goods and assets
open every period. The consumers in generations t—1 and t trade goods and assets
among themselves.

A sequential markets equilibrium is a sequence of interest rates f,,f;,..., an allocation
¢, (¢,6),(6,67),..., and asset holdings §),$:,... such that

e Consumer 0 chooses €/ to solve
max logc,
s.t ¢/ <w,+m
¢ >0.



e Given f_,, consumert, t=1,2,..., chooses (¢,¢,,) and §,, to solve

t t
max C, +logc,,,

s.t. ¢ +5;,, <W,

t+1 —

t o t
CI+1 S W2 + (1 + r:(+1)st+1

t At
C.,Cy >0.

o (4 =w,+w,t=12,....

A A t A
¢ S;:m’ stt+1:|:HT=2(1+rr):|mat:233""'

(c) Since there is no fiat money, there is only one good per period, there is only one
consumer type in each generation, and consumers live for only two periods, the
equilibrium allocation is autarky:

A0
Cl _WZ

(étt’éttH) = (WI’WZ)'

The first order conditions from the consumers’ problems in the Arrow-Debreu
equilibrium imply that

N
t+1 — A
t+1

Normalizing p, =1, we obtain P, =w, ‘. Similarly, the first order conditions from the
consumers’ problems in the sequential markets equilibrium, imply that

=¢

1+71 -

t+1 =W,

or f, =w, —1. Since the equilibrium allocation is autarky, §;,, =0.

(d) An allocation ¢/, (¢/,6)),(¢5,€}), ... is feasible if

at-1 | At _
¢ +C <w,+w,t=12, ...

An allocation is Pareto efficient if it is feasible and there exists no other allocation
t’.(c',T,),(C,,T),... thatis also feasible and satisfies
logT’ > log¢/
T' +logtT, >¢ +log€,,, t=1,2,..,

t+1 —

with at least one inequality strict.



If w, >1, the equilibrium allocation is Pareto efficient. Suppose not. Then there exists a
feasible allocation that is Pareto superior. If

t
t+1°

=t —t At A
C, +logC,, >¢C +logC
then
A —t A —t A A
ptct + pt+1Ct+1 > ptWI + pt+1W2 :
Otherwise, (€;,€;,,) would not solve the maximization problem of generation t .

Similarly, logC’ >log¢ implies p,c’ > p,w,.

Suppose that
G +logT, = +logCy,
but that
ﬁtqt + ﬁt-%—lctt-i—l < ﬁtwl + f)t+1W2 :
Then let

A A A =t A —t
~t W, + W, — pC + C —
Ctt :Ctt + PW + Py W, _ Pl Pl >Ctt
Py

and ' =C',. Then

t+1 T Vt+l

t

¢ +logcCl,, > ¢ +logC;,,

but

A ~t A ~t A A

P + PraCiy = PW + P W, -
Once again, this would imply that (¢{,¢;,;) would not solve the maximization problem of
generation t, which is impossible. Consequently,

A —t A —t A A
ptct + pt+lCt+1 2 pth + pt+1W2 .
Similarly, logT,’ > log¢/ implies P,C’ > p,w,. Therefore
A —( A
p1C1 Z p1W2
A —t A =t A A
ptct + pt+1Ct+1 2 ptWI + pt+1W2 4 t= 1727"' s
with at least one inequality strict. Adding these inequalities up, we obtain

Do BETHTH> D W W),

It is here that p, =W, plays its role in ensuring that these series converge.



DB W, =D W (w, +W)—M<oo
—W

2

Multiplying the feasibility condition in period t by p, >0 and adding up yields
D BT TS BW W) <o,
which is a contradiction.

(e) A sequential markets equilibrium is a sequence of interest rates f,f,,..., an

allocation ¢°,¢°,(¢/", €}, (671,61, (€)%, €1%),(€;7,6%) ..., and asset holdings
§1“,§121,§;2,522 such
e Consumer i0 chooses élio, i=12, tosolve
i0
max U, (C;")
s.t ¢’ <wh+m'
¢’>0.

e Given f, consumer it, i=1,2, t=1,2,..., chooses (¢',¢",)and §" to solve

max u,(c',cl',
s.t. ¢+ <w
¢t <w, +(1+r)s
Ct t+l 0

- A2t-1 | alt | a2t 2 1 2 _
+C +C +CT =W, W, W W, t=12,

e §+8&=m+m’

Gt 4 g2 =[H;l(l+r})J(ml m?), t=2,3,....

3. (a) A sequential markets equilibrium is wages W,,W,,W,,..., interest rates on bonds

f,f’,..., rental rates on capital, £, £, f,..., consumption levels ¢’,(¢],¢}),(C,6), ..

bond holdings b!,b2,..., and cap1ta1 holdmgs k!,k2,...such that

. A ~Kk A
e Given W, and F*, consumer 0 chooses ¢, to solve

max logc,
st ¢ <W/,+(1+F =)k’ +m
¢ >0.



~b

'\t At

Cit to solve

, chooses (C,,

t+1 > t+1 s

<W£

t+1 —

Given W, W, ,£°,, £, consumert, t=1,2,.
max logc; +logc;,,
s.t. ¢ + kf+1 +b!
Ct+l t+1£ +(1+ t+1

t+1 °

5)kt+l + (1 + t+1) t+1

kt

t+1

>0.

Firms minimize costs and earn 0 profits. In particular,

i = a0 (L + 1), t=0,1,...
W, = (1-a)d(k ) (1, + 1)

, 1=0,1....

At— ~t
o ¢ + K., —

e bl=m, b;H:[H;z

(b) An Arrow-Debreu equilibrium is prices p,, P, Ps.,---,

rates on capital, f,f,,f,...,

holdings |2; , l232 yee

(1-8)k™

= 0K (0, +0), t=1,2,....

(1+f,)}m,t=2,3,....

such that

e Given p,,W,,f, consumer 0 chooses €] to solve

e Given p,, P, W,

max logc/
st P <W 4, +(p,(1-8)+F)k’+m
¢ >0.

f

t+1°

consumert, t=1,2,..., chooses (

t+1 H

max logc, +logc,,,

wages W, W,,W,,...,

consumption levels ¢,(¢],¢)),(¢;,C2),...,

rental

and capital

¢.).k!,, to solve

s.t. pt(c +kt+1)+ pt+1Ct+1 SWg +Wt+l£ +(ﬁt+l(1_5)+ +1)kt+l

t
t+l’ kt+1 =

¢ Firms minimize costs and earn 0 profits. In particular,
£ = POk ™) (0, +0), t=0,1,...
W, = P, (1- )8k ™) (4, + 6), t=0,1,....

At—
° Ct

"6+ IZ:H —(1—5)|<At“l

0K (G, +0), t=1,2,....



A A A

(b) Proposition 1: Suppose that p,, p,, Ps,..., W, W,,W,,..., fi,F,f,...,
¢, (€¢,6),(6,65),..., kj,k;,...is an Arrow Debreu equilibrium with fiat money m .

N Y sb b sk ok ok A0 (Al Al A2 A2 A1R2 o2 :
Then W,,W,,W,,..., £, ,..., 0,6 ,..., €,(C,C),(C,,6),..., b,by,..., Ky, k;,... isa
sequential markets equilibrium in a model with fiat money m where

. m
m=—
P,
W,
W, =—
P
retb — p:—l 1
P
~k t
h=—
P

Proof: An Arrow-Debreu equilibrium is characterized by first order conditions for the
consumers’ problems,

(AD.1) Ait =A'p,

Ct

1 t A
(AD.2) — =4 P

Ct+1

(AD.3) =P+ P (1-0)+ 1, =0,
budget constraints,
(AD.4) PiCl =W, £, + (B (1=8)+ )k’ +m
(ADS) f)t (Ctt + k\tt+1) + ﬁt+16tt+l = wtzl + WHIZZ + ( ﬁt+1 (1 - 5) + f\tJrl)k\ttH ’
profit maximization conditions,
(AD.6) = pafk ™) (4, + 7)™
(AD.7) W, = P, (1- )k ™) (0, + £),
and goods market clearing conditions,
(AD.8) C e 4k, — (1=K = Ok (0, + 1)

A sequential markets equilibrium is characterized by first order conditions for the
consumers’ problems,

t

(SM.1) =4

F.z,lb—‘

10



(SM.2)

(SM.3)
(SM.4)

1
C

budget constraints,

(SM.5)
(SM.6)
(SM.7)

profit maximization conditions,

(SM.8)
(SM.9)

i =afk ) (G4 )™
W, = (1-a)0k ™) (1, + 1)

goods market clearing conditions,

(SM.10)

C e +K, — (1=K = Ok (0, + ),

and bonds market clearing conditions,

(SM.11)
(SM.12)

Let

Notice that

Similarly,

t+1
—py + (1455, =)y, =0
i+ A+, =0,

N
b, =

0L, = | [T, A+ |m.

t_ qta
M= A B
t _ ata

lut+1_ﬂ“ t+1°

_ﬂtt + (1 + ﬁil - 5)/utt+1 = _ﬂ“t At + (1 + ﬁlfrl _5)1t p

:ﬂ“t [_pt + ﬁt+l(1_§)+ﬁ+l]

=0.

_:utt +(1+ I:ttjfl )/utt+1 =-A' At +(1+ I¢ttjrl )it pt+1
_ At

=0.

|:_f)t + f)t+1(1+P_t_1)

11

_ .t
At - lth+1

S)K

m

t+1

t+1

't
)bt+1 H

t+1

|

r-t+1

= |:_ pt + f)t+1(1_5)+ pt+1 A

t+1

|



Consequently, if the first order conditions for the Arrow-Debreu equilibrium (AD.1)-
(AD.3) are satisfied, so are those for the sequential markets equilibrium (SM.1)-(SM.4).

If we divide the budget constraint for the initial old in the Arrow-Debreu equilibrium
(AD.4) through by f, , it becomes the budget constraint for the initial old in the

sequential markets equilibrium (SM.5). The definition of b ., implies that the budget
constraint of consumer t in period t (SM.6) is satisfied. If we multiply

by P, and subtract it from the budget constraint of consumer t in the Arrow-Debreu
equilibrium (AD.5), we obtain

rthCttH Wt+1£ + pt t+1 +(pt+1(1 5)+ +1)kt+1

Dividing this equation through by p,,,, we obtain the budget constraint of consumer t in
period t+1 in the sequential markets equilibrium (SM.7).

Dividing the profit maximization conditions in the Arrow-Debreu equilibrium (AD.6)-
(AD.7) by f,, we obtain the profit maximization conditions in the sequential markets

equilibrium (SM.8)-(SM.9).

The goods market clearing condition in the Arrow-Debreu equilibrium (AD.8) is the
same as that in the sequential markets equilibrium (SM.10).

All that remains is to show the bonds market clearing conditions (SM.11)-(SM.12) hold.
Adding the budget constraints in period t of consumer t—1 (SM.6) and that of consumer
t (SM.7) — which we have already shown to hold — we obtain
€O+ 6 + K +b! =W, +W, 7, +(1+ K =K + 1
¢ +& +k —(1-8)k° +b! :[ B 0+ W 0 + ;kﬁ°]+ M

, =M
in period 1 and
E 6 KL, b, =Wl W L+ (L B = 8K+ (1+ )b,
6+l — (1= 0k +btt+1 [Wf +W, 0, +rk]+(l+rt)btt
b, = (1+£")b{

in periods t =2,3,..., which implies that the bonds market clearing conditions (SM.11)-
(SM.12) hold. o

12



s . AR A ab ob ok ok gk A0 Al aly (A2 A2
Proposition 2: Suppose that W,,W,,W,,..., I, ,f;,..., i*,6,f ..., ¢ ,(C,C,),(C,,C), ...,
by,b7,..., Ki,Ks,... is a sequential markets equilibrium in a model with fiat money m.

AoA A Y PPN A0 Al Al A2 A2 212 .

Then p,, Py, Pyseees Wi, W,, Wi,..., 1,16, 0., €,(C,C)),(C5,C), ..., Ky, K;,...1s an Arrow

Debreu equilibrium with fiat money m where

p =1

. t 1
pt = Hs:zl_'_—"b , S= 2,3,...

S
W = PW,

Proof: Let

Then the first order condition for consumer t in period t in the sequential markets
equilibrium (SM.1) implies the corresponding constraint in the Arrow-Debreu
equilibrium (AD.1). Our definition of p, implies that

R |
Prsi :W p; -

t+1

Consequently, the first order condition for consumer t in period t+1 (SM.2) and the first
order condition for bonds in the sequential markets equilibrium (SM.4) imply the first
order condition for consumer t in period t+1 in the Arrow-Debreu equilibrium (AD.2).
Furthermore the first order condition for capital in the sequential markets equilibrium
(SM.3) implies the corresponding condition in the Arrow-Debreu equilibrium (AD.3).

Since P, =1, the budget constraint for the initial old in the sequential markets equilibrium

(SM.5) is the same as the budget constraint for the initial old in the Arrow-Debreu
equilibrium (AD.4). If we multiply the budget constraint of consumer tin period t in the
sequential markets equilibrium (SM.6) by f, and add it to the budget constraint of

consumer tin period t+1 (SM.7) multiplied by f,,,, we use
St NN I@t 't
bt+1 - (1+rt )bt - A_bt
t+1
to obtain the budget constraint of consumer t in the Arrow-Debreu equilibrium (SM.7).

Multiplying the profit maximization conditions in the sequential markets equilibrium
(SM.8)-(SM.9) by P, , we obtain the profit maximization conditions in the Arrow-Debreu

equilibrium (AD.6)-(AD.7).

The goods market clearing condition in the sequential markets equilibrium (SM.10) is the
same as that in the Arrow-Debreu equilibrium (AD.8). O

13



interest rates on bonds

(c) A sequential markets equilibrium is wages W,, W,, W
£, £X,F5,..., consumption levels

7°,f7,..., rental rates on capital, £, £,
¢! (cl,c ), (€60, 61, (€2,62,62),..., bond holdings b?, (b!,b!),(b2,b?),..., and capital
holdings k2 ,(kz, k3),(k3 , k4 ),...such that
e Given W, and f*, consumer —1 chooses € to solve
max logc;’
st ¢t <SW A, +(1+F =)k +m!
c'>0.

e Given W, ,W,,7’,F,F, and m’, consumer 0 chooses (¢,¢Y),bY .k}, to solve
0 0
max logc, +logc,

st X+ +b0 <W 7, +(1+F —5)k +m?
< W, 7, +(1+|¢k ~ &)k +(1+7))b)
k' >0.

t+1 > t+l T

e Given W, WH1 ,WH2 I A ﬁil ,BX,, consumer t, t =1,2,..., chooses

t "t "t
(C t+1° '(+2 ( t+1° +2) (kt+1’ t+2) tO SOlVe

max logc, +logc;,, +logc;,,

s.t. C +ktt+l+btt+l <W, 4,

g +(1+ _5)kt+1+(1+ 1) t+1
5)kt+2 + (1 + t+2) t+2
kt ktt+2 =

C Ct+l’ t+2’ t+1°

t t
Ct+1 + kt+2 + bt+2 - t+1

Ct+2 < Wt+2 + (1 + t+2

Firms minimize costs and earn 0 profits. In particular

[ ]
= a0 k) (G G+ ) t=0,1
W, =(1-a)0(k > +k ) (L + 1+ 6) ", t=0,1,....
o G HETHE K K~ (1= AR +KT) =K KT (T + T+ B

D‘[ (1+r)}(m m’), t=2,3,.

0 _ St-1 , At
e b+ b m'+m° , b, +b,, =

14



rates on capital, f,f,,f;,

~ ,\2,\,\

Given P, ,W,, T, consumer 0 chooses €' to solve
max logc,”
p,C <W l, +(P,(1-8)+F)k " +m
c'>0.

w2
PN
©

Given P,, p,,W,,W,,F,f , consumer 0 chooses (€°,6°),k’, to solve

max logc/ +logcy

st () +K)+ Py W L+, 4y + (P, (1= 8) + R + (P, (1=8) +F,)k; +m’

0 A0 0
c ,C,,k, >0.

Given f)t D pt+l s bt+2 =W W, W

t+1 2 t+2’r

11> consumer t, t=1,2,..., chooses

at @t
( t+1) t+2) (kt+l’ t+2) to SOIVG

max logc, +logc;,, +logc;,,

tt + kt+1) + pt+1 (Ct+1 + kt+2) + pt+2Ct+2
wg t+1€ +\Nt+2€ +(pt+1(1 5)+ l)kt+1 +(pt+2(1 5)+ z)kt+2
ktt+1 20.

t+1 >

Firms minimize costs and earn 0 profits. In particular,
f = pafk KT (O L+ 6) T, 1=0,1,..
W, = P (1-a)0K > +k Y (G + 6, + 0) ™, t=0,1,....

G HET + 6+ kG, — 1=k + k) =0k + kY (L + 4+ 6),
t=12,....

15

onsumptlon levels ¢,(¢,69), (¢, €),6),(65,62,67), ...,
capital holdings k?,(k!, k3), (k2,k2),...such that

(d) An Arrow-Debreu equilibrium is prices p,, p,, p;,..., wages W,,\W,,W,,..., rental

and



